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Homework Assignment 3 (due on 9 Nov 2022)
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Let φ : SL(2,C) → O(3, 1) be the homomorphism to the Lorentz group, as introdu
ed in
the le
tures. Let α, β ∈ [0, 2π], r > 0 and

U =

�
cosα − sinα
sinα cosα

�

, V =

�
e−iβ 0
0 eiβ

�

, B =

�
r 0
0 1

r

�

.

Show:

a) φ(U) is a rotation about the x2-axis by an angle 2α.

b) φ(V ) is a rotation about the x3-axis by an angle 2β.


) φ(B) is a boost in x3-dire
tion, i.e.

φ(B) =







cosh t 0 0 sinh t
0 1 0 0
0 0 1 0

sinh t 0 0 cosh t







for some t ∈ R.
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CO2 is a linear mole
ule; in its ground state the 
arbon atom sits in the middle between
the two oxygen atoms. The symmetry group of this system is isomorphi
 to the Klein four
group V4

∼= Z2 × Z2 and has the following elements: the identity (e), re�e
tions (σx and
σy) a
ross the x- and y-axis, respe
tively, and a rotation (R) by 180◦ about the origin.

A 
oplanar vibration entails displa
ements of the 3 atoms in a �xed plane. It 
an be

hara
terised by a ve
tor (x1, y1, x2, y2, x3, y3) ∈ R6.
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Determine the a
tion of the symmetry group on the 
anoni
al basis of R6. Write down
the resulting six dimensional representation of V4.



������� �� (Continuation of Problem 9)
Let Λ ∈ O(3, 1) be time orientation preserving, i.e. d(e0,Λe0) > 0. Show that there exist
U, V ∈ O(3) and a boost B in x3-dire
tion, su
h that

Λ = UBV .

����� First 
onsider Λe0 and �nd U and B su
h that B−1U−1Λe0 = e0.
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Let D4 be the symmetry group of a square. We denote by R the rotation by π
2
and by σ

the re�e
tion a
ross the diagonal through the lower left and upper right 
orner. We write
all group elements as Rkσℓ for some k and ℓ. (Why is this possible and whi
h values do
k and ℓ take?)

a) Find all 
onjuga
y 
lasses.
����� Determine σRσ �rst, this simpli�es 
al
ulations a lot.

b) Determine all normal subgroups and the isomorphism types of the 
orresponding
quotient groups (i.e. name known groups to whi
h they are isomorphi
).


) Is D4 isomorphi
 to a dire
t produ
t of non-trivial subgrous?


