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Exercise 1: (a) Let {ek} , k ∈ Z be an ONB of the one-particle Hilbert space.

Show that
∑

k∈Z〈Ψ, a?(ek)a(ek)Ψ〉 gives the expected particle-number of Ψ.

(b) Let φ be a normalized one-body wave function, Ω the vacuum-state w.r.t φ, i.e.
a?(φ)Ω = 0.

Find real and positive numbers Ck such that the Ψk := Cka(φ)kΩ are normalized.
Show, that 〈Ψk,Ψl〉 = 0 whenever k 6= l.

(c) Find an eigenfunction Ψ for a?(φ) with eigenvalue λ > 0. It is best to write this
eigenfunction using the elements from b), i.e. Ψ =

∑∞
k=0 λkΨk

What is the probability distribution for the number of particles in state φ for that
eingenfunction (i.e. the distribution of the |λk|2)?
Show that there is no eigenfunction of a?(φ).

Exercise 2: Find a way to write the expression α1
t = 〈Ψt, q

φ
1Ψt〉 and α2

t = 〈Ψt, q
φ
1 q

φ
2Ψt〉

using creation- and annihilation operators of the state φ.

Exercise 3: (a) Let φ, η be normalized and orthogonal.

Show that a(µφ + τη) = µa(φ) + τa(η) and a?(µφ + τη) = µa?(φ) + τa?(η) for any
|µ|2 + |τ |2 = 1.

Given this it is most reasonable to generalize the definition of the creation operators
to non-normalized states via a(φ) := ‖φ‖2a( φ

‖φ‖2 ) and a?(φ) := ‖φ‖2a?( φ
‖φ‖2 ).

(b) Assume that φt solves i d
dt
φt = hφt. Find an expression for d

dt
a(φt) and d

dt
a?(φt).


