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Problem 18 (Continuation of Problem 16)

We now determine all irreduible representations of D4 (up to equivalene):

d) What are the dimensions of the irreduible representations?

e) Find all one dimensional irreduible representations.

Hint: First onsider irreduible representations of quotient groups, f. the remarks

on (non-)faithful representations in Setion 2.1.

f) Determine the harater table and the remaining representation(s).

Problem 19

Let G be a �nite group, |G| = n. We number the group elements, G = {gj, j = 1 . . . n},
denote by m the number of onjugay lasses c (with nc elements) and by p the number

of non-equivalent irreduible representations Γi
of G (with dimensions di).

Consider the matrix U with entries uja =
√

dia
n
Γia(gj)µaνa with a triple a = (ia, µa, νa).

Employ the results of Setions 2.5 and 2.6 in order to solve the following problems.

a) Determine the dimensions of U and express the orthogonality relation for irreduible

representations (Theorem 6) in terms of U .

b) Show:

(i)

∑

i≤p

di tr
(

Γi(gj)Γ
i(gk)

†
)

= nδjk,

(ii)

∑

g∈c

di Γ
i(g) = nc χ

i
c 1 and

(iii)

∑

i≤p

nc χ
i
c χ

i
c′ = nδcc′.

) Conlude that m = p.

Problem 20

Let V be a �nite-dimensional vetor spae and P : V → V a linear operator with P 2 = P .

a) Show that there exist subspaes U and W with V = U ⊕W , P |U = 1 and P |W = 0.

Let 〈·, ·〉 be a salar produt on V , and let P † = P .

b) Show that U = W⊥
.



Problem 21

Three spin-

1

2
partiles

1

de�ne a representation D of S3 on C2 ⊗C2 ⊗ C2 ∼= C8
by permu-

tations of the partiles, i.e. e.g. D ((12)) |↑↓↑〉 = |↓↑↑〉.

Whih irreduible representations of S3 are ontained in D and how often does eah of

them appear?

Problem 22

Let g =

(

u −v

v u

)

, u, v ∈ C with |u|2 + |v|2 = 1.

a) Verify that g ∈ SU(2), and explain why every g ∈ SU(2) an be written in this way.

The basis vetors |↑〉 and |↓〉 of C2
, as de�ned in the leture

1

, transform in the two-

dimensional representation Γ2(g) = g ∀ g ∈ SU(2).

b) Write Γ2(g)|↑〉 and Γ2(g)|↓〉 as linear ombinations of |↑〉 and |↓〉.

Consider now C2 ⊗ C2
with the produt basis |↑↑〉 = |↑〉 ⊗ |↑〉 et. (f. leture). Under

SU(2) this basis transforms in Γ2⊗2 = Γ2 ⊗ Γ2
.

) Expand Γ2⊗2|↑↑〉 et. in the produt basis.

d) Show: span(|0, 0〉) and span(|1, 1〉, |1, 0〉, |1,−1〉) (as de�ned in the leture) are in-

variant under SU(2), and thus arry one- and three-dimensional representations of

SU(2), respetively, i.e. Γ2⊗2 = Γ1 ⊕ Γ3
.

e) Expliitly determine the representation matries Γ1(g) and Γ3(g).

On C2 ⊗ C2
also ats � as in Problem 21 � a representation D of S2

∼= Z2 = {e, (12)}.

f) In whih representations of S2 do the vetors |1, 1〉, |1, 0〉, |1,−1〉 and |0, 0〉 trans-
form?

1

If �spin-

1

2
partile� means nothing to you, then just ignore the word. We'll introdue this manner

of speaking on Thursday, and the only thing you need to know for this homework assignment are the

de�nitions

|↑〉 =

(

1

0

)

, |↓〉 =

(

0

1

)

, |↓↑〉 = |↓〉 ⊗ |↑〉 et.


