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Problem 29

Verify that the Young operators for the standard Young tableaux for S3 (see Setion 5.3)

are essentially idempotent and primitive and add up to the identity. (Use yle and

birdtrak notation for some of your alulations.) Determine one more the haraters of

the irreps of S3 by using the methods of Setion 4.3.1.

Problem 30

Let V be a vetor spae and A : V → V a linear map. Show that if A is nilpotent (i.e. if

for some n ∈ N we have Anv = 0 ∀ v ∈ V ) then trA = 0.

Problem 31

For a �xed partition λ of n ∈ N we de�ne an ordering of standard tableaux as follows.

Consider the sequene (rpλ)j , j = 1, . . . , n, of numbers in the boxes of Θp
λ starting with

the �rst row read from left to right, then the seond row from left to right et. We say

that Θp
λ > Θq

λ if the �rst non-vanishing term in the sequene (rpλ)j − (rqλ)j , j = 1, . . . , n,
is positive. Then, e.g., the standard tableaux for λ = (3, 2) are ordered as

1 2 3
4 5

< 1 2 4
3 5

< 1 2 5
3 4

< 1 3 4
2 5

< 1 3 5
2 4

.

a) Prove that e
p
λe

q
λ = 0 if Θp

λ > Θq
λ.

b) Show that (a) implies that the left ideals generated by the standard tablaux for a

�xed partition are linearly independent.



Problem 32

In the quark model baryons are made out of three quarks. The latter are haraterised

i.a. by the quantum numbers I (isospin) and Y (hyper harge).

We have (I, Y ) =
(

1
2
, 1
3

)

for the up-quark, |u〉, (I, Y ) =
(

−1
2
, 1
3

)

for the down-quark, |d〉,
and (I, Y ) =

(

0,−2
3

)

for the strange-quark, |s〉. For produts like |udd〉 = |u〉 ⊗ |d〉 ⊗ |d〉
the values of I and Y are given by the sums of the values for the individual quarks.

For ombinations of 3 quarks we thus have a 27-dimensional spae V , whih arries a

representation of S3 (by permutation of the fators).

a) Whih irreps are ontained in this representation and what are their multipliities?

b) Let U ⊂ V be an irreduible invariant subspae. What an we say about the values

of I and Y on U?

) In a (I, Y )-diagram mark all points orresponding to vetors transforming in the

irrep de�ned by .

d) Repeat part () for the irrep with Young diagram . You �nd some potentially

useful Otave/Matlab-Code on the ourse webpage.

Problem 33

For A ∈ C
n×n

the matrix exponential is de�ned as

eA = exp(A) =

∞
∑

ν=0

Aν

ν!
.

Prove:

a) The series onverges absolutely and uniformly.

Hint: On Cn×n
use the operator norm

‖A‖ = sup
v∈Cn\{0}

|Av|

|v|
,

for whih we have ‖AB‖ ≤ ‖A‖ ‖B‖.

b) For T ∈ GL(n) we have eTAT−1

= T eAT−1
.

) etA is the unique solution of the initial value problem Ẋ(t) = AX(t), X(0) = 1.

d) For t, s ∈ C we have e(t+s)A = etAesA.

e)

(

eA
)†

= e(A
†)
.

f) det eA = etrA.


