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Problem 44

Let K : g × g → R be the Killing form from Problem 43, and let G be su
h that

K is positive de�nite. We 
hoose an orthonormal basis {Xj} with respe
t to K, i.e.

K(Xj, Xk) = δjk, and de�ne C2 ∈ E(g) by

C2 :=
∑

j

XjXj .

Show:

a) C2 is independent of the 
hoi
e of basis.

b) C2 is a Casimir operator (the so-
alled quadrati
 Casimir operator), i.e.

Adg(C2) = C2 ∀ g ∈ G .

Problem 45

We show that the GL(N) irrep 
orresponding to the Young diagram Θa =
:̇

with N rows is given by the determinant:

• First re
all that for ve
tors |i1, . . . , iN〉 
ontributing to eag|α〉 all ik are di�erent.

• Write these ve
tors as p|1, . . . , N〉 with a permutation p.

• Then 
al
ulate eag|1, . . . , N〉 for g ∈ GL(N).

Whi
h irrep 
orresponds to Θa if we repla
e GL(N) by the subgroup SU(N) ⊂ GL(N)?


