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Exercise 1. Let T be a finite rank operator on a Hilbert space H:

T =" onlor) (¥l -
k=1

The families (¢r)7_, (¥r)}7_, are orthonormal and a4, € C.

(i) Prove that T is bounded, uniformly in n.

(ii) Let T be a compact operator. Prove that 7" is bounded, using that K can be approximated in norm by finite
rank operators.

Exercise 2. Let (H, D(H)) be a self-adjoint operator on a Hilbert space H, inducing the decomposition H = H.BHpp.
Let ¢ € H..

(i) Let K be a compact operator. Prove that:

I ;
lim 7/ ety = 0. (1)
T 0

(ii) Let K be a relatively compact operator with respect to H. Prove that (1) still holds.

Hint. It is enough to prove the statement for a dense subspace of H.. Take v € H.N D(H). Use that,
for z € p(H), the resolvent R,(H) establishes a bijection between H and D(H), and recall the definition of

relatively compact operator. Also, use that v = P., where P, is the orthogonal projection onto H., and use
that [P., R.(H)] = 0.

(iii) Let K, be a sequence of relatively compact operators with respect to H, such that K, — 13 strongly. Let
=Y, ajipy, with ¢ € Hyy,. Prove that:

T
lim lim / dt | Kpe M| #0 .
0

n—o00 T'— o0

Exercise 3. Consider a densely defined Schrédinger operator H = —A + V() on L3(R), with V(x) > c|z|? for some

¢ > 0 and for all € R. Suppose that (H, D(H)) is selfadjoint, on a dense domain D(H). Use RAGE theorem to
prove that o(H) = opp(H).

Hint. Use RAGE theorem with K, replaced by xr, and that xgr is relatively compact with respect to H.



