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Exercise 1.

(i) Let {t)n, }nen, be the eigenstates of the one-dimensional harmonic oscillator, with Hamiltonian H = —%8%—}— “’72352,

with w > 0. Let AXy,,, APy, be the variances of the position and of the momentum. Compute AXy, APy, .
(ii) Prove that, if |[n —m| > k with k € No:
(Uns &) = (n, ") =0, (1)
with p = —id, the momentum operator.

Hint. Represent the operators &, p in terms of the creation/annihilation operators:

Ai\z(\@xi\/la;;). 2)

Exercise 2. Let H = —3 A+ %|z|? be the Hamiltonian of the three dimensional harmonic oscillator. The eigenstates

of this Hamiltonian are given by H?:1 Y, (x;), where {¢, }nen, are the eigenstates of the one-dimensional problem.
Compute the eigenvalues of H, and determine their degeneracies:

deg(E) := number of independent eigenstates of H with energy F. (3)

Exercise 3. Consider a one-dimensional quantum systems with wave function ¢ = >°."  cpt)y, where N is finite
w212
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and {¢n }nen, are the eigenstates of the one-dimensional harmonic oscillator with Hamiltonian H = —%83 +
with w > 0.

(i) Compute (¢, x1).

(i) Let 1+ be the solution of the time-dependent Schrédinger equation generated by H. Express (i, zi;) in terms
of (¢, z¢).

Exercise 4. Let (?(N) be the space of square-summable sequences, with scalar product (p,v¥) = 3, .y @ntn. Let
T : /2(N) — ¢?(N) be the (right) shift operator:

Ty := (Oa¢1ﬂ¢27"')' (4)
Prove that T € L£(¢?(N)). Find the adjoint T*.



