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Exercise 51: Essay question. Explain why empirically indistinguishable ensembles pose a limi-
tation to knowledge.

Exercise 52: 1D projection
Show that if ‖ψ‖ = 1, then |ψ〉〈ψ| is the projection to Cψ.

Exercise 53: Tensor product
Suppose the Hilbert spaces Ha and Hb have finite dimensions da, db. Show that for any operators
Ta : Ha → Ha and Tb : Hb → Hb, there is a unique operator Ta ⊗ Tb : Ha ⊗Hb → Ha ⊗Hb

satisfying
(Ta ⊗ Tb)(ψa ⊗ ψb) = (Taψa)⊗ (Tbψb) (1)

for all ψa ∈Ha and ψb ∈Hb, and that it has the following properties:

(i) (Ta ⊗ Tb)† = T †a ⊗ T
†
b

(ii) (Ta ⊗ Tb)(Sa ⊗ Sb) = (TaSa)⊗ (TbSb)

(iii) tr(Ta ⊗ Tb) = (trTa)(trTb).

Hint: If {φan : n = 1...da} is an ONB of Ha and {φbm : m = 1...db} one of Hb, then {φan ⊗ φbm :
n = 1...da,m = 1...db} is an ONB of Ha ⊗Hb. You can express an operator T through its matrix
〈φn|T |φn′〉 relative to an ONB.

(Remark: For two non-interacting systems, the Hamiltonian is of the form H = Ha⊗ Ib + Ia⊗Hb,
and the time evolution is e−iHt = e−iHat ⊗ e−iHbt, i.e., of the form Ut = Ua,t ⊗ Ub,t.)

Exercise 54: Reduced density matrix
Let ψ ∈ S(Ha ⊗Hb). Show that the reduced density matrix ρψ = trb|ψ〉〈ψ| is pure (i.e., a 1d
projection) if and only if ψ factorizes, ψ = ψa ⊗ ψb.
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