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COUNTABLY MANY DEGREES OF FREEEDOM

What could one mean by “L*(R>®, d®x)” as a wavefunction space?

The space R*® := H]ENR is the model configuration space of countably many distinguishable
degrees of freedom and it can parameterize, among others, the expansion coefficients of physical-
space fields over an orthonormal basis. In this thesis, the author presents a mathematical structure
that embodies the limit n — |N| of the wavefunction space L?(R"™,d"z) —a structure symboli-
cally denoted by “L?(R>,d>z)”. This reveals a rigorous way to formulate quantum theories that
employ wavefunctions over field configuration spaces, exposing a common arena for quantum field
theories in “Schrodinger picture” —including in particular, the pilot-wave theories with field ontology.

To achieve this, the author uses the postulate that the state space of a composite quantum system
is obtained by tensoring together the state spaces of its subsystems. In particular, von Neumann's
infinite tensor product ®j€NL2(R, dzx) is considered —which has a unique construction and hence
bypasses the lack of a distinguished infinite-dimensional Lebesgue measure “d*°z”. As it happens
with ®7_, L?(R, dz) and the wavefunctions over R", ®;enL*(R, dz) is a space of conjugate mul-
tilinear forms with no immediate connection to wavefunctions over R>. In the former case, one
solves this by noting that the “lifted” position operators ¢, ;= [d® --- ® (R [d ® --- ® Id can
be “jointly diagonalized” to obtain L?(R"™,d"u) (with some d"u equivalent to d"x): this is a so-
called “position representation”. The author considers such “lifted” position operators, now for
®j€NL2(R,d$), and then finds their joint spectral diagonalization space: namely, a “position repre-
sentation” for ®;enL?(R, dx). The resulting space is an uncountable direct sum of L%(R>, d*®pu¢)
spaces with different (but well-behaved) spectral measures d*°u¢. All this suggests that even for a
“quantized scalar field”, the rigorous “Schrodinger picture” state vector is an uncountable tuple of
L?-wavefunctions.

Methodologically, the author abstracts the archetype of a pilot-wave theory to guide an explicit
decomposition of ®jeNL2(R, dzx), which is used as an ansatz diagonal representation. After de-
veloping a joint spectral theory for arbitrarily many (strongly) commuting self-adjoint operators
on non-separable Hilbert spaces, they prove that a “diagonalization space” for the “lifted” position
operators exists indeed, and then they check that the ansatz is an example of such a diagonalization.
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PREFACE: ON THE SHOULDERS OF GIANTS
“If I have seen further it is by standing on the shoulders of Giants.” (Newton, 1675)

It is no mystery that science is an inextricably social endeavor. Newton’s Giants are not
individual thinkers, but they are titanic monuments, sculpted by the intellect and creative
labor of hundreds if not thousands of scientists from all over the world. No single researcher —
not even a reduced group of them— could ever develop their disciplines as they do without the
results (positive and negative) of all the fellows that precede (or coexist with) them; namely,
without standing on the shoulders of Giants. This dependency often goes unnoticed when
the contributions of an individual personality are outlined. The pinnacles they built over the
gigantic monuments are zoomed in, detached from the rest of the edifice beneath them. There
certainly exist geniuses, magicians, who can erect a second temple over the previous one in
a single lifetime, using very few charts left around by fellow “shoulder wanderers”. But the
fact is that often, if not usually, the blueprints for the pinnacles that successively become the
pillars and charts of the further levels of the cathedral, were already around even the greatest
geniuses. As such, the usual practice is to pick them up and complete them. Consciously or not,
a scientist employs their cunning to find the pieces of these blueprints, they ravel the messily
wired loose ends out, and they harness their own creativity to connect them back, filling the
remaining gaps of the puzzle with hard work and a clear vision of the desired assemblage. In
a sense, it is this dance over the shoulders of Giants that makes up science: looking first up to
project ones vision, then down and around to find the tail end and the instructions, and finally
inwards to educe the vacant junctions.

This work constitutes a crystalline example of such a practice. As the reader that goes through
the provided mathematical proofs will very early realize, the whole set of results we found is just
a weaving of the work and blueprints provided by von Neumann (1939), Schmiidgen (2012), Arai
(2018), Folland (1999), Willard (2012) and Tao (2011) (among others) —all of which (except
von Neumann’s) refer to text-books, meaning that they are themselves intricate depictions of
the landscapes in certain shoulders.

OUTLINE OF EACH CHAPTER

In Chapter 1, we motivate the need of an ontology in a physical theory and in particular, in a
quantum field theory (QFT). We showcase the adequacy of a field ontology for such theories by
using non-relativistic quantum electrodynamics as a case study. In particular, we abstract the
structure of a “pilot-wave theory” and apply it to the case study to understand the “photon”
as a phenomenon emergent from a well-defined underlying field —following D. Bohm. Most
importantly, we find that the case study will only be made rigorous after making precise sense
of “lim, oo L2(R",d"z)” or “L?*(R>,d®z)”, symbols that have (yet) no universally accepted

meaning.

In Chapter 2, we interpret “lim,,_ o, L?(R",d"z)” as a limit taken on the measure. We start
by proving that there is no well-behaved Lebesgue measure on R : neither as a product measure
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nor as a translation invariant measure. We then prove that the Lebesgue measure d"x is actually
replaceable for QM over R™: any mutually absolutely continuous (mut.a.c) measure gives the
same probabilistic predictions and pilot-wave trajectories. This opens the door to use other
measures, which despite being mut. a.c to d"x do have well-behaved infinite products —namely,
certain probability measures. Interestingly, we find that two different sequences of probability
measures (du;)52, (dv;)72; need not yield mut. a.c infinite product measures d*°u, d*v, even
when all their finite partial products d"u, d"v are mut.a.c to d*r —and hence to each other.
That is, although each such d*y yields a well-behaved L?(R>,d*°u) that “cuts-off” to the usual
L*(R" d"z) for every n € N, the L2(R>, d°> ) spaces can be inequivalent for different choices
of (du;)72,. This leaves an “arbitrary choice problem”.

In Chapter 3, after noting that L?(R", d"z) is canonically identified with ®7_; L*(R, dz),
we interpret “lim, ..o LQ(R", d™z)” as a limit on the tensor product —instead of the measure.
Unlike with the product measure, von Neumann proved there is essentially a unique way to build
an infinite tensor product (ITP) ®jcn L*(R, dz). We recall the definition and main properties
of this space including a decomposition into (uncountably many) mutually orthogonal subspaces
which we call the “layers of the ITP”. In order to make this decomposition practical, we develop
the theory of arbitrary direct sums of arbitrary Hilbert spaces —which we could not find in the
literature. Unfortunately, at the end of the chapter, we find that @y L*(R,dz) does not
provide an obvious way to build a pilot-wave theory on R® because there is no clear “Born
rule”.

In Chapter 4, we find a way to reconcile the issues with the two previous chapters by merging
them together. First, we develop practical result about L?>(R>,d*u) spaces —which we could
not find in the literature. Next, we prove that there is an obvious unitary identification between
some special layers of @cy L?(R, dx) and certain L?(R°°, d* ) spaces —“obvious” because the
unitary has roughly the same shape as the canonical unitary identifying @}_; L*(R, dz) with
L%*(R",d"z). In a second instance, we prove that actually every layer of @y L(R, dr) admits
such an identification with some L?(R*,d®pu¢). The measures d®u¢ of the resulting spaces
are given by certain generators of the layers in a natural way. As a consistency check, we find
that no matter which generator we employ to construct the measure of a layer, the resulting
measures are mut.a.c. Finally, we put everything together and construct a map #g unitarily
decomposing @,y L2(R, dz) into a direct sum of L*(R™, d*°p¢) spaces —one per each layer of
the ITP. In doing so, we find an obvious candidate for a “Born rule”measure on ey L*(R, dz)
and we prove that it is independent of the generator set %R used for to build the decomposition
map #y» —hence, we consider R to be a “choice of basis”. This yields an obvious structure for
pilot-wave theories and Schrédinger QM over R and we conjecture that this is precisely what

one means by “lim, .., L?>(R",d"z)” as a wavefunction space.

In Chapter 5, we suggest a third way to interpret “lim,, ., L?(R",d"r)” and then we prove
that it coincides with the #4 decomposition of Chapter 4. Given § is the position operator of
L?(R,dx), one can see L?(R™, d"z) as the “joint diagonalization space” of all the “lifted” position
operators [d® - ®{®Id®---® Id acting on @}_; L*(R, dz). In order to generalize this idea
to Qren L?(R,dx), we develop a spectral theorem of joint diagonalization for arbitrarily many
self-adjoint operators whose PVMs commute and act on arbitrary Hilbert spaces —after all, we
could not find this either in the literature. Then, we define the “lift” of an unbounded operator

to a general ITP, yielding rigorous “lifted” position operators g := [d® --- @R [d® -- -,



k € N, for @y L*(R,dx). Instead of directly looking for the PVMs of these operators, we
first determine the PVMs and functional calculus of &, the obvious position operators of each
L?(R*,d*®u¢). Then, we conjecture that these 2 are the “push-forwards” by #x of the Gy
acting on ®ycy L2(R,dz) when restricted to a single layer’s L?(R>, d* u¢) space. To prove it,
we develop a theory to pullback PVMs and functional calculi via Wy from the L? spaces to the
full ITP. In doing so, we end up proving that the decomposition of Chapter 4 is precisely the
joint diagonal representation of the position operators g acting on @cn L?(R,dr). Namely,
W gives the “position representation” of ®jcy L2(R, dx) and the “choice of basis” R turns
out to be a choice of spectral basis. This vindicates the claim that in the context of QM,
“limy,—y00 L2(R™, d"z)” (or “L?*(R*,d°z)”) means the decomposition of ®,cy L*(R, dz) given
by #ix.

In Chapter 6, we sketch an application of the developed theory. In particular, we prove that
there is a canonical way to change the space R in “L?(R*,d*z)” by ¢?(N,R). This provides
a rigorous way to do Schrédinger QM over £2(N, R) and as such, over any real separable Hilbert
space K —which can model a field configuration-space. We observe that in the resulting L?
spaces over K (known as wavefunctional spaces), linear combinations of the lifted position
operators g act as “multiplication by the argument field” —constituting a rigorous realization
of the so-called, field operators.

In Chapter 7, we observe that von Neumann already anticipated in 1939 that his ITP
construction would lead to results akin to ours —namely, in the intersection of rigorous QFT
and probability theory. At the same time, we observe that today’s community of mathematical
physics seems to be deliberately forgetful about the full ITP construction. In particular, von
Neumann’s objectives for the ITP have not permeated to the modern research in QFT. We
provide an (admittedly non-conscientious) bibliographic study partially answering questions
like: “what went wrong with the I'TP? Why nobody seems to have found our results in all these
decades? If they did, why did they discard them? Why nobody uses the ITP in QFT although
it seems to be an obvious structure for that?”

Since the ITP is conspicuous by its absence in modern textbooks, in Appendix A, we provide
a review of its construction following the contents of von Neumann’s original paper, but framed
in an alternative scaffold. Lastly, in Appendix B we expose the obvious representation of the
canonical commutation relations (CCR) of ®genL?(R,dx), highlighting the relation between
Fock space, the CCR representations, the I'TP and the “quantum vacuum”.

HELP TO READ THE THESIS

In order to ease the reading of this thesis we provide two auxiliary chapters at the very end
of the book —such that the reader with a physical copy has them on hand.

In the auxiliary chapter on Notation the reader will find a clarification of the employed ab-
breviations, mathematical conventions and symbols —although the abbreviations and symbols
will be introduced in the main text as well. We recommend to read the “Conventions” section

before delving into the main matter.

Finally, in the Index of Results, we provide the page where each definition, lemma, propo-
sition, theorem and corollary is stated.

xi



xii



PHYSICAL MOTIVATION

According to the physics folklore, quantum mechanics (QM) should admit two styles of math-
ematical formalization. In vague terms, one is a formalization where the central dynamical
object is a “wavefunction” (a function over the space of possible configurations of a system and
a member of some Hilbert space): the so-called “Schrodinger picture”; the other one is a for-
malization where the central dynamical objects are “observable operators” (a class of operators
acting on the space of “wavefunctions”): the so-called “Heisenberg picture”.

Arguably, the latter has been essentially the main focus of the various programs to make
quantum field theory (QFT) rigorous. This fact is manifest in the very foundation, after all,
Wightman’s axioms of what a QFT should be make “vacuum expectation values of observable
operators” the central object (Streater and Wightman, 1964). In particular, it is clearly manifest
in the name of the leading approach, called algebraic QF T (Arai, 2018; Baez et al., 2014). There,
one abstractly defines algebras of “observable operators” without even explicitly alluding to a
particular “wavefunction” space until the very end of the construction. The fact that no such
approach has so-far successfully built a realistic interacting particle QFT!! already encourages
us to look for approaches based instead on a “Schrodinger picture”.

However, the main motivation of the author for such a quest resides in a more basic claim:
a satisfactory physical theory should provide a well-defined, coherent and consistent narrative
to its mathematical structure beyond its instrumental predictive backbone —meaning, beyond a
mere relation between the numbers seen in a measurement device and the mathematical objects
of the theory. The reason why such a claim seems obvious to the author is very simple: if a
physical theory is only to provide predictions for experimental outcomes, a neural network is
certainly a more suitable tool. The reason why a physical theory is not thought to be a “black
box” algorithm for experimental outcome prediction, and physics is not a branch of machine
learning, is that in addition, physical theories are supposed to provide a precise explanation,
understanding or mechanism by which the outcome turns out to be what is predicted to be.
Surprisingly, this very trivial observation, so obvious to any first year physicist, is a “sacrilege”
against the general consensus in physics. The ruling myth, promulgated by very eminent per-
sonalities like Richard Feynman, can explicitly be found in the beloved physicist’s lectures and
outreach books:

[ As Strocchi (2013) clearly puts: “after more than fifty years of QFT we are still in the embarrassing situation
of not knowing a single non-trivial (even non-realistic) model of QFT in 3+1 dimensions, allowing a non-
perturbative control.”



“The more you see how strangely Nature behaves, the harder it is to make a model
that explains how even the simplest phenomena actually work. So theoretical physics
h j that.”

as given up on tha (Feynman, 1966)
“No one has found any machinery behind the law. No one can ‘explain’ any more
than we have just ‘explained.” No one will give you any deeper representation of the
situation. We have no idea about a more basic mechanism from which these results

can be deduced. (Feynman et al., 1965)

“I think I can safely say that nobody understands quantum mechanics. So do not
take the lecture [...] feeling that you really have to understand in terms of some
model what I am going to describe [...] Do not keep saying to yourself, [...] ‘But
how can it be like that?’ because you will get ‘down the drain’, into a blind alley

from which nobody has escaped. Nobody knows how it can be like that..”
(Feynman, 1967)

In view of such authoritative assertions, our claim above on what a physical theory should be is
rendered as an outdated demand, one that QM forced us to abandon. Fortunately, the fact is
that Feynman’s claims were already false back when he exposed them: David Bohm (1952a,b)
had already provided a simple and clear way to understand in mechanistic terms why quantum
particles behave as they do. Now, we should not blame Feynman and his coetaneous for their
misunderstanding. They were in their right to be reticent given the novelty of Bohm’s discovery

2] What is less acceptable

and its apparent contradiction of von Neumann’s 1932 no-go theorem.
is that still today, 60 years later, Feynman’s is the mainstream position in academia.’?l Today
there is not just one way, but a plethora of mathematically fully rigorous ways to satisfactorily
“complete” the sparse ontology of the QM from Feynman’s times —as reviewed for instance
in (Tumulka, 2022) and (Maudlin, 2019). We forward the reader to these textbooks for the

details.

Now, our observation is that perhaps due to the persistent believe on ideas like Feynman’s
above, in the mainstream approaches to both non-rigorous and rigorous QF T, there is essentially
no effort to provide a “complete ontological picture” or an “underlying mechanism”. Even worse,
a serious explanation of how the image of the world comes about from QFT is rarely given. We
claim that such a “blind” quest is the origin of the paramount difficulties found in the field.
As such, our aim is to add a contribution to the rigorization of QFT, guided by the quest of
an ontologically well-posed theory —inspired by recent proposals with the same guide such as
those of Diirr et al. (2005), Struyve (2010) or Deckert et al. (2016), among others.

Our present insight is that almost all “satisfactory” quantum theories in the above sense (e.g.,
Bohmian mechanics and the GRW “collapse theory”) have been formulated in a Schrédinger

By those days, there was a well-known misunderstanding of von Neumann’s no-go theorem (VonNeumann,
1932) that wrongly led physicists believe there was absolutely no way to explain QM in terms of additional
variables, like particle trajectories d la Newton. See (Bell, 1966; Hermann, 1935) to understand the precise
misunderstanding. Bohmian mechanics is indeed a clearcut counterexample.

BIOne just needs to check Nature’s last survey (Gibney, 2025): more than 40% of researchers working on
QM believe that the correct way to interpret QM is either the “Copenhagen interpretation” (which provides no
definite picture of reality between “measurements”, just as Feynman used to claim), either that it is yet unknown
or that an interpretation is not even needed at all.

4By the ontology of a theory we mean what exists or is according to that theory.



picture: i.e., by representing the wavefunctions over a configuration-space (namely, using a so-
called “position representation” wavefunction, instead of just an abstract vector). Given that
the canonical model for such Hilbert spaces is L?(R™,d"x), our main aim is to clarify which
is the analogous model space for settings with countably many degrees of freedom. Namely,
we want to make precise sense of what one would like to call “L?(R*,d>z)”, the “limit” of
L*(R" d"z) as n — |N|.

1.1 Configuration-Space

The tradition for an ontologically satisfactory quantum theory is to introduce a notion of
primitive ontology (Allori, 2007), whose dynamics is determined by a “wavefunction” in the
Schrodinger picture. To give a primitive ontology is to postulate in addition to a wavefunc-
tion (which is a rather abstract mathematical object), the existence of something occurring
in 4-dimensional spacetime that explains or mediates our experience of empirical observations;
namely, it is the part of the theory’s ontology that explicitly provides the manifest image of the
world that we see —which a wavefunction on its own cannot do (Tumulka, 2022). In particu-
lar, all the approaches described in say, Tumulka’s (2022) textbook, do this by introducing a
parametrization space for the entities (particles, fields etc) that according to the theory, config-
ure the possible images of the world. It is called configuration-space and the minimum number
of real-valued parameters needed to fully specify each such configuration is the number of de-
grees of freedom. For example, if the world was “made of” N point-like particles possessing
a determinate position in a 3-dimensional space (model-able as R3), then 3N real numbers
would be necessary and sufficient to specify the configuration of the world at a given time. We
would say that the configuration-space is R*" and that there are 3N degrees of freedom. As an
alternative example, if the world was “made of” a continuous distribution of substance with a
varying density at each point of space (model-able as R?), to fully specify the configuration of
the world at a fixed time, one would need to prescribe a continuous choice of real number per
point in R? —namely, a function in C°(R3, R),m known as a “continuous scalar field”. In that
case, we would say that C°(R3,R) is the configuration-space and that there are infinitely many
degrees of freedom.

From the examples just given, it is clear that a notion of time or simultaneity makes the
description simpler. As such, we will defer relativistic discussions for later work and assume

for this work that the spacetime we experience is a “classical” spacetime:

Definition 1. We define a “classical” spacetime to be a 4-dimensional differentiable manifold
M with a preferred choice of foliation {¥;};cr parametrized by ¢t € R and equipped with a
(0,2)-type tensor field g € T'(T9M) that within each leaf ; of the foliation pulls-back to a
flat Riemannian metric g; by the inclusion ¢ : 3; — M. We assume that the parameter of the
foliation ¢ represents a “global time”, while each leaf of the foliation, (3, g;) is a simultaneous-
event plane that we perceive as “3-space” and we call physical space.?! .

[BISuch a “classical” spacetime is exemplified by any relativistic spacetime (which means, a 4-dimensional time
orientable and time oriented Lorentzian manifold) when it is globally hyperbolic, has flat leaves and one of its
foliations is singled out.

BICO(R3, R) is the space of continuous maps from R® to R.
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In this work, we are going to explore configuration-spaces of an infinite but countable number
of degrees of freedom. Their canonical mathematical model is R*:

Definition 2. Given an arbitrary index set I and a family of sets {X};cr, their Cartesian
product is defined to be:

HX~:—{3::I—> U X;

jel jeI

z(j) e X; Vje I}. (1.1)

That is, it is the set of mappings z : j € I — z(j) € X;. We will denote = € [jer X; also as
(xj)jer, where z; := z(j). In particular, one defines the k-th evaluation map (or projection to
k-th factor) as mi : [Lje; Xj = Xk, © — mg(2) := xy for each k € I. .

Definition 3. We denote by R* the countable Cartesian product R x R x ---. .

The positions in 3-dimensional space for a countable number of point-like particles can be
parametrized by R*, but also the scalar fields belonging to a real separable Hilbert space: in
a separable Hilbert space, there is a countable orthonormal basis (ONB), so, the sequences of
possible coefficients £2(N,R) can be used to fully parametrize such fields, but, £2(N,R) C R*.
We will exemplify this in §1.3.

1.2 Pilot-Wave Theories

We guide our quest towards the meaning of “L?(R*,d*z)” in QM by the pilot-wave theory
archetype:

Definition 4. The archetype of a pilot-wave theory of n € N degrees of freedom with global
time parameter ¢ € R is the following set of items.

(i) The postulate that R” (as a topological spacel®l) parametrizes the possible configurations
of some system (i.e., each point corresponds to a different ontological arrangement of the
system at each fixed time t € R).

(ii) A Schrodinger picture model on R™, by which we mean what follows.
(a) As a mathematical structure,

o the specification of a unit vector vg € L?(R",d"z) called “initial” wavefunction,

(where d™z is the Lebesgue measure of R™) and

o the specification of a self-adjoint densely defined operator (D(H), H) acting on
L?(R", d"z), called Hamiltonian. Note that via the functional calculus it gener-
ates for each ¢t € R an operator Uy := ea:p(—%H t), constituting a strongly continuous
one parameter group!” of unitary operators (SCOPUG) acting on L*(R",d"z).®l k

is a positive constant called Planck constant.
(b) As a “law of physics”,

o the postulate that this SCOPUG yields the dynamical law for 1, which denotes a time
dependent vector in L?(R",d"z) called wavefunction. Namely, that ¢ : t € R —

[S1'We want to assume no more structure in view of the fact that R> will admit no norm.
mBy group we mean that U;Us = U4 for all ¢,s € R.
see Theorem 6.2 in (Schmiidgen, 2012)—, one could specify a SCOPUG

{Ui}ter on L*(R™,d"z) and uniquely recover a Hamiltonian (H, D(H)) generating it as U; = exp(—1 Ht).

[S]Equivalently, by Stone’s theorem
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Wy = Uppo. Equivalently (by Proposition 6.5 in (Schmiidgen, 2012)), if ¢ € D(H),
1 is the unique solution to the differential equation ih%?ﬂt = H1y, which is called
the Schréodinger equation (of Hamiltonian H ).

(iii) A trajectory-based primitive ontology, by which we mean what follows.
(a) As a mathematical structure,

o the specification of a guidance law, i.e., the mapping of each wavefunction v : t —
Uy to some “flow”
X¥: RxR* — R»
(o) > X! (xo)

satisfying that {XZZ’ (:)}ier is a strongly continuous!”! family of homeomorphisms with
Xé/’ = Idgn (the identity of R™) that is equivariant with the measure |1;|2d"z, i.e.,

/ o2 (2)d"z :/ e2(z)d"e, ViR, VB € BR™). (1.2)
z€B zeX?(B)

t

(b) As a “law of physics”,

e the postulate that the system has an actual configuration g € R™ at ¢t = 0 which is
unknown to us but is “sampled” from a |1)y|?d"x—distribution, and the postulate that
it follows the deterministic trajectory ¢ — X? (zo) at all times (so, by equivariance,
the configuration of the system is |1/;|>—distributed at all t € R). As such, X¥ is the

ensemble of possible trajectories of the system.

(iv) As a corollary, item (iii) explains the main predictive backbone of items (i) and (ii): the
so-called Born Rule. Namely, that the “probability” that at time ¢ € R the system is
found in the configuration z € B, for some B € B(R"), is is:

“P(x € B at t)” ::/

T

- || (z)d" . (1.3)
¢
It is called a pilot-wave theory because it tells us that the possible trajectories of the system
are piloted or guided by the wavefunction (explaining the wave behavior but “particle look” of
fundamental particles in standard QM). The closest analogy is that of classical Hamiltonian
mechanics: the wavefunction over configuration-space R™ is the analogue of a time dependent
Hamiltonian over phase space R*" (Diirr et al., 1995). Also there, one can compute an ensemble
of trajectories (namely, the flow lines of the Hamiltonian vector field in phase-space), of which,
each one represents a possible trajectory of the system. In that case, the ensemble of trajectories
is equivariant with the measure p;d?"z solving the Liouville equation.

Now, exactly as happens in Hamiltonian statistical mechanics, our definition requires a clari-
fication: we did not make explicit what the “system” we are talking about represents. If it is to
model a laboratory preparation (say, some cold atoms in an isolated vacuum box), then it makes
sense to use the words “sampled” and “probability” in a frequentist sense of probability theory.
After all, in principle one can repeat the preparation and the experimental determination of
its configuration arbitrarily often. Certainly, in such a case, the archetype does not prescribe
what happens after we intervene in the evolution of the system —say, in order to determine
experimentally the configuration x € R™. For that we should include the degrees of freedom of

IMeaning that for any choice zg € R™, the path t — X’ (z0) is continuous in R™.



the intervening device in the configuration-space of the “system”. It is this why, for a funda-
mental theory, one considers that the “system” consists of the whole Universe, including us and
the measurement devices. But then it is unclear what “sampled” or “probability” in the defini-
tion mean because there is only one “repetition” of the system (that we know about). In such
a situation, one must change “sampled from a |1;|?d"x distribution” (or “|i);|>-distributed”)
by “typical according to a measure of typicality given by |i¢|?d"x” (or |¢|>d™a-typical). Note
that the |¢|2d"z-notion of typicality is distinguished in a pilot-wave theory because it is time-
independent, i.e., it is invariant under the transport by the flow of possible trajectories X¥.
That is precisely the role played by the equivariance postulate (Diirr et al., 1992).

Example 1. The most famous quantum theory of this type is Bohmian mechanics, where one
assumes that ontologically, there are N € N point-like particles in the Universe, each with a
position in physical space at each time. Then, one defines n := 3N and H := — Z,]CVZI %V%+V
(in a suitable domain), where

1 N N 1 €€k ijmk
V(z1,...,zN) = B Z Z , (1.4)

47T60 ]xj — .%‘k’ B ]a:j — ka‘

represents the so-called Coulomb interaction potential (e; are the electric charge constants and
go is the electric constant) and Newtonian’s gravitational interaction (where m; are the masses
of the particles and G is the gravitation constant).['’) One then defines X? to be the flow lines
of the time dependent vector field

wa = m~ ! Re M m— 0 me -
¢ () R{ () }, : : (1.5)

which naturally satisfy the equivariance condition. As a mere corollary of these definitions,
one can derive the rest of assumptions and results of textbook non-relativistic QM, such as:
the existence of subsystems with an effective wavefunction that obey Schrodinger equations
with different Hamiltonians (say, time dependent ones), the “collapse phenomenon” for these
subsystem wavefunctions, the phenomenon called “decoherence”, the “observable operator” and
POVM conundrum etc. See (Diirr et al., 1992; Diirr and Teufel, 2009) for the details.

In this setting, each trajectory t — XZ/) (zo) automatically satisfies the differential equation:

d2
— X} (x0) = — ¥ R 1.
m Xt (20) = =V(V(@) + @ (@) Xt T (16)
where QY is the so-called quantum potential
N 2 w72
—K2 Ve ,t
QY (x,t) == LG (1.7)

i 2my [Yl(, 1)

Remarkably, equation (1.6) is Newton’s second law with an additional (classically unexpected)
potential energy term. Hence, not only Bohmian mechanics provides a mechanistic explanation
of QM, but it allows us to carry the intuitions we gained in Newtonian mechanics a bit further,
together with a clean way to understand why certain objects behave more or less classically. In
a sense, in this theory it is crystal clear what one means by the Schrédinger equation being the

“quantization of Newtonian mechanics”. .

[10]Only in this first chapter, we will denote a multiplication operator with the same symbol as the function by

which it multiplies.



1.3 An Example to Motivate our Quest

In this section we will review a quantum theory that is routinely employed by the quantum
optics community (Cohen-Tannoudji et al., 1989; Kira and Koch, 2011). It is a theory that has
so-far no obvious way to be made rigorous (except using the “cut-off trick” we will mention),
and one that could be rigorized if we successfully complete the purpose of the present document.
Note that the pilot-wave theory through which we will make it understandable was already given
by Bohm (1952b), so technically we will be saying nothing new in this section. Still, it will
serve as an example to understand how R* can also parametrize a field configuration-space.

Note that we will now turn to a physicist-style rigor until the next subsection.

Consider the classical description of N point-like particles (say, electrons) of position-velocity
coordinates { (77, f'})}é\[:l C RSN electric charges {e; }é\le and masses {m; }ﬁvzl Consider also an
electromagnetic 4-potential field (¢., ff) :R? — R%, composed by fields on the second Sobolev
space H2(R? R), and denote by (¢., ff) the fields representing their associated velocities. !

Denoting by ¢ the speed of light, by g the electric constant and by pg the magnetic constant,
the Lagrangian of such a classical system is given by

N
o = & 1 . e; - = £ = =
- 5\N p = 0
L((rj,rj)jzl,Al,A.,gb.) = E (2mj\7“j| 2+ —Cj T Ap, — ej¢pj)+2 /FGR3 <|E7¢|2 — C2|BF|2>d3T‘,
j=1
where the electric and magnetic fields are defined respectively as E; = —/f,r v ¢7 and By =

V x A}. 2] The generalized Euler-Lagrange equations! of L yield exactly the Maxwell equations
(the two that do not follow from the definitions of £ and é) and the Newton’s second law with
the Lorentz and Coulomb forces. The resulting equations are poorly defined because each
particle is centered in a singularity of the total force field (among other things). We will fix
this issue following the physicist practice (Kira and Koch, 2011). Impose the Coulomb gauge
(6/? = 0) and explicitly write ¢7 = ijzl #AFH’

in Coulomb gauge for a point-charge distribution {7 }5\7:1 This removes the degrees of freedom

which is the solution to the Gauss equation

in ¢ (now it is fixed). Then, defining V; ((|7; —7%|) := ejer/(4meg|Tj —7¢|), the evaluation of ¢ in
the Lagrangian above yields a sum % Zév:l Zévzl Vi ¢, which explicitly manifests the singularities
mentioned before —exactly in each j = £ term. One then argues that assuming “there is no
self-interaction” or by “re-scaling” the energy, it is possible to omit all the j = ¢ potential
energy contributions and just leave %Zé\;l > 05 Vi

Next, one considers a symplectic structure for the composite of the usual phase space of N
particles and the infinite dimensional phase space of ff,v and its canonically conjugate variable
77 := Ay (it is possible to do this rigorously —see for instance 9.4.2 in Abraham et al. (2001)).

I Two of the Maxwell equations are engraved in these definitions: evaluating A = A(t) and A = %A'(t), we
immediately get that V x Ex(t) = —%B}(t) and V - Bx(t) = 0.

[FlSee 2.4C in (Abraham et al., 2001) for a mathematically rigorous way to take functional derivatives and a
derivation of the Euler-Lagrange equations with field variables.

["INote that we put the argument of the fields as a subscript ¢=, Az, instead of ¢(7), A(7) in order to strengthen
the analogy between the index j in the particle degrees of freedom 71, ...,7n and the index 7 for the degrees of
freedom of the fields ¢z, A}.



A generalized Legendre transformation then leaves us with a formal Hamiltonian that (after
an integration by parts and a vector calculus identity) looks like:

—»
—»

N
Z ] ZZV, (=7 +5 [ (42— PA: V2 A dr.  (1.8)

ZcR3
P reR

In order to describe electrodynamics in a cavity, the physical-space is considered to be modeled
by Q := (—%, 5) for some fixed L > 0. Then, one can assume periodic boundary conditions
so that essentially any square integrable function inside the box can be expanded using only
sinusoids of commensurate wavelengths with the box, ke ( T)Z3. In a similar vein, one assumes
(Kira and Koch, 2011) that there is a countable number of H?(Q2,R?) solutions —indexed by

k € Z3(2r/L)— for the constrained eigenvalue problem
= — _R27. (7
%%(F) = —|k| k(?‘) (1.9)
V-ig(r) =0

Presumably, these “modes” (which are essentially plane waves of frequency E) yield an
orthonormal basis (ONB) ranging the space G := {fe H?(Q,R3) | V. f= 0}, namely, those
AeH 2(Q, R3) that satisfy the Coulomb gauge. As such, for each A e G, there exists a unique
sequence of coefficients {« 2m )73 C C for which!'?

= Y apa(n). (1.10)

ke(2)z3

e

This one-to-one correspondence between (o) fe2m g8 € 0 (%’T 73, (C) and A€ H 2(Q, R3) implies
L
we can use the expansion coefficients a as the field’s degrees of freedom instead of the vector
field A. Plugging them in the Hamiltonian (1.8), one obtains!*?!
A

N
H (7 5)5 (o ) eaezs ) = D e £ S Vel A+ (1L1)

j=1 J #
1
+2EZ; (a2 + k[ a2)

f

Notice that the last term of this Hamiltonian describes a harmonic oscillator for each of the
expansion coefficients —interacting non-trivially with the other degrees of freedom via the first
term. Since there is a well-known quantization prescription for a system classically behaving
as a harmonic oscillator, one can get an ansatz for the quantum counterpart of the theory by
the same trick. But, before applying the trick, in the absence of a proper “L?(R*>,d*x)”, one
assumes what is called an “ultraviolet cul-off ", i.e., that all coefficients o above a certain finite
magnitude |k| are zero, leaving only, say, M € N degrees of freedom {a }] 1 to describe the

vector field A.14 With a slight abuse of notion we will denote a;: as «a;. One then performs a
J

[2I1n particular, /f; = Zk€(2” yzs O (t) @g(7), i.e., if the field depends on time, the expansion coefficients

will depend on time.
[13]Now as a function of the expansion coefficients o and their associated velocities dj;. Physicists understand
this to be a canonical transformation between infinite dimensional symplectic spaces.
[14]Equivalently, since the cut-off puts a limit on the frequency of the Fourier modes used to express ff, it

supposes a limitation on the spatial variation that a field A could take.
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2
1 N
{7 ag}5) = [Z 7 +3 2. Viet)

canonical quantization d la Dirac!’®) and the resulting theory is called (non-relativistic) quantum
electrodynamics (Cohen-Tannoudji et al., 1989; Kira and Koch, 2011). Each system is described
by a wavefunction ¢y € L2(R3N*+M C, ¢3N+Myz) —of arguments (71, ...7n, o1, ..., apr)—, that
for all t € R obeys the following Schrodinger equation: !0

) N (_nﬁ?j - ej/T(Fj;{Oée}z))

Qaa?+ 5 a?)]wt({@v%‘}j)

(1.12)

M < n o2 k)2
j=1 j.b=1 j=1
it
with A(7j; {ae}e) == Y04 o g (7))
The motivation for our work is then clear. The given model is cut-off dependent and a priori
it is unclear if taking a larger cut-off M makes the model approach any particular limit. One

needs a rigorous notion of “limy; oo L2(RM, dMz)” = “L2(R*,d*x)” to avoid such artificial

choices.

Last but not least, note that [¢:({7;, @;};)|*> obeys the continuity equation

d|g|?
dt

=-V. (yW ﬁt) for @:= (T, .0 0%, . vOM) (1.13)

—ihﬁﬁwt({@,aj}j) _ihaialwt({f)jaaj}j)

v ({7, 05}5) = Re{ } and v ({7}, o)) = Re{

m; ({75, @ };5) ({75, a5}5)

(1.14)
By integrating the continuity equation, one can see that the flow-lines of vf’ make a || 2d3N+M g-
equivariant ensemble of trajectories X\ := (R}, ...REN, AL, ..., AM). With that, as in any pilot-
wave theory one can postulate the existence of N point-particles and an actual electromagnetic
field, whose trajectory is determined by their joint “initial” configuration zq € R3M+N as
t — (R(x0), ..., BN (20)) and ¢ — A';:O (t) := ij‘il A (z) ﬁEj (7). Note that this would imply
the existence of well-defined subordinate electric and magnetic fields E®0 (7 t), B®o (7, t), given
by the formulas of the beginning.

It is worth noting that akin to what happened in Bohmian mechanics, these trajectories
satisfy automatically the Newton-Lorentz equation and the Maxwell equations with classically

unexpected additional terms:!'7
dQRtj (ZUQ) xo [ DJ dﬁt] ($0) RTo (D J =
mi—ap —&E °(Rj(20),t) +¢; —q <P °(R{(w0),t) = Vy, leﬁz(%)jAf(%) (1.15)
o e 1 OE * (7, t) I "

where J%0 (7, t) := >, ei0(r— RI(x0)) is the charge current of classical electrodynamics (with &
the Dirac delta distribution), Q¥ is the “quantum potential” (essentially equal to (1.7)), and F
is a map related to the inverse Fourier transform.

[15]Exchanging position and momentum variables by operators satisfying canonical commutation relations.

161 We denote 71, ...7x, a1, ..., anr by {75, o}
7 Two of the Maxwell equations are given as in footnote 1. The Gauss equation is “hard-coded” in our explicit
solution to the scalar potential (z):,() (t) = Ek m. Hence, in this model only the Ampére—Maxwell law
4 i

has a quantum “perturbation”.



What are “Photons”?

In the presented pilot-wave theory, the charged particles are said to have a particle ontology,
meaning that we postulate there exist material point-like particles representing them. Mean-
while, the electromagnetic (EM) field is said to have a field ontology, which means that we
postulate the existence of substantive fields taking determinate values at each point of phys-
ical space and time, incarnating the EM field. This was precisely also the case in classical
electrodynamics. Now, it is often said that quantization shows that the electromagnetic field
is composed of light particles called photons. But in the presented pilot-wave theory there is
nothing like this. How can it be? In understanding how photons can be seen as apparent but
fictitious particles in this model —namely, as virtual particles—, we will find a connection with
the so-called “Fock space” that will illuminate the discussions of Chapter 6 and Appendix B.

If there were no charged particles (N = 0), i.e., if we considered a free EM field, then the

classical Hamiltonian (1.11) would be reduced to H (v, ..., apr, Gty ooy Gipr) = ijvil H}Ciee(aj, Q;)
2|12
C‘#'a?. That is, o; would behave as independent harmonic

oscillators of characteristic frequency C|Ej|. After the obvious quantization over L?(RM, dMz),

N 1
with Hy (o, ¢5) = 5685 +

the associated operator would be

M - 2 92 2112
N o : oK —h= 0% kil
H=3% Hp, with Hp i=——5- 5
j=1 J

(1.17)

By §7.3.1 in Porta (2019), ﬁﬁme is essentially self-adjoint on the Schwartz functions of L?(R, dx)
and there exists an ONB of its eigenfunctions that we will denote by {QZ)EL}nGNO C L*(R,dx).

2 dne—ac2
dxn 9

The n-th element is a Gaussian times the n-th Hermite polynomial h,(z) := (—1)"e"

I pp—— ffé(ﬁ?) hn(g) = 1<O‘ . A~a>n6_§<f}> o (1.18)

2 /T A falzeagym \ Mo

where @ € R and \; := 1/(c|k|). With that, we can get an ONB of the full Hilbert space
L*(RM dM 1) by taking tensor products of the possible combinations: {W (1) Ity mareNo C
L2(RM dMz), where Wem) (o . o) 1= P (1) -+ @ QM (apg). Th(iy are eigenvectors
of the full Hamiltonian (1.17) —with associated energy eigenvalue Y02, he|ky|(ng + 3).

Now, what physicists call “electromagnetic vacuum” is the ground state of the quantized free
electromagnetic field (Cohen-Tannoudji et al., 1989), explicitly given by the wavefunction

(for some C € R) *% ];:[:1 (%)

U0 (ayagy) = o0 (any) - o5 (ckyy) Ce F (1.19)

Because its associated probability density |\I’(07""0)|2 is a Gaussian around oy, = 0 V7, most!!®!
pilot-wave trajectories of the expansion coefficients {A¥}42, will be close to zero V¢ € R. Thus,
typical worlds will have an electromagnetic potential A0 (and hence electric and magnetic
fields E, B = 0). That explains why we say W0 is a “vacuum”. However, there is a (small
but) non-null set of trajectories ¢ — AF(xq) that are a bit further from the origin, leading to
non-zero EM fields. These are the origin of the so-called “vacuum quantum fluctuations” QM
allows that a cavity where there are no charged particles to source an EM field evolves into a
non-zero EM field.

[18]Recall that the typicality measure is |@(0 [2dM g,
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One says that there is only one photon and has frequency Ej when the wavefunction is

. i ; _1yM (;4)2
j k j k 2 =1 -
we (akl’ s akN) = ¢01 (O‘kl) T ¢1] (akj> o '¢OM <akAl> X O‘]Z]. € Ml (1'20)
where we denote e; := (0, ...,0,1,0,...,0) (1 in the j-th entry). One says there are two photons
of frequency ]Zj if the system has wavefunction

; i ; ST ()
. ; 2 2u=1\%;
w2 (s ooy Ay ) = gbgl CTRERR Y (ak’j) T ¢](§M (Qy) o (O‘zj -1e el (1.21)

“And so on.” That is, a higher excitation of the “harmonic oscillator” in mode «; corresponds
to an additional photon of that j-th frequency. In this sense, photons are nothing but a way
of speaking about the excitation levels of each mode. They are called wvirtual particles if one
wants to emphasize that they do not really represent particles, but some sort of “excitations”.

The Photon Fock Space

Taking photons seriously in the above theory is exactly the way to conceive the so-called Fock
space representation. Let &; be the operator multiplying by «; and #; := —i0,,, both defined
in the common dense domain S(R™) (Schwartz functions over R™). Define for j € {1,.., M} the

(scaled) ladder operators

A I N s RN
aj .:\/Q()%j+l>\kj7rj) and @ .:\/E(j_'l)\kjﬂ'j>. (1.22)

Up to a constant factor, d; raises the “excitation level” of the ¢-th mode: d};@(”l""*”f""’”M) =

\/m \I/(n17~~~:n£+17~--,n1u)7 i.e.v
A L e - - ];: ~
Ao @@l @ @) = g+ 1 ¢l ® QPR @ ® Pl (1.23)
while dy reduces one “excitation level”: G,U(mne-nar) — WQ/(”17~-~7ne—l,~-.,nwf), o
Q k
a@l @ @t e e = e e @l @@k, (1.24)

—where we define W(™--mm) .= ( if some of the ny is negative.

That is, d}; “creates a photon” of frequency Eg, while ay “annihilates a photon” of the same
frequency. Since a0 =0 for all ¢, one says that d, “annihilates the vacuum”,

Because of all that, we can obtain any element W("1-7:) in the ONB mentioned above by

applying the “creation operators” d} enough times on the “vacuum”, namely,

g nenan) — Cny,enag (di)nl T (aJ][W)nM \I](OW"O)? (1'25)

where the normalization constant is c(,, . n,,) = (na!-- -nar!)~1/2. Following the above idea of
what a photon is, one defines the m-photon sector of L*>(RM,d™z) to be

4 (m) .— Span{ g (n15-mar) ‘ n+--+ny=m }’ (1.26)
such that by the ONB property, one can sectorize:
= M -1
L*RM, dMz) = @ H™ with dimH™ = ( m ) : (1.27)
m=0 m

Now, the m-th sector has exactly the dimensionality of the symmetrized (CM)®™ space, denoted
by Sym((C*)®™) and defined as follows:
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Definition 5. Given a Hilbert space H:
e For m € N, we define H®" := H® --- ® H and H®" := C.
—_——

m
e Given m € N and given that S, is the permutation group of m elements, we denote by
Sym : H®™ — H®™ the unique (see Prop.2.4 in (Arai, 2018)) bounded linear operator

satisfying
1
Sym(f1® - @ fm) == ——= fo() ® @ foim 1.28
( )= T 2 Jew om) (1.28)
for all elementary tensor products fi1 ® --- ® f,, € HO™. R

One calls F,(CM) := @%_, Sym((CM)®™) the Fock space of M degrees of freedom.') In
the Fock space, one calls Q := (1,0,0,...) the “vacuum vector” and one defines the normalized

symmetric canonical vectors

1
N1, ..,npr) i= 'Sym(ei@nl R ® e%nM), ni,....,ny €N, (1.29)

n!---np!
with |0,..,0) := Q. They form an ONB. As such, given the mentioned equal dimensionality,
there is a natural unitary identification between L?(RM™ d™z) and F,(CM) and it is given by
identifying W) with |ny, ..., nar),

U: L2(RM aMy) — Fp(CM)
Y= > ﬁ(n1,...,nM)\Il(nh““’nM) — > ﬁ(nh...,nM)’nlv ) nM>
(n1,..,mar)eENY! (n1,..,nar)ENY
(1.30)
This induces in JF,(CM) “creation and annihilation” operators Ay = U a, U™! and flz =

U a) U~ with

fl} N1y ey Mty ey g ) = Vg + 10, e +1, o, nag ), Ay 1y ooy My ey g ) = /g1y oy Me—1, ey Mpg)
(1.31)

where we identify |ny,...,ny) = 0 if nj, < 0 for some k. Physicists often directly employ this

latter representation (called occupation number representation) when talking about photons.

Within our pilot-wave theory photons are just virtual particles, so although convenient in cer-

tain circumstances, the Fock space representation can end up being misleading. Lastly, for

completeness, note that the free Hamiltonian (1.17) can be rewritten in terms of the ladder

operators as follows: 2"
M
g ni(ata +
H_;hc\kj|(aja]+ 2). (1.32)

How a Photon supposes no Contradiction with the Field Ontology

The reader might be surprised that the pilot-wave theory describes the electromagnetic field as
a continuum even if electromagnetic energy is known to be absorbed and emitted in discrete
packets during atomic experiments. This is no mystery. Assume we put back a particle in
the picture in addition to the electromagnetic field, say, an electron in a hydrogen atom. Such
electrons, when isolated from the rest of degrees of freedom, have well-defined energy eigenstates

called orbitals: denote them by ¢, 1, .... Now, assume we have sent against the atom a pulse

[9We provide a more general definition in §B.5.

[20]This is how one writes the harmonic oscillator Hamiltonian if directly given in Fock representation.
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of laser and we have enclosed the system between mirrors. A laser has a very sharp frequency
E, so, as a first approximation, one could leave only one of the expansion modes, say, uj —
hence, only fields like Ar = oy, (namely, plane-waves) are considered. If so, one can find
that starting an experiment with a joint wavefunction (7, ay) = goo(F)gt]lz (o) —namely, with a
“single photon” state ¢4 (hence, an ontological EM field that is non-zero) and the ground state
of the electron ¢g— then, the Schrédinger equation evolves them very close to gol(F)gb’g(ak)
—i.e. to a state describing no photon (so, the ontological EM field most likely being zero) but
the electron now in the excited state. Next, by the Schrodinger equation, the state will oscillate
back to oo (7)#% (az) and forth to o1 (7)dh (ax). These are the so-called Rabi oscillations (Cohen-
Tannoudji et al., 1989), which correspond in the pilot-wave theory with an electron absorbing
and emitting EM radiation over and over again —it is in between mirrors. If we left the atom
in an open environment and not between mirrors, the EM radiation would be absorbed and
emitted only once. Now, this oscillation only happens in a meaningful way when the energy
eigenvalue difference between ground state and first excited state of the electron matches that
of the incoming photon’s. But because the latter is exactly proportional to the frequency k of
the mode (precisely %hc|E|), absorption and emission only happen if the laser with which we
have lighted the atom contains a frequency matching the energy interval between two electron
orbitals. This explains the spectral absorption lines being so specific. Likewise, one can explain
the photoelectric effect (Bohm, 1952b), among others.

Now, note that there was never an “abrupt absorption” in all the explanation: all the onto-
logical elements had a continuous time evolution. What is more, for most times we have an
entangled wavefunction between the electron and the modes of the EM field, so there is no
way to attribute a wavefunction to the electron and radiation separately.?l That is, for generic
times during light-matter interaction, the notion of photon from above (in terms of excitations
of mode wavepackets) becomes highly ambiguous and hand-wavy. On the contrary, the trajec-
tories fl'fﬁo (t) and é{ describing the primitive ontology of the pilot-wave theory are well-defined

at all times —despite the entanglement or non-triviality of the joint light-matter wavefunction.

And yet, in a photon-detection-screen, point-like detections occur, seemingly contradicting
our continuous EM field. The key is to notice that what one sees in such a screen is not the
incident light, but the light emitted by an atom in the screen after it absorbed the incident
light —with a single Rabi oscillation as above. Since the emission is sourced from essentially
a point (the atom), it looks like a point recording to us. This also used to happen in classical
electrodynamics, where it was not understood as even the slightest evidence of light being
composed of particles. With all, in the pilot-wave theory, light is “absorbed and emitted by the
atom” in a non-abrupt manner with an ontological picture that is well-defined at all times, and
still, it correctly predicts the virtual appearance of light-packages that is so helpful to explain
quantum light-matter interaction.

(2JUnless one employs conditional wavefunctions (Diirr et al., 1992) or reduced density matrices (Cohen-
Tannoudji et al., 1989), which is what one should do to talk about absorption and emission more meaningfully.
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ATTEMPT 1: TAKE THE LIMIT OF
THE MEASURE

In order to make reasonable measure theoretic statements about R, the first thing to be fixed
is its o-algebra. If we eventually give a topology to R, it seems reasonable to choose the
associated Borel o-algebra (i.e., the smallest o-algebra that contains all open sets). Indeed,
we want to put a topology on R*>, for instance, because we wish to talk about ensembles of
trajectories in R°° that move continuously. But then, the next question is: which topology
should R* be given? In view of the “cut-off” approach of physicists, we desire to consider
“embeddings” of R™ with arbitrarily big n € N inside R*. In particular, eventually, we might
want to identify a subset U C R" with U xRxRx--- C R*. In order to do this in a topologically
coherent manner, since R™ has an indisputable topology, we would like that whenever U C R"
is an open set, then U x R X R x --- C R* is also an open set. The minimal topology satisfying
this (namely, making the projections continuous maps) is the product topology of R*°.

Definition 6. The product topology of R* is the coarsest topology for which
(’50::{U1><---><Uj><]R><}R><-~-‘jeN, UjQRopen}, (2.1)
is a topological base. We call &, the finite cylinders of open sets. R

Hereafter, when it is not specified we will be assuming that R*° has the product topology and
is equipped with its Borel o-algebra, which we will denote by B(R>).

Definition 7. « Given A is a family of subsets of X, the o-algebra of X generated by A,
denoted o(A), is the smallest o-algebra containing all elements of A, namely,
o(A) = ﬂ{ C ’ ACCCP(X) and C is a o-algebra } (2.2)
o Let 7 be a topology for X. We call B(X) := o(7) the Borel o-algebra of (X, ).

o Given measurable spaces (X;, X;);er indexed by an arbitrary index set I, define

o = {wj—l(Ej) ‘je I, B¢ zj} = Uiz (2.3)

J€el
We call them the “finite cylinders” of measurable sets. Then, the product o-algebra on X :=
[Ljer X is defined to be o(cp) and we denote it by ®jer¥;. In particular, it is the coarsest

o-algebra that makes all projections 7 measurable maps (Tao, 2011). R
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Alternative Paths that Lead us to the Same Measurable Space

Lemma 1. Given X,Y are topological spaces with B(X),B(Y) their respective Borel o-
algebras, it can happen that B(X) © B(Y) & B(X xY). .

Proof: See Example 6.4.3 in (Bogachev, 2007). O

Although it may be surprising, as Lemma 1 and Proposition 1.4 in (Folland, 1999) together
exemplify, given that B is a base of the topology 7 on some space X, it can happen that
o(B) G o(r) =: B(X) (i.e., the o-algebra generated by the topological basis is just a proper
subset of the Borel o—algebra).[a] Hence, it may happen that finite cylinders of open sets &g
(see Def. 6) generate a strictly smaller o-algebra than that generated by the product topology.
As a result, one could argue that it is less restrictive for our quest to choose o(®) as sigma
algebra despite we give R* the product topology. In this line, one could claim that it is more

convenient to take the o-algebra generated by some of the following families:
* [[jenU; with U; =R for all but one j € N, and U; C R is open,
 [ljenU; with U; C R arbitrary open sets Vj,
o [ljen E5 with Ej =R for all but one j € N, and E; C R is Borel measurable,

o Iljen £5 with Ej C R arbitrary Borel measurable sets V.

Proposition 1. The o-algebra generated by any family of the above list equals ©®;cnB(R) and
in the case of R*, ©;enB(R) = B(R™). .

Proof: The third item yields exactly the definition of the product o-algebra ©;crB(R) and
because there are only countably many factors, by Proposition 1.3 in (Folland, 1999), the
fourth point also generates exactly ©;crB(R). Now, by Proposition 1.4 in (Folland, 1999)
and because there are countably many factors, the first two also generate ©;crB(R). Finally,
because B(R) is the Borel o-algebra of a metrizable and separable topological space, by Lemma

1.2 in (Kallenberg, 1997), ®;crB(R) = B(R>). 0.6.5.

[{IThe key idea is that in order to obtain T from B, one takes arbitrary unions of elements in B, while a
o-algebra only needs to be closed under countable unions.

Note that in order to generalize our results to an uncountable Cartesian product of R, these
technicalities would need to be reviewed.

Now, observe that:

Proposition 2. Given an arbitrary measure space (Q, %, du) (where @ is a set, ¥ a o-algebra
and du a measure on X), the space L?(Q,C,du) is well-defined and is a Hilbert space.

Proof: See Theorem 6.6 in Folland (1999).0

As such, our first attempt to make “L?(R>, d*®°z)” rigorous will be to look for a measure d*pu
on the Borel o-algebra of R®, for which L?(R°,d*u) is a reasonable n — oo generalization
of L2(R",d"x). That is, we would like to choose a d®u that is “the limit of” the Lebesgue
measures d"x as n — |N|. There are two immediate ways to make sense of this —although none
of the two will end up working for us. We explain them in the following two sections.
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2.1 Take the infinite product measure of Lebesgue measures

Lemma 2. Given two measurable spaces (X, Y x) and (Y, Xy), for any pair of respective o-
finite measures px and py, there exists a unique measure pux © py on (X xY, ¥x ® Xy ) such
that px O uy (Ex X By) = ux(Ex)-py(Ey) for all Ex € ¥x, Ey € Xy. We call it the product
measure (of px and py).

Given n o-finite measurable spaces (Xj,X;,du;)7_;, there exists a unique measure dyy ©
++ - @ dpy also denoted ©F_;dp; such that for “product cylinders” £y X - -+ x E, € ©)_; X with
Ej € Ej,

duy ©@ -+ © d,un(El X oo X En) = d,ul(El) cee d#n(En) (24)
We call it the product measure of (dp;)7_. .

Proof: See Theorem 1.7.11 in (Tao, 2011) for the case n = 2. Iterate the construction finitely
many times for arbitrary n € N. [J

Following Remark 1.7.12 in (Tao, 2011), if p, and py are not both o-finite, there still exists
a product measure as in the Lemma above, but it is in general not unique.

For example, there is a a unique product measure of n copies of the Lebesgue measure dx
(because it is o-finite). But d"z (the Lebesgue measure of R™) satisfies equation (2.4) (with
dpj = dx), so, d"z = ©’_;dz. Then, the obvious idea is to look for a measure on R that acts
as an infinite product measure “ ®72, dz”. Let us build it.

As a product measure of dx, we want to impose that whenever we take a cylinder set E x
RXxR--- with £ € B(R"),
d*2(ExRxRx---)=de(E)- [[ da(R). (2.5)
JEN{1,..,n}
But since dz(R) = 400, all such cylinder sets would need to be assigned infinite measure by
d*>z. We will now prove that such a measure d*°x does exist but any measurable set in B(R>)
will have infinite measure according to it and it will not be o-finite. In fact, we will prove it for
[[je; R with an arbitrary I of infinite cardinality and the product o-algebra ©;crB(R).

Definition 8. Given a family of sets {X,};cr of arbitrary index set I, for a subset of indices
A C I, define the partial projection map

Tacr: IjerX; — IljeaX;

e = (oo (26)

If it is obvious that we are projecting from I, we will also use m4. Importantly, given £ C

[Ijea X; we will denote )
(macr) (E)="Ex ][] X (2.7)
JEI\A

Note that trivially, if J; C Jy C I then 7y, 7, 0 Tje1 = Thpe1- .

Lemma 3. Given sets X,Y, and a family C € P(Y),l? for any f : X — Y it holds that
a(f71(0)) = fH(a(C)). .

JGiven a set Y, P(Y) := {A C Y}, i.e., it is the family of all subsets of Y.
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Proof: [ First, since C C ¢(C), then, f~1(C) C f~*(¢(C)) and because f~(a(C)) is a
o-algebra (unions and complements commute with the pre-image), then the smallest o-algebra
containing f~!(C) must be contained in f~1(c(C)), ie., o(f~1(C)) C f~1(o(C)). For the
reverse inclusion, consider C' := {B C Y | f~Y(B) € o(f~*(C))}. It is a o-algebral” and

C C C. Hence, ¢(C) C C, which by definition implies that f~'(c(C)) C a(f~*(C)). 0.6.6.

[ Used as a reference: https://proofwiki.org/wiki/Pre-Image_Sigma-Algebra_of_Generated_Sigma-Algebra

[P]Using that complements and countable unions commute with pre-images, let B € C i.e., fYB) €
a(f~HC)), then f~Y(B°) = f~(B)° € o(f~'(C)) so by definition B € C. On the other hand, given
(Bj)jen C C, then f~'(UjenB;) = Ujenf 1 (B;) € o(f~1(C)) because f~1(B;) € o(f~*(C)) for all j. Hence,
by definition, U;enB; € C.

Proposition 3. For an arbitrary set I, if (X, ;) er are measurable spaces, then

Ao ;:{EJX I1 Xj‘Jg[isﬁniteandEje@ngEj} (2.8)

jeNJ
is a Boolean algebra of [];c; Xj, which means that, 2o C P([];c; X;) and that it is closed
under complement and finite union (exactly as a o-algebra but with just finite unions instead

of countable ones), namely

(i) if A € Rly then (H Xj) \A e Ap. (ii) If Aq,..., Ay € 2o, then U Aj € Ay.
jel i1

Moreover, it is a generating sub-algebra for ©;cr%;, ie., 0(Ag) = ©jer3;. R
Proof: We prove that 2y is a Boolean algebra:

(i) Any A € Rl is such that A = Ej x [[jep; X; = 75 (Ey) for some finite J C I and E; €
®jes¥;j. Since complement and pre-image commute, ([T;c; Xj) \ A = A = 7 Ey)° =
7 (Ey)°) = W}l((]_[jej X;)\ Ej). Then, because ®jc;¥; is a o-algebra, it is closed
under complement so (J[;c; X;) \ By € ©jesXj, which implies A = W}l((HjGJ X))\
EJ) € QJEIEJ-.

(i) We prove it for N = 2 —from which N € N follows by finite induction. Let Ay, A3 € 2y,
then for k € {1,2} Ay, = Ej, X [Ljen s, Xj for some finite J; C I and B, € ©jcyX;.
Let J := J1 U Jy and define E;, := Fj, X HjeJ\Jk X, which is an element of ®;cs%;
by definition. Now, A, = EJk X [ljens Xj = le(EJk), so, Ay U Ay = W;l(Ejl) U
774 Eys,) = 7;(E;, UEy,). Being ©jcsX; a o-algebra, it is closed under union and
hence 71 (E;, U Ey,) € 2o.

e Now, if we unfold the definition of 2y using Definitions 7 and 8 but in the “pre-image

notation” and we use in (x) that pre-image and union commute:

A (by_def) U (7TJ<_[>71<(7< U(%«—J)il(zj) )) ez U U((ﬂ"h—l)il( U(WJX—J)A(EJ‘) )) (;)
JCI

JCI JjeJ - JjeJ
finite finite
= Uo(U @enotmen™ ) )= Uo(U mens) ).
JCI jeJ JCI jeJ
finite finite

But by definition ®;cr¥; = J(Uj€I <7Tj<_[>71(2j)). Hence, Ay € ®jer¥;, such that o(2g) C
©®jery;. Finally, ¢ from Def. 7 is a subset of 20y, so o(co) € o(™Ap). But, o(co) =: Ojer;.
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Therefore, 0(Ap) = Ojery;. 0.€.0.

As mentioned above, now for arbitrary I, we demand that whatever d*°x is, on 2 it acts as

@zo(Ex [] R) =d’lz(B)- [] de(R), VJCI finite, VEE€Gjc;B(R).  (2.9)
jelnJ jenJ

which again, equals infinity if I has infinite cardinality.

Proposition 4. The map d®xg : o — [0, +00] such that d®z¢(E) := 400 for all E € 2y \
and d®xo(0) := 0 is a pre-measure on 2y, i.e.,

(i) dooxo(@) =0 (ii) if BE,F eAUy: E1NEy = () then dOO{E()(El U EQ) = dool'o(El) + dool’o(Eg)

(iii) if Eq, E», ... € 2 pairwise disjoint and |_| E; € o, then d>xq( |_| E;) = Z d*zo(Ej).
JeEN JEN jeN

In particular, d*°zq is not o-finite. .

Proof: Then, (i) follows by definition. Regarding item (ii), if E1, F2 = 0, by (i), we get 0 in
both sides of the equation to be checked. If Ej # ), by definition d*z¢(Ex) = 400, but also
E1UE; € 2\ 0 so by definition d*®z(E; U E2) = +00 and equality holds. Finally, regarding
(iii), if all Ex = 0, by (i), we get 0 in both sides. If at least one of them is Ej # (), then
U2, By et \ 0 so d‘x’xo(u‘;‘;lEj) = +o00 and the equality holds too. 0.€.9.

Theorem 1 (Hahn-Kolmogorov Theorem). Given a set X and a Boolean algebra Ay on X, for
any pre-measure po : Ao — [0, 400], there erxists a measure u : 0(Ag) — [0, 4+00] extending pp.
In particular, u acts on any E € o(Ap) as:

(E) = Sl S o(B)). (2.10)
g {Bj}jen C Ay : {;MO ’ }
E C Ujen Bj

If the measure g is o-finite in A, then p is the unique extension of pg to . .

Proof: See Theorem 1.14 in (Folland, 1999) or Theorem 1.7.8 in (Tao, 2011). O

Corollary 1. For any infinite I there exists at least one extension of d*°z¢ to ®;crB(R) (hence,
by Prop. 1, if I = N, to B(R*°)) and it attributes infinite measure to all measurable sets except
to the empty set —to which it gives measure 0. .

Proof: By Proposition 3, 0(4y) = ©jerB(R), so, by Theorem 1 there is a measure on ®;cr*B(R)
extending d*xg.

o If E € ®jerB(R)\0, for any cover of E by elements A; € 2, at least one of the A; needs
to be non-empty. But by definition d*°z¢(A;) = oo if A; is non-empty, so by (2.10), necessarily
d>z(E) = +o0. 0.€.0.
Lemma 4. Every extension of d*z¢ to B(][;c; R) is such that all open sets have infinite mea-
sure. More generally, they all attribute infinite measure to every Borel measurable neighborhood
of every point, i.e., to every Borel measurable set with non-empty interior. R
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Proof: 2y trivially contains the defining base of the product topology &¢. Let U C [];c; R be
an arbitrary non-empty open set. By definition of base U = Uycx By for some K and some
By € 8y C 2Ay. Let d*®°z be an arbitrary extension of d*°x( to %(Hje 7 R) and take an arbitrary
non-empty and at most countable subset I C K. Then,

(additivity) (o-additivity) extonsion .
keL keL kel

o For the more general statement, note that in any topological space X, a set A C X is a
neighborhood of a point if and only if it has non-empty interior.?! Then, let E € B([L;erR)
be an arbitrary set with non-empty interior. By definition, there exists an open set U C E, so

by additivity u(E) > p(U) = +oc. 0.€.0.

[{IRecall, the interior of a set A C X in a topological space X is the union of all open sets contained in A,

which is itself an open set.

The Reasons to Stop Here

We have found two reasons to halt the quest of a literal product measure of Lebesgue measures

for now:

o If there is only one extension, certainly it is useless, as we proved that it attributes infinite
measure to all measurable sets except the empty set. Hence, it would yield L?(R>, d®z) =
{6}, since, no other function can be square integrable.

o If there are other extensions, then there is no a priori reason to choose one of those product
measures over the rest. There seems to be no reason to consider them together either.!!
Moreover, by Lemma 4 all of them assign infinite measure to every open set of R>, which
could be deva stating to reconcile an eventual differential calculus with integration theory.

2.2 Use the Unique Characterizability of the Lebesgue measure

After being introduced to R™, anybody would expect the existence of a generalized notion of
length /area/volume that has the following obvious properties that length/area/volume satisfy:
translation invariance (i.e., that the volume of a “solid” is the same regardless of “us moving
it around”), o-additivity (i.e., that if we break a “solid” into countably many pieces and add
their volumes, we still obtain the volume of the full “solid”) and that the “volume” of the unit
cube is 1 (fixing the units of measure). Remarkably, there is a unique such possible notion of

volume in R™: the so-called Lebesgue measure.

Proposition 5. For each n € N, there is a unique measure p : B(R"™) — [0, +o00] that
(1) is translation-invariant, i.e., p(B) = u(B +v), Yv € R", VB € B(R"),
(ii) assigns measure 1 to the unit cube, i.e., p(]0,1)") = 1.

This measure p equals the Lebesgue measure. ¢

[I]Presumably, most extensions are not o-finite because d*°xo was so already in 2lp. And a non-o-finite measure
is very pathological because generically, we can no longer employ the Fubini nor Radon-Nikodym theorems, among
others. Still, there exists a possibility that one of the extensions is indeed o-finite or that it satisfies the mentioned

theorems.
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Proof: 1t is a well-known result but we could not find it given as a single result, so we sketch

the proof.

Define a boz to be a set B C R that is the Cartesian product of n (closed, half-closed
or open) intervals {/;}7_,. We define the volume of the box B = I x --- x I, to be
the product of the lengths of these intervals, Vol(B) := ¢(I;)---£(I), where ¢(I) :=
sup —inf I.

Define an elementary set of E C R"™ to be the union of finitely many boxes. Note
that we can always choose the decomposition to be into disjoint boxes. Denote the set of
elementary sets of R” by e(R") and their complements by ¢(R")¢ := {R"\E | E € ¢(R")}.

The union of elementary sets with their complements, g(R") := ¢(R™) U e(R™)¢ is a
Boolean algebra by Exercise 1.4.1 in (Tao, 2011).

The map m : &(R") — [0, +o0] that for each E € ¢(R") takes a partition into disjoint
boxes E = UJL, B; and assigns m(E) := 37", Vol (B;), while for £ € £(R")¢ assigns
m(E) := 400, is well-defined (independent of the partition and describes all possible E)
by Lemma 1.1.2 in (Tao, 2011) and is a pre-measure by Exercise 1.7.5 in (Tao, 2011).

m is o-finite because we can write R™ as the countable union of side-1 cubes, R" =
Uiezn ((0,1]" + k)), and all of them have a finite measure 1.

Consequently, by Theorem 1, there exists a unique measure p on o(2(R")) extending m.

In particular, by Exercise 1.4.14 in (Tao, 2011), o(2(R™)) = B(R").

The Lebesgue measure trivially agrees with m on £(R"), so by uniqueness of extension,
u must be the Lebesgue measure on B(R"™), which we denoted by d"x. Moreover, the
Lebesgue measure is translation invariant by Theorem 2.42 in (Folland, 1999) and trivially

m([0,1)™) = 1. Hence, it satisfies the requirements of the proposition.

Finally, to prove uniqueness, assume there existed another measure 1/ on B(R™) satisfying
as well (i) and (ii). The restriction of u' to (R™), denoted m/, cannot equal m, because
v was the unique extension of m to B(R"). At the same time, it must be that m’'| gn) =
m|.rny because by Exercise 1.1.3 in (Tao, 2011), there is a unique non-negative map
e(R™) — [0,400] that is finitely additive, translation invariant and assigns value 1 to
[0,1)" and that is m|.wn). Therefore, it must be that m/| gnye # M| @nye. Namely,
there must exist E € ¢(R™) such that for its complement m/(E¢) < 4+00. We just need
to see that this leads to a contradiction.

If m/(E°) < 400, because E € ¢(R"), m/(E) = m(E), but for all elementary sets m(FE) <
+00. Thus, by sigma additivity of ¢/, ¢/ (R"™) = p/(E U E¢) = m/(E) + m/(E€) < 4o0.
By translation invariance every cube of side 1 has the same measure via p’ and equals 1
by assumption. Since we can cover R"™ with countably many disjoint unit cubes of side
L, ie, R" = [z ;. ((0,1]" + k), by sigma additivity p/(R™) = > kezn 1 = +00. But we

had that p/(R") < 400. Absurd! 0.€.0.

It is this why one says that the Lebesgue measure d"x is the notion of “homogeneous” or “uni-

form measure” in R"™. The translation invariance property gives it the feeling of “uniformity”, of

not distinguishing any region of R™ in particular over any other. As opposed to it, a Gaussian
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measure like e 1*°d"z on B(R™) would assign more “weight” to a ball around of the origin
than the same ball translated anywhere else. But why would we want to use this measure for
L?(R™, d"z)’s definition? Perhaps because we expect that physically, R" parametrizes what we
are modeling equally well if we translate all parameters by a fixed amount. Or perhaps because
we do not want to presuppose that a configuration is distinguished over another. Because of
all that, we would like to treat all R™ regions “democratically” and hence we choose to employ
d"z in L?>(R",d"z). After all, it is the only translation invariant measure. In the same vein,
in R, instead of looking for a product measure of dx’s, we could look for a measure that is

translation-invariant.

However, this quest is also full of hindrances:

Lemma 5. R® = HjeN]R is not locally compact, i.e., there is some point that is not in the
(topological) interior of any compact set. .

Proof: By Theorem 18.6 in (Willard, 2012), a necessary condition for the Cartesian product
of topological spaces [[;cy X; to be locally compact is that all but finitely many factors are

compact. This is not the case for [];cny R because R is not compact. 5
o.e.9.

Proposition 6. (i) The product topology of R* = [[;cyR is metrizable, i.e., R admits
a distance function inducing the product topology. In particular, for any choice of distance
function d; : RxR — [0, +00) per each factor R, if they are bounded by 1 (i.e. sup, g d(z,y) <
1), then the map d: R>® x R>® — [0, +00),

d((%‘)jeN, (?Jj)jeN) = i W7 (x))jen, (yj)jen € [[ R, (2.11)
k=1 jeN

is a distance function on R* inducing the product topology.

(ii) For any distance function d : R x R — [0, 400), two possible ways to obtain equivalent
distance functions that are bounded by 1 are:

d(z,y) := min{1,d(z,y)} and d'(z,y):= % (2.12)

Proof: In (Willard, 2012), see Theorem 22.3 and its proof for (i) and Theorem 22.2 for (ii). O

Note that as a metric space, R* is Hausdorff. Because R* is not locally compact, this implies
by Theorem 18.2 in (Willard, 2012), that no point of R> has a compact neighborhood.

Theorem 2. If X is a metrizable, Cauchy complete and separable topological group,[a] then,
there exists a (non-trivial) left-invariant/’’ Borel measure that is finite on all compact sets if
and only if X is locally compact and has no isolated points.[c .

Proof: This is the main result proven in (Oxtoby, 1946). O

[BIA topological group is a group (G, -) with a topology such that the group operation (z,3) € G X G — z -y

and the group inverse z € G — z !

are continuous maps.
I A Borel measure p on a topological group (G, ) is left invariant when p(E) = u(g - E) VE € B(G), Vg € G.

[I'That is, every point € X is a limit point of X \ {z}.
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Corollary 2. There is no translation-invariant Borel measure on R that is locally finite, i.e.,
that is finite in all compact sets. *

Proof:
e We proved that R*° is metrizable in Prop. 6.
o By Theorem 24.11 in (Willard, 2012), R* is Cauchy complete because R is a complete

metric space and there are countably many such factors.

o By Theorem 16.4.c of Willard (2012), the product topology of separable topological spaces
is separable if and only if there are at most |R| factors. Hence, R* is separable.

e R* is also a topological group with the group operation being the addition because any
topological vector space is so (see 11.1 in (Folland, 1999)).

e R* is not locally compact by Lemma 5, so by Theorem 2, there exists no non-trivial
left-invariant Borel measure that is finite on compact sets. A left-invariant measure in
our case is a pu such that pu(v + E) = p(E) VE € B(R*) and Vv € R*, namely, a
translation-invariant measure. 0.€.5.

One could claim that local finiteness can be sacrificed if we still get a well-behaved translation-

invariant measure. However, there is a “killer” result:

Theorem 3. Let X be a metrizable, Cauchy complete and separable topological group and
i a (non-zero) left-invariant Borel measure in X. Then, if X is not locally compact, every
neighborhood E C X of every point € X contains uncountably many disjoint subsets (related
to each other by left action of some element of X) with equal finite positive measure. In

particular, u cannot be o-finite. .

Proof: For the first part see Theorem 1 in (Oxtoby, 1946). The statement on o-finiteness is
Theorem B.1 in (Glasner et al., 2005) —after noting that a topological space is called Polish

if it is metrizable, Cauchy complete and separable. 0.€.0.

Corollary 3. FEvery non-zero translation invariant Borel measure p on R attributes infinite
measure to all open sets. More generally, it attributes infinite measure to every (Borel) neigh-
borhood of every point, i.e., to every Borel set with non-empty interior. In particular, u is not

o-finite. .

Proof: R* is a metrizable, complete and separable topological group as proven in Cor. 2. Let u
be a (non-zero) translation-invariant measure . This exactly means that p is left (and right)
invariant. In any topological space X, a set A C X is a neighborhood of a point if and only if it
has non-empty interior. Let E € B(R*°) be any set with non-empty interior. Since by Lemma
5, R*° is not locally compact, Theorem 3 implies there exist countably many measurable sets
{Bj}jen that are mutually disjoint and p(Bj) = o € (0,400) Vj € N with B; C E Vj € N.
But then,
(additivity)

u(e) E (L By) T ) = a2 e 23
JjeN jeN JeEN
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e In particular, any open set is a neighborhood of any point it contains, so the statement

about open sets follows from this. It also follows from Theorem 3 that y is not o-finite. , _ 5.

The Reasons to Stop Here

We have proven that not only every open set of R would have infinite measure (making
the link between integration and an eventual theory of calculus harder) but in particular, no
translation invariant measure d*°y is o-finite. Non-o-finite measures are usually claimed to
be very pathological because, typically, one can no longer employ big theorems like Fubini’s
or Radon-Nikodym’s. Interestingly, in the literature, one can find very natural proposals of
translation invariant measures, a prime example being the one in (Baker, 1991, 2004) —where
they even prove Fubini-like theorems for the proposed measure. We plan to discuss their relation
to our approach elsewhere. For now, we stop here our quest for a literal generalization of the
Lebesgue measure for a simple reason: as we will see now, the use of the Lebesgue measure was
really not necessary for any crucial purpose in QM! In particular, under this observation the
path to be followed turns out to be simpler than embracing a non-o-finite measure all at once.

2.3 In QM the Lebesgue Measure is Replaceable

As we said before, it is convenient to use d"x in L?(R",d"z) to avoid “presuppositions” about
particular regions of R™. But, was such a “uniformity” really necessary in QM? After all, every
element ¢ € L?(R",d"z) is already forced to decay and thus, the measure |1|?d"x (which is

what will have an experimental correlate in QM —unlike d"z itself) will never be “uniform”.

Definition 9. Given a measurable space (X, ), a measurable function p : X — [0, +o00] and

a measure du, we denote by pdu the mapping ¥ — [0, +o00] such that
D) — / o(@)dy, Bex. (2.14)
zeB
(Note that the “d” in front of a measure has no mathematical meaning, it is just notationally
convenient in the context of Lebesgue integration.) .
Lemma 6. In the above situation, whichever the measurable function p : X — [0, 400 is,
dv := pdp is still a measure on (X, ).

We call p the density of the measure dv with respect to du and denote it by %‘ .

Proof: First, dv(0) = [ p(x)dp = 0. Second, given pairwise disjoint sets (Bj)jen C X, define
sn(z) :== SN, 1, (x) —where 1p, () denotes the indicator function of By, (which equals 1 if
x € By and 0 otherwise). sy are monotonously increasing and point-wise, limg_,o 1, () =
1y,cyB, (7). Hence, using the monotone convergence theorem (Thm. 2.8.2 in (Bogachev, 2007))
in (%),

oo N

by def) . . *
E dv(By) By 2o Jim E / 15, (z)p(x)dp = lim sy (z)p(x)du ) / 1g(z)p(x)dp = dv(B).
] N—00 o Jeex N—oo Jocx z€X

o0.€.0.
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Let us sketch heuristically the reason why per se, we were not interested on d"z to weight
measures of subsets of R". Instead, we were just interested on the measure |1|>d"z given by
each ¢ € L?(R", d"x).

Often, a measure on R", say [i)|?d"x, can be rewritten in terms of another measure d"u
and another density |¢|? as |¢|?d™u. For example, consider ¢(x) := (7r02)_"/4ea:p(—%) (it is
in L2(R",d"z)). Its associated measure d"u := [1)|?d"z is a Gaussian centered in the origin.
#(x) = 11is a vector in L2(R"™,d"u) and (quite trivially) it has an associated measure |¢|>d™u
that equals |1|2d"z. The key remark is that even if according to d"u the unit ball around x = 0
has a bigger measure than the unit ball around = = (1,0, ...,0), i.e., even if d"p is highly “non-
uniform”, we can express the same measure as d"z could via L?-densities. The key is that the
density |¢|? that multiplies d" i can “compensate” for the “presuppositions” of the background
measure d"p and make it “as flexible as the Lebesgue measure”. That is, when it comes to
wavefunctions and the Born rule, the Lebesgue measure’s role was to be a background measure
relative to which we could express other measures via densities like [1/|?. “Uniformity” was not a
requirement for that, so, a priori, one could choose alternative background measures. But, which
would be the other “allowed” background measures? Certainly, if we took d"fi := 1;>1d"p
as background measure, there would be no way to describe the Gaussian measure [t)|?d"x
from above, because d" i assigns measure 0 to the unit ball around the origin no matter which
density we “multiply it with”. As such, by “allowed” background measure we mean one that
is as “flexible” as the Lebesgue measure in the sense that we can reach the same measures by
multiplying them with densities. The necessary and sufficient condition for that (as we prove
below) is that the candidate background measure has exactly the same zero-measure sets than
the Lebesgue measure —a condition known as mutual absolute continuity.

Now, one could point out that in a pilot-wave theory d"z plays a more “foreground” role.
For instance, one can make assertions of the style “independently of v/, for almost every initial

)

configuration...” or “almost every trajectory...”, which pretend to use d"z with no multiplying
|2, And yet, in any such case, what one really cares about is the zero-measure sets (null sets)
and not the particular weight of non-null sets. Thus, as before, a mut. a.c. measure would serve
equally well. As a side-note, changing the “background measure” L?(R", d"z) > L*(R"™, d"u)
would require to change the wavefunction v, — 1y ensuring |¢p|2d"z = |¢y|2d™p —in order to
ensure the same probabilistic predictions result from both theories. Likewise, one would need
to “push-forward” the guidance law to the new picture in L?(R"™,d"u), such that the same

ensemble of trajectories results from the identified wavefunctions.

That said, the key is to note that the measure |i|?d"z (via the configuration-space Born
rule) gives all the textbook experimental predictions of QM (see e.g., §5.2 in (Teufel, 2021)).
Hence, every experimental prediction is “independent of the background measure” —or more
precisely, experiments do not impose any background measure. Similarly, note that the accept-
able trajectory ensembles for a mechanistic understanding of QM (via pilot-wave theories) are
only constrained by the evolution of the measure |i/;|?d"x (and never of d"z itself). Hence, the
ontology does not either impose any background measure. What is more, we will see that in
changing the wavefunction space from L?(R", d"z) to L?(R"™, d" 1), the “push-forwarded” theory
is still governed by a Schrodinger equation!

With all, after the push-forward to a space with a different background measure, nothing in
a pilot-wave theory seems to change. In what follows, we make all these ideas rigorous.
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Definition 10. Given a measurable space (X, Y) and two measures dju1, dpo:

o dpuy is absolutely continuous (a.c.) with respect to dyg, denoted duy < dpug, when dug(B) =
0= du1(B) =0 VB € X. Equivalently du;(B) > 0= du2(B) >0 VB € X.

o duy, dug are mutually absolutely continuous (mut. a.c.), denoted duy ~ dpg, when du; <
dpe and dps < duy, i.e., when they agree on which sets have zero and non-zero measure.

o duy, dus are mutually singular, denoted dpy L dus when 3B € ¥ such that dui(B) =0
and dugo(X \ B) = 0 (i.e., they have disjoint supports). .

Theorem 4 (Radon-Nikodym). Given a measurable space (X,Y) and two o-finite measures

d/‘bl, d/'LQ:
duy < dpe <= 3Jp: X — [0,+00] measurable s.th. duy = p dus.

. dm

Moreover, p is unique (up to changes over dus-null sets). We denote p =: rms R

Proof: See Theorem 2.10 in Kallenberg (1997). O

Corollary 4. Given a measurable space (X, X) and two o-finite measures djuq, dus,

dpy ~duy <  Jp: X — (0,+00] measurable s.th. du; = p dus.

In particular, dus = % dpy. .

Proof: (<=) By Theorem 4, this implies du; < dug. But, 1/p is well-defined everywhere and
hence, for any B € X

1 1 1
—d B:/ —d :/—xd = dus(B),
p 11(B) L p(x)ﬂ( )due = dpa(B)
ie., dus = %d,ul. By Theorem 4, this means that dus < duq.

(=) By Theorem 4, 3n : X — [0,+0o0] such that du; = ndus. We claim that n(z) > 0
for dus-almost every x € X. This would imply that changing the value of 1 in the dus-null
set where it is 0 by a non-zero value, one could get a measurable p : X — (0,+o00] with
pdpe = ndus = duy, (proving the statement).

To prove the claim, assume it was false. Then, there would exist a non-null set (for dusz)
B € ¥ (i.e., dua(B) # 0) such that [ _pn(z)dus = 0, ie., ndus(B) = dui1(B) = 0. But by

mut. a.c., this implies dus(B) = 0 which we said to be non-zero. Absurd! 0.6.5.

Proposition 7. Given a measurable space (X,3) and two o-finite measures duy, dus,

: X — (0,4
{pdul P 0, +oc] }={pduz

is measurable
(Informally, mut. a.c. is exactly the condition so that two measures can express the same mea-

p:X — [0, +00]

is measurable

} <~ duy ~ dus.

sures by multiplication with a density.)

In particular, the correspondence is p(z) du; = %(:v) p(x) dus. R
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Proof: (<=) By Theorem 4, 3n: X — [0, +00] measurable such that du; = ndus. Then, given
the measure v := pdy; for an arbitrary measurable p : X — [0, +0o0], we can also obtain v as
pdue by taking p := p-n. By mutual absolute continuity we can also do the same exchanging
1 and 2.

(=) p(z) = 1 is measurable so pdju; = dp is in the Lh.si®! set. By the hypothesis, it is also
a member of the r.h.s, meaning there exists some 7 : X — [0, +00] such that ndus = du;. But

then, by Theorem 4, du; < dpz. We can do the same argument exchanging 1 and 2. _ s

[BIWe denote L.h.s:= “left hand side” and 7.h.s:= “right hand side”.

For our claim we need something stronger than this. We only want to impose “equal flexibility”
for L'-densities (so the ones that decay fast enough). Will mut. a.c. still be the necessary and

sufficient condition for that?

Lemma 7. Given a measurable space (X,Y) and an arbitrary o-finite measure du, Jp €
LY(X,du) with p(x) > 0 for almost every = € X. .

Proof: By o-finiteness, there exist {B;}jen C ¥ with du(Bj) € (0,+00) Vj and X = UjenB;.
Then, we claim that p := >3, aylp, with ay := W(Bk) > ( satisfies the lemma. Indeed,
because every x € X is at least in some By, say, in By, , p(z) > ak, > 0. But also, p € LY(X, du)
because

/6 ‘p’( d,u / Zakﬂgk d,u<2akd'u, Bk 2272:£<_'_OO

k=1

Proposition 8. Given a measurable space (X, ) and two o-finite measures du, dus,

{0 dpn | € LX) } = {161 dpa | 6 € L(X.ds2) | &= dpn ~ dpa.

(Informally, mut. a.c. is exactly the condition so that two measures can express the same mea-

sures by multiplication with || for square integrable ’s.)

In particular, the correspondence is [[2() du1 = |1|2(2) dpg with i(z) = @) zll;lj;( ) ¥(z)
for any 6 : X — R measurable. .

Proof: (<=) By Theorem 4, 3n: X — [0, +00] measurable such that du; = ndus. Then, given
the measure v := |1)|2du; for an arbitrary ¢ € L?(X, dyu;), we can also obtain v as |¢)|2dus by
taking v := 1 - /7 since then [012dpg = |¥|2ndpg = ||2dpr. By mutual absolute continuity

we can also do the same exchanging 1 and 2.

(=) By Lemma 7, there exists a p € L'(X,du) such that p(z) > 0 for duj-almost every
x € X. We can make it non-zero in the dyuj-null sets to make it p(x) > 0 everywhere. Then,
trivially ¢ := /p € L*(X,dp) and by hypothesis there exists some ¢y € L2(X, dpusz) such that

[v|2dp1 = ||2dpe. Because [4|?(x) > 0, MQ is everywhere well-defined and
9 / [91%(x) ¥ ()
W gus(B) = dm:/ dyy = dpy(B) VB € 3.
TR S T 0 R Y 6 ”
Hence, du; = }i—}zdm. But then, by Theorem 4, du; < duo and d’“ = Iiiz Repeat the
argument exchanging 1, 2. 0.€.0.
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Proposition 9 (d"x was a replaceable background measure in QM over R™). Fix an arbitrary
n € N and let d"u be a Borel measure on R™. Then, d"u ~ d"x if and only if a pilot-wave
theory where we substitute L?(R", d"x) by L?(R",d"u) yields the same quantum theory in the
following sense: there exists a linear isomorphism W : L?(R", d"z) — L?(R"™, d"u) such that,

1. there is an identification of the wavefunctions

e LAR", d"s) < ¢ := Wy e LR, d"w).

2. The “Born rule” in both theories yields exactly the same probabilities (hence both quan-
tum theories share their experimental predictions): for all B € B(R™) and all ¢ €

L?(R™, d"x)
the system is found in the system is found in
P | configuration x € B if des- | := / || (x)d™x = / [9|?(z)d" 1 =: P | configuration = € B if des-
zeB reB

cribed by ¥ in d"z-theory cribed by 1; in d" p-theory

which is the same as saying that |¢|2d"2 = |¢|2d"u for all ¢ € L2(R™, d"x).
These two items imply that
3. a time dependent wavefunction ¢ +— ) is governed by a Schrodinger equation in one of
the theories if and only if the identified ¢ — zZt is governed by a Schrodinger equation in
the other theory (hence, both quantum theories share the “type of fundamental law” for

the wavefunction). More concretely,

o € L*(R™,d"z) evolves as t — ¢, = U Yo € L? (R™,d" i) evolves as t — U = Upbo
for some SCOPUG {U;}+cr on L*(R",d™z), i.e., for some SCOPUG {U; }+cr on L*(R",d"p), i.e.,
3(H, D(H)) self-adjoint operator on L*(R",d™x) 3(H, D(H)) self-adjoint operator on L*(R", d" 1)

s.th. U = emp(%Ht) is the dynamical law: — s.th. U, = e:cp(_—zf]t) is the dynamical law:
Voo € D(H), 1t := Ugtbo is the unique solution of V{/}vo IS D(ﬁ), 7;/)1 = Ut’l’/\}; is the unique solution of

. d d -~ ~~
ih- = Hipy Vi €R i = Hy vt €R

In particular, Uy = WU, W~ and H = WHW ™!, D(H) = WD(H).

4. They allow a common ensemble of trajectories @y : R™ — R” for the primitive ontology
(hence both theories share their ontological predictions), i.e., an homeomorphism family
Q: : R" — R", t € R satisfies

(t — Q¢ is equivariant wrt ¢ — ¢t> — (t — @y is equivariant wrt ¢ — ta>

( [ pwPare= [ s vw) = ( [ k= [ R w,B>.
z€B z€Q¢(B) z€B z€Q¢(B)

If such an isomorphism W exists, it is unitary and it is unique (up to a “gauge” phase): it is
the one acting as Wi := %ew on v € L*(R",d"z), where p : R® — (0,+00] is the unique
measurable function such that d"u = p d"z (given by Corollary 4) and 6 : R” — [—m, 7) is an
arbitrary measurable function that we call “gauge” phase. .

To prove it, we prove a more general claim that trivially particularizes to Proposition 9 (and

which will be very convenient later).
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Theorem 5. Let there be a measurable space (X,Y) and two o-finite measures du, dv.

1. dp ~ dv <= 3 isomorphism W : L?(X,dv) — L*(X,dp) s.th. [¢|*dv = |[We|2du YV € L*(X,dv).

(2.15)

o If such an isomorphism W exists, it is unitary and it is unique (up to a “gauge” phase):

it is the one acting as W) := %ew on ¢ € L*(X,dv), where p? : X — (0, +0o0] is the unique

measurable function s.th. du = p? dv (given by Corollary 4) and 6 : X — [, ) is an
arbitrary measurable function that we call a “gauge” phase.

2. The condition to the r.h.s. of (2.15) holds if and only if, there exists an isomorphism W :
L?(X,dv) — L*(X,du) such that the “Born rules” according to each pair of wavefunctions
identified by W agree with each other, i.e., such that for all ¥ € L?(X,dv) and B € ¥

system is found in system is found in
“P| =z € B if described | 7 := / |U2(z)dv = / WU 2(z)dpu =: “P | « € B if described | ”.
by ¥ in dv-theory weB veB by WV in du-theory

If any of these equivalent conditions holds, then the following also ones hold:

3. If there is a SCOPUG {U;}4er on L%*(X,dv) telling the time evolution for an initial ¥ €
L*(X,dv) as t € R +— W, := U; ¥y, then the family Uy == WUW 1 is telling how to evolve
the identified wavefunction W ¥ on L?(X, du) (so that it keeps being the W-identified vector
at all times), i.e., W (U;®o) = U;(W¥p). In particular, {U; }er is still a SCOPUG.

Equivalently, by Stone’s theorem (see Theorem 6.2 in (Schmiidgen, 2012)), the dynamics
of wavefunctions in both spaces are generated via a Schrédinger equation by self-adjoint
operators (H, D(H)) and (H, D(H)) (i.e., Uy = e~ #1* and U, = e~ #*) and

(H,D(H)) = (WHW™', WD(H)). (2.16)

4. If X is a topological space and ¥ = B(X) with dv,du Borel, an homeomorphism family
Q:: X — X, t € R satisfies

(t — Q¢ is equivariant wrt ¢ — \Iit> —= <t — Q¢ is equivariant wrt t — W\Ilt>

(/ |\I/0|2d”a::/ |0, |2d™x Vt,B) — (/ |pr0|2d”u=/ W, |2d™ 1 Vt,B).
zEB z€Q(B) z€B z€Q(B)

With all, we say that mutual absolute continuity is the exact condition that allows the same
pilot-wave theory to be expressed in two different L2-spaces: the experimental predictions
agree by 2, the dynamical equations are both Schrédinger equations by 3 and the ontological
predictions agree by 4. .

Proof: Ttem 1 : For (<=) note that the hypothesis trivially implies the Lh.s of Proposition 8,
which is what we wanted to prove by its r.h.s.

For the (=) implication, take the p? : X — (0, +occ] measurable s.th. du = p* dv and
dv = p%d,u, which exists and is unique (up to null-set changes) by Corollary 4. Then, defining
p = /p? and W1p := ¢/ p for arbitrary ¢ € L*(X,dv), we get that, for any B € %,
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\W¢( Pdp = W *du(B).

wlans) = [ k@i = [ ke

reB

Hence, |¢|?dv = |W|?du. This also proves that W is a well-defined map L?(X,dv) —
I2(X. dpr) because putting B = X, ]2y 4y = [012d0(X) = W Pdu(X) = [W |22 4
Moreover, this proves that W is an isometry. It is obvious that W is linear too, so it is injective.
We just miss to prove that it is surjective. For that, given an arbitrary ¢ € L?(X,du), note
that (p ¥) € L*(X,dv) because

vooran = Lo PE@ @0y = [ @@= 0]

But trivially, W(pzﬁ) = 1). Hence, W is the linear bijection we wanted and it is unitary.

< +400.
L2(X,du)

o4l

« For the uniqueness (up to “gauge”), consider an arbitrary ¢ € L?(X, dv). The constraint
[Y|2dv = |[W1|?du together with dv = p%d,u imply that hﬁ—fdu = |W1|?du, which implies
that %(m) = |W¥|(x) for dv-almost every x € X. But this holds for every W satisfying
Wi(x) = W) if(x) | with a potentially 1-dependent O(z;v) € [—m, ). Let us prove that in

p(z)
fact, the linearity of W forbids 6 from depending on .

Consider arbitrary ¥, ¢ € L?(R,dv), a € C\ {0} and = € ess supp(¢)). Then,

aMeie(x; ) Meie(x; ®) _ a T " 4 li:near)
pla) ") W (W) (@) + W(0)(x)
= W(ap + ¢)(z) = M i0(z; ap+e)

p(z)

. ) 2 2 z4w|?=|z|?+|w|? e{zw 2w
‘O[?ﬁ(l‘)@le(wﬂb) +¢(l’)€l6($7¢)‘ — ‘avﬁ(af}) +¢(x)‘ (lz+w|*=|2]"+] |;2>R{ } VzweC)

= Re{aw(x)WeiA¢’¢(m)} = Re{aw(m‘)%}, (2.17)

where Ay 4(z) := 6(x,v¢) — 0(x,¢). The o = 1 and a = i cases of (2.17) prove that the real
and imaginary parts of 1 (x)p(z)e?¥¢(®) equal those of 1(z)¢(x), such that

Y(@)p(a)e o = p(a)dlz) = Ayya) =0 = 0(z,¢) =6z, 9).

<

((;3)) ¢®(®) with an arbitrary measurable 6 : X — [—7, ) satisfies

o With all, only We(z) =
what we claimed.

s

Item 2: It is just a “fancy looking” restatement.

Item 3 : It follows from the fact that W is unitary. Let 1o € L?(X,dv) be arbitrary
and define t € R —— 1y := Upg for some SCOPUG {U;}cr acting on L?(X,dv). Then,
if 4y := Wiy is the identified path on L?(X,dy), the operators U, == WUW™! imme-
diately satisfy that vy = Ujtby. Now, {ﬁt}teR also turns out to be a SCOPUG, but this
time in L?(X,du). To see why: “U” because a composition of unitaries is unitary; “G”
because U,Uy = WUW TWUW L = WUUW L = WU, W™ = Upyy; and, “SC” be-
cause: let ¢ € L2(X,du) arbitrary, then we know that ¢ € R — Uy (W 1¢) is continu-
ous since {U;}ier is SC, but then, since W is a continuous map (it has operator bound 1)
teR— WolUl (W 1¢) = U is continuous too.
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Finally, we prove that the generator of Uy, denoted H, can be obtained from that of U; as
H=WHW~" with D(H) = WD(H). Let ¢ € D(H), then

~ - I (Upp — Ly w1
iy ih<dUtw>\to = ih lim (U’“’D d’) () z'hW(lim OW v = W w) -
dt h—0 h

h—0 h

d
= ihW (C“Utw%/}) lt=0 ® WHW L.
In (%) we employed the definition of generator of a SCOPUG, while in (xx) we used the se-
quential continuity of W together with U; = WU, W 1.

Item 4 : Use that by 2, |¢o|?dv = |7Z0|2du and |¢y)?dv = \Jt\Qdu. Then the right hand sides
of the two equivariance conditions are exactly equal to each other. Likewise for the left ones.

o0.€.0.

2.4 Take an Infinite Product Measure of Probability Measures

With all, we proved that the same Schrodinger QM can be done using, instead of d"x, any
mutually absolutely continuous measure d*u. The key realization is then the following one:
unlike the pathological non-uniqueness and non-sigma-finiteness we found when trying to make
sense of a literal limit of d™x, there is a class of measures d" s for which a limit product measure

d®°u exists uniquely and is very well-behaved. Those are the probability measures.

Theorem 6 (Kolmogorov’s Extension Theorem). Let (X;);er be a family of topological spaces
indexed by an arbitrary set I. For each finite subset of indices K C I, consider an inner regu-
lar probability measure p on ®;cxB(X;) obeying the compatibility condition that whenever
K1, Ky are two nested finite subsets of indices K1 C Ka C I, the measure of B € ®jck, Xj,
given by ur, (B) is the same as that given by pr, (B X [jek,\k, X;), namely, that

MKy = KK, © (ﬂ-Kl %Kz)_l' (2'18)

Then, there exists a unique probability measure py on ©@jerB(X;) that “restricts” to the
provided measures in finite cylinder sets, i.e., ux = pro (7K 1)_1. Moreover, it is built using
Theorem 1 such that it acts for £ € ©;enB(X;) as

pi(E) = inf (X unE)} 219
{ Ak Jren € 2o : k=1
Ay = Ej % HjeI\Jk X for finite J, C I
E C Uren Ak
where 2 is the Boolean algebra of Prop. 3 (with ¥; = B(X})). .

Proof: See Theorem 2.4.3 and its proof in (Tao, 2011). O
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Corollary 5 (Ezistence of unique product measures for probability measures). Let (X;);jer be
a family of locally compact, second countable and Hausdorff spaces.l? Then, for any choice of
Borel probability measure dyu; on each X, there exists a unique product measure d'p = Ojerdu;,
i.e., a unique measure on ©;crB(X;) such that for all finite J C I and all E; € ©;¢;B(X;)

d'wEy < [[ X5) = (@ p)(Ey), (2:20)
jeng

where d’p = ®jerdp; (the finite product measure of {dy;};es). In particular, for any J C I
finite and any E; € B(Xj), d! M(Hjej E; x HjGI\J X;) = HjeJ dp;(Ej).
Moreover, dp is itself a probability measure (and hence, o-finite). .

Proof: e For all finite J C I, the space [];¢ ; X; with product topology is still locally compact
(by Theorem 18.6 in (Willard, 2012)), second countable (by Theorem 16.2 in (Willard, 2012))
and Hausdorff (by Theorem 13.8 (b)).

o By Theorem 7.8 in (Folland, 1999), any finite Borel measure on a locally compact, second
countable and Hausdorff space is regular (even Radon) and in particular is inner regular.
Therefore, for every finite J C I, the finite product measure d”p := ®jegdp; is inner regular.

o We prove that finite product measures satisfy the compatibility condition (2.18). Given
finite nested sets J; C Jo C I, let E; € B(X;) for each j € J;. Defining d”' i := ®jc s, dpj, by
definition of finite product measure (Lemma 2),

djl#( 11 Ej) = I dui(E;). (2.21)

jeN j€N
Similarly, defining d”2p = Ojesduj,

2o (mnen) (T E) =d"u( T] Brx T1 X)) "2 L dmy(E) ] dutx=

JjeS1 jeS1 jeJo\J1 JjeJ1 jeJ2\J1

= Hduj(Ej 2 g <HE)

jeN je

(2.22)

But, d”2po (7, s,) "t is trivially a measure onl? ©jesB(X;). Hence, because we just proved
that it agrees with d/1y on product cylinders, the uniqueness statement of Lemma 2 implies
that d”2p o (7, ,) ! = d’tp —which is the compatibility condition (2.18).

o Therefore, the hypotheses of Theorem 5 are satisfied and it proves the corollary. . s

lOne just needs to use that pre-images and countable unions commute.

Corollary 6. Given a sequence of Borel probability measures on R, (du;) en, there exists a
unique product measure d*°u on B(R*°) and it is moreover, a probability measure. .

Proof: R is locally compact because for any zo € R, the closed ball {z € R : |z —x¢| < 1} is
compact by the Heine Borel property (of R) and its interior trivially contains x¢.In addition,
R is separable, so, by Theorem 16.11 in Willard (2012), it is second countable. Finally, it is a

metric space, so it is also Hausdorff. With all, one can apply Corollary 5 0.6.6.

ROy any other topological spaces with enough properties to ensure that the finite product of Borel probability
measures is inner regular.
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Theorem 7 (Tonelli’s theorem). Let (X,Xx, ux), (Y, Xy, py) be o-finite measure spaces and
let f:X xY — [0, +00] be measurable with respect to ¥x © Xy. Then, z — [ oy f(z,y)duy
and y — [y f(z,y)dpx are measurable functions (on Yy and ¥y respectively), and

/(x?y)eXny@vy) dpx ©dpy = /zex (/er f(z,y) dMY)dMX = /er (/zeX f(z,y) d,u,x)duy.

¢

Proof: See Theorem 1.7.15 in (Tao, 2011). O

Lemma 8. Given n € N, measurable spaces (X;,%;) for j € {1,...,n}, and o-finite mea-
sure pairs duj,dv; on ¥j, if dv; < dp; V5 € {1,...,n}, then the product measures d"p :=
Of_1dpy, d"v = Of_ dv; also satisfy d"v < d"p.

Moreover, if dv; = p; dpu; for p; := % : X — (0,400] (given by Cor.4), then
J
d"v
W(xb s Tn) = p1(x1) - pu(Tn).
(“The product of Radon-Nikodym derivatives is the derivative of the product measure”). .

Proof: We prove the lemma for the case n = 2. The rest of cases follow by finite iteration.

Take an arbitrary F € 31 ® Xo. 1 is non-negative and trivially measurable in 3; ® Yo, so
we can apply (the Tonelli) theorem 7 to it, such that

Tonelli
dQV(E) :/ 1p(x1,x9) d21/( = )/ (/ 1g(z1,z2) dl/Q) din
(z1,22)€X1x X2 r1€X1 26X

151 d 1
=/ (/ 1g(zy,72) P2(1‘2)du2) diy T EM )/ (/ 1g(x,22) ,02(332)05#2) p1(z1)duy =
r1€X1 ro€X1 r1€X1 ro€X1

( f(x1,x9) :== 1g(x1, x2)p1(x1)p2(x2) is non-negative and measurable too —it is a product >

(v2 < dp2)

of measurable functions—, so we can apply to it the Tonelli theorem as well

1p(z1,32) p1(71)p2(22)d* 1 = prp2d®u(E).

/(961,002)6.)(1 x X2

That is, d’v = p1p2d?u. By Theorem 4, this implies that d?v < d?p and that Zi—l’:(xl,xg) =
p1(x1) - p(x2). 0.€.0.

By Lemma 8, given an arbitrary sequence (dp;);en of Borel probability measures such that!®!
dpj ~ dzj, fixing any n € N, d"p := ®J_,dp; ~ d"z. Therefore, by Prop. 9, a pilot-wave theory
on R™ using L?(R",d"z) or using L?(R™, d"u) will be equivalent for all n € N. But, while §2.2
and 2.3 showed that there is no reasonable n — oo limit for d"x, by Cor. 6, there is a unique
limit measure d®u := ®jendu; on B(R™) and it is o-finite. Hence, unlike “L%(R*>,d*°z)”,
there is a well-behaved space L?(R>,d*°u) and it yields the standard quantum theory for finite
n cut-offs L?(R™, d"u)! Moreover:

Lemma 9. L2(R>,d*®pu) in the above notation is a separable Hilbert space. .

BINote that da; = da for all j. The subindex j is employ for mere notational convenience.
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Proof: By Theorem 4.13 in (Brezis, 2011), if @ is a second countable metrizable topological
space and dy is a o-finite Borel measure of Q, then L?(Q,C,du) is separable.

As we saw, by Theorem 16.4.c in Willard (2012), R is separable. But, by Theorem 16.11 in
Willard (2012), any separable metric space is second countable, so R* is second countable. We

already found it is metrizable in Prop. 6. Therefore, by the above, L?(R>, C, dpu) is separable.
0.€.0.

Therefore, we would still be in the familiar setting of a quantum theory possessing countable
ONBs. With all, everything points at L?(R%, d*u) as the rigorous limit “ lim,, o L*(R", d"x)”.
However, there is a subtlety that needs a clarification. It is true that no matter which du; ~ dz;
or dv; ~ dx; we choose for each j € N, at finite cut-offs, the resulting measures d"u ~ d"v ~ d"z
and hence that they will all give the “same” Schrodinger quantum theory. One would naively
expect that in the limit they will still satisfy d*°u ~ d*°v. Unfortunately, this is not necessarily
true, as we proceed to prove now. In Chapter 4 we will give a very general characterization by
Kakutani for when such measures are mut. a.c. For now, we will prove this claim by giving a
particular counterexample —which will also exemplify how to employ results from probability
theory in our setting.

Terminology from Probability Theory useful to understand d*u on R*>

A priori, in the context of the infinite product of probability measures from above, one would
prefer not to employ probability theory terminology because we are not interpreting the mea-
sures d" i, d*° u in any probability-theoretic sense. For us, the fact that the background measures
d"p or d*®u take value 1 in the full set is a mere matter of convenience allowing the usage of
Kolmogorov’s extension theorem. Even still, it is good to know the terminology of probability
theory in order to be able to employ its related results.

In probability theory, given a measurable space (2,%) and a probability measure p (i.e., a
measure with p(2) = 1), instead of “sets” B € X one says events, and their elements are
called elementary events —as such, (£2,X) is called the event space. Instead of “measure” one
uses the word probability, e.g., u(B) is the probability of the event B or the probability that an
elementary event in B occurs. One calls any measurable function Y : Q — R a random variable
and calls the push-forwarded measure on (R,B(R)), P := po Y1, the probability distribution
of Y. One writes for B € B(R), P(Y € B) := u(Y ~!(B)) saying this is “the probability that
the variable Y takes a value in B”. Note that usually one abuses notation employing the same P
for different random variables Y. In fact, one often writes P instead of u, altogether. One calls
the L(€2, p)-norm of Y its ezpectation value, denoting E(Y) := [, .Y () p —it can equally
be computed as [, .py P. Also, one defines the variance of Y as Var(Y) := E((Y — E(Y))?),
and it is equally computed as E(Y?) — E(Y)2. In general, one calls the norm HY||IZP(Q7M) the
p-th moment of Y (sometimes with no absolute value).

If given a set of random variables {Y;}"_,, one can consider an R"-valued measurable function
Y:Q— R ww— (Yi(w),...,Y,(w)) that is called random vector, of probability distribution
poY ™! on B(R™). In this context, the distributions of each component, y o Y, !, are called

marginal distributions. Finally, note that one says almost surely instead of almost everywhere.
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As an example, the “Born rule” consists on treating p; := |¢¢|*d"x as a time dependent prob-
ability measure on (,%) = (R",B(R")), for which the elementary events are the possible
system configurations x € R". Each projection map 7 : R” — R then gives a random variable
the distribution of which, P(zy, € A) := (|¢¢|>d"x) o 7}, ' (A), tells the probability that the k-th
degree of freedom takes value in A € B(R). Together, the projection maps 7 form a trivial
random vector (7q, ..., m,) = Id, the distribution of which is exactly .

One last terminological paragraph. Each random variable Y induces in 2 a o-algebra by
pulling back the g-algebra on R: (V) := Y~ }(B(R)) —mnote that it is a subset of X. These
are the events that matter if one is solely interested on Y’s outcomes. Then, given a set of
?:1 Bj) = ?:1 M(Bj)
for all choices of B; € o(¥;). That is, when P((V_i{¥; € 4;}) = [} P(Y; € 4;) for all
A; € B(R). In words, when the probabilities of outcomes for each random variable do not

random variables (Y;)_;, one says that they are independent when p(

depend on —are independent of— what the other variable’s outcomes are. One can prove (see
Lemma 4.10 in (Kallenberg, 1997)) that (Y;)}_; are independent if and only if the distribution
of the random vector they form is exactly the product measure of their marginal distributions:
po (Y1, ...Yn) "t =po Yl_1 © - ®poY, "t In a similar fashion, one says that a sequence
of random variables (Yj)jen (or random sequence) is independent if any finite subfamily of
the sequence is independent. Finally, one says (Y;),en are equally distributed if all marginal
distributions yield the same B (R)-measure: p o Yk_l =po Yj_1 Vj, k € N.

In our case, we took (R*,B(R>°)) (now seen as an event space) and equipped it with the
infinite product of probability measures d*>y for the sequence of probability measures (dp;)jen
on B(R). Each projection map 73, : R* — R defines a random variable on the probability space
(R, B(R>*),d>®un) so (mx)ken is a random sequence. It is a very trivial random sequence:
on the one hand, by definition of d*u (Cor.5), the marginal distribution of 7 is duy, i.e.,
d>®po 7r,§1 = dug. Moreover, for all finite J C N, the distribution of the random vector (7 )xecs
satisfies (by Cor.5), d®po(77.n)"" = Opesdur. As such, (mp)ren is a sequence of independent
random variables. In particular, they will be equally distributed whenever du; = dpuy, Vj, k € N.

Proposition 10 (Kolmogorov’s Strong Law of Large Numbers). Given a probability space
(Q,%,du) and a sequence of independent random variables (Y;);jen C L?(€, dp),

el Y, — E(Y))
<o = gim 33y

=0 almost surely.

Proof: See 10.12 in (Folland, 1999). O

Proposition 11 ( Kolmogorov-Khinchin Two-Series Theorem). Given a probability space (£2, 2, du)
and a sequence of independent random variables (Y});en,

o
ZE ) < o0 and ZVar ) < o0 = ZY < 400 almost surely.
Jj=1 7j=1
If P(]Y;| < ¢) =1 for some ¢ > 0, the reverse implication also holds. .

Proof: See Theorem 2 in Sect. 2, Chap. 4 of (Shiryaev, 2016)’s Vol. 2. O
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Lemma 10. There exist choices of Borel probability measures on R, (dpu;)jen, (dv))jen such
that dp; ~ dv; ~ dx for all j € N but such that d*°u # d*v. .

Proof: For each j € N, consider dy; := (27‘(’)_1/261:]?(—56?/2)d1’ and dv; = j(27r)_1/2exp(—j2x§/2)
dz, which are normalized Gaussians with mean 0 and respective standard deviations 1 and 1/j.
First, all du;, dv; are mut. a.c. to the Lebesgue measure dx because they are given by a strictly
positive density (see Cor.4). Also, they are probability measures because the densities are in
LY(R,dz). Next, consider /2(N,R) := {a € R® | 372, a} < +00}. As we will prove in Lemma
28, it is a Borel measurable set, i.e., £2(N) € B(R*>). Now, we claim that d*°u(¢*(N)) = 0 and
d®v(f3(N)) = 1. If so, they cannot be mut. a.c.

« To prove that d°u(¢?(N)) = 0 we employ Prop. 10. Define the random variable Y; := (m;)?
for each j € N. Note that by definition, the distribution of 7; for each j € N is dy; (a normal
of expectation 0 and variance 1 —which is in L? for all p € N), as such, 7; € L*(R>,d*®u) and
Y; € L*(R*,d>°p) Together, (m;)ren are independent random variables as proven in the box
above, so, (Y;) ey must be so. With all, (Y});en are independent, identically distributed and
in L?. In particular:

E(Y;) = E((r;)?) "2 Var(r) = 1, (2.23)

1
4!
) — 2\ _ A2 _ 4y _ 1 N
Var(Y;) = E(Y7) — B = E((m)) = 1 = . — 1 =2, (2.24)
where we used that for a random variable Z with a Gaussian distribution of 0 mean and o
standard deviation, E(Z*™) = (2m)!o®™/(2™m!), m € NU {0}. But then, >22, Var(Y})/j* =
2212/j% = /3, so by Prop. 10, limy, o0 = 71Y; = E(Y;) = 1 almost surely. Using that

Yj(a) = wjz(oz) = aj for a € R*® and the “analyst jargon”, this is to say that

1 n
lim — Z ai = 1 for almost every o € R,

j=1
which means that
p({ae®®| lim ! f:(f =1}) = d®p(R>) (2.25)
P % I : :
But now, for a € R,
1S . 1 2 — 2
nll)ngon]z:lak =1 = nlgnéon(n]z:lak) =400 <= jz:lozk = 4o00.
Hence, as sets,
1 0o
{aer| ngnoon;ai =1} c{aer™| ;aj = +oo} =R®\A(N,R).  (2.26)

Altogether,

N—oon 4

> p(®*) "2 au({a e R | lim 1 an of =1}) e20 (R \ (V).
j=1

Therefore, d®°u(R>®) = d>®°u(R*> \ £2(N)) and, a fortiori, d*°u(¢%(N)) = 0.
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« Now, to prove that d®v(¢?(N)) = 1 we employ Prop.11. Again, we define the random
variables Y; := (7rj)2 for 5 € N, which by the same reasons as above form a sequence of
independent random variables (no longer identically distributed). In particular,

E(Y)) =E((m)*) "= Var(m) =5 = Y EY)=) 5=—, (2.27)
J et =
411 1 2 = =2
_ 4 212 _ _ _ _
Var(Y;) = E((m)") —E((m)")" = T A= = ;V‘W(Yj) = 32231 JTRTS (2.28)
Then, by Prop. 11, 322, ¥; < +00 almost surely, i.e., 222, 7 (e) = Y32, o < +00 for almost
every a € R® which is to say that d®v(£?(N)) = d®°v(R®) = 1. 0.6.8

Corollary 7. There exist choices of Borel probability measures on R, (du;)jen, (dv;)jen with
dp; ~ dvj ~ dx for all j € N —hence, for every n € N, L?(R",d"u) and L*(R",d"u) allow
the construction of quantum theories equivalent (in the sense of Theorem 5) to those over
L?(R™, d"z)—, but, such that L?(R*,d*°u) and L?(R*>°, d*v) do not allow equivalent quantum
theories over them. .

Conclusion

What seemed to be a great idea turned out to be as catastrophic as the previous ones: there is
no obvious choice of probability measures du; ~ dz; and the resulting L?(R>, d*°u) spaces do
not allow the construction of equivalent QM in the sense of Theorem 5! And yet, we will come
back to this section, because it will turn out that when mixed with the idea of next chapter, a
solution to the problem at hands —“who is ‘L?(R*, d*z)” in QM?”— will emerge.
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ATTEMPT 2: TAKE THE LIMIT OF THE
TENSOR PRODUCT

We have seen that the path of interpreting “lim, .o, L?(R",d"z)” as taking the limit of the
measure leads, even in the best-case scenario, to different possible limit spaces. In this chapter

we will try an alternative route in view of the following lemma.

Lemma 11. Canonically, L?(R", d"x) is identified with the tensor product of Hilbert spaces
L*(R,dr)®- --®L*(R, dr) via the unique unitary isomorphism U : L?(R, dz)®- - -@ L*(R, dz) —
L*(R" d"z) that maps elementary tensor products f; ® --- ® f, to the (classes of) factorized
functions (z1,...,zn) — fi(x1)--- fu(x,) —that we denote fi--- f, when there is no risk of
confusion. R

Theorem 8. Let Z C X be a dense subspace of a normed vector space X and let Y be a
Banach space. Let L : Z — Y be a linear and bounded operator. Then, there exists a unique
bounded linear extension L : X — Y (i.e., E[Z = L) and it has the same operator norm,

1Ll zezvy = HLHz(X,Y)'
In particular, for an arbitrary x € X, given an arbitrary sequence (z,)neny C Z with

lim,, o0 2, = « (which exist by density of Z C X), lim,,_,o, L(z,) exists and equals E(x)
Proof: See 3.28 in (Teufel, 2021). O

Proof of Lemma 11: Let (¢;)jen C L*(R,dz) be an orthonormal basis (ONB) of L*(R, dx).
Then, respectively, B1 := {¢;, @ --- ® ¢, }j1,....jnen and
%2 = {¢]1 e ¢jn : (xl? "'7xn) = ¢]1 (1.1) e ¢]n(‘rn)}

jlvmajneN

make ONBs of L?(R, dz)®- - -® L*(R, dz) and L?(R", d"z) (see e.g., 5.5 in (Teufel, 2021)). Given
the constraint that elementary tensor products must be mapped to their respective factorized
functions in a linear way, this leaves a unique choice of map between the spans of By and Bs:

U: span(B1) — span(Bs)
U =30 guml Qg $in @ @ g = X1 g By B

U is clearly a bounded linear operator (it has operator norm 1) mapping from a dense subspace

(3.1)
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of L?(R,dz) ® --- L*(R,dx) to L?>(R",d"z). By Theorem 8, there exists a unique bounded

extension. But, the following one is an extension:

U : L2(R,dz) ® - - ® L*(R, dx) — L2(R", d"x)
X x (3.2)
U= 3 hojun b @ ®¢, — X QG G i
jlv"wjn:l jlv“wjnzl
and it is trivially a unitary isomorphism of Hilbert spaces. 0.€.0.

Hence, L*(R", d"z) = ®j:1L2(]R, dz), so, what if we interpret “lim, ., L?>(R",d"z)” as the

limit of the tensor product instead of the measure? —i.e., what if we say that “lim,, o, L>(R", d"x)”

limy, 00 @p_q L2(R,dz)? If so, because there is (essentially) a unique notion of infinite tensor
product of Hilbert spaces —developed in detail by von Neumann (1939)—, we could get rid of
the “jungle of choices” found in Chapter 2 (recall that it was the main issue we found there).

3.1 The Space L*(R,dz) ® L*(R,dx) ® - - -

Due to the fact that von Neumann’s theory to build arbitrary tensor products of Hilbert spaces
is rarely present in modern textbooks, we provide a detailed review of his construction in
Appendix A. In the main text, we will only introduce the minimal details required for the
narrative cohesion. For all the claims made with no proof in this section, the reader will find a
proof (or a reference to a proof) in the mentioned Appendix

As a starting point, for a tentative vector 11 @ ®- - - with ¢; € L?(R, dz), the obvious norm
generalizing the one in finite tensor products would be [[1)1 @ ¢2 ® - - -|| =[]y [[%5]]- But this
only makes sense when the infinite product!!! exists. As such, not all imaginable elementary

tensor products will be meaningful.

Definition 11. We call a sequence (¢;)jen = (1, %2, ...) € [Ljen L?(R, dz) such that [Ljew %5l
converges, a ¢’-sequence. Denote the subset they constitute in [];cy L?(R,dz) by €. R

Definition 12. Let £ denote the vector space of all conjugate-multilinear forms? @ : ¥ — C,
(B1, P2, ..) = @(P1, P2, ...).

1. For each (¢))jen € € define @, eyt = ¥1 ® 2 @ -+ to be the vector of L that acts on
each (¢;)jen € € as
H (), ¢5)  if it converges
Y1 @Ya @+ (f1, pa.n) =T [[ (W, @) := { 3€N . (33)

JEN 0 if it does not converge
We call them the elementary tensor products.
2. Define V := span{y1 @ 2 --- | (¢;)jen € € }. It is a complex vector subspace of L.
3. Define the map (-,-) : V x V — C by extending
(1800, Y1 @Y ® ) =1 @ @+ (61,2, ...). (3.4)

sesquilinearly to finite linear combinations (conjugate-linear in the first slot). It is an
inner product on V so ||| := /(,-) is a norm on V.

(See Appendix A to learn the meaning of an infinite product of (possibly complex) numbers.

IThat is, those forms such that D(ah1, ..o MDj + g, .) = AP(WY1,..) + TP, ..., df,Pj11,...) for each j €
N, (%;)jen € €, é1 € L*(R,dz) and u, A € C.
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4. We define ® ¢y L*(R,dx) = L*(R,dx) ® L*(R,dx) ® - - - to be the set of

point-wise limits of || - ||-Cauchy sequences in V/
i.e.,point-wise limits of linear combinations of elementary tensor products
i int-wise limits of li binati lementary t duct

They are a subspace of L. Explicitly, ¥ € @;en L*(R,dz) if and only if 3(Pp)nen C V :

(1) (1,02, ) = im By, ) Vy)jen € (i) Jim sup [0~ @ =0, (35)
5. Equip @jen L?(R, dx) with the inner product that is the natural extension of (-,-) (via
Cauchy sequences in V).l* Tt makes ®jen L?(R, dz) a Hilbert space for which V is a dense
subspace. We call (®,en L*(R,dx), (-,-)) the (proper) infinite tensor product (ITP).

By Theorem 24, this is the unique way to build the ITP in the following sense. Let H be a
Hilbert space satisfying the following two conditions (that “any” generalization of the tensor
product is expected to satisfy):

(a) For every (v¢;)jen, (¢j)jen € € corresponding vectors QD , P1RP® - € H
with inner product 9] [;cn(¢, ;) can be designated (so, elementary tensor products are
defined also in ).

(b) The span of elementary tensor products is dense in %

Then, there exists a unique unitary isomorphism between 7#” and & ;cy L?(R, dz) that identifies
the elementary tensor products 11 ®@1Ys® - - - +— Y1 @U@ - - - with each other.

Definition 13. (i) A %p-sequenceisa tuple (¢;)jen € []jen L*(R, dx) for which S5 il —=
1] exists. We denote the set they compose by %p.
Note that 5 C ¢ and that the rest of €-sequences (1;)jen € € \ €o are all such that
&jentj = 0. Hence, by taking % instead of ¢ one only looses tuples that have a 0

elementary tensor product!? (this is a necessary refinement for the following to be an

equivalence relation).

(ii) For (vj)jer, (¢j)jer € €o define the equivalence relation

(Vj)jen = (dj)jen = < > 1wy, ¢5) — 1] exists ) (3.6)
=

The set of all ~-equivalence classes will be denoted by I' and the equivalence class of
(¢j)jen by [(¥j)jen]. Note that we will abuse notation saying that @;cy; is a Go-
sequence or it belongs to some ~-class whenever (1;),en does so. .

Lemma 12. Given (fj)jen;, (95)jen € %o,

o (fj)jen = (95)jen = H(fj,gj> converges. It is # 0 unless (f}, g;) = 0 for some j € N.
JjEN
o (fj)jen # (95)jen = either H(fj,gj> converges to 0, or does not converge. Hence, @ f; L & g;.
JEN JEN JEN
.

BlFor ¥, ® € ®;enL?(R, dx), we define (U, ®) := lim;_,o (¥, ®;), where (¥;);, (®;)cV are Cauchy sequences
whose strong limits yield ¥, & respectively.
“IThe theorem proving uniqueness of ITP also holds if we only look at %y-sequences.
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In a sense, the equivalence relation ~ captures when elementary tensor products lay “close to
each other” in the Hilbert space. As we will see in a moment, they have to be “finite pertur-
bations” of each other to be in the same equivalence class. Most importantly, this equivalence
relation allows a very convenient “dissection” of the ITP (the physical interpretation of which

is clarified in Appendix B):

Definition 14. For each class € € I', denote the closed vector subspace of ®j€N L*(R, dx)
generated by the elementary tensor products in € as

®]¢€NL2(R’ dz) = span{wl R @+ | (¥j)jen € @}‘ (3.7)

We call it the €-th ¢improper ITP or in short, the €-th layer (of the ITP). R

Theorem 9. (i) For every class € € I there exist multiple @;cn ¥ € ®jen L?(R, dx) with
|+

= 1Vj € N. We call them generators of the €-th layer because each of them satisfies:

span{¢1 QP @Y OYL @+ |nEN, ¢; € L2(R, dx)} — @ L2 (R, dx).
(3.8)
Informally, one can obtain the whole €-th layer by considering the span of all the elemen-
tary tensor products that are finitely many factor-replacements away from ¢¥f ® Y9 ® - - -
(i-e., those that share the asymptotic tail of ®;eny).

(i) f €,© €T : € # D, then ®§26NL2(R, dr) L ®?€NL2(R, dz), i.e., vectors from different

layers are orthogonal to each other.

(iii) ®jenL?(R,dz) equals the closure of finite linear combinations of vectors from all the

layers, i.e.,

@jenLA(R, dz) = span( | @ L2(R, dz)). (3.9)
cel

(Points (ii) and (iii) suggest that @y L2(R,dz) = “ @eer ” (®]¢€NL2(R, dx)). We will
make this precise in the next section.)

(iv) The number of layers |I'| is uncountable.

(v) Each layer ®J¢€NL2(R, dx) is a separable Hilbert space (with the induced inner product).

Hence, ®jenL%(R, dx) is a non-separable Hilbert space. .

Lemma 13. Given an ONB {¢, }nen of L%(R, dz),

(i) the set of all elementary tensor products formed by elements of the ONB,
{6 ® 6 @ [np €N VkeN} (3.10)

is an orthonormal family but is not an ONB of @,y L*(R, dz).

(ii) Fixing a ¢p, @ ¢p, @ --- for some (k¢)een € [Iyen N, the countable set

{6 ® @ buy @ Ghyy, @ Sy, @ | NEN, i, my € NJ (3.11)
belongs to a common layer of the ITP and makes an ONB of that layer.
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Furthermore, for any layer € € I', one can find an ONB as follows. Given an arbitrary generator
Y{ @95 @ -+ of & build for each j € N build an ONB (¢} )nen, of L?(R, dz) that has as zeroth
element ¢7, ie., d)? :=17. Then,

{ PR QN @Y @U@ | NEN, kl,...,kNeNg} (3.12)

is an ONB of ®]¢-6NL2(R,dx). .

3.2 The Arbitrary Direct Sum of Hilbert Spaces

In order to talk about the “layerization” suggested by Theorem 9.(iii) more explicitly, namely,
in order to be able to write

QR L*R,dz) = “ P (¥§enL*(R, dx)), (3.13)
keN ¢cerl

one needs a notion of direct sum ®;e;H; of Hilbert spaces H; for uncountable index sets 1.
Since we found no reference where this is defined explicitly in a rigorous way, we proceed to do

so in this section.

Definition 15. Given an arbitrary index set I and a family of arbitrary Hilbert spaces {#;}jer,
define

@Hj = {(fj)jeJ € HHj

jel jel

Z | £;]1? converges (in the sense of Def. 3())}. (3.14)
Jjel
.

Lemma 14. Any vector (fj)jer € @,e; H; is such that f; = 0 for all but, at most, countably
many j € I. .

Proof: By Prop.43, if 3¢/ ||fJH2 is finite then || f;|| = 0 for all but, at most, countably many

j € N. Since [-|| is a norm for each H;, || f;|| =0 <= f; = 0.
0.€.0.

Proposition 12. (i) @D ,cr H; has a well-defined complex vector space structure given by
M (fi)jer + A2(g5)jer = (M fj + A2 gj)jer, (3.15)

for (fj)je[, (gj)jej S @jel ’Hj and A, Ay € C.
(ii) The form (-,-) : @jer Hj X D@jer Hj — C
((F)jers (@))ser) =D {F5r95) (3.16)
jel
is well-defined and is an inner product. .

Proof: For the proof we will assume |I| is infinite (for the finite case the whole thing follows

from the usual direct sum construction).

Given arbitrary (fj)jer, (9;)jer € @jer Hj, by Lemma 14, f; = 0 for all j € I'\ {i,42,...}
and g; = 0 for all j € I\ {k1, kg, ...}, for some iy, ky € I, £ € N. Define J := {is}en U {k¢}oen.
J is countable, so, we can enumerate its elements as J = {j1, j2, ...}
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(i) For arbitrary A1, \s € C,

oA i+ degil? = ZII/\lf;kJr/\wij = lim Z||/\1fyk+/\29Jk||

jel k=1
] 9 (trgl.ing.) 9
using that: [|A1 fj, + A2 g5 17 < CIMlllFll + e2lllgll )7 =
5 9 5 9 (Peter Paul) 9 9 9 9
= M50 4 PalPllgs ™ + 20 Al F g D < 200 F 507 + 2220 [l g5

(3.17)
N N 00 00
. 2 2 2 2
< jm <2|A1|2 Sl + 20082 Y g ) =AY 417 + 2l o
— 00 3 .
k=1 k=1 j=1 j=1
which, taking the zeros into account again, is equal to 2|\ |2 >erllfi H2+2\)\2|2 >jer llgj H2
But this is finite because (f;)jer, (95)jer € @jer Hj-
(i) >Zjer [{fj, g5)| is finite because:
(Cauchy Sch

)= (Peter Paul) 1 © 9 i 9
Z| fJ7g] ‘ = Z ’ f]k7g]k < Z Hfjk”HngH < 5(2 ”kaH +Z ”g]k” )
k=1 k=1 k=1

Jel

which, taking the zeros into account again, is equal to §(3;c; £ lI7 + >jer g5 11%)-
But this is finite because (f;);er, (95)jer € @Djes H;. Hence, by Prop. 43, 37,/(f;, 95) is
convergent. This proves that the form (-,-) is well-defined.

e Now we prove it is an inner product. First, it is conjugate linear in the first argument:
given A1, Ay € C, (hj)je[ S Gajel Hj,

(M(fijer +Xalhy)er, (g5)jer) = 30 (Mfi+Aahy, g5) = Sy + Aohiys 93) =
k=1

jel
(3.18)
(+ is conts) — > — — —
=" N S G A2 D (g gi) = MY (s 950 + A2 Y (hy, g5),
k=1 k=1 ]EI ]GI

which equals A1 ((f;)jer, (9;)jer) + A2{(hj)jer, (g;)jer). The linearity in the second argu-
ment is proven analogously. We prove that (-,-) is conjugate symmetric:

<(fj)j61> (gj)j€1> = Z fi>9i) Z Fins 9i) Z (G5 fir) Z Gins Fin) = < j)iels (fj)jel>
k=1 k=1 k=1

jel
e Next, note that
((F)jers (Fser) =S N5I7 = S 155> > 0. (3.19)
jelI k=1

Moreover, as soon as some fj, # 0, || f;.|| > 0 so, unless f; = 0 for all j € I, it must be

that 0% || £, I* > 0. Thus, (-,-) is also positive definite.
0.€.0.

Proposition 13. The topology induced by (:,-) on @;c; H; is Cauchy complete. R
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Proof: Let there be for k € N a Cauchy sequence F¥ := (ff)jej € Djecr Hj, i.e., such that

k,l . .. . .
Fk — Ff‘ 2. By sequential continuity of z € R — 22, uniformly in

k—00 .
———— 0. In particular,

uniformly in &, ¢,

k0,

Fk_Fé’Q

L R TAES B WL R SR Bl IR/

jel jeI

But then, its uniform limit to 0 in k, ¢ means by definition that Ve > 0 dN¢ € N such that

S| - fsz <e Vk (> N° (3.20)
jel

2
Each term H f;C — ff H is non-negative, so by Lemma 34, this means that Ve > 0, 3JN°® such
that )
S| = | <e ¥ 1 finite and k£ > N, (3.21)
JjeJ

The |J| = 1 case tells us that Ve > 0 3IN® € N such that Hf]k — ffH <e Vk f> N52, ie.,
that the sequence (ff)keN C H; is a Cauchy sequence. But H; is a Hilbert space so dg; € H;

that is its limit, i.e., limg_ o H - ng —0.

Now, define G := (g;);jer- We proceed to prove that G € @,;c; H; and that it is the limit of
(F*)en. For all J C I finite,

2 (Hj continuous)

2 (by def) Hj & J finite . 2 (3.21)
k y d 0 k A l k

Sl 5 -] U - e
Jj€J Jj€J Jj€J ( )
3.22

This leaves an upper bound that is independent of J.

2 (Lemma 34) 2
sup Zng—f]’?H <e Vk>N*' — ZHgJ—kaH <e Vk> N°. (3.23)
JCI finite jed el
(e e
Fixing any kg > N¢ this means
(rev. triang. ineq.)

Ve || - Fho > Gl = ||Fr |l = Gl < ve+[FR|| < oo (3:29)

2
Hence, G € @;¢; H;. But the last result of (3.23) means, by definition, that limy HG — FkH =
0. Hence, (F"*)en converges to G. Since (F*),eny was an arbitrary Cauchy sequence, Djcr H;

is Cauchy complete. 0.€.0.

Corollary 8. (D;c; Hj, (,)) is a Hilbert space. We call it the arbitrary direct sum of (H;)jer-
.

Proposition 14. The set of vectors for which only finitely many sectors are non-zero, namely

@ Hy = {(fj)jg € [[#, | 3J C I finite with f; =0 Vj ¢ J}, (3.25)
Jel
is a dense subspace of @ ;c; H,;. .
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Proof: That @j‘@e [Hj is a vector subspace of B c;H; is trivial. We prove denseness. Let
F = (fj)jer € @jer H; arbitrary. Then, by Lemma 14, f; = 0 Vj € I except for (at most)
countably many indices, which we denote by .J := {jx}ren C I. Let FF := (hk) jer where

i ifj=greJand <k
Bk = fi 5=t = (3.26)
0 else.
Trivially, F* € @‘g crH;. But moreover,
Syl
. ok 2 Y ( lfl_ Je
Jim 7= = i S = = i 3 s (327)
[e'S) k 9] )
. 2 2 2 2 2 2
= tim (30U = Yo IFll) = Yol = Yo Nfsll® = NEIP = 1F)P =
—00
=1 =1 =1 =1
Hence, for arbitrary I' € B,c; H;, there exists a sequence in @]/2 1 H; converging to F. 0.6.5

Proposition 15. Let H be an arbitrary Hilbert space and let {#,}er be a family of closed vec-
tor subspaces of H that are pairwise orthogonal and have the property that # = span(UjerH;).
Then, there is a canonical unitary identification

@H;=H givenby  (fi)jer =D fi- (3.28)
jel =1
where {j¢}sen C I is the countable set outside which f;, = 0, as given by Lemma 14. .

Proof: Define
U : jEIH _> H

: o m (3.29)
(fi)jer with f; # 0 only for j € {j1,....jm} €I +— >/ fj,.
It is obviously linear but it is also isometric, since:
(H; J_H
||U((f] JEI Y Z HszH fj)jEIHQ- (3-30)

Hence, in particular, it is bounded and has operator norm 1. By Props. 14 and 13 it maps from
a dense subspace to a Banach space. Therefore, by Theorem 8, there exists a unique linear

extension U : @®;cr Hj — H with the same operator norm.

. A~ny map that satisfies (3.28), must~agree with U in EBJSE ;H; so, by uniqueness, it will
equal U everywhere. Now we prove that U is a unitary.

 Given an arbitrary ¥ € @;c; H;, by density, there exists a sequence (UF)pen C @ﬁﬂ{j
with Wy, = ¥. But then, by Theorem 8, limy_,o, U(¥¥) exists and U(¥) = klim U(Wk).
—00
This 1Inphes

|o(w)|| = ‘h Uy (11 comimons) |

k—o0

‘U (UF) H ) lim prkH = (||,  (3.31)

k%oo ’ k—o0

ie., U is an isometry. Hence, it is also injective by definiteness of the norm.
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« By hypothesis, span(Ujer#;) is dense in H so, for an arbitrary ¥ € H there exists a
sequence of linear combinations (Zé n )neN in H with \Il € Hjp for some j;' € I and
N, € N, whose limit is ¥ as n — oco. For each element in that sequence, define (@’;) jeN to be
the vector of @g crH; that is zero for all j € I except for j € {j,...,j} }, where it takes the
value @7 := \I'” Then, by definition, U((®7});er) = éV:”l Ui But if so, (®})jen is a Cauchy
sequence, because

U linear i N M)
|@)jen = @jen]| S (@) j00) — V(@) | = | S 0 - > .
=1
(3.32)
which limits to 0 uniformly in n,m because (Zz v in " )nen is convergent and hence Cauchy.

Therefore, (<I>J )jen converges to some ® € @D ;e H; because P;c; H; is Cauchy complete by
Prop. 13. With all:

~ T ny (U is continuous) . no_
U(®) =U(lim @) = nh%o = JE&Z‘I’ = (3.33)
Hence, U is surjective too. Altogether, Uisa unitary isomorphism. 0.€.0.

3.3 The Direct Sum Decomposition of ®° , L*(R, dr) into ~-Layers

Corollary 9. Precisely as anticipated, @ L?(R,dr) = @ (®J¢€N L?(R, dx)) .
jEN ¢er
Proof: By Theorem 9, {®j€NL (R, dz)}eer is a family of subspaces of @ L?(R,dz) that are
JEN
closed, pairwise orthogonal and the family’s span’s closure equals @ L?(R,dz). Therefore, by
JEN

Prop. 15, ® LA(R,dz) = @ (@%y LA(R,dr)).

jEN ¢er 0.€.0.

In order to make this identification more natural, let us now introduce the notion of arbitrary
sum for vectors that generalizes von Neumann’s arbitrary sum of complex numbers —explained

in Appendix A.

Definition 16. Given a Hausdorffl” topological vector space V and an arbitrary index set I,
a family of vectors (v;)jer € V is said to have a well-defined sum v € H, denoted 3 ;- v; = v
when the net!® of finite partial sums (X"jes Vi) sepy(r) converges to v (see Def. 28 for Po(I)).

For Hilbert spaces, one can rephrase this without the net theoretic jargon as follows.

Lemma 15. Let (#, ||-||) be a normed vector space and let f,(f;)jer € H be arbitrary. Then,
> jer fi = [ if and only if Ve > 0 there exists a finite subset of indices I® C I such that for all
finite super-set J D I¢, J C I,

F=> 1l <e (3.34)
Jj€J
(Informally when finite partial sums become arbitrarily close to some fixed vector.) .

BIThat way, by Prop. 42, a convergent net in V' has a unique limit vector.
[61See the gray box around Def. 25 in Appendix A for the basics of net theory.
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Proof: By definition, 37;c; f; = f holds if and only if 3 ; f; W f € H holds. By
—Fo

Definitions 27 and 28, this holds if and only if for each neighborhood % of f,

Jafinite Iy CI such that > f; €% V finite J D Iy, J C 1. (3.35)

Jj€J
Now, each neighborhood % of f contains by definition an open neighborhood of f, and in the
case of a metric space like H, all such open neighborhoods contain a metric ball around f.
Since balls are also neighborhoods of f, (3.35) holds for arbitrary neighborhoods of f if and

only if it holds for open balls B of arbitrary radius € around f.
0.€.0.

Following the use of this notion of arbitrary sum (in the “c-form”) by Halmos (1957), the next

proposition characterizing arbitrary sums becomes a mere corollary of his text.

Proposition 16. Let 7 be a Hilbert space, I an arbitrary index set, (fj)jer,(9j)jer € H

arbitrary families of vectors and f,g € H.
(i) If I is finite, the notion in Def. 16 coincides with the usual finite sum.
(ii) If I is countable, say, if I = {ji}ren, then

(ij = f) = (nh_{go

Jjel

1)
k=1

If so, then > ;cr fj = > i1 fj., where the r.h.s is the usual notion of infinite sum of

vectors (limy_e0 lequl Fie)-

(iii) If I is uncountable,

(Zﬁ:f) = (Elaﬁniteorcountable JCI: ij:f and ijOVjGI\J>.

JeI JjEJ
(iv) If > ey fj = f and 3°;c; g5 = g then, for all a € C,

(@) Y afj=af () D (fi+g)=Ff+g () D fi)="{9 f).

jedJ jedJ jedJ

(v) If (f;)jer is an orthogonal family, 3=, f; exists if and only if 3 ,c; 1511 < +o0.

(vi) Given a possibly uncountable ONB (¢;);cr € H, for each vector f € H there exist unique
expansion coefficients (a;)jer € C such that f = 3.y a;d;. In particular, oy = (¢, f)
and at most countably many «; are non-zero.

¢

Proof: Ttem (i): Just take I* = I for any € > 0.

Item (ii): (=) For each € > 0, take I¢ as in Lemma 15 and let {ji,, ...., Jk, } := I°. Define
N¢ := max{ki,...,kn}. Then, for any n > N¢ we have that {ji,....,jn} is a finite super-set of
I¢ and thus, by hypothesis,

<e. (3.36)

E:fM'_f
k=1

But by definition, this implies that limy e Snq fi, = f-
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(<) For each ¢ > 0, IN® such that (3.36) holds for all n > N Hence, taking I¢ =
{j1,---,JN<}, we obtain what we wanted to show.

Item (iii): (=) See Theorem 8.1 in (Halmos, 1957) for a proof that the cardinality of the
set J C I such that f; # 0if j € J must be at most countable. Then, since for all finite K C I,
Yjer Ji = 2jekny [j, for each € > 0 one can take the I° for 3 c; f;’s convergence and use
I°NJ as the e-set for the convergence of }_;c; f;. In particular, >, ; f; = f.

(<) Take the I€ of the convergence of > jes fj as the I for the convergence of 3~ .y f;. Any
super-set that gets out of J just adds zeros in the partial sums.

Item (iv): See Theorems 7.1, 7.2 and 7.3 in (Halmos, 1957).
Item (v): See Theorem 8.2 in (Halmos, 1957).

Item (vi): See Theorem 14.1.(iv) in (Halmos, 1957) for a proof that 3. /(¢;, f)¢; = f
—such that indeed, a;j = (¢;, f). For the sum to exist, a necessary condition was that at most
countably many (¢;, f)¢; # 0, but this implies, since ¢; # 0, that (¢;, f) = 0 for all j except
for countably many of them. Finally, to prove uniqueness of expansion coefficients, assume
there were some other coefficients (3;);jer such that >-;c; 8;¢; = f. Then, using item (iv).(c),
(Pr, [) = 3 jes(Pr, Bidj) = Br. Therefore, S = ay. 0.€.0.

With all, one trivially gets that:

Corollary 10. The isomorphism of Prop. 15 identifies (f;)jer = > ;e; fj- .

Corollary 11. For each ¢ € I" denote by P? the orthogonal projector to the layer ®]¢-ENL2 (R, dx).
Then, by Corollaries 9 and 10, for each ¥ € ®;enL?(R, dx),

U =Y P (PU)eer.
cel

In the rest of the document, we will assume this identification and write “=" instead o
—as such, we will write ®;enL*(R, dz) = @@er(®§:€NL2(R, dx)). .

f o »

3.4 Results for Later Chapters

Finally, regarding the arbitrary direct sum, we prove some results that we will need later.

Proposition 17. Let I be an arbitrary index set. For each j € I, let H; be a Hilbert space
of ONB ( f]k) rek(j) C Hj, where the cardinality of the index set K(j) is equal to the Hilbert
dimension of #;. Then, defining for each jo € I,ky € K(jo), ®(jo, ko) := (¢[jo, kolj)jer €
EBjeI H; with

koo if 5 =5
dljo, kolj == /i ' ‘7 ‘7,0 , (3.37)
0 if j # Jjo
the set B := ((I)(j(), ko)) el hoeKGo) is an ONB of @,c; H;. As such, the Hilbert dimension
Jo€l, ko€EK(Jo
of @jel H;j is Zje[ K (5)]- .

Proof: Let there be an arbitrary G := (g;)jer € EB’JT’@E]H]‘, and let J := {ji,...,jm} C I be
the finite set where g; # 0. For each j € J, expand g; € H; in the given ONB of #;, such
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that g; = > rek()) kf for some coefficients (cj)keK(]) € (*(K(j),C). Since at most countably
many coefficients in (c,i)keK( ) can be non-zero for ||g;|| to be finite, let (k])geN C K(j) be their
indices, i.e., such that g; = 372, c}w f (we omit the subindex j from k:] for clarity). For j & J,

define 0176 = 0. Then, define G™ := (Zf:l kéfj ) - (recall that only those entries with j € J
je

are NON-Zero).

Let us prove that lim, , [|[G" — G| = 0. By definition of expansion in an ONB, Ve >

0 IN%(j) € N such that
2

9
< — Vn > N(j). 3.38
<< vnzNe) (3.38)

Zcizzfje — 9
/=1

Take N¢ := max{N=(j1), ...., N°(jm)}. Then, Ve >0, ¥n > N§

2

- ¥

je{jl ----- jm}

2

< Z %:5.

je{jl ----- jm}

n n

" =Gl =3

jel

ket g
=

ket g
=

(3.39)
Hence, by definition, |G — G||* =22 0. Therefore, because each G™ is a finite linear combina-
tion of elements in 9B (in particular, a combinations of m - n elements), and G was an arbitrary
element of EB]EI’H], we proved that EB]EIH]- C spanB. But by Prop. 14, @;felﬂj = Djer Hj-

Hence, because the closure @je 7 H; is the smallest closed set that contains @}i 1H;, necessar-
ily @jer H; C span®B. But then, span®B = @,c; H; because P, H; is the full set in this
topological space.

e Lastly, we prove that B is an orthonormal set:

ko rko . . T g . . Ve
<<I>(jo,k0) ¢(%,E&)> _ {<fj0 i) 1 (os ko) = (Jo, ko) _ {1 if (40, ko) = (jo, ko) ‘

(0,0) or (f]lf)o,0> or (0,fj%°> else 0 else
(3.40)
With all, 9B is an orthonormal set with dense span in the Hilbert space @;c; H;, i-e., it is an
ONB. 0.€.0.

Lemma 16. Given an arbitrary direct sum @©;c;H;, let D; C H; be a dense vector subspace
for each j € I. Then, both

@}‘iIDj = { (¢j)jer | j € D; for finitely many j € I and else ¢; = 0}
and D = {(¢¥;)jer € ®jert; | ¢j € D;} are dense vector subspaces of @jerH,;. .

Proof: Let there be an arbitrary F := (f;)jer € 69 < H such that f; # 0 only for j in some
finite J := {j1,...,Jm} C I. For each j € J, by densrcy of Dj C Hj, 3(9])nen C Dj such that

1l

g} —> fj, e, Ve >0 3IN*(j) s

n—oo

g~ §i| < ez Ne)

Then, choosing N§(j) := maneJ{NE/m(j)}7

Z nge fJé

< Z e/m=¢,  VYn>N;. (3.41)
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Now, define F™ := (g})jer (put gf =01if j € I\ J). Then, Ve > 0,

. 9 " 2 (3.41) .
|E" = Pl = 2|l = £, < e ¥n2 NG, (3.42)
jeJ
. ;2 . )
Therefore, F' — F. But trivially, F™ € EBJE 1Dj so @]e H; C EB] 1 D. Then, since by

Prop. 14, @iﬂ-lj is dense in @je/H;, @jeIDj must be dense as well. Finally, one trivially has
that @ile C ®jerDj, so, the same follows for ©;crD;. 0.6.6.
Proposition 18. Given an arbitrary direct sum @;c;H; and for each j € I a densely defined
operator (A;, D(A;)) acting on H;, define

@JGID( ) {ﬂ)] eIGEDH

Jel

¥j € D(4)) & (Al < +oo}. (3.43)

Then, the mapping (®jer4;) () er := (Aj;)jer for (¥5)jer € SjerD(A;)

(i) makes (®jcrAj, @jerD(A;)) a densely defined linear operator on &;crH;.

(ii) If all (A, D(A;)) are symmetric, then (®jcrAj, @jerD(A;)) is symmetric.

(iii) If all (A, D(A;j)) are closed operators, then (GjerA;, ®jerD(A;)) is a closed operator.
(iv) If all (A;, D(A;)) are self-adjoint, then (®jcrAj, ®jerD(A;)) is self-adjoint. .

Proof: Ttem (i): First we check that ©je;D(A;) is a vector space. Let F := (f))jer,G =
(9j)jer € ®jerD(A;) and «, B € C. Then,

aF+ 3G = (afj+ Bgj)jer-

Each entry af; + 8g; € D(A;) because D(A;) are vector spaces. Moreover,

I(@jerA)(@F + BG)Z 5, = D 145 af]+ﬁg])||7-[] < 2!04 Yo 1A filP 21812 D 1149517

jel Jel jelI

which equals, by definition, 2|a|?||(©je1A;)F|I* +2|8[?(|(®;er4;)G|. But this is finite because
F,G € @jerD(A;). Hence, aF + BG € ®jc1D(A;).

o Now we prove density. Let there be an arbitrary F' := (f;)jer € ®jcrH;. By density of
ED;/ZIHJ- in @jerH;, for n € N, there exists a sequence, F™ := (fI')jer € @f@-?{j, with some
finite J, C I such that f}' =01if j € I \ Jn, and such that |[|[F — F" 0.

”@ﬂ'lj n—00

e Now, by density of the D(A;) in H;, for each n € N, j € J,, there exists a sequence

(6} Jrers € D(Ay) : |0 " — an —— 0. That is, Ve > 0, 3K, € N such that
Hgb?’k - f}‘” <e, = Vk>KS,. (3.44)
Hence, taking K%, := maxjeJn{K*/lJ"|} and defining ®™F := (qS?’k)je[, where gb?’k = 0 if
j € Jn;
ch"k F”’@ Z ng)"’“ 7 H <e,  Vk>KS,. (3.45)
]
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. 1/n? .. z .
« Now, take the diagonal sequence (®™%+n ), .y. Each element is in EB'J»/G 7H; because it has

1/n 2
finitely many non-zero entries, but since each entry is in D(A;), in particular each ®™ K €
®jerD(A;)."] Then,

2

1/n

_ (I)an*,n
n—oo

n2
HF _ (I)MK*I,/n

’gHF—F”H—i—‘F"

1
‘< |F — F"H—i— — 0.
Therefore, @}ilHj N@®jcrD(A;j) is dense in @jerH; and in particular, @jerD(A;) as well.

Item (ii): Let F,G € ®;c1D(A))

(F, (@5e145) G) = S U5 Az05) V2™ S04 85,050 = (@5e145) F, G).

jel jel
Item (iii): By definition, for each j € I, (A, D(A;)) is a closed operator when its graph
U(A;) =1 (5 Ajfy) e Hy @ Hy | fi € D(4y) )

is a closed subset of H; @ H; (in the inner product topology). Now, our claim is that this
implies the graph

D(®jerd;) = { (¥, ®cr4;V) e @%dﬂﬂgﬂ@mﬂﬁ)byé®mﬂﬂAﬂ}

is a closed subset of (®jerH;) ® (BjerH;).

Consider an arbitrary sequence indexed by n € N, (F", (®;erd;)F") € I'(®jerA;j) that
converges in [|-|( (©e 1) (@, H,) Somewhere (F,G) € (®jerHj) @ (DjerH;). Our claim will be
proven if we prove that F' € @jerD(A;) and G = (@jerA;)F, i.e., if we prove that the sequence
in fact converges in the graph I'(®;crA;). Let us prove it.

e By assumption,

[(F", (©jerAj)F™) — (F,G) ——0.

H(@jelﬂj)@(@jelﬁj) n—00

Denoting the components as F' = (f;)jer, F" = (f]')jer, G = (gj)jer, this implies that Ve > 0,
dN°¢ € N such that Vn > N°¢,

2

e = [I(F™, (@5erA)F™) = (F,G)IEs. e,y =2 [CA RG]
j
> At - )|
393 a1 e,
for any particular j € I. This means that H s AifT) — (f5,95) HH oty — 0 for every j € I.
But then, since I'(4;) € H; @ H; is closed it must be that f; € D(A-) and g; = A;f;. By
assumption G is a vector in @jerH;, so ||(A;fj)jerll = |G|l < 400 and therefore, by definition,

F € ®jerD(A;). In particular, (®;crA;)F = (A f))jer = (95)jer = G.
Item (iv): Since (®jerd;j, ®jcrD(A;)) is a densely defined symmetric operator (due to (i)

and (ii)), by Theorem 3.92 in (Teufel, 2021), it will be a self-adjoint operator if and only if
range(@jerA; £ild) = BjerH;.
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By the same theorem, because each (A;, D(A;)) is self-adjoint, range(A; £i Id) = H;. Hence,
given an arbitrary F' = (f;)jer € ®jert;, there exist pre-images by (A; £1) for each f;, j € I,
namely, some g; € D(A;) such that (A; £ild)g; = f;. Now, note that

I1(A; £ id)g;l5,, = 1439517 + 1951 £ 2Re{(A;95,i9)} = 143951 + 91 F 2Im{(A;95, 9)},
(3.46)
where the last term is zero because A; is symmetric.[’ Hence,

(F EGBJH)
+00 1FNZ, 5, = Do I(A; £iTd)g;|1* =" [ Ag5ll° + D llgjll*. (3.47)
jel jel jerl

Defining G := (g;j)jer. this implies that |G| < +oo and Zj€]||Ajgj||2 < 400, so, G €
®jerD(A;j). But then by definition, (®jerA; £i1d)G = F. Since F' € @jerH; was arbitrary,
this proves that range(®jerA; £ ild) = ®jerH; and therefore, that (®jecrAj, ®jerD(Af)) is
self-adjoint.

0.€.0.

[{IThe sum of the norms after applying Aj; in each entry is finite because there are finitely many entries

(Aj sym) —
A 95,95 = (95, Asgy) (Ajgi,95) = (A;95,95) € R.

((-17) conj. sym)

3.5 The Issue with this Attempt for a Pilot-Wave Theory

Arguably, among the structures we have found, &y L?(R, dx) is the one that deserves the
most to be called “L?(R>,d*z)”. Yet, it faces the issue of showing no obvious link to the

configuration-space R>°, when there are two important reasons to desire such a connection.

o Associated to each unit ¥ € ®;enL?(R, dz), we would like to have a “Born rule” measure
over R*® providing a link to experimental predictions. However, there is no clear way to
connect the elements in @y L?(R, dx) with measures over R.

e We would also like to have an ensemble of trajectories on R*° to provide a primitive
ontology to the theory. But, such an ensemble of trajectories, according to the pilot-
wave archetype should be equivariant with a measure on R* given by the state vector
v e ®j€NL2 (R, dx). And yet, as we just said, such ¥ have no clear connection to measures
on R*°.

In order to make the issue more explicit, note that the elements of @y L2(R,dz) are linear
combinations of symbols like 11 ® 9 ® - - -, representing maps that take as argument things like
(41, b2, ....) € €. There is nothing about (x1,x9,...) € R* in all that. What we would like is
something analogous to Lemma 11 to come back to some L2-space over the whole configuration-
space R*. In the next chapter, we will reveal a suggestive way to do this by employing our
discoveries of Chapter 2. Interestingly, we will prove in Chapter 5 that the result is what any
orthodox quantum physicist would do to recover a wavefunction with “position arguments”
(and with it a “Born rule” measure) from an abstract wave-vector, namely, the joint diagonal
representation of the position operators.
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4

A SUGGESTIVE RELATION BETWEEN
THE TWO ATTEMPTS

The issue exposed in §3.5 might be hard to grasp at first because (especially in physics) one
is used to the idea that an element ¢; ® --- ® ¥, € L?(R,dr) ® --- ® L?(R,dx) “in reality”
is also an element of L%(R", d"xz): just substitute ® by product -, put each ; a different
argument ¥ (x1) - - - ¥y (x,), and finally note that the result is a function from (z1,...,z,) € R"
to C (see Lemma 11). Could we do the same for 11 ® ¥ @ -+ € Qpen L2(R,dz)? The
answer is negative precisely because there is no measure d*°x to provide the output function
“(z1,29,...) = 1(21)a(22) - - - 7 a space “L?(R>®, d>®x)” where to belong. And yet, if we accept
a slight detour it is possible to get functions over R* also for @cyy L?(R, dx). Recall that for any
d"u ~ d*z, L*(R",d"z) and L*(R", d"u) were practically identical spaces for QM (see Prop. 9).
The only thing to do in their identification was to divide the wavefunctions ¢ € L?(R"™, d"z) by
the Radon-Nikodym derivative p —where d"u = p? d"x. As such, in order to recover functions
over R" from L?(R,dr) ® --- ® L?(R,dz), one could alternatively identify ¢1 ® - -- ® v, with
its corresponding function in L?(R™, d"u). For that, the only thing to do would be to change
Y1 @ @y by Y1(x1) -+ -(xy) as before, but now also divide it by p(x1, ..., x,). It turns out
that (bypassing the middle step) this will also be a possibility in ®;.cy L2(R, dz).

4.1 Some Layers of 8 L*(R, dz) can be identified with L?(R>, d* )
S

We can formulate the idea above in precise words as:

Lemma 17. Given measures du; ~ dz on B(R) for j € {1,...,n} or equivalently, given p? :

R — (0, 4o00] such that dy; = ,0]2 dx, there exists a unique unitary isomorphism

Uproopn): Op_ LAR,dz)  — LA(R", OF_p?dx)
Y1(x1) - Yn(Tn)
such that 1@ Q@Y — [ (l‘l,--,:vn)%m }

¢
Proof: By Lemma 11, there exists a unique unitary U(. _g) : L?(R,dr) ® --- ® L*(R,dz) —
L?(R™, d"z) mapping ¢1 ® -+ ® ¥y, to 1 ---1,. At the same time, by Prop.9, there ex-
ists a unitary Ugnycang) : L?(R",d"z) — L?(R",d"u) such that 7 ---1, is mapped to
Y1Yn

o Hence, there exists a unique unitary U, . ,,.) as the one claimed in the present lemma:

P
Uipr,.on) = Uldnpednz) © U( ) 0.€.0.
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Now, we could have done the same thing using complex valued p; : R — C as well: as long as
pj(z) # 0 for dz-almost every = € R, then |pj|*(z) > 0 and thus, by Cor. 4, |p;|>dz; ~ dx;.

On another note, we found that there is a well-behaved infinite product measure whenever the
factors are probability measures. In particular, note that if we chose p; € L*(R,dz) : ||p;]| 2 = 1,

then |p;|2dz; is a probability measure.!!

With all, in the same spirit as Lemma 17, we can identify some layers of the ITP ®jeNL2 (R, dz)
(of Chapter 3) with some of the L?-spaces over R> (developed in Chapter 2):

Theorem 10. For each j € N, let p; € L*(R,dz) be such that |p;||;» = 1 and pj(z) # 0 for
almost every x € R —so that du; = | pj\Qda: is a probability measure with du; ~ dx. Then,

there exists a unique unitary isomorphism

Wi VAR, dx)  — LAR™, 0, |p;[?dz)
such that PR QU Qppp1 ®- - [ (x1,22,..) —> ¥a(21) - n(n) ]
p1(1) - ()

Note that we use [p] € I to denote the ~-class of equivalence of p := (p;);en. .

In order to prove this theorem we will need several other prior results. In particular, we will
need to develop an explicit understanding of the L2(R>,d*°u) spaces.

4.2 Some Results about L?(R>,d*u) spaces

Proposition 19. Let (X, X) be a measurable space and du a o-finite measure on it. For any
Boolean algebra A generating X (i.e., such that o(A) = X)), the space of simple functions that

only use finite measure sets in A, namely,

Sa ::{ch]lA]. neN, ¢;eC, Aje A, du(Aj)<+oo}, (4.1)
j=1
is dense in LP(X,C,du) for all p € [1, +00). .

Proof: Fix some p € [1,400) and an arbitrary f € LP(X,du) \ {0}. We will prove that there
exists a sequence (9n)nen € S4 such that lim, o || f — Y0l = 0.

By Prop. 6.7 in (Folland, 1999), the simple functions Sy

n
{ Z il
=1

neN, ¢;eC, Ej€X, du(Ej) < —i—oo} (4.2)

are dense in LP( X, du). Hence, there exists a sequence ¢,, := Z;-V:"l c}l]lE]n with ||f — énllp ——

n—oo
0 for some EY € X, N, € N, ¢ € C.

By Theorem 13.D in (Halmos, 1950) (or Exercise 1.4.28 in (Tao, 2011)), given a o-finite
measure du and a Boolean algebra A, for every set E € o(A) with du(E) < 400 and for
every € > 0, there exists a set A € A such that du(EAA) < e (i.e.,sets of finite measure can be

arbitrarily well approzimated —in terms of measure— by sets from the Boolean algebra). Thus,
in our case, Ve > 0, ElA?n € A with d,u(A?”AE;?) <e.

Mndeed: |p;|?dz(R) = /.

T

ez lpil*(@)dz = |Ip;ll7= = L.
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Define 95, := Z;V"l ¢ ]lAen (it is trivially in S4). Using in (x) that if z € E} N A;’n then

Lpp(z) =L yen(z) =0,

Np, Np,

A EIP n _ en P (i)/ 5 en — e,n g <
pn — pllze = /:):EX ‘;CJ Ly () =14 (fb’))‘ dp = ex ’;Cg (Lppasr —Taempr)| dp <
(triangl. ineq) Al ? (Newton’s binomial)

< / [Z ]lE”\AE S ' "\E”) dp =

zeX 1
Lgnaasm
J J

[ lN‘ii 2 (1 g (@) d

= Cc J n €;n Iu =
xGXkﬁ.HMN":pk‘ anl L EPAAS
» Ny, Ny, Ny,
k
(Y BT [ T s @ di = any - do| V(74" ) <
k kl k D xre . J 7 —
1k, =p =1 j=1 =t
=:am,p 1 np

J l(E”AAj’n)(x)

<a max du(ETAAT™) < ap,-e.
= Gnp AT 1 j 4 ) < anyp

Then, since o, # 0, we can choose €, :=

1f = énll7s to get:

anp

1f =95 e < 1F = nllzo + 160 = 5720 < If = ballo + (@npen)? < 20f = bull o

Therefore, since || f — ¢n||LP n—>0 we get that Hf U HL’” n—oo 0. 0.€.0.

Lemma 18. Given R* with the product topology, the set of finite unions of finite measurable

cylinders
Crneas = { UB{x - xB] xRxRx-- nj,NeNandBie%(R)} = (4.3)
J
N 7y ) ;
= { U N (B | nj,NeN, Bj € %(R)},
j=1 k=1
is a Boolean algebra and it generates B(R>), i.e., 0(Cheas) = B(R™>). .

Proof: Let A, B € Cieqs arbitrary. Then A = U 1 ﬂk LT (A )andB Ui N2y (Bi)
for some Ai,Bj € B(R),n,N,m;, M; € N.

o First, we will prove that Cjeqs is closed under finite union. AUB = UN +n ﬂk 1T ( )
for C{C = AJ and s; = M; if j < N while Ci = BJ N and sj =mj_n if j > N. But if so, by
definition, AU B € Cmeas.

e Now, we show that Cj,cqs is closed under complement:

¢ (de Morgan) N My —1, 451\¢ (de Morgan)
ﬂ ) = ﬂ ( ﬂ Tk (Ak)) =

j=1 k=1 J

(mitah)"

1

||Ez
-

1k

Using that pre-images and complements commute, this is equal to ﬂ] 1 Uk T ((A] )9).
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But by Theorem 1.4.c in (Willard, 2012) (distributive law for the intersection over the union
X N (Y;Y;) = U (X NYj)), this is equal to:

U U [ (AN N (AR (4.4)

k1=1 kny=1

But now, WI;I((Aij)C) has the shape C7 x --- x ij% X R x --- for some C,z € B(R), so each
77,6_11((14,161)0) n--- ﬂw;;((A,lcN)C) in (4.4) has the shape

(c}x..-xc}wlxRx---)ﬂ..-ﬂ(c{Vx..-xcﬁNxRx-..):

:(Cllﬂ---ﬁC’{V)x---x (C}\Jlm---mCﬁN)xRx-.-

Each factor C,% N---N C,]CV is again in B(R) because c-algebras are closed under countable
intersection. Therefore, (4.4), which equals A€, is a finite union of finite measurable cylinders.
Namely, A€ € Cheas-

o With all, C,eqs is closed under finite unions and complements so it is a Boolean algebra.

e By definition, any element of C,eqs is a finite union of a finite intersection of elements
in the family ¢ (see Def. 7). Because a o-algebra is closed under countable intersections and
unions, this implies that o(co) = 0(Cheqas). But by definition 7, o(cp) =: Oren®B(R) and we

found in Prop. 1 that OkenB(R) = B(R>°). Hence, 0(Cheqas) = B(R™). 0.6.5

Corollary 12. Given a Borel o-finite measure du on B(R>), the simple functions that only
use finite measure sets of Cpeqs, i.€.,

Crmeas {ZCJ]IE

are dense in LP(R*°, du) for all p € [1, +00). .

N eN, ¢; €C, Ej € Ceqs and du(E )<oij} (4.5)

Proof: By Lemma 18 Cjeqs is a Boolean algebra generating B(R°°) so the claim follows from
Prop.19. O

Lemma 19. Any E € Chheqs can be written as a finite disjoint union of measurable cylinders:
E = |_|§-V:1(A{ - X AJ XRxRx---) for some A} € B(R) and N,n; € N. As a consequence,
for all (z1,x2,..) € R*®

N
]]-E L1,L2, .. Z]]-AJI ?n (xnj) (46)
j=1 J R

Proof: For an arbitrary set X, consider the sets A := Ay x Ay and B := B X Bs for arbitrary
A;, Bj C X. First, note that A\ B is a finite disjoint union of product sets:

(de Morg.)

A \ B = (Al X Ag) \ (Bl X BQ) = (Al X Ag) \ (71'1_1(31) N 71'2(32)71) (47)

= (A x A)\ 7 ' (B1) |J (A1 x Ap)\ w3 (B2) = (A1 \ B1) x A2 | A1 x (A2\ By) =
= (Al \ Bl) X AQ |_| (Al ﬂBl) X (A2 \BQ) (48)
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o Now, AUB = BL(A\ B), so plugging (4.8), AU B can also be written as a finite disjoint

union of product sets:
AUB =B x By || (Ai1\B1) x Ay || (41N By)x (A2 Ba). (4.9)

o Next, we can take arbitrary A := A; x ;1;, B = By x ng with ;1/2 = Ay x -+ x Ay and
By =By x -+ % By, N >3 and Aj, B; C X, and apply (4.9) to get

AUB=B1xBy || (A1\B1) x4y || (AinBy)x (42 Ba).

The first two sets in the r.h.s union are product sets. We now prove that the third one can be
written as a finite disjoint union of product sets. For that, we have enough by proving that
A9\ By is writeable as a finite disjoint union of product sets. To do that, beginning with n := 2

apply the following algorithm:

—

1. Define Z,::l := Api11 X -+ X Ay such that A, = A, x Z,::l and similarly, B,41 =
Bpy1 % --- x By such that B, = By, X Bpy1.

2. Then, by equation (4.8)

An\ By = (An\ Ba) x Ayt || (AnnBo) x (Apii \ Busa). (4.10)

3. The first set in the r.h.s union is already a product set. If n +1 = N, then the second
set as well and the algorithm ends there. Else, increase n by one and go back to step 1
to find that the second set in the r.h.s of (4.10) is a finite union of disjoint product sets
—which would prove that ;1;:1 \ B’;:l is so.

The algorithm finishes exactly in N — 2 iterations, so we have proven our claim.

e Now, given finite cylinders A := A1 X -+ X Ay XRx--+ ), B:=B; X--- X By XxRx---
for A;, B; € B(R), note that

AUB:KAl><~--><AN)U<B1><-~><BN)}xRxRx---

Hence, by the above item, A U B can be expressed as a finite disjoint union of cylinders (with
at most N factors different from R). Next, note that in the sets of the resulting disjoint union,
each factor is made by taking finitely many N, U and \ operations of A;, Bj, so such factors
are still in *B(R). Finally, because an arbitrary E € Cjeqs is a finite union of elements like A
and B, by iterating the argument finitely many times, we can write F as a finite disjoint union

of measurable product sets. This proves our claim in the Lemma.

o After that, the claim on the indicator function follows immediately by making its definition

explicit. 0.€.0.

Corollary 13. Given an arbitrary o-finite Borel measure dp on R*, for each p € [1,+00), the

space of LP integrable products of 1-variable functions,

Y, = Span{\I} e LP(R™, dy) ‘ Hon, 22, ) = #1@1) - Gnli) for some n € N } (4.11)

and some measurable ¢; : R — C

is a dense subspace of LP(R*, du). .
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Proof: By Lemma 19, any function in S¢,,.,, (defined in Corollary 12) is trivially a member of

Y,, ie., Sc,... € Y,. But by Cor.12, S¢.. "7 = pp(R® dp), so Y, 127 = Lp(R> dp).
0.g.90.

Corollary 14. Given an infinite product measure d*°u of Borel probability measures dyu; on
R, for each p € [1,+00), the space of LP integrable products of LP 1-variable functions,

Zy = span{\lf € LP(R*>,dp) (4.12)

U(z1,22,...) = 1(21) -+ Pn(n)
for some n € N and ¢; € LP(R, du;)

is a dense subspace of LP(R* d*>pu). .

ens (With S as in Corollary 12) is such that
Y(x1,z2,...) = Z;V:1 cj]lA{(xl)'”]lA{\,(xN)’ with d®u(Al x -+ x Agv) < oo for all j (for
some N € N, ¢; € C, Al € B(R)). But d®u(A} x --- x AY) = [V, dur(AL). Therefore,
d,uk(Ai) < 400 and ‘]1 = dpj(Ai) < +oo. Hence, ¢ € Z, and Sc,,... C Z.

Proof: By Lemma 19, any function ¢ € S¢

meas

p
Lr(R,dp;)
Finally, since ScmeaSH'”” = LP(R*,d*u), we get that ZipH'””’ = LP(R*>,d*®pu). 0.€.0.

j
Ak

Proposition 20. Let du; be Borel probability measures on B(R) and d>®u := ®jendp; be
their infinite product measure. Let f : R®™ — C be a Borel measurable function for some n € N.
Choose some finite J := {j1,...,7n} € N and define F' : R® — C such that F(z1,x2,...) :=
f(xj,, ... xj,). Then,

/ F(zy,x9,...)d"u = / F(@gyy e 2y,)d 1 (4.13)
TER>® zeR”™

where d”p := Ojesdp;. .

Proof: We first prove the claim assuming that f : R™ — [0, +00]. By Theorem 2.10 in (Folland,
1999), there exists a sequence of simple functions s, : R” — 400, say, s, := ijznl ajl B with
Ny €N, o} €[0,+00), ET € B(R") such that s,(x) < spt1(x) for all x € R™ (monotonously
increasing) and limy, 400 Sp(x) = f(x) for almost every x € R™. But then, the functions
Sp = ZN”I ajl Erx]] g are a sequence of monotonous increasing (measurable) simple

JEN\J
functions over R*°, and for almost every (z1, z9,...) € R*®
y b b )

nkr—ir-loo Sn(z1,22,...) = HETOO STy, j,) = f(zg, .0 x5,) = Fa, 22, ...).

Hence, applying in (*) the monotone convergence theorem (2.14 in (Folland, 1999)),
Np,
)

oo, X 00
/EERWF(xl,xQ,...)d p = lim Za ]lEnXH]eN\J (1, 2,...)d>°n = (4.14)

n—oo rER>® i=1
hmgozdoo <E”><HR> (220) hmgad‘]( ) =
n—oo n—oo
JEN\J

= lim Za ]lEn Ty ey g, )7 @

=00 J(z;. . ,x]n)GR (@jq5eesjy, JER™
1 1

f(lea '--7xjn)dJ:u'

60



e In order to prove that the relation holds for C-valued f as well, we just need to split the
resulting F' into its real and imaginary parts and each of them into their positive and negative
parts. Each of the resulting four functions is non-negative (if we take ¢ and the negative signs

out) and thus, we can apply the above result to each sub-integral. o.€.0.

Lemma 20. In the setting of Corollary 14, let n € N and J := {ji,...,jn} C N be arbitrary
and let (¢;);cs C LP(R,dpu;) be fixed. Then, for each k € N\ J, the map

LP(R,dug) — LP(R*°,d*>u)
Uk = G G U= (@132, € R® > 65 (w51) -+ By (@5,) () |
is continuous. .

Proof: For any g, fr € LP(R, dug),

(Prop. 20)

p (+ Tonelli)

e Y B XS R AR

p
= dpg, -+
T, €R Tjn €R

o Now, let (g9)nen C LP(R,duy) be a sequence that converges to some g9 € LP(R,duy) (in

¢j1 (x.h )

Djn (Tjn) ‘pdum : /

R

p
‘gk(xk) - fk(xk)‘ dp = [T 51175 - llgn — FrllZo-
jeJ

[l £ (R, a4y y-0rm). Then, by the above,

p p

0.

0
H(bﬁ o OingE — Py Din 'gk‘ LP n—too

= I lloslI7 'Hg"—go‘
psmamny = L 10 [of =

This proves that the map in the lemma is sequentially continuous, but being a map between

metric spaces, this implies that it is also continuous. 0.6.5

Proposition 21. Let (dux)ren be an arbitrary sequence of Borel probability measures on R
and for each k € N, let (¢f)sen C L*(R,duy) be an ONB of L%(R,dpuy) such that ¢} = 1.
Then, the family

0 = { (w1,2,.) = 0! (1) -+~ 0 () \ n,l1, by € Nand 6, #1 } (4.15)
is an ONB of L?(R>,d*°p) with d®°u = ©®jendu;. .

Proof: Given that Z5 is defined as in Corollary 14, for any ¥ € Zy, AN, M € N, f,z € L*(R, duy)
such that U(ay,@9,..) = YLy ¢ fl(@1) - fy(zn).?) Consider the ONB expansions fi =
> cé] ’k)éi —where the infinite sum means convergence of partial sums in L?(R, dju)-norm.
Then, applying N times the continuity of the product proven in Lemma 20, we get that

ql == lim DR lim Z Z LY Z Cjcg{71) oo ng;N) {1 e f\lfv = (4.16)

M oo ) - N '
:Zz... 3 el Mgl gl

where the convergence of the partial sums in each series is in L?(IR>, d*u)-norm. Now, we
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claim that Ve > 0, there exist K7,..., K5 € N such that

HW—EZE:”'E:%%”"%N : &Nngz (4.17)

To prove it, note that for any L1, ..., Ly € N, applying the triangle inequality iteratively,

M L
(U D DD o L IR I 125 95 9 DEES it St o I
j=10,=1 In=1 j=10,=1405=1 In=1

M Ly o e}

M Li Lo
EDIDID SR DR L RRUCLT I DD DD D) DD DI R o R I
Jj=1

] 1[1 1[2 1 éN 1 51 1@2 1@3 1 [N 1

M L1 LN 1 M L1
(.1 (4,N) 101 (4,1) (J N)
LR DIDIEEDS DRI o) DRSSP LI |
j=1¢1=1 In_1=14Nn=1 j=1¢61=1 In=1

Because each iterative series converges, defining K7 := LE/ 2N __where L? is the d-critical index
for the convergence of the j-th iterative limit—, each summand in the r.h.s is smaller than

e/(2N) for every L; > K5 and every j € {1,..., N}. Hence, the whole sum in the r.h.s is < ¢/2.
o DBut then, given an arbitrary ® € L?(R>,d*®pu), since we found that Z is dense in
L?(R*®,d*® ), Ve > 0 there exists a ¥ € Z, such that ||® — U L2 (oo ooy < €/2. With all,
1P = Ell Lo (roe gropy S 12— ¥ + ¥ —Eg | <e.
Hence, for an arbitrary ® € L?(R°°,d>pu), it is possible to find a 25, €spand that is arbitrarily
close to ®. Namely, span® is dense in L2(R>, d®p).

e Finally, we check that & is an orthonormal family. Let ¢1,...,¢ny € N with f;y # 1 and
ki,....kym € N with ks # 1 for arbitrary N, M € N such that N < M. Then,

(ot weotys bt eeotir) = [ @b+ 0% o )eky )R o) - o (oan) a1 =
relRee
(Prop. 20) M 0 if N 75 M
+Tonelh kj . .
H H <07¢j>= 0 if ¢; # k; for some j
J=1 j=N+1

1 if N=M and (¢1,...,0n) = (K1, ... ky).

e All in all, & is an orthonormal family whose span is dense in L?(R°, d*°u), namely, an
ONB. 0.€.90.

3 A priori, it would be Z G fi(z)-- fN (zn) with N; € N, but since the function g(z;) = 1 is in
LQ(]R du;) for all j, we can “ﬁll” each summand Wlth enough g’s.
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The Proof of Theorem 10

Proof (of Theorem 10): (i) Proof of Existence and Uniqueness: Define

V::span{¢1®¢2®~- |INeN: ¢; = p; sz}.

It is a dense vector subspace of ®Lp éNLQ (R,dz) by Theorem 9.

Denote d>*u := @jeN\ijde and define:

W - %4 — L2(Roo d= )
N A N ¢)(z1)¢h, (zar)
Elcj(ﬁ{@...@(pMj@pMjH@-“ — [(xlax27")'—>ch]W]\4§($1\/lj).

When there is no risk of confusion we will denote the class of functions in the r.h.s by
$ b
Z;.Vzl Cjﬁ' Now, W is linear by definition, but it is also isometric as we proceed to
J
prove.

ST : N ¢J -¢JM ?
j:l 9 o oo : .pMJ ) .
L2(R%,d> p) L2(Ro %o p)
_ 17 P BY - Dy
= > > el S ), — (%) (4.18)
j=1i=1 pLec Py P PM; L LA(R™.d®p)

For M; < M; we have that:

(A M, ¢§---¢>’Mi>
pl pMJ ’ pl .o pMz LQ(ROO,dOO;L)

:/ (b{(xl)(bi(xl)W(b?\/[](mMJ) ¢M ( J+1) ¢§V[Z($Mz) ( Pr0pf207 )
rER>®

& Fubini [a]
d>u =
]p1]2(x1) T ‘PM- ‘2(‘%1\/1) PM; 11 (xMj+1) T PM; (‘I.M@)
M.
T / CACHLACDY H / 1p (re=lpePde)
¢—1 7/ Te€R |pel? () zg€R Pe
M; M; M;
= H / i(xg)dxy - H Op(xe)pe(xe)day = [ (¢ : (pe, D1)-
/=1 Ty {=M; j+1 :I:ZGR (=1 = M]+1
The M; > M; cases follow similarly. Going back to (4.18), these leave:
Al = - ({pepi)=1)
_ P i ((pespe)=
(0 =2>_> e [1401,40) - (pe, 91)
j=1i=1 (=1 (=M; 1
N N ' '
— el @ -, ® 1), R Qh, ® 1R =
];Z:Zl j J<(¢>1 b, © PV ), (#1 Ohi; @ PM;i+1 )>®kL2(R7d$)
N 2
= ZCj( ®¢J ;@ PM+1 @ - )
g=1 ®rL2(R,dz)

Therefore, W is indeed an isometry.
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e As a consequence, W is a bounded operator of norm 1. But then, since it maps from a
dense subspace to a Banach space, by Theorem 8, there exists a unique extension of W to a
map W : ®pen L2(R,dz) — L*(R*,d*®u) and it has operator norm 1.

(ii) Proof of w being a Unitary Isomorphism: We prove first that W is an isometry.

Given an arbitrary ¥ € @y L?(R, dx), by density, there exists a sequence (V"),ey C V with
U,, —— W. But then, by Theorem 8, lim, o W(¥") exists and W (¥) = li_>m W (P™). This
n—oo

n—oo
implies:
(W) = || tim_w(wm)| (s CO““““"“S) m [|W ()] W Eom) i |07 = ). (4.19)

Therefore, W is an isometry and it is injective by definiteness of the norm.

« Finally, we prove surjectivity. Let ¢ € L*(R*®,d*u). By Prop.21," there exist some
cn € C, QZ)k € L*(R, dyy,) and some sequence {(k{, ..., k%, )}nen such that the partial sums Ry :=

n
N Mp

k n
1 cn ¢1 -~ ¢y " converge to W. Now, the sequence of partial sums Sy := SN cn(qﬁlfl p1)®

® (¢Mn" Pn) @ Ppi1 @ -+ in ®£€péNL2(R, dzx) satisfies WSy = Ry, so it is Cauchy because

= ”RN - RMHLZ(ROO,dOOM)a

(W 1sometry
1S5 = 3l g 28, |

‘WSN WSM‘

L2(R%,d* p1)

which converges uniformly in N, M because (Ry)nen is convergent and therefore Cauchy. But
®£€p éNL2 (R, dx) is a closed subspace of @enL?(R, dr) and the latter is Cauchy complete. Hence,
(SN)Nen converges to some ® € ®E€éNL2(R, dx). But then,
W(@) = W( lim Sy) ™ =2 o T (Sh) = lim Ry = W (4.20)
N N—oo N a N1—>oo N oo N T E ’

0.€.0.

[8] A fter using Proposition 20 to reduce the R™ integral to an integral over R™¢, we can apply Fubini’s theorem
(2.37 in (Folland, 1999)) because putting absolute values to the integrands (to check if they are jointly in L'),
one can apply Tonelli’s theorem and every resulting integral is trivially finite.

[P)This was the exact reason to develop all the results of section 4.2.

4.3 Ewvery Layer Can be Identified with some L?(R>,d>u)

Now, after proving that Theorem 10 holds indeed, the idea would be to make such an iden-
tification for all layers € € I'. However, this would require that all layers possess a generator

p1 ® p2 @ --- such that p(z) # 0 almost everywhere. Is this possible? Indeed:

Proposition 22. For each class € € IT" there exists an elementary tensor product p1 ® pa®--- €
JGNLQ(R dz) such that

||ijL2(R,dx) = 1. Hence,
1. dp; := |pj|>dz is a probability measure and
2. p1 ®p2®--- is a generator of the layer € (see Theorem 9).
o pj(x) # 0 for almost every z € R. Hence,

3. |pj*(x) > 0 for almost every = € R, and thus, du; ~ dx (by Cor. 4). .
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Proof: By Thm.9, for any fixed € € T', 3(f;)jen € € with || f;|| = 1. Hence, to prove the
proposition we just need to build a sequence (p;);jen C L%(R,dz) such that

(a) Hpj||L2(R7dz) = 1 (implying it is a ¢-sequence with p; ® pa ® --- # 0).
(b) pj(z) # 0 for almost every z € R.
() Xjenl{pj; fi) — 1] exists (such that (p;); = (f;);, and hence ®;p; is also a generator of
¢’s layer).
e Take any h € L2(R,dz) with h(z) # 0 for almost every z € R, e.g., h(z) := ¢=*". Then
define for each j € N

(4.21)
0 else

hj(z) = {h(x) o€ J7 0D .

< ||h]| < +o0. Hence, h; € L*(R,dz). More-

They satisfy thHLQ(R,dx) = Hhﬂfil({o})

L2(R,dz)
over,
(fi, / fi(x (z )dfﬁ:/ 0-h(x)dx + fi(x) - 0dx = 0.
! ’ H(ope v fH({0]) we®\ £ (o))

Thus, f; L hj for all j € N. Now, for some d;,&; > 0 to be fixed later, define for each j € N
h,
pj = 9j (fj + Ejm) (4.22)

By definition, each p;j(z) # 0 almost everywhere in = € R, so they satisfy (b). Next, note that

—52 1+€
2] {M

If we fix §; :=1/,/1+ EJQ» we get that ||p;]| = 1, making them satisfy (a). Finally, note that:

[
+ 2
=il 175

HiEE

2
Hpj||L2(R7dm =

OkEk 1

<Pkafk:> = <5k(fk +6k||h H) fk> <fk:vfk ‘h HM 5kak:” = (5k = \/Tigl% —

= 3 l{pe o) =11 = Z\F 1)

If we choose ¢, such that this sum converges, then (c) will be satisfied. For instance, take
g2, = [k*/(k* —1)?] — 1 with k € N\ {1}. It satisfies £; > 0 for all j € N and

1 (+1)*-1) -
(12 =1 (J+1 Z")]’fj Z£+1 too.

5]2+1 — (

0.€.0.

Theorem 10 and Proposition 22 together prove that for any € € T, there exists some generator
Qjen pjg- of the layer ®%€NL2(R dx) giving a probability measure d®ug = 1] 1% ¢|2dz such
that L2(R™, d*®ug) = keNL2(R dx).
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But, in principle, there could exist multiple such generators of a same layer € € T', say, ( pf) jeN
and (U?)jeN; with measures d>®°ug := ®j6N|pj¢\2dx and d®vg := ®jeN‘77]¢’2d$- After we choose
one of them, say, (pjc»)jeN, there is an obvious identification ®§ yL*(R, dz) = L?(R>, d*u¢) (in
the sense of Theorem 10). But, what if L?(R*, d*® u¢) and L?(R*, d*®vg) are inequivalent spaces
(in the sense of not allowing equivalent QM as in Theorem 5)7 That is, what if d>®ue # d®ve?
If so, we could not use the identification to give any generator-independent notion of Born rule

to Qpen L2(R, dz). Miraculously, this never happens:

Theorem 11. For any fixed € € ', given an arbitrary pair of generators (p1 @ p2 @ ---), (m @
M ® ) € QfnL*(R, dz) such that p;(x),n;(z) # 0 for dz-almost every = € R, their infinite
measures d°u = Ojen|pj|*dr; and d®v = Oen|n;|?dz; are always mutually absolutely con-
tinuous, i.e., d*p ~ d>v. In particular, taking W, as in Theorem 10, the Radon-Nikodym
derivative is given by:

. . LR g o,
d I/:’W[p}(’lh(@?h@'“)‘ d>*p. Moreover, Wyy(me@mne---)= nlg)go oo

¢

We said “miraculously” because the result that allows us to prove the main claim (d*u ~ d*v)
seems almost exactly designed for us to prove it:2!

Theorem 12 (Kakutani’s Theorem). Let {2, },en be topological spaces and for each n € N
let duy, dv, be Borel probability measures on €2, with du,, ~ dv,. Let ¢, : Q, — (0,400]
be such that dv, = @ndu,.?! Consider the infinite product measures d®pu = Ojen dpj and
d*®v := ©jen dv; on @jeN%(Qj).

H = H </weﬂ \/‘Pn(wj)d.uj>7 (4.23)

JeN

Then, defining

« either: (Ji/>0> — (doo,urvdooy)
. Or: (%zO) — (doo,uJ_dool/).

Proof: Tt is the main result proven in (Kakutani, 1948). O

[[IRecall that because duv,, is a probability measure, it must be that ¢, € LI(Qm dpin).

Corollary 15. For each j € N let there be some p;,n; € L*(R, dz) with p;(x),n;(z) # 0 for da-
almost every € R and ||p;]], ||n;]| = 1. Define d®u := ®jen |pj|*dz; and d®v := Ojen |n;|*dx;.
Then,

. cither: (dmuwd%> — <H<|nj|,|pj|>>o> — (Z‘um, \pj|>—1‘ exists)

keN keN

o or <d°°,uJ_d°°V> = <H<|nj,pj|>:0> @(Z‘(nﬂ, |pj)—1’doesnotexist>

keN keN
.

Ry fact, it is not at all a miracle because, as we explain in the historical remarks of Chapter 7, von Neumann
was also involved in Kakutani’s theorem.

66



Proof: o (Leftmost <’s :) First, note that VB € B(R)

[ |? / nj]?(x) (duj:\pj-]Qda;)/ )
dyj(B) = dy; "L 12(x)dz = dv;(B).
P4 = o Ty ™ a1 () = 5 (B)

.12
Hence, MJ_‘Qd i = dv;. Then, Kakutani’s £ integral reads:
g P 4HI = O

# =] / UICEPI | / sl )lpsl(wg)day = [T (ngls legl). (4:24)

jeN 7z ER ’P] jEN jEN

This product cannot diverge nor fail to converge: 7;, p; are unit vectors, so by the Cauchy-
Schwarz inequality, (|n;|. |p;]) € [0,1] —hence, the product is either a finite positive number
or it is zero.® More rigorously, the product % exists by Prop. 44.(i). But then, Kakutani’s
theorem (Thm. 12) immediately gives what we wanted to prove.

o (Rightmost <’s :) By Prop. 44.(ii),

i1, 10 0VjeN N
H(Iml,lpj!>#0<:>( s, el 78 V4 € .)é(ZW,|pj|>—1!exist5>'

P and ZjEN ‘<|77j‘7 lpjl) — 1‘ exists jeN

(x) : By hypothesis, |n;|,|p;| are almost everywhere > 0 so (|n;|, |p;j|) cannot be zero. Finally,
because the product can only converge to > 0 or to 0 (i.e., it must exist), the dichotomy is:

cither: (H<|nj|, Ipil) > o) = (Z Il 1ol =1 exists>

JjeEN jeN

or its negation: (H(nj|, lpil) = 0) = (Z ’(]nj|, lpil) — 1’ not exists).
JeN JeN 0.€.0.

[ Intuitively, as we keep multiplying new factors, the partial products will either decrease (if the new factor
is in (0,1)), keep constant (if the new factor is 1) or will decay immediately to 0 (if it is 0).

The relation that discerns between d*u ~ d*°v and d*°u L d*°v (namely, the existence
of Y ien|( Ifils 1gjl) — 1| ) looks almost exactly like the ~-equivalence relation (namely, the
existence of 37 [(fj,9;) — 1| ). Could they be the same condition? The answer turns out to
be negative.

Proposition 23. Given p1 ® p2® -+, 11 @12 ® -+ € QrenL2(R, dx) such that 1ol lInill = 1
and p;(x),n;(xz) # 0 for almost every x € R,

<<m~>jew<pj>jg PSS (g )1 exists> z (Z(mm, ol =1 exists>.

jEN jEN
.
Proof: Let us prove (=). First,
(Cau.Sch.)
(o) =| [ n@o@de] < [ ml@losl@de = dnllob( < Il =1).

This implies that the distance from | (n;, p;) | to 1 must be bigger than that from (|n;|, |p;|) to
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1, ie., that [(|n;], [p;[) — 1] < [[(n;, pj)] — 1I.

Second, by the reverse triangle inequality, for any z € C, ||z| —1| < |z —1|, so | [(n;, pj)| —1]| <
[(nj, p;) — 1| for all j € N. With all,

( we used )
lIm;llllp11<1 (always)
| {Injl; 1psl) — 1] < gl =11 < [ {nj,p) —11. (4.25)

Hence,

> [nsl 1psl) <D g ol =11< Y 1mgsps) = 1. (4.26)

JEN jEN jEN

Therefore, if 37 [(n), pj) — 1| exists, then 3= [(|n;l, [ps]) — 1| exists.

« We now prove (#=) by giving a counterexample. For any (p;);en as in the hypothesis,

n; := —p; is a possible n; within the hypothesis since ||n;]| = 1, |n;|*(z) = |p;|*(z) > 0 almost
everywhere, and,
[ee] o0
2
[ losls sl = 1] = Z\ (osls loshh =1 =" [lIlesI* = 1| =0. (4.27)
j=1 j=1
So, the sum exists.[ However, o521 Kpjsmi) — 11 = 3252, 2, the limit of which does not exist
in R.I 0.€.0.

[BITn particular, by Prop. 15, the measures d*°u and d*°v are mut. a.c.

Pln particular, this means that (p;)jen % (7;);en.

The reader will agree that even with the negative answer of Prop.23, all this seems too

coincidental. In the next section we will parenthetically explore this in slightly greater detail.

Now, with the above results, we have enough to prove the main claim of Theorem 11: that the
measures d°u and d*°v of a same layer are always mut. a.c. However, for the technicality about
the particular shape of the Radon-Nikodym derivative, we need two additional (very technical)

prior results.

Proposition 24. Given a family of Hilbert spaces (#;);ecr, and a fixed ~-equivalence class
€ €T, let there be arbitrary (f;)jer, (pj)jer € € with |[p;]| =1 Vj € I and Q¢ fj # 0. Then,
for every € > 0 there is a finite K¢ C I such that for all finite J O K€, with J C I,

<e . (4.28)
®;H;

RQLI-—Qfi® & pj

jeI jeJ jel\J

In particular, @;c i ® Qjenspj € €.
(“We can approximate any elementary tensor product in € by finite changes in ®jel p;i’)-

For instance, if I = N,

0 (4.29)

®j’Hj n—oo .

[here) - (e @ f®mu®mre:)
Proof: The proof’s idea is taken from the proof of Lemma 4.1.2 in (von Neumann, 1939).

o First, note that because (fj)jer = (pj)jer, by definition, >=.c; [(fj, pj) — 1| exists. But
then, by definition, for all § € (0,1) there exists a finite I° C I such that for all finite J C I,
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with I° C J,

| S = U= o) — 1| <6= 3 o) =11 <6 (430)
jer jeJ jeI\J

Consequently, for all finite {k1,...,k,} C T\ J,

n n (4.30)

H o) =11 exp(zw froopr) =) =1 <exp (3 [fp)—1]) =1 < e —1<es.
=1 =1 JjeI\J
In (%) we used that |z --- 2, — 1| <exp(|]z1 — 1| +--- + |z, — 1]) — 1 for all z; € C. This proves
that [[Tjep s (fj, p5) — 1] < ed.

Now,
2 2 2
Rfi-Qfi® Q pj X f Rfi® & pj 2Re{<®fj,®fj® ®Pj>}
jel jeJ jel\J jer jed jel\J jer " e jel\J

1
= LA+ TT 1 M— QRG{H 1407 11 <fj,pj>} =
jeI jeJ jeJ JeI\J

9 9 () 9 (k)
= TTIAIP( IT 150°+1=2Re T (Fi0)) < Cr( TT 1P +1-2Re [T (f0) <
jeJ jenJ jeNJ jenJg jeNJ
<Cr(14A+1-2Re [] (f5.0)) = CA+ Cr2Re (1= TT (f505)) <
JEINJ JEINJT

< CpA+Cp2- ’1 - 11 <fj,pj>\ < CpA + Cp2ed.
jENT
In (%x) we used that since [];/ [ f; ||? exists by hypothesis,® all the finite partial products must
be bounded by some Cy > 0./ On the other hand, in (x**) we used that since [Lier 1£5ll # 0
(because ®,er fj # 0), then, ! [jer | £]I> # 0, and thus,[ for any X\ > 0 there exists some
finite D* C I such that [Liens | £;]I> < 1+ A for all finite J D D*. With all, the inequality we

found: )

Qfi-®[fi® & pij| <Crr+Cy2ed (4.31)

jeI jeJ jeNJ

holds for any finite J C I for which I® U D* C J. Finally, for a given € > 0, the choices
Ae = 20 and 0 = - C , together with K¢ := I% U D?<, prove the main claim of the lemma.

e For the claim on the sequence, the limit is immediately given by choosing for each £ > 0,
N¢ := max{I% U D*}. 0.€.4.

JBy Prop. 50 and Prop. 44, if || f;]| # 0 for all f; (e.g., if ®;jerf; # 0), then (H]EI I f;l exists and # 0) <=
(ILe; | £;]I? exists and # 0).

[bﬁBy definition, given any fixed g9 > 0, there exists Y°° C T finite s.th. all finite super-sets R C I satisfy
[Les I £i117 — [Lien [£i°| < 0. Hence, all [Lien | £5]I* are below [Le, |£;1I* 4+ 0. The remaining finite
products to be checked are those that can be taken using only elements in Y°°. But there is a finite number of
possﬂole combinations we can take there. Hence, there exists a finite upper bound C.

(el g HJEZ I5]1% # 0, then the finite partial products have a lower bound m > 0. The proof is essentially the
same as that of the upper bound in [a]. But then, taking eg = m\, by convergence of H cr ll£;11?, for all finite

J2 Y™ = DM we get that [, 1517 - T,c, I55IP < mA = [TL ey, 15512 = 1 < mA/ TLe, 1517 <
mA/m = A\

69



Lemma 21. Let there be a fixed € € I" and a pair of generators (p1 @ pa®---), (MOMN---) €
®FcnL?(R,dz) such that pj(z),n;(x) # 0 for almost every € R. Denote their associated
infinite measures d®u = ®jen|pj|’dz; and d®v = Oken|n;|*dr and let Wi, Wy, be the
unitaries of Theorem 10 associated to them. Then, for any fi,...,f, € L*(R,dz), defining
Fi=f® @@ @2 ® -,

MW[p] (®;enm;) © W[n] (F) = W[p](F)v (4.32)

where (M () cny) V) (@) = (W[p](®jeNnj)>(x) - U(x) for almost every x € R*. R

Proof: On the one hand, by Prop. 24,

®renL?(R,dz)
Fy = (@ @ fi@nmp @ @IN © py41 @ pNa ) — —— F.
Therefore,
®; (W[, conts.) L2 (by def) L2 fi fn M1 NN
Wia(F) = Wi F) " i Wi @2 i D

=Py

(4.33)
By Theorem 3.12 in (Rudin, 1987) this implies that there is a subsequence of (®y)nen, say,
(®n, )ken, that converges point-wise almost everywhere in x € R* to W, (F). That is, for

almost every x € R*,

C fi(zr) - fulmn) - Mpy1(@ng1) - - nv (2,
Wi (F)(z) = lim AL Ay 4.34
A (F)(&) = lim, pra) - pv(an,) 39
e On the other hand,
- (VV71 isometry) -
HWm(m@m@”')—w "= (m@me: )= Wyl () =
PL PNl L2 (oo, dpsy) PL PN g, 2(R)
(4.35)

by Prop. 24
Loy Prop:21),

=[memne--)-(me- NN, QpN+1 Q-
L2(R,d>p) M1y,
k—o0 PPN,
Ny,

PLPNy,

Therefore, Wi, (m @72 ® --+) = lim . As above, this implies point-wise con-

vergence almost everywhere for some subsequence ( Jeen to Wiy (m ®m2 ® -+ ). Using

this in (%), we get that for almost every z € R*>,

(%)
(M (@;enmy) © Wi F) (@) = Wi (®jenm;) () - (Wi F)(z) =

B h%n 7’]1(1,‘1) .. 'nng (xN,%) . fl(xl) A fn(xn) (eventual& Nké>n)
=00 pr(a1) - pvy, (@) ) mi@n) - (@)

€ i) fulan) s (@), (o)
=00 p1(z1) - pN, (@Ny,)

But every subsequence of a convergent sequence must converge to the same value, so this must
equal (4.34). Hence, (Myy ( y © Wi F) () = Wi, (F)(x) almost-everywhere in z € R,
which is to say that (./\/lW[p]( o Wi F) = Wi, (F). 0.€.0.

®jenTj
®jenmn;j)
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The Proof of Theorem 11

Proof of Theorem 11: By hypothesis, both, 71 ® o ® -+ and p1 ® p2 ® - -- belong to the
same layer of the ITP, so, (1;)jen = (pj)jen and by definition, 37y (75, p;) — 1| exists. But
by Prop. 23, this implies that 3,y [( [n;], [p;] ) — 1| exists, which holds by Cor. 15, if and only
if d®p ~ d>®v.

o For the claim on the limit, repeat exactly (4.35) with (n),en in place of (Ng)gen-

e Finally, to prove the Radon-Nikodym derivative claim, note that for any n € N and
arbitrary By, ...Bn € B(R), given B :=][j_; Bj X [Ljenq,..mp R
(]13(96)=]131(11)'“]1Bn(90n)))

2 o°] + by def. of W[”?]
/B‘W[p](m@n?@”‘)‘ d>pe = HW[,;](TI1®T]2®-~-) —

2
(Lele 2
= W[p](771®772®"')'W[n]((ﬂB1771)®"'®(131nn)®77n+1®"'> HW[p] H =
=F
2
Use that by Lemma 24, Fy := (1p. 7 @ - @ L 1y ® Nya - ® py @ - - - ) r B g
( y i T @ Tt p o
o0
(W[p]_conts 2(by_def) . M- NN 2_
= i [ 2 i [, g, P

— lim Ly(z1)m (1) ? - - g, (@n) [0 (@n) P [0ns1 (Tng) P - - v (z8) ]2
NS00 JzeRreo lp1(z1)]? - [pn(2N) 2

d®u =

Prop. 20 N
<+Tineui> i ﬁ/ ;2 (x5) i 1 / In31%(25) du, g P=1
Nooo \ o Juen; i) 2 S Jeer lpjl (@) .

lpj12(z;)dz; ;12 (z;)dz;

= lim H In;[2dz; (B Hd ) Prod e o, gy, (4.36)
11—
dl/]'
Now, let Cjreqs be the Boolean algebra of Lemma 19. Due to Lemma 19, any B € Cheqs i
such that B = U} B .= UM B{ x --- x CY x R x --- for some Bi € B(R). Then, because

2
‘W[p] (MmN ®--- )‘ d*°p is a measure by Lemma 6, finite additivity gives:

(Wi memae- )| au)(B) = 5 (W meme- )| @) (B 2 S (B = d¥u(B),

(=1 =1
(4.37)
Finally, by Theorem 1 two o-finite measures that coincide in a Boolean algebra must be equal.
2
Therefore, W, (m @12 @ - - )‘ d®u = d*®v. 0.g.90.

Parenthesis: On an even Coarser Dissection of the ITP

The condition in Corollary 15 (the existence of 3°,cy [(|p;], [1j]) —1]) is so similar to the condition
for ~-equivalence (the existence of 3= ;cn [(pj,m;) — 1|), that one expects that if (p;)jen, (1;)jen
are in the same ~-class their associated measures satisfy d*°u, ~ d*°u,. And indeed this is the
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case as proven in Theorem 11. However, one would also expect naively that if (p;);en, (1;)jen
are in different ~-classes, by Cor. 15 the associated measures satisfy d*°u, L d°°u,. This would
be the case indeed if the (<) implication in Prop.23 held. However, we proved that this is
not the case, and the counterexample we used to prove it was precisely a pair of generators
(pj)jen, (nj)jen of different layers with d*pu, ~ d* .

Now, there is a second equivalence relation for ITPs, introduced in §A.2.2: the quasi-
equivalence relation 2. Go for a second to Proposition 57 to see its definition. In particular,
note that (p;)jen ~ (1j)jen = (p5)jen = (mj)jen.

With this “coarser”/weaker relation, we can state the following analogue of Theorem 11,
where yet still, we see that 2 is not the precise condition to identify mutual singularity of the

generated measures:

Proposition 25. Given p1 @ pa @+, q @2 ® - - - € QrenL*(R, dx) such that ||p;]], ||n;]| = 1
and p;(z),n;(x) # 0 for almost every = € R,

q (by def.) . - .
<<nj>jeN~<pj>jg LS 3 Kms 0311 emsts) o <‘<I7m7 i1 )-1] emsts).

JjeN

Hence, ((pm-EN S (vmjeN) Z <d°°up ~ d°°u77>. (4.38)

¢

Proof: To prove (=) we use (4.26) of Prop. 23:
q (by def) . (4.26) . Cor. 15 .00 -
(pj)jen = (1j)jen D g o)l =1 exists =" > [Inl, p;l) — 1] exists &= d™py ~ d™p,.
jEN jEN

o To prove (£), let us provide a counterexample. Let p € L*(R,dz) be the normalized
standard Gaussian so that |pl|p2 = 1. Define n := 1(_ ) - p — Ljg4) - p- Then, trivially,
(p,m) = 0 but (|p|, |nl) = ||p|* = 1. Hence,

Z | {p,n)| — 1] = Z 1 (does not exist) but Z | (|pl,|m|) — 1| = 0 (exists).

JjeN jeN jeN

Therefore, (p;);en % (nj)jen but d>®u, ~ d*uy,. 0.€.90.

With all, the situation for the (n;);, (p;); as in Prop 25 is the following one:

~ Z L9
(Z\m piy =1 emsts> (Z\Km, o)l 1] emsts) (Z\qm, Iosly =1 emsts)
JEN = jEN = \jen
SNINLA(R, dz) = @I LAR, dz) | 3 (6))jer C [-m,m) s (m); ~ (€%p;); |  OjenlmsPdz; ~ @senlp;[Pde;
and else and else and else
[n] LQ (R d ) n [p] L2 (R d ) their quasi-layers are independent degrees ) | ) 2d ) ) | ) 2d )
®kEN , AL ®k€N ) AT of freedom for L',q(®jENL2(]R, dx)) QJEN 77]‘ €L j QJEN p]‘ ZLj

Clearly, this suggests a third kind of equivalence relation. Note that unlike the other two,
this third kind would only be definable for tensor products of number-valued function-spaces
like L?(R, dx).
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Proposition 26. Let I be arbitrary and (X;,X;,du;)jer be measure spaces. Consider the
ITP &®jer L*(X;,duj) with its corresponding notion of %p-sequences (Def.36). Then, for
(fj)jeb (gj)jej € %), the relation

k .

((fj)jel R (gj)jel> = ( S|4If] lgsl) — 1] exists > (4.39)
Jel

is an equivalence relation. We call it the Kakutani equivalence or k-equivalence. In particular,

((fj)jel & (gj)jel> = <(|fj|)jel ~ (|9j|)je[>-

¢

Proof: Reflexive : (fj)jer € 6o implies by definition that 37/ ||| f;l| — 1| exists. But by
Prop. 50, this holds if and only if 3" c; ‘||fj||2—1’ exists. Hence, by definition, (f;);er L (fj)jer-

Symmetric: Note that

(conj.sym.) (all real)

(fil:lgil) ~ = <’9j|7|fj|>:/x€X 9i1(2) | f5](z)dp = /weX lg;1() | £;1(x)dp = (|g;l, | £51)-
(4.40)

k .
Hence, S jer | (1£il, 1951} = 1| = Zjer|dlgsl, 1£1) — 1|, and thus, (£)jer = (9))jer if and only
. k
if (95)jer = (f5)jer-

Transitive : First, note that

(<rfj|>jem<|gjr>jg> s (Z\w, \gj|>—1]exists>. (4.41)

Jjel

k
Hence, (f;)jer = (g;)jer if and only if (|f;])jer = (|g;|)jer- But we know that = is transitive,

k ..
so &~ must be transitive. 0.€.0.

Proposition 27. In the situation of Proposition 26, for any (f;);er, (9;)jer € %o,

30, : X; = le :
k . ( 6; : X; = [—m,m) measurable > (4.42)

(fidser = (95)jer (fi)jer = (€% g;)jer

The reverse implication also holds when || f;|, |lgj|| < 1 for all j € N. (Possibly, it holds for any
(fi)ier: (95)jer € 0.) .

Proof: (=): For any function h € L?(X;,du;) one can define the map arg(h) : X — [—m,7),

atan2(h(z)) = Im(log(h(z)) if h(z) #0

0 if h(z) =0 “4)

arg () (x) = {

It is the composition of two measurable maps, so it is itself measurable too. Now, let z,w €
C\ {0}. Given their polar forms z = |z|e’®, w = |w|e?®, we get that |z||w| = zw e H*+h),
i

But Z = |z]e™™ so, |z||w| = |z|e® we~HHP) = Zw ei*=F), We can do this point-wise too: let

aj = arg(f;) and f3; := arg(g;), then, for x € Xj,

1£5(@)lgj(@)] = fi(@) g(z) e 5@, (4.44)
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As such,

(4.44) FaY i(aj(z)—Bj(z i(a;— B
(5l 1) = [ 15@Nas@ldn; 2 [ T gy(a) Oy = (, es7gy)
4z HSH
Therefore,

S|l lagl) = 1] = X (f ) —1 . (4.45)
jerI jerI

Taking 0; := a; — 3;, the statement to be proven holds.
o («): It holds if || f;], lgj]| <1 because:

((fj) ~ (e gj)) — (Z ’(fj, €i9jgj> - 1‘ exists ) (g@

Jjel

— (Zwm, gl ~ 1 exists) = ()~ @)
jel 0.€.0.
In Theorem 5 we found that two pilot-wave theories over the same configuration-space but
on L?-spaces with different measures yield experimentally and ontologically identical quantum
theories if and only if the measures are mut. a.c. We can now add to the discussion that if we
employ individual layers of the ITP for QM, each class of é—related generators would provide
an “equivalent” L?(R*, d*u,) space independently of the chosen generator. Interestingly, we
found that the isomorphism between such equivalent pilot-wave theories was constrained to be
a unitary map exchanging the Radon-Nikodym derivative times an arbitrary phase choice per
configuration —which we called “gauge phase”. Proposition 27 suggests that something similar
is going on for L?(IR>, d>u) spaces.

k
We leave the full clarification of the ~-equivalence relation’s significance as future work.

4.4 Solve the Impasse in both Approaches by Merging Them!

Let us assemble all the obtained results to clarify the picture. First of all, we found in Chapter
3 that @yen L2(R, dz) —which has a unique construction and hence it is the obvious candidate
for “L%(R>, d*°x)”— can be “sectorized” into some “layers” indexed by € € T as

® L(R,dz) = P | @fen LA(R, dx)]. (4.46)
keN ¢er

Every such layer was generated by finite “perturbations” and linear combinations of a fixed
tailed tensor product of unit vectors pf ® p§ ® - - € ey L2(R, dz), i.e.,

Pl&fer LA (R, dz)] = span{vn @ - @y @, @+ [ nEN, ¥ € LX(R,dx) ). (447)
cel’
We observed that the inconvenience of such abstract tensor spaces is that there is no longer an
explicit reference to x € R*. But, we also realized that one faces the same issue with finite

tensor products. In the finite case, what one does to make R™ manifest is to find an isomorphism
Qi LA(R,dz) = L*(R", d"z). Inspired by that, almost with the same unitary map W, we
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found (via Theorem 10 and Proposition 22) a way to identify each €-layer with an L?(R>, d*u¢)
space. In particular, we avoided the non-existence of an infinite Lebesgue measure by employing
d®ue == Ojen| pJ¢|2dxj, a probability measure naturally emerging from the generator of the
layer, (pf-)jeN, in a way that every finite “n-truncation” or “cut-off” yields a measure in R"
equivalent to the Lebesgue measure, d" ¢ := @?:1\ p]¢|2dxj ~ d"x. With all, we found a way to
make manifest the configuration-space R* in each ®%€N L?(R, dx) layer. Namely, the abstract
tensor products of each layer became actual functions over (zy, s, ...) € R®.?l We can extend
this to any ¥ € ®;enL?(R, dx) as follows: after a choice of generator p§ ® p§ @ --- per layer
¢ € I', with the unitary Wy of Theorem 10, we can build a big unitary identification,

W =Beer W,
W Quen L*(R,dz) = @ (@fey LA(R,dz)) =5 @ LA(R™, d™py,)
¢el ¢cer '
v = (Pe)eer — (We)eer

Then, considering ®ycn L2(R,dz) = @ L*(R™,d®pu,,), one could denote ¥ = (Ue)eer
¢erl
Namely, we could understand each vector ¥ € @y L?(R,dz) as a tuple of infinitely many

wavefunctions over R*. Using this, one can think of an obvious Born rule-measure over R* for
each ¥ € Qpcn L?(R, dx). The way to do it is exactly the same as when one has a spinor valued
wavefunction, which, after choosing a spin basis, is also representable as a tuple of functions.
Namely, for ¥ € ®;.cy L*(R,dz), one could define, for any B € B(R>),

The system is found in —~
“p y: ‘ " / 0 (2)d®a” = Y / Tel2(x) d¥pye, (4.48)
x € B if described by ¥ z€B cer Jz€B

which also yields an associated equivariance law for families of homeomorphisms Q; : R — R,
Because by Lemma 14, at most countably many We # 0, the sum ) s is well-defined in the
usual sense.

~

And yet, there is a potential flaw in this construction. In the identification @<y L?(R, dx)

@ L*(R>, d*p,.) we made a choice: we had to choose a generator @ ey p% per each € € T,
¢el
What if different choices lead to different Born rules? We would like that this choice is merely

a “choice of coordinate chart” that makes computations easier but nothing else —precisely as
in the case of spinors, where one uses a particular choice of basis to talk about a Born rule and
trajectories, but any such choice gives the same result. “Luckily”, we found in Prop.22 that
for generators of the same layer, the given d®u¢ are mut.a.c. That, together with Theorem

5 is all we need to prove that this Born rule is indeed “independent of the coordinate chart”
R = (Qjenpf)eer-

BlRecall that in Chapter 2, we found an issue with the L?(R*>,d* ) spaces: there were too many possible
inequivalent choices of infinite measure d°°u —some not mut. a.c. to each other although they were equivalent
in every “n-cut-off”. The solution in the end turns out to be that they were not too many, but just the right
number: their non-uniqueness is just the right thing to match the multiple layers appearing in the unique limit
of tensor products.
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Theorem 13. We call a choice of generator p§ ® p§ ® - Qren € L?(R,dx) for each class

¢ € T, such that p(z) # 0 for dz-almost every z € R, a wavefunction-representation (WR)

basis R := (Qpen ¥ )eer. The associated (Borel probability) measures d*° g := ©%2,4| p]¢|2dxj,

¢ €T, are called the WR background measures.

(i)

(ii)

(iii)

(iv)

Any such fR has an associated identification

1=

L*(R,dz) ® L*(R,dz) ® - -- P L* (R, d™pue) (4.49)
¢erl

given by the block-diagonal unitary isomorphism

W%:@CEFW[/JC]

Wy Qren L*(R,dx) = ¢EBF ( ®1$6N Lz(Rdx)) @ L*(R>, d* ipe)
S

cel

v = (Ye)ee — (Ve)eer
(4.50)

where W[ €] is the unitary of Theorem 10 associated to @y p%. We call this identification
the wavefunction representation of @jenL*(R,dz) (in R basis).
Given a different choice of WR, basis R := (Rren U%)QEF, one has that
W[pc] = (Upcgnc o W[nc]), (4.51)
where U, ¢ is the change of layer-WR,
Ujerpe : L(R®,d®p,e) — L2(R™, d®p1,,¢) (452)
g — [T ER® Wy (@kanf)(@) - 9()]

It is the multiplication operator that unitarily exchanges the WR background measures by
multiplying the input function with the (square root) of their Radon-Nikodym derivative
(see Theorems 5 and 11). Then, the WR of 9t and R are related by

Wor = (D Upecye) o Vs, (4.53)
¢el
and € U,e, e is called the change of WR.

¢er
For each ¥ = (U%)¢er € Qpen L2(R, dx) the map PY : B(R>) — [0, +o0] given by

PY(B) =Y / W@ (@) e for B € BRY). (4.54)
cer “°F

is a Borel finite measure on R* and it is independent of the choice of WR basis R. We

denote “ [, 5 [¥|?(z)d>®z” := PY(B) and we call P¥ the Born rule of ¥. In particular,
note that
2
2 _ ¥ _ ¢ _ 2
121 crzmamy = BV R) = 3 [Wew[[, = I r2me ) (459)

¢el
Consequently, for unit ¥, PY is a probability measure.

Given t € R — Uy € ey L*(R, dx), and a family of homeomorphisms Q¢ : R® — R>,
t € R, with Qo = Id, we say that Q; is equivariant with U, when PY0 o Qg = PYt 0 Qy,

i.e., when

/ Wo[2(2)d®z " = / U, 2(x)d%z 7 VB e BR®), VicR  (4.56)
zeB r€Qt(B)
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i.e., when for one (and hence any) WR basis R,

T / WelS2(x) dpe = 3 / WeUlP(z) d¥ue VB € B(R®), vt € R.
¢er cer JrEQH(B) .

Proof: e First of all, a choice of generator as the one required for each class € € I' is possible
by Prop. 22, so there exists at least one WR basis ‘R.

Item (i): By Theorem 10, there exists a unitary W,e; with the required structure for all
Rren p% € R, such that one can define #y = BeerWipe satisfying the required structure.

Such a direct sum of unitaries is an isometry since,
#6022 = ||(@eerWe) (P )eer | = > [wewe | = 3 o = | (wear|| = 1012 (257)
¢el

It is trivially still linear and bijective. Hence, #4 is a unitary isomorphism.
Item (ii): By Theorem 11, given the two WR bases R, R, for each € € T' it holds that

diipe

2
die = [Wipe)(®@kenmi) >

(4.58)
o But then, Theorem 5 (taking dv to be dpipe and dp to be dpe, such that % in Thm.5 is

du
an ), there exists a unitary Uy : L*(R*,d®p,e) — L*(R>,d*p,¢) such that
P

d®pye ~ d¥ppe  with  d™p,e = ’W[pe](®keN771§)|2 d>ppe, e,

now d

6% 2d® e = [Upey (¢ Pd%ppe, W6 € LX(R™, d®pye). (4.59)

dp, e
dp e
[—7,m) (as long as it is measurable). We fix e? to be the phase of W[pe](®k€1\mg), namely

In particular, the theorem allows to choose Uy, (¢%) = €. ¢% for any phase 6 : R® —

o) . Wipe)(Breni) ()
' |

for z € R*™. (4.60)
[Wipe) (@renm)|(x)

As such, Uy (¢%) = Wiye)(@renny) - ¢° for all ¢ € L2(R™, d®p,e).

« Putting everything together, we have that Uy yoW,e; : RrenL?(R, dz) — L*(R>®, d® pye)
is a unitary operator because it is the composition of two unitary operators. Now, for any
fla ceey fn S LQ(R, dm)? define F':= (fl Q& fn & p%-i—l K- ) By PI‘Op. 247

H'||®kL2(JR<,dz)
E—

:(fl®"‘®fn®ﬂg+1®"'®/)1€v®m€v+1®"')

N—oo

But then, as the culmination of the technical Lemma 21,

(UPHWOW[UQ] conts)

(Upen © Wiye)(F) = lim [(UPM o Wiye) (Fn)

Jim. } (Lerg 21)

. (Wp) conts)
= lim {W[pc] (FN)} = W[pe‘] (F)

Now, we proved in Theorem 10 that any unitary coinciding with W, on vectors like F' equals

W,e everywhere. Therefore:
(Upey © W[ngr]) = W[pc]. (4.61)
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Item (iii): Let us first prove that PY is a measure for each ¥ € Qpen L?(R,dz). It is
well-defined because for each B € B(R*)

¢2 0 & 2 100, __ (by:def)
CEZF/ Wb (2)d*pn < @;/ Werl'du =3 | wev o
(4.62)
(#% is unitary)

The first inequality is trivially an equality if B = R, so this also proves (4.55).

« Now, P¥()) = 0 trivially because for all € € T, d®p () = 0. Next, let (By)nen be a
sequence of disjoint sets in B(R>). Then,

IP’\I/( Z/m |WQ\1/€| (z) d “upe@z ngnoo Z/ |WQ\1/€| () d® D(*:*)

neN ¢cerlr ¢cerl
=:pn(€)
(fnite sum) >
. . 2 nlisurn . 2 o)
i (S [3 [ Wero) ene]) S S ([ [ e aue])
¢celr n=1 n=1 ¢el x€B,

on(€)

which by definition, equals limy 0 S, PY(B,). Hence, if (), (%) hold, this proves that PY
is o-additive, which finishes the proof that it is a measure on B(R>).

Claim (%) holds because by Lemma 6, |[We¥¢|? d*p,e is a measure, so in particular it is
o-additive. About claim (%x): by Prop. 16.(iii), at most countably many ¢ summands are non-
zero, say J := (€x)ken C I As such,? we can substitute Spep — 3252 if we switch € — €.
But then, writing the series as an integral in the counting measure dv, the r.h.s of (%*) is

lim on(Ck) dv. (4.63)
N—oo JEeN

In particular, pn(€) < pn11(€) for all NV, € (it is an increasing sequence of functions). More-
over, the point-wise limit limy_, ¢n(€) exists by (). Hence, by the Monotone Convergence
Theorem, (4.63) equals [, y(Umy_0o ©n(€x) )dv, which is exactly the Lh.s of (xx).

« Finally, we prove that P¥ is independent of the choice of WR basis R, % employed to
compute it. Given ¥ = (U%)gcr,

2 59 6 2
W[ e "2 (U e Wi 0 dpe L (W[ e,
Hence,
2 2
>/ | Wiye | e = > / ) | Wipe 0| e VB € BER™), (4.64)
¢er eer’?

and no matter if we use R or R to compute P¥, the results agree.

(Note that we will find an alternative way to prove WR-independence of PY as a byproduct
of next chapter, with no need to use the change of WR explicitly as in the present proof.)

Item (iv): Follows trivially from (4.64). o0.e.0.

[{1Use that by Proposition 43, von Neumann’s notion of arbitrary sum matches the usual notion of countable
sum —in the absolute convergence sense.
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“L*(R*, d*®°z)” IS THE “POSITION
REPRESENTATION” OF
L’(R,dz) ® LR, dz) ® - - -

Although the decomposition we found in Theorem 13 smoothly matched the narrative and
indeed provided an invariant arena for pilot-wave theories over R*, the reader might feel that
it has a certain ad hoc quality. That is, the reader might be unconvinced by the heuristic
arguments that lead us to Theorem 13 and (very fairly) ask the author: “why this type of
decomposition, and Born rule and not any other?” In this chapter we provide a third and most
elaborate attempt to make sense of “L?(R>,d*®x)” in the context of QM, and it will turn out
to coincide with the decomposition of Theorem 13. This will vindicate our structure as the
arena for Schrédinger picture configuration-space QM over R*°.

5.1 The Diagonal Representation Space of an “Observable”

With the advent of abstract Hilbert spaces in the age of von Neumann’s axiomatization of
QM during the 1930’s, many physicists might have (fairly) needed to understand where in
those abstract Hilbert spaces and operator algebras was there the position configuration-space.
Namely, where “the functions with (z1, ..., z,) arguments” and their associated [¢|?(z1, ..., 2, )-
Born rule went. The reconciliation, as it is still explained in physics today, comes from the
spectral theorem (its “diagonalization” or “multiplication operator” version). The game is the
following one. Given an abstract Hilbert space H, one can take a self-adjoint operator (A, D(A))

A

of spectrum o(A) C R, said to model an “observable quantity” A with the possible “recordings
of its quantum measurements” being in O'(./i). Then, the spectral theorem provides a unitary
operator Uy : H — L?(R,dy) such that each abstract ¥ € H is mapped to a “function”
U,V =: ¢ with a € 0(A) — 1(a) —often denoted by physicists as ¥ = * fa(f\) Y(a)|a) da”.
For example, if A is the “Hamiltonian operator” H, modeling the “energy observable”, then
Y(E) = (UyV)(F) with E € o(H), is said to be ¥ but represented in the “energy basis”, or in
energy representation —in symbols, ¥ = fa(ﬁ) Y(E)|E)dE”. If it is the “momentum operator”
P, modeling the “momentum observable”, then this leads to p — ¥ (p): the quantum state in
®) ¥(p) |p) dp”. And if it is the “position
operator” #, then ¢ (x) is called the position representation of the quantum state-vector ¥
—symbolically, ¥ = * [ ;) ¥(2) [z) dz”.

momentum representation —in symbols, ¥ = « [
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The feature defining the different U ; and the reason to call the arrival space “ A-representation”
or “diagonalization space for A” is that AW is mapped to the function ¢ multiplied by its argu-
ment, a — a1 (a), which physicists represent in symbols as A = ¢ fo(A) ala)(a|da” = AV =
“ fa(A) a(a) |a)yda”.

Now, in order to fully recover usual Schrodinger QM over R", one requires an additional
rule in the game: the so-called “joint diagonalization”. Given a family of “commuting” self-
adjoint operators Aj, ..., A,, they can be “simultaneously diagonalized”. That is, the joint
spectral theorem gives a unitary U : H — L?(R",d"u), identifying each ¥ € H with a func-
tion v (ay, ..., an) such that the action of A; corresponds to multiplication by the j-th variable:
a;Y(ai, ..., an). In the symbols employed by physicists, ¥ = “ [¢(a1, ...,an)|a1, ..., ap)d"a” and
Aj =*[aj |ai,...,an){a1, ...,an| d"a”. For instance, given the n operators qz, ..., §, that repre-
sent the n degrees of freedom of a quantum system (say, the 3N “position observables” of N
quantum particles), the abstract vector ¥ € H can be represented by a “function” (qi, ..., qn) —
¥(q1, ..., qn) such that GV corresponds to multiplication by the argument: ¢r¢(q1,...,qn)-
Lastly, physicists explain that this function is what one used to employ in the original Schrédinger
theory, namely, that ¥ (x1,...,x,) —the configuration or joint position representation of the
quantum state U € H— gives back the original Born rule of configuration space as |1|?d"z.

On another note, in von Neumann’s axiomatization, the state space for the composite of two
quantum systems is the tensor product of their respective Hilbert spaces, say, Hi1 ® Ho. As
such, one can take a self-adjoint operator from H1, say A, “lift it” to the composite with an
identity A1 ® Id, and do the same for As from Hy: Id ® As. Since they commute trivially,
heuristically, one can jointly “diagonalize them” by the above, providing A;j-representation to
system 1 and As-representation to system 2, namely, making abstract vectors ¥ € Hi ® Hs be
represented by functions (a1, a2) € 0(A41) X 0(A2) — (a1, az).

Now, if @renL?(R,dx) is really an abstract Hilbert space, why not do the same? One
could take the position operator of L?(R,dz), call it ¢ and for each k € N, lift it to the
infinite tensor product by putting identities in the other factors as: ¢ = [d® - @ ¢ ®
Id ® ---. Since they all commute trivially, one could give them a joint diagonalization map
U : Qpen LA(R,dx) — L?*(R*,dy). If this were possible, each abstract ¥ € ®genL*(R, dx)
would be represented by a function (qi,qo2,...) — ¥(q1,q2,...) for which ¢ acts as multipli-
cation by the argument g, —in physicist notation ¥ = “ [z ¥(q1, g2, -..) |q1, G2, ...)d®¢” and
Gk = Jgoo @k |01, G2, ---)(q1, @2, ...|d°°q”. What we prove in this chapter is that if one follows this

idea with mathematical precision, it yields ezactly the decomposition of Theorem 13!

There is a very important detail that we omitted above to avoid the confusion of the physicist
readers. The reason why it could confuse a physicist in particular is that (to the author’s
knowledge) this detail is hardly ever mentioned in a physics lecture or textbook on QM. The
omitted detail is that what the diagonalization theorem truly says (even back in von Neumann’s
days) is: “..there is a unitary U : H — ®mexL?(R, dus)...”, so not only one arrival L?(R, du)
space but a direct sum of L?(R,dusy) indexed by some M € X. Moreover, it says that each
of those L2-spaces is “generated” by some vector ¥ € H —via what is called the functional

calculus. A family (I”)pcx of such generators is called a spectral basis or diagonal representation,

(MAnd this perhaps explains why none of the (unfortunately few) physicists that research the Schrodinger
picture of QFT (e.g. Jackiw (1995)) ever talk about “tuples of infinitely many wavefunctionals” to describe
scalar quantum fields —as we will.
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basis. Likewise, in the case of joint diagonalization for n operators, the theorem says “..there
is a unitary U : H — ®mexL2(R™, d"puy)..”. In any of the cases, only if the spectrum of the
self-adjoint operator(s) is, so-called, simple is there a chance to have an isomorphism to a single
L?(R,dp) (or L?(R"™ d"u)) space. In the case of the position operators in R” the spectrum
is simple for instance. But this is an exceptional case. And thus, the emergence of all the
L?(R*®, d*®°u¢) layers from Theorem 13 would not be that mysterious from a mathematically

honest point of view.

With all, perhaps the most important moral of this thesis is that sometimes mathematical
rigor does pay off. Without ever going to the rigorous detail, meaning, staying in mere heuristic,
symbolic and formal manipulations, a mathematical technicality like the one being suggested
in this document could hardly ever be discovered.?l What is more, even backed by formal
manipulations suggesting it, who would claim in their five senses, that the wavefunctional of a
scalar field is a “spinor” of uncountably many entries? Only the apodictic force of a theorem

could render such a wild claim worthy of debate.

5.2 A Joint Diagonalization Theorem for Arbitrarily Many
Strongly Commuting Self-Adjoint Operators

In order to make the “joint position representation” strategy projected above rigorous, we first
need a joint diagonalization spectral theorem for arbitrarily many self-adjoint operators in non-
separable Hilbert spaces. Although possibly known, we could not find any reference explicitly
proving such a theorem, so we will build it step by step in this section. It will be considerably
technical, so the reader may skip this section on a first read.

5.2.1 A PVM and its Functional Calculus on an Arbitrary Measurable space

In order to deal with PVMs over R* we require a slight generalization of the usual notion
of PVM —defined over R or R™. Fortunately, Schmiidgen (2012) defined them with sufficient
generality to spare us several lengthy proofs.

Definition 17. Let ¥ be a o-algebra (resp., a Boolean algebra) on a set X and let H be
an arbitrary Hilbert space. A projector valued measure or PVM (resp., a projector valued
pre-measure or PVpreM) is a mapping P : ¥ — L(#H) satisfying all the following:

(i) P(B) is an orthogonal projector for all B € ¥, i.e., it is an idempotent (P*(B) = P(B))
and self-adjoint bounded operator.

(i) P(X) = Id.

iii) If (B;);en C % is a disjoint sequence such that L;cyB; € X, then
3 b J
N

lim Y P(B)y=P(|JBj)y WpeH (5.1)
=il

N—oo 4 .
OOJ— jEN

When we wish to specify all the dependencies of a PVM /PVpreM, we denote it by (H, (X, X), P).
.

mAlthough, as explained in the chapter on historical remarks, one could have guessed something similar from
“Haag’s theorem”.
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Lemma 22. Given conditions (i) and (ii) in Definition 17 are satisfied for some (#, (X, %), P),

Y — R

((iii) holds) = (the mapping s B +— (¢, P(B)Y)

is o-additive Vi € H)
If so, for a PVpreM dp,; is a pre-measure on the Boolean algebra ¥, while for a PVM, dp,; is
a measure on the o-algebra 3. .

Proof: See Lemma 4.4 in Schmiidgen (2012). For the last claim: note that taking B; = () in
(ili) for all j € N, one gets that necessarily P()) = 0. As such, du,(0) = 0, which was the
missing check. [

Corollary 16. Given a PVM (H, (X, X), P), for each 1) € H the map

duy(B) := ($, P(B)¥) = |P(B)y|” (5-2)
with B € ¥ defines a finite measure on (X, ) such that du,(X) = |9]|?. We call it the (scalar)

spectral measure of 1.

For each pair ¥, ¢ € H, dug (B) := (¢, P(B)v) defines a complex measure on (X, X) because

it is the following linear combination of measures:

dpigp(B) = i(dww(B) — dptg—y(B) +idptg—iy(B) — i dugrin(B))- (5.3)

Proof: Let B € . Then:

P(B)?=P(B)
P(B)=P(B)*

dpiy(B) = (¢, P(B)y) IPBYI* = duy(X) = PO = 9] < +oo.

As such, by Lemma 22, du,; is a finite measure. On the other hand, expanding (¢, P(B)v)

with the polarization identity yields exactly 5.3. L

Definition 18. Given a measurable space (X, X), denote by My (X, X) the vector space

My(X,Y) = {f : X —->C ‘ [ is measurable and bounded: | f||,, = sup |f(z)| < +oo}.
rxeX
We will assume it is equipped with the ||-|| ., norm —with which, it is a Banach space.!?! .

Proposition 28. Given a PVM (H, (X, X), P), for each f € My(X,X) there erxists a unique
bounded operator ®(f) € L(H) such that

(6, B(f) ¥) = / _ J@) dugy Vo0 e H. (5.4)

The mapping @ : (M, [|-||,) = (L(H), []l,,) is a bounded linear operator and we call it the
bounded functional calculus of the PVM P. One also denotes [,y f(x) dP := ®(f). .

(2]9.1.12.A of (Abraham et al., 2001) proves that M;(X, %) would be a Banach space if we removed the
measurability condition. Now, linear combinations of measurable functions are measurable and by Prop.2.7
in (Folland, 1999), point-wise limits —and hence in particular ||-||_ norm limits— of measurable functions are
measurable. Thus, M(X,X) is a closed subspace of a Banach space and hence, it is itself Banach.

82



Proof: See Theorem 37.1 in (Halmos, 1957). A sketch: one checks that because f is bounded,
the integral ©(¢,v) := [,cx [(x) dugy for ¢, € H is well-defined and a sesquilinear form.
But then, |¢(¢,%)| < ||fllll?]l|@ll. Hence, ¢ is a bounded sesquilinear form and by Theorem
22.1 in (Halmos, 1957), there exists a unique bounded operator ®(f) € H such that ¢(¢, ) =
(¢, @(f)4). Moreover, it has the same bound as the form, so || ®(f)l|,, < [[fllw 0.€.0.

Note that any simple function Z;Vﬂ cjilg, (with N € N, E; € ¥ and ¢; € C), is trivially a
member of M;(X). In particular,

{ (,@(15,)p)=(¥,P(E))¢) Vib,pet } N

N N
linear ]
q><zcanj><:>zch>(nEj) - ch . (55)
j=1 j=1

With that, now for an arbitrary f € M;,(X,X), we can get a slightly more explicit shape

for ®(f). By Theorem 2.10 in (Folland, 1999), for an arbitrary f € My(X,X), there exists a
MHllos

sequence of simple functions (s,) uniformly approximating f, i.e.: s, —= f. As such, using

that @ is continuous, one gets that ®(f) = limy, <% ®(s,,), where each ®(s,) is a finite linear

combination of projection operators as in (5.5). This is why, one can consider that a functional
calculus is a “device” to approximate operators by sums of scaled projection operators.?!

One can extend ® to allow the input of arbitrary measurable functions, but only at the cost

of having to deal with unbounded operators.

Proposition 29. Given a PVM (H, (X, ¥), P) and an arbitrary measurable f : X — C, the
set

Dy = {¢ eH ’ / 2 dpy < —I—oo} = {w eH ’ fe L2(X,du¢)} (5.6)

is a dense vector subspace of H. Define the “cut-offs” f, := f-1q, with Q, := |f|~([0,n)) for
n € N. Since f, € My, one can formally define for each ¢ € Dy

O(f)r = lim @(fn)v. (5.7)

It turns out that all such limits exist and (®(f), Dy) defines a densely defined linear operator.

In particular, the action of ®(f) is independent of the chosen sequence (fy,)nen in the following
n—ro0

sense. Given any other sequence (gx)reny € Mp(X) such that (i) g, (z) —— f(z) forallz € X
and (i) sup,en HQNHL2(X,d,uw) < +o0, then, limp00 ®(gn)Y = O(f).

We call the resulting map ® the functional calculus of the PVM P and we still denote [, f(z)dP
:= ®(f). Note that if f € My(X) then Dy = H and ®(f) is the same as the one defined in
Prop. 28. .

Proof: See Theorem 4.13 in (Schmiidgen, 2012). OJ

Proposition 30. Let (H, P, (X,Y)) be a PVM and let f,g: X — C be arbitrary measurable
functions. Then,

() 12U = foex 1F @) Pduy = [1£172(x au,) for all ¥ € Dy.
(i) (®(9)Y, 2(f)9) = [,ex 9(x)f(x)dpyy for all ¢, ¢ € Dy.

(I This also shows that we are talking about a generalized notion of Lebesgue integration where the measure is

operator valued, thereby explaining the notation fze <[ (z)dP := ®(f) —the integrals over that measure yield
operators instead of numbers.
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(iii) ®(f)* = ®(f) and D(®(f)*) = Dy. Hence, (®(f), Dy) is always a closed normal opera-
tor.2l In particular, it is a self-adjoint operator whenever f is real-valued.

(iv) a®(f) + BP(g) C ®(af + Bg) and D(a®(f) + BP(g)) = Djfj4+|q = Dy N Dy.
(V) @(f) o ®(g) C ®(f - g) with D(®(f) o ®(g)) = Df N Dy, .

Proof: In (Schmudgen, 2012) see Prop. 4.15 for items (i) and (ii) and Thm. 4.16 for the rest. [J

I A normal operator is an unbounded operator (A, D(A)) such that D(A) = D(A*) and ||Av|| = ||A*9| for
any ¢ € D(A).

5.2.2 The Arbitrary Product of Commuting PVMs

Theorem 14. Let H be an arbitrary Hilbert space and let (X;)7_; be n € N locally compact,
second countable and Hausdorff topological spaces. If (H, (X;,B(X;)), P;)j—; is a commuting
family of PVMs on H, i.e., if they satisfy

Pj(B;) o Pue(By) = Py(By) o Pj(B;)  Vk,j €{l,....n}, VB; € B(X;), By, € B(X}), (5.8)

then,
(i) there exists a unique PVM (H, (ITj—; Xj, B([[j=1 X;)), P) such that for all B; € B(X;)

P(Bix - x By) = Pi(B1) o0 Pa(By). (5.9)

We call P the joint- or product- PVM of the commuting family (P;)}_, and denote it by
@?:1f)j =PO---OPF,.

o Product PVMs satisfy the consistency property that for any J C {1,...,n},

(©f=1Fj) (EJ | Xj) = (©jesP)(Es), VEs€ ’B( II Xj) (5.10)
je{1,...n}\J jeJ

(ii) Denote the functional calculus of P and P; respectively, by ® and <I>j.[3] If f(z1,...,xn) ==
gk (zx) for some gy : Xj — C measurable, then ®(f) = ®(gx) (with equal domains). In
the integral notation this reads:

/ C gela) d(P OO Py) :/ gu(xx) dPy. (5.11)
(9617---7%)61_[]-:1 X; R €Xg .

Proof: For everything in item (i) except the consistency property, see Theorem 4.10 in

(Schmiidgen, 2012). To prove the consistency property, given a fixed {j1,...,Jm} =: J C

{1,...,n}, define Q(Ey) := (szlpj)(EJ X Ilieq1,..mp\7 Xj) for each E; € B([];c; X;). Then,

(H, (ILjes Xy B(Iljes Xj)), Q) is trivially a PVM and by (5.9),

Q(Bj, x -+ x Bj,)=P;,(Bj,)--P;,(B;,)- ]I w:[dPh(le)'”Pjn(Bjn)-
Je{lnn}£T

for all Bj, € B(Xj,). Hence, Q coincides with ®;¢ s P; on product sets. But then, by uniqueness,
it must be that () = ®;c;P; everywhere.

BINote that ® takes measurable functions f : [1;_, X; — C and outputs unbounded operators in H.
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o For item (ii), we proceed as Schmiidgen (2012) does in his Lemma 5.22 but now for
general X;. Let f = g as in the statement. Then, by definition of the unbounded functional
calculus, for i € Nand f; = flg, € My([[j-; X;) with Q; := |£I71([0,4)), it holds that ®(f) =
lim; 00 ®(fi) strongly on Dy. Now, because f only depends on zy, then, €; = Q; x [Ty 1 Xy
for Q; := |gx|~1([0,4)) and fi(21, ..., zn) = gr(zp) Lo, (21, ..., 2n) = gk(ﬁk)ﬂ@@k) By Theorem
2.10 in (Folland, 1999), for each ¢ € N, (g]1~ ) € My(Xk) can be expanded in a sequence of

g4
simple functions (sf)seny € My(X}) such that st L gl , say st(xy) = Zjv 1 jZILEz ()

(for some Nf € N, cﬁi e C, Eg € B(Xy))- But then, cons,1dering st as a map R® — C

that does not depend on z; for j # k, abusing notation, one triviallly gets that se ” loo fZ
Altogether, for each ¢ € Dy,

(®(+) conts.) HL() H E(H) N ¢ Y -
oty =t o * =" sl ot = i i 3o p(e T ) -
j=1 r=1,#k
5 H L(H)
(.10 hrn hm Zcﬂ P(E%;) = lim lim ®(s)1 () conts) hm Pr(grly )¢ = Or(gr)V.

i—00 Zﬁ\oo i—00 f—00

In particular, this also proves the equality of the domains. 0.6.6.

Proposition 31. Let (H, (X,X0), Fo), be a PVpreM (i.e., ¥y is a Boolean algebra). Then,
there ezists a unique PVM (H, (X,0(X0)), P) extending Py to o(Xy), i.e., such that P(Ep) =
P()(E()) for all £ € . .

Proof: The existence result is Lemma 4.9 in (Schmiidgen, 2012). To prove uniqueness, note
that for each ¥ € H, dp% Yo = R d,uw(Eo) = (¢, Py(Ep)y) is a pre-measure on Xg by
Lemma 22. Moreover, it is o-finite because by Cor. 16 it is finite: du%(X) = ||9||*. Hence,
by Theorem 1, there exists a unique measure extending d,u% to 0(3p). Now, suppose that
(H,(X,0(X0)), P) and (H, (X,0(X0)), Q) are both PVMs extending Py. Then, their associated
measures duy(E) = (¢, P(E)y) and dvy(E) = (¢, Q(E)Y) for E € g(¥y) are extensions of
du%, because, duy(Eo) = (¢, P(Eo)Y) = (¢, Po(Eo)y) = d/ﬁ?/,(Eo) if £ € ¥y (likewise for
dvy). Hence, dvy, = dpy Vi € H. With that, by Cor. 16 it must be that dvy , = duy, for
all 1, € H. But, by definition this means that (¢, Q(E)p) = (¢, P(E)p) VE € o(Xp) and

Vi), ¢ € H. Therefore, Q(E) = P(E).
0.€.0.

Theorem 15. Let H be an arbitrary Hilbert space, I an arbitrary index set and let (X;);ecr
be a family of locally compact, second countable and Hausdorff topological spaces. Denote
X0 = [l;e; X;j and equip it with the product o-algebra ©;erB(Xj;).

If (H, (X;,B(X;)), Pj)jer is a commuting family of PVMs on H, i.e., if they satisfy
Pj(Bj) o Pi(Bk) = Pr(Bk) o P5(B;)  Vk,j € {l,..,n}, VB; € B(X;), By € B(Xy), (5.12)
then,

(i) There ezists a unique PVM (H, (X*°, ®;erB(X;)), P) such that

P(Eyx [I Xj) = (@jesP)(Ey), ¥ finite J C I, VE; € ©,e,B(X,). (5.13)
jeNJ
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We call P the joint- or product- PVM of the commuting family (P;);cr and denote it by
QJEIPJ'

(ii) Denote the functional calculus of P and P; respectively, by ® and ®;.4 If f((2;);er) :=
gi(zy) for some gy : Xj, — C measurable, then ®(f) = ®,(gx) (with equal domains). In

the integral notation, this reads:

/ on(zx) d(@jerP}) = / g (x) AP (5.14)
(wj)jer€X>® zpE€X} R

Proof: Proof of Item (i):

(Step 1.) For all finite J C I, the space HjeJ X; with product topology is still locally
compact (by Theorem 18.6 in (Willard, 2012)), second countable (by Theorem 16.2 in (Willard,
2012)) and Hausdorff (by Theorem 13.8 (b)).

(Step 2.) Fix an arbitrary unit € H. For each finite J C I, the map d” iy : ©jc/B(X;) —
[0, +00), d7py(Ey) == <w, (QjEJPj)(EJ)¢> is a Borel probability measure by Cor. 16.

o By Theorem 7.8 in (Folland, 1999), any finite Borel measure on a locally compact, second
countable, Hausdorff space is regular and in particular, is inner reqular. Therefore, d” [y is inner
regular for every unit ¢ € H and every finite J C I. Moreover, they satisfy the compatibility
condition that given J; C Jo C I are finite nested index sets, for each E;, € ©jc, X;,

@ uo(Ex) = (0, (©gen PYER)0) "= (0, (©senP)(Bn x T[] X;)v)=d"us(Brx ] X)),

JEJ2\J1 JEJ2\J1

ie., d\puy = d2py o (mg5,) L. Therefore, for each unit ¢ € H, by Theorem 6, there exists
a unique probability measure duy, on ®;en®B(X;) such that duy o (7)™t = d” py.

(Step 3.) Recall that the family Ay of Prop. 3 is a Boolean algebra (for the present case put
Y; = B(X;)). Then, define the map Py : Ay — L(#) such that

Ry(EByx [T X;) = (©jesP)(Ey) ¥ finite J C I, By € ©jesB(X;). (5.15)
JeENJ

This is well-defined thanks to the consistency property (5.10) of the finite product PVM.

e Py(FE) is an orthogonal projector for all £ € 2y because all ®;csP; are PVMs. In
particular, Py(X*°) = Id. Hence, Py satisfies points (i) and (ii) in Def. 17 for a PVpreM. As
such, by Lemma 22, if we prove that the set function E € o — (¢, Po(E)v) is o-additive
Vi € H, then (H, (X>°,2p), Py) will be a PVpre-M.

(Step 4.) Fix an arbitrary ¢ € # \ {0} (not necessarily of unit norm). For all E € 2y, one
can write & = E;j X [[;¢p ;X for some finite J C I and E; € ©je;B(X;). Thus,

w/ 1|l is )

(by def) unit, so by def.

(. R T (0, (0,0 PES) ) = WIP( o (©sesPO(ES) ZII>(

by def.)

= [Py (Bn) = P dn s (B).

[“INote that ® takes measurable functions f : X> — C and outputs unbounded operators in .
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But du_y is o-additive in the whole ®;cB(X;) = (o), after all, it is a measure there.
1
Hence, it is also o-additive in 20y (which is a sub-algebra). Therefore, the measure E € 2y —

(W, Py(E)Y) = ||¢||2dﬂﬁ(E) is indeed o-additive, proving that/® Py is a PVpreM.

(Step 5.) By Proposition 31 (and the fact that o(p) = ©;crB(X;) by Prop. 3), there exists
a unique PVM (H, (X*°, ®;e1rB(X})), P) extending the PVpreM (H, (X*°, %), ), i.e., such
that P(E) = Py(E) for all E € 2.

o Proof of Item (ii):

The proof is exactly the same as the one we gave for Theorem 14.(ii). One just needs to
change H?:l = jer Hje{l,...,n}\J = Hje[\Ja H?:L;ék = Héel\{k:} and (21, ..., ¥pn) > ())jer-
0.€.0.

[BIThe 1) = 0 case makes the trivial o-finite spectral measure du, = 0.

5.2.3 The Spectral Subspaces of an Arbitrary PVM

First, let us recall the properties of a multiplication operator in the L2-space of an arbitrary

measure space.

Lemma 23. Given a measure space (X, Y, du) and a measurable function f : X — C U {o0}

that is du-almost-everywhere # oo, the operator that acts multiplying by f:

My LA(X,dp) — L3(X,dp)

) — [3: eXr— f(a:)w(:z:)} (5.16)

with D(My) = {¢p € L*(X,du) | [IM#ll 2 (x g,y < +00} (ie., the maximal domain where it
makes sense), is a densely defined operator and we call it the multiplication operator of f. It
satisfies (My)* = Mz with D((My)*) = D(My) and | M| = [[(Mf)* || for all ¢ € D(Mp).
Hence, (M, D(My)) is a normal operator. If f is real-valued, then it is a self-adjoint operator.
If dp is o-finite, then the spectrum is o(My) = ess range(f). .

Proof: See Example 3.8 in (Schmiidgen, 2012). O

About the following theorem, note that all items except (iii) are proven roughly the same
way as when a PVM is associated to a separable Hilbert space and takes values on R (see for
instance (Porta, 2019)). However, since we did not find the proof for our more general case
anywhere, we provide it here. Item (iii) on the other hand is proven inspired by the usual proof
for the existence of ONBs in non-separable Hilbert spaces.

Theorem 16. Let H be a Hilbert space, (X, ) a measurable space and (H, (X, ), P) a PVM.
(i) For each ¢ € H,
{@(hw | f € LA(X, dpuy)} = span{ P(E)y ] Eex}. (5.17)

We denote it by H¥ and call it the spectral subspace generated by 1. In particular, Vo €
HY, dpy < dpy.

(ii) Given o, € H, if o L HY, then H? L HY.
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(iii) There exists an orthonormal family (Yy)nex € H with |X| < dim(#) such that (H¥")yex
are mutually orthogonal and their joint span’s closure is H. In particular,

H = H™. (5.18)
Nex

We call such a family of vectors (¢¥g)mex C H a spectral basis of the PVM P.
(iv) For each fixed ¢ € H, the map

U: HY —  L2(X,dpy)

=) —  f (5.19)

is well-defined and it is a unitary isomorphism. Moreover, |f|? is the Radon-Nikodym

derivative dpug/dpyp, ie., duy = | f12dpy.

(v) For each ¢ € H, and each measurable f : X — C, the spectral subspace HY reduces O(f)
(see Def.44). Hence, the reduced parts ®(f)|yv, <I>(f)|(H¢)l satisfy ®(f) = ®(f)|yv ©
(I)(f)|(wa)J_ (block reduction on H = HY @ (H¥)1).

(vi) For each ¢ € H and each measurable f : X — C, defining U as in (iv),
O(f)lpw = U~ o My o (U lynp,)-
Proof: Ttem (i): First, note that the L.h.s of (5.17) is well-defined because by definition,
f e LA(X, duy) /GX 1f(2)2dpuy < +o0 == o € Dy, (5.20)

such that it always makes sense to compute ®(f)y when f € L*(X, duy).
« Claim: The Lh.s of (5.17), which we denote by HY, is a vector subspace of H.

Check: If 1,2 € HY, by definition, 3f1, fo € L*(X,duy) sth. ¢ = ®(fr)y. Then,
Va, 5 € C

| Jah@+8R@Pde = [ (lah@] +|8R@) +2Re{afi@)8h()} )du, =
reX zeX

= lal[lf1l* + B f21* + 2Relcufs, Bf2) r2apy) < lallLall* + BP0 + 20l BILA I f2ll 12 (4 ) < 00
Thus, af] + Bfs € L2(X, duw), ie., € Duyg +pf,- But then,

(Prop. 30)

apr + B2 = a®(f1)Y + BR(fo)Y - = (afi + Bf2)Y (5.21)

and hence, ap; + fps € HY.
e Claim: HY is a closed subset of H.

Check: Let (¢n)nen C HY be an arbitrary sequence converging to H, i.e., such that lim# oo Pn =
¢ for some ¢ € H. Then, by definition of HY, there exists (f,)nen € L*(X,dpuy) such that
©n = ®(fn)1 and thus, lim?*, _ ®(f,)1 = . In particular, (®(f,)¥)nen is a Cauchy sequence.

But then, uniformly in n, m,

()— hm [D(fr)Y — @(frn)?]]

2 ()21

i [B(f — )] =
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T _ 2 T _
- nﬂlvir—rioo zeX |fn fm’ d,uw o n}rlLI—r}oo an meLQ(deuw)’

80, (fn)nen is a Cauchy sequence in the Hilbert space L?(X,dpuy). As such, it must converge
2
to some f € L?(X,duy), i.e., i () fn = f. Therefore,

lim (f,)e 2 ®(f)

n—oo

(uniqueness of limit)

1)

and thus, by definition, ¢ € HY, proving that H¥ is closed. We check (%):

5.21)

Tim [ @(f)e — B(N)9] "= tim 1@, — el = lim [ fu— fll2a,) =0

+ Now, trivially, span{ P(E)y | E € £} C H" because (i) P(E) = &(1z) for all E € % and

(ii) 15 € L3(X, dpy) (dpy is a finite measure). But HY is closed, so, span{P(E)w ‘ E € Z} -
HY.

« For the reverse inclusion, consider an arbitrary ®(f)y € H¥. By definition of functional
calculus, @(f)y = lim, o ®(f1lg, ) for Qy, := |f|71([0,n)). In particular, (f-1g,) € My(X,3),

so by Thm.2.10 in (Folland, 1999), it is a uniform limit of simple functions (s¥)gen. Then,
by continuity of ®(-) : (M, ||:||l.) = L(H), ®(f)1h = limy—se0 limg oo P(s5)1p. But &(sk)y €

span{P(E)w ‘ Ec E}, so ®(f)v € span{P(E)@Z} ‘ E e Z}.

o For the last claim, let ¢ = ®(g)y € HY arbitrary (such that g € L?(dpuy)). Then, for each
EeX

djg(E) = | P(E)el? = | @(L5)@(g)p)? 7=

(el = | ol @)dies = lglduy (B).

Hence, du, < dpu, and |g|? is precisely the Radon-Nikodym derivative dpg,/dp,, —this also
proves one of the claims in (iv).

Item (ii): Let f € L?(X,du,) be such that f € My(X, ). We prove that ®(f)p L ®(g)v
for all ®(g)y € HY :

(@(f)p, ©(9)¥) (0, @(f)(g)v

Now let f € L*(X,du,) arbitrary. Then, given f, := Lq, f, Qy : |f|71([0,n)), for each n € HY,

(Prog. 30) > (feé/lb) < > (LPJi-Lw) 0

@, O(fg)y

(def of ® &

(@(f)e,n) <’“:°““'> lim (@(f)e,m L0 = e(ne LU = HE L HY

n—o0
Item (iii): Each ¢ € H has an associated H¥. Now, define

6::{B§H‘V1/J€B, [ =1 andif y#peB then HY LM}  (522)

This is a non-empty family because () € &. Note that every B € & is trivially an orthonormal
family.?) Now, the relation C is a partial order in &, i.e.,

(a) Reflezive: BC B VB e &  (b) Antisymmetric: VB, By € & : (31 CBy& B, C Bl> — By = By,
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(C) Transitive: VBl7B2,Bg €6: B C By, CBy;— B; C Bs.

o In particularr, every subfamily ) C & that is a chain (i.e., such that VB;, By € ) either
B; C By or By C Bj) also has an upper bound (i.e., 34 € & : VB € ), B C A): the upper
bound of 9 is precisely A :=pey B.

Check that the claimed A € &: If A = () or it consists of a single element (since it must be
unit) we are done. Else, let ¢, ¢ € A different. By definition, 3B1,B2 € 9 : ¢ € By, p € Bs.
Because %) is a chain, either By C By or Bo C By. Let us say it is the first one. Then, ¥, p € By
so, by definition, ||¢|| = 1 = ||¢|| and H¥ L H¥. Hence, A € &.

o Zorn’s lemma (see 0.2 in (Folland, 1999)): if (X, <) is a partially ordered set where every
chain has an upper bound, then X has a maximal element (i.e., an element M € X such that
Pre X\M: M <uz).

e Then, by Zorn’s lemma, & has at least one maximal element, i.e., there exists an orthonor-
mal family of vectors By, C H such that for all different ¢, ¢ € Bz, HY L HY with the
property that there is no n € H \ {0} such that H? L HY Vi) € Brae-

e Claim: span(Uyeg,,,,H?) =H.

Check: Assume this was not the case. Then, there would exist a non-zero vector n €
span{H¥ | ¢ € Bz} But then, n L HY V4 € Bz, so by item (i) H" L HY Y € Brae,

contradicting the proven maximality.

o Note that the cardinality of By, cannot be greater than that of an ONB (which defines
dim(#)), because an ONB is a maximal orthonormal family of vectors. Finally, Prop. 15 gives

the remaining part of statement (iii).

Item (iv): It is well-defined because,
 Claim: Vi € HY there exists a unique f € L*(X, duy) such that ¢ = ®(f)1p.
Check: Let fi1, f2 € L*(X, duy). Then, 1 € Dy, N Dy, and thus,

( YeDy, mez)
+ Prop 30

B(f)v = B(f2)d <= [[(®(f1) — D(f2))e]> =0 1(f1 — fo)w))? =0 "B

o [ 1) = @)y = 04 11 = elliagx g, = 0= hle) = fol@) ae. v € X.

o U is liner: Let p1, 02 € HY, o, 8 € C. Then, 3fy, fo € L*(X, dpy) such that ¢ = ®(f)1).
We proved when checking that H¥ is a vector space that apy + Bps = a®(f1)y + BP(fo)) =
®(afi + Bf2)p. Hence, U(apr + Bpa) = afi + Bfe = aU(p1) + BU(p2).

o U is isometric —and hence injective: Let ¢ € HY with ¢ = ®(f)1p. Then,

(Prop. 30

)
U gy = Moy = [ 1F @) 12 ()% = llelly-

xre

o U is surjective: Let g € L*(dpy), then ¢ € Dy and ¢ := ®(g) is such that Up = g.
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Item (v): Let Q € £ be the orthogonal projector with range H¥ and @+ := I — Q. Assume
first that f € My(X,X). Then, for an arbitrary ¢ € H,

« One the one hand, ®(f)Q*¢ € (H¥)* because for any h € L%(duy)

VL) Lo, ®(Fh)y) = 0.
———
eHY

(@()Q 0, (M) = (Q ¢, ®(F)2(h)¥)

This shows that ®(f)Q+ = QL®(f)Q* for f € My(X,X).
« On the other hand, ®(f)Qy € HY because given Qp = ®(g)y for some g € L*(dpuy),

(ngDig:Dg)

QY(f)Qe = QP(f)P(g)p QY(fg) = O(fg)y = ®(f)P(9) = ©(f)Qyp

This shows that ®(f)Q = Q®(f)Q for f € My(X,X). With all,

Qe(f) = Qe(f)(Q+ Q) = Q2())Q = 2(/)Q,
and thus, HY reduces ®(f).

e Now let f: X — C be an arbitrary measurable function, such that Q, := |f|~*([0,n))
and f, := flq, € My(X,X). Let ¢ € Dy be arbitrary. One cannot freely plug Q¢ or Qo to
®(f) anymore, after all, they might not be in Dy. Instead, we proceed with the following trick.
Define 7, := ®(1q,)Qy and note that now 7, € D;.[’) Then,

B(f)mm = ()@ (10,)Qp "= o(£)00 T Qa(fa)e. (5.23)
such that lim (), 2" lim Q@(f)e 2™ @ 1im @ (f)e Y= Qa(p)e.

Moreover, given the g € L?(dp) such that Qp = ®(g)1,

]
lim 7, = lim ®(Lq, )®(g)y = lim (1g,9)v = (9)y = Qyp.

n—oo n—oo

But, ®(f) is a closed operator by Prop. 30, so, the above two results together imply that
Qp € Dy and ®(f)Qp = Q®(f)p. Thus, Q®(f) C (f)Q and HY reduces ®(f).

Item (vi): First, note that for arbitrary measurable f : X — C and g € L*(X, duy), given
that s, := fogl aplpp (withn e N, N, e N,of) >0, E} € ¥) is a monotonously increasing
sequence of simple functions converging to |f|? (as in Thm. 2.10 of (Folland, 1999)),

((P2:P, P(E]?):(I)(I[Eg))

(mont. conv) N ¢(1Eg)¢(zﬁ:¢(13gg)

J TP @ dnae "t S (@), APED®(9)Y)
= (5.24)

N. N,
. - n 2 (Prop 30) .. - n (mont. conv)
= lim Y ag|emgw| TR m S ap [ lgP@) s (2)du, " 1912 (@) 1 (@)dp.
1 n—00 ] X X

n—00
k

« Using this we can check that the domains of ®(f)|y« (i.e., DyNHY) and U1 D(M;) agree:

DynHY ={peH \ (39 € L (duy) - 0 = D(9)0) & f € LP(dpy) } =

= {B(g) | g € LA(dy) & | € Pldpageys) } = {2(0)0 | 9. f -9 € L2(dpy)} =
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= UK ={glg, f-g€Ldny)} = {g € L2(dy)] Mgl 12 gy, < o0} = DM).
« Now we check the action of the operators. Let ¢ = ®(g)y) € H¥ N Dy. Then,

(goED #NDgg+
Prop. 30.v

Ud(f)p =Uo(f)®(g)v ) U(f-g)b=1Ffg=Msg=M;Ugp.

Hence, U®(f)|yw = My(U Ip,rpe)- Applying U~! from the left we have proven (vi).
0.€.0.

BTy particular, Vi € H, 1 € HY because ®(Lx )y = P(X)y =.
PlUsing that ®(1q, ) = P(Q),

(5.24)
1R, = [ 1P anp,) o, 2 [ 1100 <0 [ duo <o
X X N—— X X
*(1g,,)

INote that ||®(1q, g)1 — ®(g)|* = fx ILq, () — 1*|9(x)|*dpy. Then, we prove that this goes to 0 as n — oo
using the dominated convergence theorem: (a) point-wise |1g, (z) — 1||g(xz)] —— 0 because 2, is a nested
n— oo

exhaustion of R; (b) |g|? is a dominating function in L' (duy): [1a, (z) — 1||g(z)]* < |g(z)[*.

5.2.4 The Joint Diagonalization of Arbitrarily Many Operators

Theorem 17. Given an arbitrary PVM (H, (X, X), P), there exist:
o an orthonormal family (Yo)mex C H with |X| < dimH satisfying H = Py HY" and

e a unitary isomorphism

U: H= @ Him — @ L*(X,duyy)
NeX NeX (5.25)
o= (‘I’(J‘?n)%n)m636 — (fn)mex

such that for each measurable f: X — C,

O(f)=U%"o PMjo(% Ip,). (5.26)
Nex

That is, the operator ®(f) is a multiplication operator within the isomorphic space ®nexL?(X,

djtyy,) —namely, it is a diagonal operator in that space. One calls this construction a diagonal-

ization for the functional calculus . .

Proof: The first item is Theorem 16.(iii). Next, using Theorem 16.(iv) within each sector H¥»
we get a unitary Uy : HY — L2(X, dpy). Putting them together as % := @nexUn, they make
a unitary map —see the proof of Theorem 13.(i). Finally,

Th.16.(v)) Th.16.(vi _ (by def.)
3(f) "EY D een = DU T oMo (U lywmen,) =T U o @ My o (% 1p,).

nex Nnex Nnex

o0.€.0.

Definition 19. In the setting of Lemma 23, if X = [[;c; X; for arbitrary I and (Xj)jer, we
will denote the multiplication operator of the k-th coordinate map 7y, : (z;)jer — zk, Max,, by

Ty (since 2 f((w5)jer) = 21 f (%) jer))- .
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Theorem 18 (Spectral Theorem). Let (A, D(A)) be a self-adjoint operator in a Hilbert space H.
Then, its spectrum satisfies 0(A) C R and there ezists a unique PVM (H, (o(A),B(c(A))), P)
such that
A= <I>(a €o(A) — a) = / a dP. (5.27)
aco(A)

We call it the (spectral) PVM of (A, D(A)). We denote its associated functional calculus by
f(A) :== ®(f). Moreover, there exist:
o an orthonormal family (g)mex C H with |X| < dimH satisfying H = Pyeyx HY" and

¢ a unitary isomorphism

U H= @ Hex — @ L*(o(A) ,duyy)
NeX NEX (5.28)
o= (fm(A)wm)mex — (fo)mex

such that for each measurable f : o(A) — C,

O(f)=%"o PMjo(% Ip,) (5.29)
Nex
In particular, % c Ao %' = @ #, i.e., A is the canonical diagonal (multiplication) opera-
Nex

tor in the isomorphic space. We call this space the diagonalization space of the operator A.
The wavefunction ¥ € @ L%*(0(A),dpuy,y) is said to “be” the state-vector Z ~'W¥ € H in
Nex

A-representation (e.g., the “energy representation”). .

Proof: See Theorem 5.7 in (Schmiidgen, 2012) for P’s existence over R (instead of o(.A)).
Applying Thm. 17 we get the rest over R (instead of o(A)). Now, we define the PVM’s support
suppP to be the smallest closed subset B C R such that P(B) = 1./ By definition, for all
Y € H, duy(B) = (¢, P(B)y) = 0 if BN suppP = (. Hence, any Borel subset of R \ suppP
has djy-measure 0 for all spectral measures. As such, by restricting the o-algebra, we can

substitute R by suppP. Finally, by Prop.5.10.(i) in (Schmiidgen, 2012), suppP = o(A).
0.€.0.

(8] After Def. 4.3. in (Schmiidgen, 2012), this definition of suppP is proven to be equivalent to more conventional
definitions whenever the space (X, ) over which the PVM is defined is (the Borel o-algebra of) a Hausdorff
second countable topological space.

Theorem 19. For an arbitrary index set I, let (A;, D(A;))jer be a family of self-adjoint
operators acting on a Hilbert space H, with the property that they commute strongly, i.e., that
their respective spectral PVMs (H, (R,B(R)), Pj)jer (given by Thm. 18) commute with each
other:

Pj(Bj) o Pp(By) = Px(By) o Pj(B;)  Vj,k € I,YBj, By € B(R). (5.30)

Then, the PVM (H, (IL;je;R, ©jerB(R)), ©jerP;) is called the joint spectral PVM of the
family (H;, D(H;))jer- Given ®,®;, are the functional calculus of ®;e;P; and Py respectively,
for all g5 : R — C measurable, defining f((x;)jer) := grx(xr), we get that ®(f) = Pr(gx). In
particular,

Ay = / ar d(@jerP;). (5.31)
(aj)jerel[;c,/ R

eI
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Moreover, there exist
« an orthonormal family (¢o)mex C H with |X| < dimH satisfying H = Py HY™, and

e a unitary isomorphism

U: H= @ M — @D L*(I1jer R, dpyy)
Nex Nex (5'32)
p = (‘I’(fm)%?)mea€ — (fo)mex
such that for each measurable f : [[;c;R — C,
O(f)y=%""o PMyo (% Ip,) (5.33)

Nex

Lo @ Zj o %. We call this construction the joint diagonalization of
Nex

the family (Aj)jer. The wavefunction ¥ € @ L2(Hje[ R, dpiyy,) is said to be Z 10 € H in
Nex

In particular, 4; = %

(Aj)jer-representation (e.g., the configuration representation). .

Proof: Because R is a locally compact, second countable and Hausdorff space, the hypotheses
imply, by Theorem 15, that there exists a unique product PVM (H, (I[;e; R, ©erB(R)), OjerF).
Moreover, given ®, ®; are the functional calculus of P, P, respectively, the theorem also gives
that ®((a;)jer € [I;e; R = ax) = ®x(ar € R+ ay), which is equal to Ay by Theorem 18. The
rest of the statement follows from Theorem 17. o.c.0.

If we defined the joint spectrum o((Aj)jer) to be the (suitably defined) support of the joint
PVM ®jerP; (as it is done for finite products), it would be interesting to relate it to the product
of the spectra J[;c; 0(A;). We leave this as future work.

5.3 The Decomposition into L*(R*, d*us) Layers was the Joint
Diagonalization of All Position Operators

Let us manifest a very suggestive analogy. If we applied (the joint-diagonalization) Theorem 19
to ®pen L2 (R, dz) for countably many PVMs (®kenL2(R, dz), (R, B(R)), P;)jen (of associated
self-adjoint operators (®;(z; — x;), D;)), we would get the existence of some vectors (1m)anex,
each generating a subspace Hy := H™, such that

Block diagonal unitary 2
B LR, djiy)
m

Nex Nex

v = (Um)mex — (gn)mx

for some probability measures dp,, satisfying duwy, = |g;|?dpyy, (the spectral measure of ¥y).
Meanwhile, we found in Chapter 4 (under a very different concern) that there exists a family
of vectors (pe)eer each generating a subspace ®F . L?(R, dz) such that

Block diagonal unitary

ken L*(R,dz) = @ ( ®§€N L*(R, d:c)) @ L*(R>, A 41 )
eer ¢er

v = (V¢)ee 1 — (9¢)eer
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for some probability measures d>°u,, satisfying that for elementary tensor product ¥’s, d*°ug, =

|ge[*d> b,

The reader will agree that this cannot be a coincidence. But then the question is, which are
the PVMs whose joint diagonalization space is this? Which is the joint functional calculus and
which are the self-adjoint operators working the lever behind the curtain? Our claim (in view
of the discussion at the beginning of the chapter) is that the operators behind the scenes are
the “lifts” Id®---® §® Id® - -- of the position operator § acting on each factor L?(R,dx). In
order to make this precise, we start by checking what such a lift could rigorously mean in the

ITP setting.

5.3.1 The Lift of Unbounded Operators to the ITP

Lemma 24. Let I be an arbitrary index set and let (H;),cr be a family of Hilbert spaces. For
some k € I let (Ag, D(Ax)) be a densely defined operator on Hjy. Then, the set

jel Jjel

Do(Ap) := span{ X fic @H,

fr € D(Ag) } (5.34)

is a dense vector subspace of @ ;c; H;. Defining the map Ay : Dy (;l\k) — @jer H; as the linear
extension of

A(®f)= ® F©Af)

jeI je\{k}

(i.e., “putting identities in all entries except the k-th, where we put Ay,”), makes (Ag, Do(Ay))
a densely defined linear operator on & ,c; H;. We call ;l\k the lift of Ay to the ITP. R

Proof: DO(;l\k) is a vector space by definition. To prove density, consider an arbitrary elemen-
tary tensor product @,c; 95 € ;e H;j. Then, by density of D(Ag) in Hy, 3(¢n)nen € Hy such

Il

. I .
that limn— o8 ¢, = g. But then, by Prop. 53, (®je]\{k} 95 @ ¢n) n_)—fo> ®,er gj- Since by defi-
nition, (®;ep (xy 95 ® Pn)nen S Do(Ay), the set of elementary tensor products S := {®jerg; €
®jert;} is such that S C Do(Ay). Because Do(Ay) is a vector space, spanS C Do(Az), but
then, we defined the ITP such that spanS = @;c; H;, so Do(;l;) = Qjer Hj-

0.c.0.

Proposition 32. In the setting of Lemma 24,
(i) If (Ag, D(Ag)) is a symmetric operator, then so is (;l\k, Do(;ﬁg)).

(ii) If (A, D(Ay)) is essentially self-adjoint (e.g., if it self-adjoint), then (Ag, Do(Ay)) is
essentially self-adjoint (i.e., the operator closure .Zk is the unique self-adjoint extension

of .Zl\k)
(iii) Each and every layer ®j¢eIva ¢ e, reduces (.Zl\k, Do(;l\k)) (see Def. 44). As such, defining
D%(.Ak) = Do(Ag) N ®j¢6]7-[j, and Agle = Ak’@)fe[}‘j’
(Ar, Do(Ar)) = (€D Arle, ®ZerDE(A)), (5.35)
gel’

where @feng(;l\k) = @@eng(;l\k) N @ér(®§elﬂj) (which are the elements in
EB@GFDQ(;Q) —as in Prop. 18— for which only finitely many sectors are non-zero). .
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Proof: Ttem (i): Let &,V € Do(;l\k) arbitrary, then ® = >0V | ¢ Rjer ff, =M b Rjer gf
with N,M €N, by, ¢, € C, and gf,ff € H; if j # k, else, gt, fi € D(Ag). As such,

N M N M
(@, A40) = SN @b (5 Agp) [T g 2 ZZ HAfh g T U a)) = (Ax,w).

t=1r=1 JEI\{k} JEI\{k}

Item (ii): By Prop.53 (linearity of ®), the lift of the operator (Ay + ald, D(Ay)) for any
a € C is simply (Ay, + ald, Do(Az)). By Theorem 3.92 in (Teufel, 2021), a symmetric densely
defined operator like (Ag, D(Ay)) is essentially self-adjoint if and only if range(Ay + ild) and
range(Ay — ild) are dense in Hi. Now, let S denote the set of elementary tensor products of
®jerH; and let there be an arbitrary @,y g; € S. By the density of range(Ay + ild), there

(B[P
exists (¢n)neny C D(Ag) such that (Ay £+ iId)oy, ﬁ gx- Hence, the sequence (®jel\{k} g; ®
én)n C Do(Ay) is such that

@iz’fd)( ® gj®<z>n>= ® g; @ [(Axild)g] —2 Q g;.
je\{k} jef\{k} e jel

Thereby, S C range(;l\k +iId). Since the range of a linear operator is a vector space, spanS C

range(Ay, & iId). But, spans is dense in & jer H; so, range(Ay,+ild) is dense as well. Therefore,
by the aforementioned theorem, (Ay, Do(Az)) is essentially self-adjoint.

Item (iii): By definition, any U € Dy(Ay) is a finite linear combination of elementary tensor

products with a constraint only on the k-th factor,

U = Zce X wj for some ¢y € C, @ wj € QH, Yt € D(Ap). (5.36)

/=1 jel jel jel
But every elementary tensor product belongs to one and only one subspace ®g¢e H;j, so we can
always group the summands belonging to each class € € I', say, with an extra index indicating

the class. That is, for any ¥ € Do(;l\k), there is an n € N and some {€,...,€,} C T such that
given P¢ is the orthogonal projector to ®j€-e ﬂ-lj,

£,&
n ¢ if ¢ € {€4,...
U= 0%  for W= POU— gzl Z;?fb & }, (5.37)
0 else

In particular, this shows that for ¥ € Do(;l\k), P ¢ Do(;l;) for all € € I, such that
PDo(Ar) € Do(Ayg). Then, using in () that trivially, Qjen{k}fi ® fv ® Qjenxyfi ® gr for
all k € I, gx € Hi and (fj)je] €,

*

Ne
AP = Ak(zcg ® v} ¢> S @ e (A Y

=1 J€I =1 JEN{k}
Al ’ ¢ T
= P¢<ZC§: (029 TZJJ-’C ® (Ag k’€)> = PQ.A]C\I’.
=1 JeN{k}

Hence, P?Zk - .,Zl\k,PC and ®]¢-€I’Hj reduces .Zk
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e Finally, let ¥ € Do(;l\k) be arbitrary. In view of (5.37), is is also an element of
EB@GFD%(;\\;C), i.e., each U¢ ¢ DS(;l\k) and Y gcr H.Zl;\I/QHQ =>7, H.Zl;lllek ’ < +00. There-
fore, Do(Az) C EBjeIDg(;l\k). At the same time, by (5.37), ¥ € EB&M@%GI’HJ-) because only
finitely many sectors are occupied. Combining both, we get that Do(;{\k) C ®eerD§(AR)N
@fep((@feﬂ-lj). The inclusion in reverse is trivial by (5.37), so, D$(Az) = @eerDE(Ar) N
EBQJ(?EF(@]QEI/H]')‘ 0.c€.0.

For later use, we provide also the following method to construct densely defined operators in

& jer Mj, this time assembling operators that act on each layer of the ITP.

Proposition 33. Let I be an arbitrary index set and let (#;),cr be a family of Hilbert spaces.
Given the the decomposition @ ;c; H; = @ger(®§e ;H;) of Theorem 25 and given a densely
defined operator (A¢, D(A¢)) acting on each layer ®y¢e Hj,

(A, D(A)) := (@Qer Ag, @gepD(Ag)) (see Prop. 18) (5.38)

is a densely-defined operator on @ ,c; H,;.

(i) If all (A¢, D(Ac)) are symmetric, then (A, D(A)) is symmetric.

(ii) If all (A¢, D(Ag)) are closed operators, then (A, D(A)) is a closed operator.
(iii) If all (A¢, D(Ag)) are self-adjoint, then (A, D(A)) is self-adjoint.

Proof: Just apply Proposition 18. [J

5.3.2 The “Coordinate” Strategy: use the Identifications with L?(R>, d* )
to Find the PVM of the Position Operators in ®;y L*(R, dz)

Corollary 17. Let (¢, D(§)) be the usual position operator acting on L?(R,dz) (such that
G (q) = q¥(q)). For each k € N, let us denote by ¢ = [d® - ®§®Id® --- its lift (as in
—_———

k
Lemma 24) acting on the k-th factor of ey L*(R, dz). Then, (g )ren is a family of self-adjoint

operators on @y L*(R, dz), acting as

G @Y @) =1 @ @ (k) @Y1 @ -+ . (5.39)

We will call them the (lifted) position operators of the ITP. For each of them there exists
a unique PVM (Qyeny L2 (R, dz), (R,B(R)), Q) such that its functional calculus ®j yields
Py(q € R = q) = G- ¢

Proof: Apply Prop. 32 and Thm. 18 to each operator.[]

Now, we would like to apply (the joint diagonalization) Theorem 19 to these lifted position
operators {gx}ren in order to check if the structure we found in Theorem 13 is indeed their

joint diagonalization space.

The reason why one would expect to be able to apply Theorem 19 is that the position operators
Gr =1d®---®{®1d®--- commute pairwise with each other in their common domains (after all,
each one acts in a different factor of the elementary tensor products). However, commutation is

97



a weaker condition than strong commutation (i.e., that the spectral PVMs commute). And we
need strong commutation for Theorem 19. There exist ways to identify strong commutativity
without explicitly knowing the PVMs —as we find in Appendix B.

Alternatively, one could find a way to lift PVMs from factor spaces of the ITP to the product
space and then check that they commute strongly —this is also developed in Appendix B.

Instead, in the main text, we are going to apply a “clever” roundabout by “bootstrapping”
the tools we have developed so-far. In particular, we are going to employ the “dissection” of the
abstract space Qpey L*(R, dx) into the more “concrete” L?(R*, d®pu¢) spaces from Theorem
13. The idea is to use them as a “coordinate space” where technical things like finding PVMs
is easier and to pullback the results to the abstract ITP only at the very end.

Our “coordinate” strategy goes as follows. At each L?(R>, d*®°u¢), there are obvious position
operators (2, D(Z)) —of Def. 19— and there are obvious “ansatzes” for their PVMs —namely,
Py(By) = ./\/lan, By, € B(R). There, it is easy to check whether they are PVMs, whether they
commute with each other and even their functional calculi can be easily guessed. We will also
find their joint PVM explicitly (still in L?(R*,d*®u¢)) and only at the very end we will map
everything to the layers of the I'TP. Lastly, we will check that the direct sum of those PVMs

gives the joint PVM of the position operators g from above.

We start by checking that the “ansatz” PVMs of the first step are right.

Proposition 34. Let I be an arbitrary index set and denote R! := [Ijer R. Equip it with the
product o-algebra ©;crB(R) and let du be an arbitrary measure. Then, for each k € I,

(i) the map Py : B(R) — L(L*(R!,du)) such that for each By € B(R), Py(By) := My,
with B := By x Hje[\{k:} R, is a PVM.

(ii) The map ®j taking arbitrary measurable functions g : R — C and yielding densely
defined operators ®5(g) := Mgyor, of domain D(Mgor,) (as defined in Lemma 23) is the

functional calculus of Py.

(iii) Py and & are the spectral PVM and functional calculus of the multiplication operator
(Zg, D(21)) from Def. 19, i.e., Pp(zx € R — x1) = Tk. .

Proof: Ttem (i): First, for all By, € B(R), Py(By) is a bounded operator: let ¢ € L*([[;c; R, dp),

then ) )
IPUBIE = 1M1l = |

T

La(@)p@)Pdu < [ )Pl = .
eR/! zeR!

o Every, Py(By) is idempotent:
Pr(Bp)* =1p -1 ¢ =1p- ¢ = P(Bp)¢.

By Lemma 23, P;(By) are self-adjoint because they are real-valued multiplication operators.

Hence, Py (By) are all orthogonal projectors.

e Now, let (Bf;)geN C B(R) be pairwise disjoint. Then, Ve € L?(R', du),
2

/a;e]Rf

2

N
1 L 2 @) = 2 Mgy, (@) [P (@)dp =
/=1

00 N
Po( L BE)v =3 Pu(Bhw
=1 /=1
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(Disjoi_nt BY) 2
in /xeRI L e BxIT, R @) — 1 BﬁXHI\kR(x)‘ b2 () d

Point-wise, the integrand converges to 0 almost everywhere, since there is an N for every
i € ey B,ﬁ, such that = € |/, Bﬁ Vn > N. Moreover, by the triangle inequality, the

integrand is dominated by 2|v|?, which is in L?. Hence, by the dominated convergence theorem,
N—o0

HPR<|_|Z’21 B,ﬁ)@/} -, Pk(Bf;)wH —— 0 and P is strongly o-additive. With all, Py is a
PVM.

Item (ii) : By Lemma 23, (®4(g), D(Mygyor,)) is a well-defined densely defined operator for
any measurable g : R — C. In particular, if g € M(R,B(R)),

1/2
k()= sup  [[Mgom, ¥l =  sup (/ \g(ka)w(x)\Qdu) <|glloe- (5.40)
YeL? (R dp), PpeL2(R! dp), ~ Jwe€R!
l[pll=1 lll|=1

« For simple functions s € M,(R,B(R)), say, s = S, aglpe, with N € N, Bl €
B(R), ay € C, using in (x) that for any A € B(R), L4 omp = ]IAXH WR
I\k

N N
*
ils) = MZ?{:l O“f]lBﬁoﬂk (:) MZZ\I:I O‘ZﬂBﬁxHI\kR - ; Cw-/\/lBﬁxl_[l\k]R - ; OKZP]C(B’[;)'
Hence, ®;, agrees with the action of the functional calculus of P; on the simple functions. Now,
as a map from My(R,B(R)) to L(L(R!,du)), @}, is clearly linear and it is bounded because
(5.40) implies that ||®][,, < 1. Hence, @ [, is continuous. But the simple functions are dense
in My(R,B(R)), so, & must act as the functional calculus of Pj everywhere in M;(R,B(R))
—after all, two continuous maps between Hausdorff spaces that agree on a dense subset agree

everywhere (see Lemma 32).

e Denote by D’g“ the domain of the functional calculus of P, on an arbitrary measurable
g : R — C.[] Then, since ¢, agrees with the functional calculus of P, on M,, the only thing we
miss to check is that D;f = D(Myor, ). Let s, = ZéV:”l aylpn be a strictly increasing sequence
of non-negative simple functions approximating |g|? (Thm.2.10 (Folland, 1999)). Then,

N,

/ . (@) Pl () [P dpe R Zaé/ )" gy (x)dp = Jim Zae (v, Pe(By )) =
2CRI n—o00

eR!

. (mont. conv.)

= lim Zae duw B}) = = lim Zag/ Ly (x, d/%p = / \g(xk)IQd,ufz.
kER rpER
Therefore, ¥ € D(Mgor, ) <= ¢ € D’g“.

Item (iii): By definition, ®(zx € R — zx)¢(z) = zp¢(x) = T (z) and we just checked that
the domains agree. By Theorem 18 there is a unique PVM with this property for (2, D(&))

because by Lemma 23 it is a self-adjoint operator. Hence, it must be P. 0.6.6.

BIThat is D == { ¢ € L*(R",dp) | g € L*(R,duk) } for duk(B) := (1, Pu(B)y), B € B(R).

Now we make explicit which is the joint diagonalization PVM within the L2-space (before

transporting the results to the ITP).
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Proposition 35. In the setting of Proposition 34,

(i) The map P : ®;eB(R) — L(L*(R!,dp)) such that P(B) := My, for B € ®;c/B(R) is
a PVM.

(ii) The map ® taking arbitrary measurable functions f : R’ — C and outputting densely de-
fined operators ®(f) := M of domain D(M) (as defined in Lemma 23) is the functional

calculus of P.

(iii) All operators (Zx, D(21))ker commute strongly (i.e., their PVMs commute) and the joint
spectral PVM and functional calculus are exactly P and ®. Hence, P = ©Oj¢rF;. .

Proof: The proof of item (i) and (ii) are almost exactly the same as those of Proposition 34.

We include them merely for completeness.

Item (i): First, for all B € ®;erB(R), P(B) is a bounded operator: let ¢ € L*(R!, du), then

IPBYIE = IMuyol = | @@ Pdus [ ()= .

e Then, P(B) is idempotent: P(B)*) = 1p-15-¢ = 11 = P(B)y, and it is self-adjoint by
Lemma 23 because it is a real-valued multiplication operator. Hence, P(B) are all orthogonal

projectors.
o« Now, let (B)seny C ©@jcr®B(R) be pairwise disjoint. Then, V¢ € L2(R!, du),

2

/zeRI

2
I e pe (@) =1y (@)] [ A(z)dp.

o N N
HP( LI B)v = >_ P(BYY U e @) = 3 L @)] TP (o) =
/=1 =1 /=1

(Disjoint BY)

z€R!
Point-wise, the integrand converges to 0 almost everywhere, since there is an N for every
T € |len B! such that z € 7=y BY ¥Yn > N. Moreover, by the triangle inequality, the
integrand is dominated by 2|¢|?, which is in L?. Hence, by the dominated convergence theorem,

|P(Uz: BY)v— £, P8O

N—o0

—— 0 and P is strongly o-additive. With all, P is a PVM.

Item (ii) : By Lemma 23, (®(f), D(My)) is a well-defined densely defined operator for each
measurable f : R! — C. In particular, if f € My(R!, ®;erB(R)),

1/2
le(lly = sup Mgl = sup ( / \f(x)w(l’ﬂQdM) <l (341)
YeL?(R! du), YeL?(R! du), \ /R!
lwll=1 [wll=1

« Now, for simple functions s € M(R, ®;erB(R)), say, s = Zé\;l asllge, N € N, Bf ¢
@je]%(R), y € (C,

N N
O(s) = Mg oy = ; aMpe = ; ogP(BY).
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So & agrees with the action of the functional calculus of P on simple functions. As a map from
Mp(RE, ©jeB(R)) to L(LA(RE,du)), @ is bounded, because by (5.41), |®]l,, < 1. Hence,
® [, is continuous. Since the simple functions are dense in (My(RY, ©;crB(R)), |-||) and
two continuous maps between Hausdorff spaces that agree on a dense subset agree everywhere,
then ® must act as the functional calculus of P on M.

e The only missing thing to prove that ® is P’s functional calculus is that for an arbitrary
measurable f : R*® — C, Dy = M;. Let s, = Zé\f:nl aylpn be a strictly increasing sequence
of non-negative simple functions approximating |f|? (Thm. (Folland, 1999)). Then,

Therefore, ¢ € D(My) <= 1 € Dy.

Item (iii): Trivially, all the PVMs (P}) cr from above commute with each other:
(Pj(Bj) Pr(Br)¢)(x) = 1, () Ls, (x)¢ () = (Pu(Br)P;(B;)¢)(2)- (5.42)

Hence, by Theorem 19, there exists a joint PVM ©;c;P;. Now, P satisfies that if I is finite,
say, if I ={1,...,n},

P(Bl X X Bn) = MﬂlemxBl = M]lBlmrl : "M]anOﬂn = Pl(Bl) ' Pn(Bn)

for all B; € B(R). But by Theorem 14, the product PVM, ©7_, P}, is the unique PVM with

this property. Hence P = ©7_; P; and thus, by construction it is the joint diagonalization PVM
of (ija D(ij))]é{l,,n}
o If I is not finite, then, for any finite J C I and Ey € ®;c;B(R)
this is the P for >

I=J which we just
proved equals ©j¢ j P;

P(EJ X H ]R) = MIL(E 1 ®) = M]IEJOWJHI - <®j€JPj)(EJ)'
jel\J T eny
But, by Theorem 15, there is a unique PVM with this property and it is ®;¢;P;. Hence,

P = ©jerP; and thus, by definition, P is the joint diagonalization PVM of (Z;, D(Z;));er-
0.€.0.

5.3.3 The Technical Checks for the “Coordinate” Strategy

Finally, we want to transport the PVMs and product PVM obtained in the generic L?(R>, d° u)-
space to each layer of the I'TP, assemble them together and check that we get indeed the PVMs
of . For that, however, several technical checks need to be made first (e.g., that a unitary
maps a PVM to a PVM, that an uncountable direct sum of PVMs is still a PVM, that the
uncountable direct sum commutes with the infinite product of PVMs etc.). We gather these

technical checks in this section.
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Lemma 25. Let H, K be Hilbert spaces with unitary isomorphism U : H — K. Then, given a
PVM (H, (X,¥), P™) the isomorphism induces a PVM (K, (X, %), PX) via P*(.) := UPHUL.
We call it the push-forwarded PVM. In particular, the functional calculus of PX is such that
for all measurable f: X — C,

(@(f), Df )= (Uue™(HU~', UD} ). (5.43)

Given a commuting family of PVMs (H, (X, B(X})), PH) jer (with X locally compact, second
countable and Hausdorff topological spaces), their push-forwarded PVMs (PJ’C)JE 1 are also a
commuting family. In such a case, (the product PVM is well-defined by Theorems 14 and 15
and) the product ® of PVMs commutes with the push-forward, i.e.,

QjGIP;C =U (0;erP]) UL
¢

Proof: We check that PX is a PVM. Let B € ¥ arbitrary. Each PX(B) is bounded and idem-
potent: (PX(B))? = UP*(B)UT'UP™(B)U = PX(B). Each PX(B) is self-adjoint PX(B)* =
(U-YHY*PH(B)*U* = UP*(B)U~!' = PX(B). Given (B})ren C X pairwise disjoint,

P/C< |_| Bk>w = UP’H( |_| Bk)U—lw = U(NILmOO (iv:PH(Bk)U—1¢>) (U conts)
k=1

keN keN

N

= lim > (UPH(B)U'y) =

o PR (By)y.
k=1 2

NE

1

Therefore, PX is indeed a PVM.
o Now we check the relation between the spectral measures: let ¢ € H,

(U isometry)

gy (-) = (U, PR (YUY = (U, UPH (U UY) (0, PH()0) = dplf(-).

Hence, for f: X — C,
z/zeD}U:»/ \f\Qdu$<+oo<:>/ |fIdpgs, < +o0 <= Uy € DF.
zeX zeX

And therefore, Df’C = UDZE‘. Finally, let f, := flq, for Q, = |f|7'([0,n)) and let sk =

Zjv’“l ;”“]l gk be a sequence of simple functions uniformly approximating f, € My(X,%) as
j

k — oo (Thm. 2.10(Folland, 1999)). Then, for ¢ € D%,

K 1 n,k K pnk n,k H nk -
o (f)gp—T}LIgO@ (fn)e = lim lim Zc P*(B;")p = lim lim Zc UP™(B; Wy =

n—o0 k—o00 nf%ookggoo

U cgnts.) (by def)

U lim lim chkPH( "k)U po=U hm M () (U L)

n—o0 k‘)OO

o Next, we check tHat the push-forwarded PVMs (P K)jer commute whenever (P]H) jer do.
Let j,k € I, By € S, B € ;. Then,

UdM(HU L.
PN(B;)PF (By) = UPH(B)U=UP(B)U ™! = UPH(By)PJH(B;)U" = P (By,) P (By).

J
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o Assume [ is finite, say I = {1,....,n}. Then, if B; € ¥; Vj € {1,...,n},
(OF_1PF)(B1x -+ x By) = P(B1) - Py(Bn) = UPI(B)U - - UPY(B)U ™! =

=UPJ(By)-- P (B)U ' =U(®)_ 1 PI)(By x -+ x By)U ™.

By the uniqueness characterization of the finite product PVM given in Thm. 14, @?lejlC =
U(@;LZIP]-H)UA. Assume now that I is infinite, then for finite J C I, let Bj € ®je ;.

for finite products push-forward
and product commute

(QjGIPJ]'C)(BJ < | Xj) = (®jesPF)(By)
jel\J

JjeINJ

By the uniqueness characterization of the arbitrary product PVM given in Thm. 15, ®,¢ IPJK =
U(QjeijH)U_l. 0.g.90.

Proposition 36. Given a class € € I' and a choice of generator ey pg, with associated
unitary identification ng : L2(R°, @jeN]pﬂQd:r) — ®FnL?*(R,dz) as in Theorem 10,

(i) the push-forwards by W 1 of the PVMs found in Propositions 34 make up the (unique)
PVMs (®FnL*(R,dz), (R, B(R)), Pf)jeN that act on elementary tensor products 1 ®
Y ® - € Ry LA (R, dz) as

PEB) (1 @1 @-+) =11 @1 @+ @ (1p,1hj) @hjy1 @+, VB;j € B(R). (5.44)

Moreover, the functional calculus q)% of Pk€ is such that for arbitrary measurable g : R —
C, (®5(g), Df,) = (Wg' Mgom, We, We' D(Mgor,)).

(ii) {Pf}jeN is a commuting family of PVMs and their product PVM (®§_L*(R, dz), (R*,
B(R™)), ©jenPf) acts on elementary tensor products 11 ® thy @ - - - € @FcnL* (R, dz) as

(@jenPf)(Bi X -+ By x Rx - )1 @ ¢ ®---) = (Lp,41) @ -+~ © (Lp,Pn) @ Y1 @ -

for all n € N, B; € B(R).

(iii) Define for an arbitrary measurable f : R> — C, the domain

D% = Wg'D(My) = {\I/ € @FnLA(R, dx) / . |f(z1, 22, )P | (Wel) (21, 22, ... ) [Pd P ppe < oo}.
TeR>

Then, the functional calculus ®¢ associated to the joint PVM (QjGNPj@) satisfies ®¢(f) =
ng./\/lfVV@ rDjf' Given a measurable g : R® — C, g(z1,22,....) = g1(x1) -+ - gn(xy), an
elementary tensor product ¢ ® -+ @ ¥, ® pS,; ® -+ € RF LR, dz) is in Dg if and

only if . |
Y1(z1) - Yn(n) 12 o0
/93€R°° ’f(xl’x% ) pf(x1) - p§(n) ‘ A prpe < 400, (5.45)
and if so,
(I)¢(g)(¢1®-..®wn®,0$+l®---):(gl¢1)®...®(gnwn)®pg+l®... ) (5.46)
¢
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Proof: Ttem (i) : By Lemma 25, for B, € B(R), the push-forwarded PVMs are such that
Pj@(Bj) = ngPj(Bj)Wg. On elementary tensor products 11 ® 92 ® - - - € ®F L (R, dz) they
act as:
PEB)) (1 @1y @) = (W 'Py(By)We ) (1 @42 @ - ) =

( use that by Prop. 24, (¢1®"'®¢N®P1€v+1®"')%¢1®¢2®"‘ . (5.47)

0 (wl)"'¢N($N)]> _

1
p§(z1) - p§(zN)

(W@,Pj:conts.) lim (ngpj(Bj) [(xl, T9, ) —

N—o0

Pr(@r) - U, (25)) () - Pn (@n)
J :¢1®...®(1BJ¢A)®¢.1®...
pi (1) p(zn) } e
o Uniqueness comes from the fact that this fully specifies how each Pj@(Bj) acts on linear
combinations of elementary tensor products, which are dense in ®]¢6N L*(R,dx). Since Pj@(Bj)
is continuous, any other continuous operator that acts like Pj@(Bj) in (5.44), must coincide

= lim ng [(xl,xg,...)»—>

everywhere else too (Lemma 32).

Finally, the claim on the functional calculus follows from Lemma 24 and Proposition 34.

Item (ii) : By Lemma 25, @jeIPjC = Wg ' (®jerP;)We. Hence, for n € N and B; € B(R),
(QJEIP]Q:)(BI X e XBn X R % )<w1®w2®> =

((5.47)& We, (ngj)(B) conts.)

= (Wﬁ_l(QjEIF)j)(BlX--.XBHXRX“')WQ)(wl(X)wQ@...)

= lim_ <W¢1(@jgpj)(31 X By xR ) () f%gi;fggﬁﬁ) -
L, (z1)¢1(z1) - 1, Yn(@n)¥nt1(Tng1) - - T,Z)N(fL‘N)} _

lim Wgll|(zy,z2,...) —
Jim we| ) (o)

(©jerPj(B)=Mig)

= (]1311/}1) Q- ® (]an"pn) & wn—&-l &
Item (iii): The claim on the domain is proven in Lemma 25 and Proposition 35. In particular,
by Lemma 25, ®¢(f) = ngé(f)Wg = ngMfW@ Hence, for factorizable g as in the
statement:

Q)WL @ QU @y @)= W MgWe(1 @ @Up @ plyy ®--0) =
wl(xl)"'¢n(xn)]_

pi(en) - piza)d

= ng./\/lg [(:El,l'z, ) —

p§(x1) - pS(zn) } =N & QGnthn @ Pryr - -

o0.€.0.

Proposition 37. Let H be a Hilbert space with orthogonal decomposition H = @y H for
an arbitrary X, and let (Hy, (X,X), Py) be a PVM for each sector 9 € X.

(i) Themap P : ¥ — L(H), P(B) := ®nexPn(B) for B € ¥ isa PVM on H. We will denote
it by ©gnexPn.
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(ii) Given ® and Py are the functional calculus of P and Py respectively, for each measurable

f X = C, following the notation in Prop. 18,

(@(f), Dy) = (®mex O (f), GonexD} ), (5.48)

where (®xn(f), D?ﬁ) is the operators given in Hgy by the PVM Py.

(iii) The spectral measure associated with ¥ = (¢Yq)mex € PmexHm is such that for any

B e,
dpy(B) = Z dm,uwm(B) (in the sense of Def. 30), (5.49)
NeXx
where dmuwm is the spectral measure that Py attributes to ¥y € Hap. R

Proof: Item (i) First, by Prop. 18.(i), ®mexPn is a bounded operator because D(Py(B)) =
Hey for all N € X. It is also idempotent since, given F' = (fn)mex € OnexHm,

(BmexPr(B))? F = (DnexPr(B))(Pr(B) f)mex = (Pn(B)? f)mex = (Pn(B) for)mex,
(5.50)
which equals (®ypexPn(B))F by definition. It is self-adjoint by Prop. 18.(iii) because each
Py (B) is so. Finally, given (By)neny C X pairwise disjoint,

TS (e a0 TS (),
= (Pn(L o)), = (@mex Pa( L 5)) (551

neN neN
if (%) holds true, this implies that P(:) := @®qnexPn(-) is strongly o-additive and hence a PVM.

o To prove the (x), we need to show that the following quantity tends to 0 as N — oc:

al 2 N 2
;(Pm(Bn)fm)mex_ (Pm(nlglNB”)fm>mex . = ;(Pm(Bn)fm)mex +

hE

+

(Pm ( | ] Bn) fm) oex

neN

Il
i

n neN

2—2Re{<

(PatBt), (n( LI B) fm)m€x>}. 552

Observe that for n,m € N, n # m, (Pm(Bn)fm> ez L (Psn(Bm)fm> ez because
(BB fn) o (Pa(Bw)fn) )= 3 (Pu(Ba)f. Pu(Bu)fon) =
Nex

= 3 (o Pu(Bu)Pu(Bu) fix) = 0.

Nex
where the last equality holds because B,,NB,,, = () and Py are PVMs —such that Py(B,)Pn(Bn) =
Py(B, N B,,) = 0. Hence, by the Pythagorean theorem, the sum 27]:[:1 in the first term of
(5.52)’s r.h.s can be taken out of the norm. Similarly, we can simplify the third term of
that r.h.s as follows (using in () that >0, (Pm(Bn)fm) = ( N Pm(Bn)fm) =
NexX N

ex
(P‘J?(Uévzl Bn)fm)mef)i
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1=

<§: (Pm(Bn)fm>m€x7 (Pm( | ] B">fm)mex> o > <an( Bn)f‘ﬁa Pm(ngl Bn)f‘ﬂ> =

n=1 neN Nex
N 0o N N 2
AR ((NESIRIN Bn>)fm> = 3 (B = 5 (L] 305
Nex n=1 n=1 Nex n=1 Nex n=1
_y %P(Bn) (P(Bn)fmlP(Bm)fm 5 Z”P Al
NeX lin=1 Nex n=1
With all, (5.52) equals
N 2
Z o) ) ex||” + (Pm( | ] Bn)ffart)me3€ -2> Z IP(By) ful* =
n=1 neN NexX n=1

2

Pm(UBn)fm o3 Y IPB I =

N
Z Z |Pn(Bn) fll* + >
n=1Me

Nex neN n=1MNeXx
= > |Px( L Bn)fm S PGBl (5.53)
Nex neN n=1MeXxX

We claim that )

(5.54)

an( E| Bn)fm

n=1

hmZZHPm w)fall® =

n=1NeX NeJ

If this is true, because (5.53) equals (5.52), the (x) will be proven.

o Therefore, we just miss to check (5.54). By Lemma 14, 3J := {M;}reny € X such that
for=01if N € X\ J. Hence, wherever we had ) gy we could have put Y 72, if we changed
I — Ni. Now, consider this latter series as a Lebesgue integral over N relative to the counting

measure dv. Then, the claimed equation (5.54) can be rewritten as

lim Z o P Bl = [ ‘

2
d. (5.55)

N—)oo

ank( [_j )fmk

But this equality holds by the monotone convergence theorem because:
o SN 1P, (Bn) for,||? is strictly increasing as N increases for every k € N

e for each k € N (point-wise) SN || Py, (Bn) for, |I* T | Py, (Upex Bn) for, |2 To see

2
Why: recall that ank (Bn)fmk 1 Pfﬁk (Bm)fmk, SO, Zflvzl HPfﬁk (Bn)f‘ﬁk H2 - Hanzl P‘Jt(Bn>f‘ﬁH

and because Py, is a PVM, 27]2[21 Py, (Bn) fo, N—> Py, (UnenBn) for, in Hop, -norm.
—00

Item (ii): First of all, by Prop. 18, (@mex Dy (f), @mexD}T ) is a well-defined densely
defined operator. Now, let f : X — C be an arbitrary measurable function. By Theorem 2.10
n (Folland, 1999), |f|? : X — [0,+00) is the point-wise limit of a monotonously increasing
sequence of simple functions (Zk 1 ak]lEn)nEN for some N, € N, B! € ¥, of > 0. Fix an
arbitrary ¥ := (Yg)mex € DnexHm. Then, denoting by duy and d™ Iy, the spectral measures
of W and )y respectively, given by the PVMs ®necx Py and Py,

106



mont. nv
[ P @ S ofLsgdig = Tim Zakdmp (D) =

n—oo
zeX k=1

Np Ny
= lim Zak< (GmexP)(B)Y) = lim > a3 (vor, Pu(Bp)om) = lim D> af d™ g, (Bf) =

k=1  9Mex NEX k=1
**) Prop 30)
> lim Zak A 1y (BT Z |2 (2)d™ prgy Z 15 ( ). (5.56)
Nex nex /TEX Nex
If (%) and (% * %) hold true, then
. Yo € DY —ie., |Pn(f Hom)?* < +o0—

(by def) (5.56) by def)

Ve Dy /EX |f1Pdpy < +oo &= ( VO € X and Z | Do (f 1/191” < 400 v e @mexD?.

Nex

Hence, we would prove that indeed, Dy = @mexD;)}. Now, (% * %) is just to apply for each
summand 91 € X that

Nn
. n ny (by d def) (mont. conv)
lim Y ol d gy (BF) = (E aplpp(z ) fpg = / elelz(w)dmuww
k=1 T

TL‘)OO
zeX —1

gn (M) g(M)

At the same time, as we highlighted with the “under-braces”, this last result is a statement of
point-wise convergence (at each fixed 91 € X) for the functions g(M) : N — [0, 4+00). Moreover,
for each fixed M € X, ¢,(N) is monotonously increasing in n € N. As such, given the set
J = {Mi}reny C X such that for = 0if 91 € X\ J (given by Lemma 14), we are allowed to

apply the monotone convergence theorem to prove that
7= JreN »(%) keN () (5:57)

where dv is the counting measure. But writing the integrals as series and switching 9 — I,
such that > 72, is exchanged by > gy (allowed, because g(9R) = 0 if R € X\ J), then (5.57)
is exactly (*).

e Finally, we check the operator actions. Let f : X — C be arbitrary measurable,
fn = flq,, Q, = |f\*1([0,n)) and let (s%)seny be a monotonously increasing simple func-
tion approximation for f,, say, sn =) k:1 aZZ B Then, for any ¥ € Dy, by definition,

. if conv.
in op. norm
also strong

DorHon Do Hon |l i n,0 o
ST = lm &(f,)¥ = lm élggo;ak (GoexPu)(EFOE © =
Z
@lvn'an @W'HW .0 @lm'Hrn EBlrn'ch n@
= Jlim  Tim Zak (SmexPr) (B )0 = lim - lim 3~ op"  Pu(B)dm | =
k=1 k=1 Nex
@m?‘lm @m%m

- n%oo 5%00 (ia )¢‘ﬂ> . (5.58)
Nex

Now, note the following generality. If we know for some G¢ := (gm)mex € ®nexHm that the
limit hm@‘n%ﬁ G’ exists, then, it must be that its limit (gyn)mex is such that gy = hmg =g
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Indeed: if H(Qm)mex — G€H2 = Yoex Hgm — ggtH2 m 0 then, in particular for each 91 € X,

2
Jom =" = 0

14
Let us apply this twice. First, by (5.58), we know that for each n € N, hm?loo(zggl aZ’e

Pm(EZ’Z)@bm)mex exists. By the generality, this implies that its limit is (limz'[_"foo Zi\zl ozZ’g
Pm(EZ’e)@Dm)mex, which, by definition of functional calculus equals (Py(fn)n)nex. Sec-
ond, by (5.58), im®,  (®m(fn)m)mex exists as well, so by the generality, its limit must
be (im7*%  ®n(f,)¥s), which by definition of functional calculus equals (®g(f)vm)mex. With

all, (5.58) implies that ®(f)¥ equals (¢m(f)¥m)mex, which is precisely (Bmexdm(f))¥.

Item (iii): We proved in (5.56) that for any g : X — [0, +00) measurable (back then it was

|f1%),
/ 9(z)dpy =
xeX

Putting g = 1 for B € X, this proves that duy = > ynex dm,uwm.

RIS
> | 9@ (5.59)

0.€.0.

Lemma 26. Let X and I be arbitrary index sets. Let (X;);er be locally compact, second
countable and Hausdorff topological spaces, and let there be a Hilbert space H with orthogonal
decomposition H = @Pyecx Hn. Then, given that for each N € X, (Hn, (X;,B(X;)), P]‘fn)jej
denotes a commuting family of PVMs, the product of PVMs and the direct product commute in
the following sense:

Ojer(@nex PTY) = Gmex(@jer P, ie, | @jer (@mex PI)|(B) = @oex ([ @jer P(B))
(5.60)
for all £ € ©jerB(X;). .

Proof: First, observe that in the following sense, the direct sum of operators distributes along
the composition. Let (An)mex, (Bm)mex be arbitrary bounded operator families such that
Amq, Bn € L(Hyn). Then, for all ¥ := (¢Yy)nex € SnexHam,

( D [AmoBmD g (Pdeh) (AmoBm W)mex - ( D Am> (Bm %)mex - ( D Am> o< D Bm> .

Nex Nex Nex Nex
(5.61)

e By Prop. 37, @mex(QjejP;-n) and all @mex(P]m) (with j € I) are PVMs. Moreover, by
(5.61), @mex(P;ﬁ) commute with each other, so, by Theorem 15, there exists a product PVM
@je[(@mexpjm). By Theorem 15, for each finite J := {ji,...,jn} € I and any given E; €
©;jesB(X;),

[G)jel (@mexpjm)} <EJ < 1] Xj) = [@jeJ (@mexpjm)} (E)). (5.62)
jenNT

By the same theorem,

@mex<[@jel P (E; % 1 Xj)> _@mex<[@jggﬂ(@)>. (5.63)

JjeINJ

108



o Given Ej = Ej, x --- x Ej for arbitrary E; € B(X;), Theorem 14 implies that:

ooex ([05es P (B) = @mex (PR(E) -+ PR(E;,)) 2 Gmex(PE(E)) - - @mex(PE (Ej,)).

But again by Theorem 14, this is also the result of (5.62)’s r.h.s. Now, Theorem 14 says that
there is a unique such PVM on ®;¢;B(X;). Hence, @jej(@mexpjm> ()= @me%<®j€J Pf‘())
But then, the left hand sides of (5.62) and (5.63) agree for all E; and all finite J C I. If so,
the uniqueness statement of Theorem 15 implies that the two PVMs ©;¢ I( Donex ij> () and

EBmg:( Ojer P;n()) must be exactly the same everywhere else. 0.2.90.

5.3.4 The “Grand Finale”

Proposition 38. Let #x = ®eerWe be the mapping of Theorem 13 and let (Gx)ren be the
closures of the lifted position operators (qi, Do(qk))ren defined in Corollary 17 —where we
found they are essentially self-adjoint. Then,

(i) the spectral PVM (®y.cy LA(R, dz), (R,B(R)), Q) of g is exactly such that

Qr(Br) = @ Py (By) = B W¢ ' Muy o We (5.64)
cel cel

for each By, € B(R) (see Propositions 34, 35 and 36 for explicit definitions).

(ii) {dr}ren commute strongly so there exists a joint diagonalization PVM (®y.cn L2 (R, dz),
(R*,B(R*)), OrenQk) and it equals

(Oren@i)(B) = @eer ((Oren Py )(B)) = ®eer(We 'Mu, We). (5.65)

(iii) The joint PVM’s functional calculus E is such that given a measurable ¢ : R* — C,

(E(¢), Dy) = (Beer®®, BeerDy) = (SeerWe 'MWe ', GeerWe ' D(M,,)).  (5.66)

(iv) For elementary tensor products ¥ = ¢ ®o®- - - with ||@ZJ]~||L2(R dz) = 1, the joint spectral
measures are
dpy = @jeNWﬂQdﬂfJ‘- .

In order to prove the proposition we need a (quite technical) lemma that we separate from

the main proof for its subtlety.

Lemma 27. Let ®,c;v¥j € Do(gk) i-e., such that ¢ € D(M,) for A: 2 € R — 2. Let Qpen o
be a generator for the layer € to which & ;cyt; belongs, and let We : ®%€NL2(]R, dx) —
L?(R*°, d*u¢) be its associated unitary of Theorem 10. Then,

(i) for almost every x = (21, z2,...) € R™,

[(We o ak)(j%z/;j)}(x) = a [We( ® vj)](@). (5.67)

JjEN
(ii) Moreover, @, c;v¥j € Do(qr) = We(Qjen¥j) € D(Mor,) and
We o Ge(® ¥j) = Moom, o We (® 15). (5.68)
jeN .

JEN
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Proof: Ttem (i) : By Prop.24, ({1 ® -+ @ YN @ pN4+1 ® -+ +) oo & jen ¥j in norm. We is
o0
sequentially continuous so We( @ -+ @ Yy @ pypq @ ---) = Ly We(®jen ¥j) in

PL"PN  N_soo
L?(R*°, d*° i¢)-norm. By Theorem 3.12 in (Rudin, 1987) this implies that there is a subsequence
indexed by some (Nj)ren that converges point-wise almost everywhere in x € R*. That is, for

d*®° pe-almost every x € R,

e ® w5)](@) = tim D100 V(o)

. 5.69
9 B ) (e (5.69)

e Observe that @k(®j€N Vi) =1 ®--® (Gvr) ® Y41 ® - -+ . Even if we replace all Y; in
®jenyj with j > k by pj, the resulting vector is still in Dy(gz) because the k-th entry is still
Ui € D(4). Then, by Prop. 24, as N — oo, the sequence

1@ - Q@UYNSPNI® ) =1 @ @ ((Ur) OVp1 @ QYN R PN1 ® - -

converges in ®]€-€NL2 (R, dx)’s norm to gx (@ ey 1j). Hence, because W is sequentially contin-
uous, as N — oo, the L?-functions

Yi(wy) - Yn(oN)
pr(z1) - pn(TN)

x— [We(@k(%@'”®¢N®PN+1®”'))](3?):37k

converge in L?-norm to W (‘jk(®jeN wj)). In particular, they will also converge for the subse-
quence indexed by (Ng)ken. But then, by Rudin’s theorem above, there exists a subsequence of
this subsequence, say, one indexed by (Ny)sen such that for d*°pueg-almost every x € R* there

is point-wise convergence:

1/}1 (xl) Co wNe (xNz)

pr(z1) - pn,(zn,)

{W@ (qu( ® %))} (33) = Kli>rrolo T - (5.70)

jEN

o Now, for each x € R*, all subsequences of (5.69) must converge to the same limit point, so
(5.69) multiplied by zx equals (5.70).

Item (ii) : First, note that

2
a(® vi)| =lawel®- T Il
geN JEN\{k}
As such, )(jk((g)jeN 1/Jj)H2 < +00 <= ®jen¥j € Do(Gr). Second, note that
2 2
(item (i))
Aom(z) - |W, ~xd°°¢:/ xg - |W, ()| dp,e =
| pem@- e @ )@ @nge= [ |ow [We( @ wi)]@)] ¢,
2 2 2
— -~ 00 _ ~ (W@_isom) ~
—/ [WCOQk( & 1/1]‘)}(33) d>ppe = HW¢O%(® ¥j) = |(® v¥y)
zER>® jEN jEN 12 JEN

2
Hence, ‘@k(®j€N wf)H < 400 = We(®jen¥j) € D(Moor,). This proves the claim on
domains. But then, by definition, point-wise d*°u¢-almost everywhere, Mor, © W¢(®j€N ;)

equals the r.h.s of (5.67). Hence, by (i), we get (5.68).

0.€.0.
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Proof of Proposition 38 : Item (i): On the one hand, by Proposition 37.(i), for each k € N,
@qepplg: is a PVM. Its functional calculus = satisfies for each g : R — C measurable,

(Propﬁ?.(ii)) (Propgb‘.(ii))

Zx(9) Deer®i(g)

where D’gC = @er(ngD(Mgwk)) (for more explicit shapes see Propositions 34, 35 and 36).

Beer(We ' Mgor, We) Dt (5.71)

e On the other hand, by Prop. 32,

(@ Do(@v) = (D arle, ©&rD§ (@) (5.72)
cer

where D§(qx) := Do(Gk)N@fenL? (R, dz) and & DS (@) = ®eerD§ (@) N Oer(@fenl?(R, dz)).

« Now, in Lemma 27 we proved that for elementary tensor products, @ ey € Dg (qr) <=
Rjen? € We 'D(Mjor, ). But by equation (5.37), an arbitrary ¥ € D§(Gx) is a finite lin-
ear combination of elementary tensors in D§(g.). Hence, (defining A\ : zp € R — xy),
D§(Gr) C WQ._ID(M)\OM). Furthermore, by Lemma 27, Mo, o We and Weg o g, agree
on elementary tensor products. So, by linearity, they agree for all ¥ € D§(gy). Therefore,
Wekle = Mo, We ng(:l\k)' That is, for each layer € € T,

(/]\k|€ = ngMAowk (WG rD%(:I\k)) (573)
But then,
. (5.72) L (5.73) _ (by def) [ _ (5.71) _
% = @(Qk|€) = @WG 1M}‘°7”“(W€ ng(:I\k)) = <W€ 1M>\°7ka€) rDo(ﬁk) = ‘:()‘) [DO(‘jk) :
¢cel el

o This proves that (Z¢(\), Dy) is an extension of (i, Do(qr)). Now, (E(N), Dy) is a direct
sum of self-adjoint operators, so by Prop. 18, it is itself self-adjoint —also because it is the
functional calculus of a real-valued function. On the other hand, we proved in Corollary 17
that (qx, Do(qx)) is essentially self-adjoint. Then, by uniqueness of self-adjoint extension for
essentially self-adjoint operators (Prop.1.21 in (Arai, 2018)), (Ex()A), D)) must be the closure
of §i. Finally, by Theorem 18, there is a unique PVM whose functional calculus satisfies the
stated, so, @gepr must be the spectral PVM of g, i.e., Q.

Items (ii) & (iii): They follow trivially by Lem. 26, Prop. 37 and the previous results.

Item (iv): Let ¥ = @y and let € € T be its ~-equivalence class. Let B = By X - -+ X
By x [Tjemq1,..ny R € B(R™) for some n € N and B; € B(R). Then, the spectral measure
associated to U by OrenQi (equivalently, after Prop. 37, by @qu(leNP]g)) is

( Prop. 37.(iii) + )
¢

We isom. &
only ®;enP; yields #0

MfBjMnB

dpy(B) u(B) = (W, (@;enPE)(B)W) = (W, W' My, We) (

norm

(‘use in (x) that by Prop. 24, (¢1®"'®¢N®P}€v+1®“‘)m¢1®¢2®“') (5.74)

(x & My, We conts) 9
= HMILBWQ\I/’F B: < A}E)HOOHMILBWQ:(wl(g®¢N®pJ€V+1®)H
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(]13(96):]131 (z1)--1p, (ﬂﬁn))
+ Prgp. 20

) 1 (1) - [N ] (z)
=1 1
Nfloo/xew B 082 (ay) - 0% 2 ()

dooup¢

n

2 N
— lim H/xeR]lB (w)‘wjl( )dﬂp]@ H / Wﬂ( )dﬂpi_

L 0Py s AL 1)
( dp, ¢ =[5 |2z

H%H 1 H/ x] WJ H WJ’ dz)(

e Putting a finite disjoint union of sets like B, namely, an element of the Boolean algebra
Ay of Prop. 3, say, B = |_|éV:1 Bf x - x Bflé X R x -+, we get by additivity of duy that

e

N
dpy (B Z H |v;|%dz)(BY).

o |l¢;]| = 1 implies that |¢;|>dz are probability measures. Hence, by Cor. 6, there exists an

infinite product measure ®;en|t;|2dz; satisfying

N N ng
(©jenltp;[Pday)(B) = D (Of_ylth;Pdaj) (B x --- x By,) = H ([tj*de;) (B;)-
=1 =1 j=1
But then, (®jen|t;|?dz;) and dug coincide on the Boolean algebra 2y and they are both
probability measures —hence, o-finite. As such, by Theorem 1 they must coincide everywhere,
ie., duy = ©jen|tj|*dz;. 0.€.0.

Theorem 20. The unitary isomorphism we found in Theorem 13 —which we called wavefunc-
tion representation (WR)—
Wor: @uen (R, dz) = @ (@fy LR, dx)) @ L2(R®,d%p,, )
¢erl ¢el
v = (Pe)ee 1 — (9¢)eer

Wor=®cerWe
=/ 5

is exactly a joint diagonalization of all the position operators (qy)ren (as defined in Theorem
19). Hence, for an abstract vector ¥ € ®jen L2(R, dx) one calls the tuple of wavefunctionals

PV € @ L2(R™, d®p,e) its “configuration representation”.
¢el

o The choice of a WR basis R = (®jen pjg)ger (as defined in Theorem 13) is a choice of
spectral basis for the joint PVM of (Gr)ren, Oren@r (see Prop. 38), and d>p,e is exactly the
spectral measure associated to the vector ®;en p]¢ by that PVM.

Although there are different possible choices of spectral bases (1g)mex for OrenQk, as long as it
is composed of elementary tensor products of different layers (no layer repetition), R = (Ym)mex
is a WR basis and the diagonal representation of (g )xcn is exactly that given by #x. That is,
the WR bases R of Theorem 13 exhaust the spectral bases made of elementary tensor products

with no layer repetition.

« With all, the natural notion of measure in configuration-space associated to ¥ = () ger €
Qpen L2 (R, dz) is its spectral measure duy(-) = (¥, (OrenQr)(-)¥), and it satisfies:

d/.L\I/ = Z d'u'lf)e = Z |W¢\I/€|2(ZE1,ZL'2, )dooiupQ (575)
¢cel cel
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This is exactly the measure P¥ defined in Theorem 13. (Hence, this is another way to prove
that it is a well-defined measure on configuration-space R* associated to each vector ¥ €
Rren L?(R, dz), and that it is independent of the choice of WR basis SR employed to compute
it.) In particular, it is a probability measure for all unit ¥ and the naturall® generalization of
the Born rule to R*°.

Proof: First note that by Prop.23, a choice of generator per layer, (®jeN pjc-)gep, makes an
orthonormal family of vectors. Next, fix some € € I'. Note that by Prop. 38.(iv) the spectral
measure of &y pr according to the joint spectral PVM of (G, Do(Gk))ken is the infinite
product measure d*pye = ®]€N|p¢\ dzx. Hence, the spectral subspace it generates (by its
definition in Theorem 16) is

( ®kenpy € € )
EN(@05) I e L2®R® 0% ppe)} © =

jEN

) Y (z)=
(W¢(®JENZPJ)( ) 1) { ng[(m,:rz,...) > f(:m,wz,...)} | f € Lz(RoodeOMPQ)} -

— W LR, dpye) = ©%nL? (R, da).

{ Wc_leWe(j%pf) | f e LQ(ROO,dOOIU,pg)} -

That is, the spectral subspace and the layer of the ITP that @<y pk generates are exactly the
same space. Finally, we know by Theorem 9 that all such layers are orthogonal to each other
and they determine the full ITP, i.e., ®pcy L2(R, dz) = @M( oy LA(R, dx)). With all, by
definition (see Theorem 16) (Qpcn p?)gep constitutes a spectral basis of the joint diagonaliza-
tion PVM. As such, following Theorem 16, one can build a unitary (as done in Theorem 19)
with

Qe L(R,dz) = @ (@Fy LA(R,dw)) — @ LX(R™,d%p,,)
cer ¢cel ) (5.76)
v = (E(fc) Qren P%) er 7 (fe)eer

e We now want to prove that this is exactly the unitary of Theorem 13. Choose an arbitrary
¢y € I' and choose an arbitrary ¥ = 91 ® -+ Q ¢, ® pgﬂ ®--- € ®§€NL2(R, dz). The map
fe i (x1,20,...) — (P1(21) - - a(x2)) /(P (1) - - - pS(2)) is in LQ(ROO,dOOupe) because

/ 1 2(21) - - - [iha|2 (2 )d°° (Prop. 20)1—[/ 14 (x5) dup H/ v;[2(x; d:rj = )+

eree [P (21) -+ PSP (22) i1 Jojer 151 (@

As such, by definition, ®genp§ € Dy, 50, Z(fe)(Qpen £F) is well-defined and yields

= (We(@renp®)(@)=1) 11,

=(fe)( ® o) = We ' My We( @ pf) T Wil(fe) = 1® - @hn@pCy @ - = .
keEN €N

That is, the unitary of the joint diagonalization (5.76) identifies 1) ®- - -®¢n®pg+1®- -+ with fg.

But we proved in Theorem 10 that there is a unique unitary operator making this identification

and that was Weg. Therefore, the unitary for the joint diagonalization of the position operators

in (5.76) is exactly the unitary that we found in Theorem 13, #x = ®eerWe.
0.€.0.

BT After all, the Born rule of R™ is exactly the spectral measure of the joint position PVM.
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THE SCHRODINGER QUANTUM
THEORY OF COUNTABLY MANY
DISTINGUISHABLE

DEGREES OF FREEDOM

6.1 The Rigorous Archetype of a Pilot-Wave Theory over R

The machinery exposed in the previous chapters immediately suggests a generalization of Def-
inition 4 to an archetype of a pilot-wave theory over R*.

Definition 20. The archetype of a pilot-wave theory of n = |N| degrees of freedom with global
time parameter ¢ € R is the following set of items.

(i) The postulate that R* := [];cy R with the product topology parametrizes the possible
configurations of some system (i.e., each point of R> corresponds to a different ontological

arrangement of the system at each fixed time t € R).
(ii) A Schridinger picture model on R*°, by which we mean what follows.
(a) As a mathematical structure,

o the specification of a unit vector ¥y = (¥V§)eer € Qpen L2(R,dz) called “initial”
wavefunction and

o the specification of a self-adjoint densely defined operator (D(H), H) acting on
Rren L?(R, dx), called Hamiltonian. Note that via the functional calculus it gener-
ates for each ¢ € R an operator U; := e:vp(—%Ht), constituting a SCOPUG acting
on ®pen LA(R, dz).") 7 is a positive constant called Planck constant.

(b) As a “law of physics”,

o the postulate that this SCOPUG yields the dynamical law for ¥, which is a time
dependent vector in @y L?(R, dx) called wavefunction. Namely, that ¥ : t €
R — ¥, := U¥y. Equivalently (by Proposition 6.5 in (Schmiidgen, 2012)), if

[ Equivalently, by Stone’s theorem (Theorem 6.2 in (Schmiidgen, 2012)), one could specify a SCOPUG {U: }+er
on @), o L*(R,dz) and uniquely recover a Hamiltonian (H, D(H)) generating it as Uy = exp(—is Ht).
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Uy € D(H), V¥ is the unique solution to the differential equation zh Ve = HWy,
which is called the Schriodinger equation (of Hamiltonian H ).

(iii) A trajectory-based primitive ontology, by which we mean what follows.
(a) As a mathematical structure,

o the specification of a guidance law, i.e., the mapping of each wavefunction V¥ : ¢
Uy to some “flow”
QY: RxR® — R™
(t,90) +— Q/(%)
satisfying that each {QF (-)}ier is a strongly continuous® family of homeomorphisms
with QF = Idge and is equivariant with the measure P¥, i.e., P¥0 0 Qg = PVt 0 Qy,

or symbolically,
/ Wo[2(2)d®2” = / W, 2(x)d®z” VB € B(R®), ¥t eR. (6.1)
z€B z€Q¢(B)

More explicitly, {Qép(-)}teR is such that for one and hence any joint diagonalization
spectral basis R = (Qren p%)eer of the lifted position operators {Id® - @ [d® §®

Id® - }bren,
3 / WEP () d¥pe = / xp¢| () due VB € BR®), ViR,
cer Je€B cer JzEQ:(B

(6.2)

where U, := (UH)ger := #x ¥, is the joint position representation of Wy,
b) As a “law of physics”
phy )

e the postulate that the system has an actual configuration gy € R>® at ¢ = 0 which
is unknown to us but is “sampled” from a PYo-distribution, and the postulate that
it follows the deterministic trajectory ¢ — QY(qo) at all times. Consequently, by
equivariance, the configuration of the system is PY¢-distributed at all t € R. As
such, QY is the ensemble of possible trajectories of the system.

(iv) As a corollary, item (iii) explains the main predictive backbone of items (i) and (ii): the
so-called Born Rule. Namely, that the “probability” that at time ¢ € R the system is
found in the configuration ¢ € B, for some B € B(R*>), is

P(q € B at t) = PY(B) = / 1,2 (2)d®a.
zeB ¢
The clarification of what “sampled” means is exactly identical to that provided following
Definition 4.

It is worth mentioning that in this work we are dealing with distinguishable degrees of free-
dom. By this we mean that for a generic permutation o € S(N), the tuple (z1,z3,...) € R®
and (T,(1), To(2), ---) € R represent different ontological configurations of the system. The
“indistinguishable degree of freedom” case will be discussed elsewhere.

At this point, the natural path to follow would be to provide a generalization of Bohmian
mechanics to N = |N| distinguishable point-like particles in R3. For that, one would need to
find a reasonable generalization of the Hamiltonian of Example 1. There are several ways in
which one could proceed to build such Hamiltonians on the full ITP:

IMeaning that for any choice go € R*, the path ¢ — Q¥ (go) is continuous in R*.
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o Lift operators acting on each factor via Proposition 32 and then consider strong limits of
their infinite sums (in line with Reed’s (1970) proposal).

e Find interesting SCOPUGS in the full ITP, say, by taking products of SCOPUGs acting
on each factor (in line with Streit’s (1967) proposal).

o Provide a self-adjoint operator per improper ITP layer (where things are simpler to work
with) and merge them using Proposition 33.

Presumably, the simplest models would provide dynamics that get reduced by the improper
ITPs, while realistic models of interacting particles would require superpositions of different
layers and transitions between them.

We will develop these ideas further in a future publication.

6.2 When the Configuration-Space is itself a Hilbert Space

Many interesting field configuration-spaces?® are described by real separable Hilbert spaces. For
instance, the fields that are determined by prescribing a real value on each point of R? make
a well-known Hilbert space if we impose that they decay square-integrably towards infinity:
namely L?(R3, R, d3xz). If we require that the fields possess k (generalized) derivatives with the
same decay, the resulting space of fields is also a Hilbert space: the Sobolev space H*(R?, R, d*x).
All such real-valued fields are generically called scalar fields. But many other fields, say, vector-
valued fields, can also be accommodated within a Hilbert space. The heuristic example we
provided in §1.3 embodies this idea. Note that even general tensor-valued fields can also be
treated this way.

Now, a configuration-space with separable Hilbert space structure has distinguishable and
countably many degrees of freedom. To see this, recall that for any separable Hilbert space H
there exists a countable ONB {ej }reny € H with the natural unitary isomorphism associated to
it

U 1 — 2(N,R)
Y= ape — (ap)ren (6.3)
keN

That is, each vector ¢ € H can be naturally identified with a square summable sequence of
real numbers (aj,q9,...) € E%N,R).m Now, 2(N,R) is a vector subspace of R®. Hence,
one can fully parametrize the Hilbert space H (representing the ontological configurations of
some field) using R*. Following this line of thought, we will now suggest what one could call
“L2( 12(N,R), d®x)".

mNamely, spaces parameterizing possible arrangements for fields —as opposed to arrangements of particle
positions.

M As a very raw idea, one could consider a tensor field representing the spacetime metric’s restriction to
the slices of a foliation by compact hypersurfaces on some manifold. Or, in order to work with foliations by
non-compact hypersurfaces, one could consider for instance, a tensor field representing a perturbation of the
Minkowski (or some other background) metric, such that each configuration decaying asymptotically corresponds
to an asymptotically flat metric.

«

mUsually, one interprets this as “working in coordinates” (as when one uses R™ as a coordinate space for

abstract vector spaces of dimension n € N).
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6.2.1 The Space “L?*( (?(N,R), d®z )"

R
We have seen that “L?( R*®, d®z)” = Qpey LA(R,dz) ¥ @eerL2(R®, d®pue). Then, how
naive would be to replace R> by its proper subspace £2(N,R) in that equation? There are
several issues that could spoil such a restriction in general. However, as we will explain now, in

our case (yet again) everything orchestrates itself so that we can do it. (Hereafter, we denote
2= 2(N,R).)

Assume for a second that 2 € B(R*). On the one hand, if the measure of 2 according to
some d*®ug were 1 (i.e., if it had full measure —equal to that of the full space R*), then one
could canonically identify L?(R%, d®ue) with L?(¢2,d®ue) by just “forgetting the null sets”.
In fact, we found an example of such a d*°ug in the proof of Lemma 10. Importantly, in such
a case, any other measure d®vg of the same layer € € I' would also yield measure 1 for ¢2.%
On the other hand, if the measure of ¢? according to some d*® ¢ were 0, then one could simply
ignore that layer and its corresponding L2-space. As for the case of full measure, if d* ¢ yields
0 for £2, then every other measure in the same ¢ € I" will attribute 0 to £2. Also for this case,
we found an example dug in the proof of Lemma 10.

Yet, there is another possibility. If the measure of ¢? was a number between 0 and 1 for
some d®pue, then (i) other measures of the same € € T' would not be forced to attribute
the same measure to ¢? and (ii) it would be unclear how to “restrict” meaningfully the space
L?(R*®, d*®u¢) to some L2-space over ¢2. Miraculously (or not), this third possibility never

occurs —as we will prove now.

First, we check that £2 is in B(R>), such that our concern is meaningful to begin with:
Lemma 28. /?(N,R) € B(R>). .

Proof: By definition, all projections 7, : R® — R are measurable maps in the product o-
algebra ©®;enB(R) —which equals B(R*°) by Prop.1. As such, the maps Sy := Z,i,vzl w2
are measurable because finite sums and products of measurable functions are measurable (see
Prop. 2.6 in (Folland, 1999)). But then, by Prop.2.7 in (Folland, 1999), the mapping

See : R — [0, +00]

o= (a1,a9,...) — lim Sy(a)= § o2 (6.4)
N—oo =1

is measurable as well. As such, since [0,4+0c) C R is measurable, SZ ([0, +00)) = £2(N,R) is
measurable. But that is to say that ¢ is an element of B(R>). o0.c.0.

Definition 21. « Given a sequence of measurable spaces (X;,¥X;)jeny and the projections
T HjeN X; — Xy, for k € N, define for each J C N

cj = {Wk_l(Ew ‘ ked Epe Ek} C «o, (6.5)

with ¢o as in Def. 7, such that o(cg) = ©®;end;. In particular, ¢y = ¢o. As such, we will name
o(cy) the J-partial product o-algebra on HjeN Xj. Note that, ¢c; C ¢7 for all J C I, which implies

(61Since different measures d*° e, d*°dve in the same € € I' are mut. a.c. by Theorem 11, they must agree on
measure zero sets and thus, d*° e (R \ £2) = 0 <= d>®ve (R \ £?) = 0, which is equivalent (by finite additivity
of disjoint sets) to d®pe(£?) = d*° pue(R®) <= d®ve(£?) = d*°ve (R™).
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that o(c;) C o(cy) —hence, all such partial product o-algebras are sub-algebras of @;enY;.!"

» The o-algebra on [];cy X defined by

o0

Dtail = ﬂ J(c{n,n+1,...})
n=2
is called the tail or asymptotic o-algebra. It is the intersection of all infinite partial product
o-algebras.

(Informally, ¥4 contains all sets that are mapped to themselves by transformations of [Tjen X;

that only modify finitely many coordinates.) .

Theorem 21 (Kolmogorov’s 0-1 Law). Given a family of probability spaces (X, X;, du;)jen,

o either (Ojendp;)(E)

=1
for every FE € Yy .
o (Ojendp)(E)=0

Proof: See Theorem 10.10.17 in (Bogachev, 2007). O

Corollary 18. Given a sequence of probability measures (d;) en on (R, B(R)), denoting their
infinite product measure by d*°u := Orendp;, then

either  d®u( A(N,R))=1 or d®u( (*(N,R))=0.

(Informally, since the membership of a sequence to £% is not altered if we change finitely many
of the elements in the sequence, Kolmogorov’s 0-1 law applies.) .

Proof: Following the notation in the proof of Lemma 28, consider the map S, y := Z{f:n 71']%.

Each 7 : R® — R with k € {n,n +1,.., N} is o(¢{ypnt1,. n})-measurable by definition,
so, given that finite sums and products of measurable functions are measurable, then S, x
is o(¢(nn+1,.,ny)-measurable. Now, we saw that o (¢ i1, n)) € 0(Cnpnt1,.}), SO, given
a fixed n € N, S, n is 0(¢{nnt1,.))-measurable for every N € N. But then, by Prop.2.7
in (Folland, 1999), for each n € N, the point-wise limit map Sy, oo := imy_,00 Sp, v (on the
extended real line) is also o (¢, 41, })-measurable. Therefore, because [0,00) is measurable,
S, 5 ([0,400)) € o(¢fnn+1,.}) for each and every n € N. But trivially, if (a1, ag,...) € R™,

( Zaz<+oo> = ( Zai<—|—oo for some n € N ) (6.6)

k=1 k=n

Thus, for all n € N 5,1 ([0, +00)) = ¢*(N,R). This proves that (*(N,R) € o(¢{n+1,.}) for all

n € N. But by definition of ¥4, this implies that £2(N,R) € ;5. Finally, by Theorem 21,

this causes that either d>°u(¢2(N,R)) = 0 or d>®u(¢*(N,R)) = 1. 0.6.6.
With all, it is indeed the case that for each € € I" one can either ignore its layer or canonically

do L?(R*®,d*®ue) = L?(£?,d® ug). Let us make the latter precise.

" Observe that the sets in o(c;) are precisely E; € @jesX; but “lifted” to the full space: i.., sets like
Ej x HjeN\J X; €o(cy).
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To identify L?(R>, d*®ue) = L?(¢%,d*ug) means that (i) the restriction of B(R>) to £2 is
taken as the o-algebra of £2, namely,

B(R®) = { M N2 | MeBR®) }, (6.7)

and (ii) that the measure d*°ug¢ gets its domain restricted to those measurable sets. Now, we
claim that B(R*>) [,2 equals the Borel o-algebra of the subset topology on ¢? induced by the
product topology of R*°. If we denote this induced topology by TgOd, what we are claiming is
that B(R®) 2= o(75°%).

Lemma 29. Given a topological space (X, 7x) and a set A C X, the restriction of X’s Borel
o-algebra,
o(tx) laa={MNA|MEeo(rx) }, (6.8)

equals the Borel o-algebra of A’s subspace topology (7x) [a:= {UNA | U € 7x}. That is,

o(1x) [a=o(rx [a). ’

Proof: o Let is: A — X denote the inclusion map. Since i,'(B) = BN A for all B C X,
then (7x) [a= i, (tx) and o(7x) [a= iy (0(7x)). Therefore,

(Lem. 3) —

o(rx) la= iy (o(rx)) =" olix' (rx)) = o((7x) 14)- 0.€.4.

Now, one could anticipate a delicate issue: ¢2, as a Hilbert space, already comes with its own

norm-topology 7,5, and as such, the obvious o-algebra to consider is its associated Borel o-

algebra o (75”"") —and not U(T;;md). If they were different o-algebras, we would be left with no

obvious way to attribute a measure to every open set of 7;5°""" —which is presumably necessary

for a reasonable calculus. Remarkably, the two g-algebras coincide.

Proposition 39. TZ%TOd S T *

Proof: Given &( denotes the base of the product topology of R* as in Def. 6, each FE € &y, is
such that £ = [[;c;U;j X [Ijen\s R for some U; € B(R) and J C N finite. In particular, by
definition, £ N ¢*(N,R) € rg"d.

e Claim 1: Furthermore, £ N 2(N,R) € T

Check 1: We will prove that every point a := (ay,as,...) € E(¢? is an interior point of
E N /2 in the 72”7 topology. In particular, we will prove that there exists an open ¢?2-norm

ball around any such « that is contained in E () ¢2.
For each j € J, since U; C R is open, there exists an open and bounded interval I; C U;

containing a;. Hence, one can define

£:= min{ distance(a;, R\ I;) }, (6.9)

jedJ
which is the minimum distance from the a; to the boundary of their respective intervals I;.
Then, for an arbitrary radius r € (0,¢), consider the ball

By(a):={ p e’ \ la =Bl <7 }.
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On the one hand, every 3 € B,(a) is trivially in 2. On the other hand,

(e
o= Bl <7 = > (o — Br)? <r® = (s — Bp)* <1° <> |y, — Bl <r <e.
k=1

Hence, for all k € J, |ag — Bi| =: distance(ag, Bx) < ¢ < distance(ag, R\ Iy). Thus, Vk € J,
Br € I, such that B, € Uy and thereby, 3 € E. With all, B,(a) C EN 2 for all r € (0,¢).

e Claim 2: If B is a base for a topology on X, then B [y:={ANY | A € B} is a base for
the relative topology induced on Y.

Check 2: Theorem 6.3.(f) in (Willard, 2012).

e Corollary: Tg(’d C 7M.

Check: B is a base of the product topology of R*, so, by Claim 2, ®¢ [,2:= {EN?| E € &¢}
is a base for Tg‘)d. But by Claim 1, &g [2C 757"

e Claim 3: T;gmd 2 7 e, U € 75 such that U ¢ r;;’""d.

Check 3: Assume that the claim is false. Then, by the corollary above 7™ = T;;md
As such, the unit £>-norm ball around the origin B1(0) := {a € 2 | ||, < 1} is also an

open set in T%Od. Furthermore, because & |2 is a topological base of Té’}md, there exists some

E =Tl;esUj xIljens R € B¢ (with some finite J and open U; C R) such that ENZ C B(0).
But then, for each k € N\ J, z = (0,...,0,2,0,....) (with 2 in the k-th position) is an element
of EN(? and clearly, ||z||,2 = 2. That is, there is a vector of norm 2 inside Bj(0). Absurd!

(The key was to notice that the product topology of R* is not normable.) 0.6.5.

And even still:

Proposition 40. U(Tg‘)d) = o(75""™). We will denote this o-algebra by B(¢?) and call it the
Borel o-algebra of /2(N,R). .

Proof: We found in Proposition 39 that Té%md C 78", and as such, that U(Tg‘)d) C o(Tm™).

To prove the reverse inclusion, we will find a subfamily of o (73"") that generates O'(TZ%TOd).

« Claim : Every #2-norm open ball (which together, constitute a base of the topology T

—and hence, make a subfamily of o(72°"™)) is in J(T;;md).

Check : One can prove exactly as we did in the proof of Lemma 28 that for all 3 € ¢2, the
mapping
EE R> — [0, 400
a=(a1,a,...) — 32 (g — Br)?
is B(R>)-measurable. Then, using that [0,72) C R is measurable for all r > 0 we get that
fs 1([0,72)) =: B,(B) (i.e., the ball of radius r around ) is a measurable set of B(R>). Finally,
since B,.(8) N2 = B,.(B), B,(B) € B(R>) [,2 and thus, by Lemma 29, B,.(3) is an element of
J(T%Od).

(6.10)

o Now, by Theorem 16.11 in Willard (2012), every separable space is second countable, so
/2(N,R) is second countable. By 16B.2 in (Willard, 2012), any topological base of a second
countable space has a countable sub-family that is also a base for the topology. Hence, the

121



open ball base of £2 has a sub-family V' made of countably many open balls that also make up

norm

al This means that any open set of 7,3

a base.! is a countable union of open balls. But a

o-algebra is closed under countable unions, so, any o-algebra containing V" also contains 7"

In particular, (V') = o(73”"™). But by the claim above, V' C a(Tg”d), so, o(Tp”™) C U(Ttgmd)'

0.€.0.

[I1n particular, by separability, one can take a dense countable subset of £2, say, A and consider the open balls
with rational radius centered in A.

All in all, as measurable spaces (EQ(N,R), J(Tﬁmd)) = (ZZ(N,R), U(Te’éorm)) and hence,
if d®ue(f?) = 1 for some layer € € T in one (and hence any) WR basis R, canonically,
L?(R*®,d®ue) = L?(£?,d>®ue) —irrespective of £2 having the extra structure and extra open

(8]

sets given by the inner product.® In any other case, d*®u¢(¢?) = 0 and the layer naturally

vanishes from our consideration. With all, our idea is indeed rigorously meaningful.

Definition 22. The restriction of the configuration-space R in “L?( R*, d*®z)” to *(N,R)
can be naturally defined to be

R
“L*(A(NR), d¥z)" = P (&fen 2R, dv)) = @ L A(NR), d¥pe),  (6.11)
¢el'y el
where I'y C I is the set of ~-classes for which d*®ue(¢?) = 1 in one (and hence any) WR basis
R. In particular, for € € I'\ 'y, d®ue(¢?) = 0 in one (and hence any) WR basis .

In words, “L?( £2(N,R), d*°z)” is the closed vector subspace of @y L*(R, dz) constituted by
the layers € € I'y. ‘.

As such, P¥ still gives an invariant notion of Born rule (as in Theorems 13 and 20), together
with a well-defined notion of equivariant trajectories. In particular, all the results of the present
document also apply to the restricted space (e.g., the considerations about PVMs, the lifts of
operators, etc.).

With that, clearly, by merely exchanging R> for £2(N,R) in Definition 20, one can easily
formulate the archetype of a rigorous pilot-wave theory for systems with a configuration-space
that is parametrizable by ¢2.

Note that in this setting, the “position” operators (g, D(qx)) would no longer represent
quantized position per se, but the quantization of the coefficients of an expansion in some ONB.
That is, a wavefunctional ¥ = (Ug)eer, € @ L*( 2(N,R), d®u¢ ) is a tuple of functions

¢cely

(a1,as,...) € 2(N,R) — ¥%(aq,as,...), for which the Born rule dictates the probability to
find a specific value for each expansion coefficient —mnamely, the probability to find a specific
configuration of the field parametrized by those coefficients. Likewise, for each gy € ¢2, the
trajectory t — QY (q0) = (af°(t),ad’(t),....) of the associated pilot-wave theory (see Def. 20)
would tell us that it is perfectly reasonable to postulate the existence of a well-defined field
o(t) :=> 02 ado(t)e, that exists at all times and is “piloted by the wave-vector ¥”. If so, one
could now rigorously substantiate the believe that when one measures a field in a laboratory “it
is there” because it was already there before we measured it. This would bring field “favored”!")

(BITn particular, for purely measure-theoretic purposes, once we provide a o-algebra, the topology and the rest

of structures —such as an inner product— play no role.
BIAs opposed to the particle ontology proposed in say, (Diirr et al., 2005).
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understandability and speak-ability to the world of quantum fields —as heuristically proposed
by Struyve (2010) or Bohm (1952b), among others.

As we proceed to see now, in this setting, the operators ¢ and their linear combinations are
exactly what physicists call the “field operators”.

6.2.2 Outlook: The Pullback to # —is this “L*(H, d*z)” ?

If one wanted a wavefunction space over H instead of over ¢2, the procedure seems simple:
pullback the measure space structure by the unitary U : H — ¢*(N,R) of (6.3) that acts as co-
ordinate chart for H. That is, consider H with the pullback measure and the pullback o-algebra
—which, following the results of the last section and the fact that I/ is an homeomorphism,
trivially coincides with the Borel o-algebra of H’s norm-topology. That is, given a WR basis
R, for each € € T" and each F € B(H), define

dug (B) = U*d®pe(E) = due( U(E) ). (6.12)

(“The measure of a set E of fields is the measure of the corresponding set of coordinates”.)

With that we get the probability spaces (H, B(H), d*°uit) and associated to them the Hilbert
spaces L2(H, d;ﬂg). Each element of L?(H, d,ué{) is a wavefunction that takes as arguments the
fields themselves: some ¥ € H — W(1). This is often called a wavefunctional. In addition,
L2(H,du}t) comes with an obvious identification with L2(¢2, d®ue): just map the arguments
using U (as a sort of “coordinate transformation”) as we propose after the following lemma.

Lemma 30. Given (X, Xx), and (Y, Xy ) are measurable spaces, let F' : X — Y be a measurable
bijection, and let du be a measure on Y. Then,

(i) F*du :=dpo F is a measure on (X, Y x). The so-called, pullback measure.
(ii) For all integrable f:Y — [0,00] and B € ¥,

[ @de= | (foF)@) duoP)
yEF(B) zeB

.
Proof: Ttem (i) : First, duo F(0) = du(0) = 0. Second, since F is a bijection, given the inverse

map F~1, F = (F~1)~1. Now, given arbitrary pairwise disjoint (B;)jeny C Xx and using in (%)
that the pre-image map commutes with a countable union,

(dno (LI B) = () (L] B5)) L an( Y (B,)) @ 2 S du(p ) (B))
| N

j j j€ =1 (duor)
Thus, (du o F) is o-additive and as such, a measure.

o Item (ii) : By Them.2.10 in (Folland, 1999), there is a monotonously increasing sequence
of simple functions s, := Z;y:’ll c; ]lBJv_L with N, € N, ¢}, > 0, B? € Yy such that point-wise
almost everywhere s,,(y) — f(y) - 1pp)(y). Since 1ppy(F(z)) = 1p(x), we also have that
(sn 0 F)(x) — (f o F)(z) - 1p(x) point-wise. Hence,

N, Np,
(mont. conv) . n . — n
/ fy) du M lim ch d,u(Bj) = lim ch (dqu)(F 1(Bj )) =
yeF(B) neei e
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= lim /a;ex > ¢ Up-iipn(x) (duo F) nlggo/ex Z ¢j Lpn(F(x)) (dpo F) =
(snok)(x)

= lim (spo F)(z) (duo F) (mont._con) /zeB(f o F)(z) (duo F).

n—oo reX

0.€.0.

Lemma 31. For each € € T'y, given U : H — (*(N,R) as in (6.3), the pullback measure space
(H, B(H), dult) with du}t = d*®pue olU is well-defined. Then, the map

Wy o L*((N,R), d®ue) — L*(H,dp) (6.13)
\j — Uold, .

is a unitary map. Explicitly, Wy V) (¢) := \I/(al = {e1,), g = (e, V), ) .

Proof: Well-definition follows from Lemma 30 and the fact that U is an homeomorphism. To
prove that W, is an isometry, let ¥ € L?(£?, d*®u¢). Then,

2 Lem. 30
W%WQMZAHMMﬂMW@=AHM%WWMWMW(Z)/ZWWWPm:W@my
€ € aEel?

To prove surjectivity, let ® € L*(H, dull) arbitrary. Then, ® o (U™*) € L2(£2,d*° u¢) because

()
— 2 _ 0o em. : 2
H@ o (il l)HL2(£2) = / 22(|¢)|2 ol 1)(0[)d He = /w " |<I>|2(1/))d,u7¢{ = ||¢)||L2('H) < Q.

[e1S S

But obviously, Wy ((I) o (5.1*1)) = ®. Hence, Wy is unitary. 0.€.9.

Why This Seems to be On the Right Track

It is often heuristically emphasized in physics textbooks that for Schrédinger picture wavefunc-
tionals W(v)), a field operator should act as “multiplication by the field” 1. Namely, that such
a WF space should be a representation space where the “field operators are diagonal” Our
construction naturally brings up rigorous field operators that indeed act as multiplication by
the fields in the argument.

Proposition 41. Fix some WR basis % and let € € T'y. For each fixed 3 € ?(N,R) (that we
call a coordinate test function) define

z5: C(N,R) — R (6.14)
o — (B, a)e
It is everywhere finite, so, one can define an associated multiplication operator ( z3, D (@) )=
(M, D(M,,)) acting on L?(¢2,d™ p¢) as in Lemma 23. By the same lemma, it is a densely de-
fined self-adjoint operator. We call the family of self-adjoint operators {Z5}zcs2, the coordinate
field operators.
k

o Note that for é; := (0,...,0,1,0,....), Tg, = T, i.e., it is the k-th “position” operator
(Def. 19). Hence, heuristically, 3 = > 72 Bn&, —namely, the coordinate field operators are
linear combinations of the lifted position operators.
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o Given a real separable Hilbert space H with ONB {e,, }neny € H, and given U : H — 2 is its
coordinate chart (6.3), the family of self-adjoint operators {Z3}gc2 induces for each (so-called,
test function) ¢ € H, the operator on L?(H, dult) given by

Py —

Uy =Wy Ty Wyt with domain - Wy D(ay). (6.15)
For each test function ¢ € H, 171; acts on W € L2(H,dp™) in its domain as

Vo U() = (0, 0)) U(1). (6.16)

We call the family of self-adjoint operators {17};}1/167-[ on L*(H, du™), the field operators.
.

Proof: By Lemma 3.88 in (Teufel, 2021), the conjugation of a self-adjoint operator by a unitary
map leads to another self-adjoint operator. Hence, the only thing left to be proven is that
(6.16) follows from (6.15). Let n € D(zg) with ¥ := Wy 1. Then,

G W) = (War 7z, Wi o Wau ) (6) = (Was o 1 m) () M= (72 m) U ) =
_ (At )
= " (Up, UY )2 n(U)) = (o, V) Wun)() = (o, ¥)n ¥(9).
0.€.0.
As an example, if H = L*(R3, R, d%z), for ¥ € L?( L?(R3 R, d3z), du™),
VW) = [ plapi) v d. (617)

In physics, this is called an operator valued distribution, because if we define the formal symbol
“ths.” = Uy to act as YU (1Y) 1= ¥(x)¥(1h) (just like a position operator in R™ did gzep(x) :=
zktp(x)), then,

0y () = |

z€R3

wm@www%zﬁé w@@fﬂ)ﬂ@

€R3

—~

:;d)w

In fact, if one considers that physical space is a discrete lattice, such as Z3, then the correct
field configuration-space for a scalar field is H = L?(Z3,R,dv) instead of the one above. In
such a setting, for each 2o € Z3, the delta d,,(x) := “1 if ¥ = w9 and 0 else” is a rigorous
vector in L?(Z3, R, dv) —they even make up an ONB. Hence, in such a case, for an arbitrary
U ¢ L?( L*(Z3,R,dv), du™ ) the map

s, V() = () ¥ () (6.18)
is rigorously a densely defined self-adjoint operator Va € Z3.

In a very similar way, by pulling back linear combinations of lifted “momentum operators”
from L2(¢2,dpe) to L*(H,du}t), one can define families of operators that act as directional
(functional) derivatives on the wavefunctionals. This allows to define “canonical momentum
field operators” that satisfy the canonical commutation relations with the field operators above

(in common dense domains).

We will provide an exhaustive account of all this elsewhere —for now, in Appendix B we offer
an analysis of the coordinate field operators and their commutation relations.
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With all, the reason why this is promising is that it hints towards an explicit rigorization of
what is arguably the most successful heuristic tool that physicists employ in QFT: what Wallace
(2006) calls “Lagrangian QFT”. There, one generalizes (for now, completely non-rigorously) the
Dirac heuristic of “canonical quantization” to Hamiltonian formulations of field theory. Namely,
one “puts hats” over the field and canonical conjugate momentum fields and in doing so, one

obtains Hamiltonian operators for the quantum analogue of the field theory in question.

Still a lot to be Cleared Out

With all, given a separable real Hilbert space H and an ONB {eg }reny C H, for each WR basis
PRES {®j€N p?}gep, the £? coordinates induce the Hilbert space of wavefunctionals
D L*(H, dud), (6.19)
¢cel'y

where d/ﬂg = d*° . In particular, it induces a unitary identification Wy, := @eer, Wiy,

WZ,{ : GBQEFl L2(€2(N7R)’ dlﬂ@{) @@EFI LQ(H, d,uﬂé‘)

— (6.20)
(U ¢er, — WuVeer, = (¥ olU)eer, '

Thus, one can embed the wavefunctionals over H as a subspace of @,y L?(R, dz) by coupling
Wy, with the WR representation map #4; of Theorems 13 and 20.

Now, one could be tempted to call this construction “L?(H,d*z)”. However, there are two
different notions of “basis choice” made to define it and both require notable care (and further

research):

1. There is a dependence on the representation basis SR that is not at all transparent. In
the case of £ this dependence was only apparent, because by (6.11) the whole thing was
a subspace of @cy L?(R, dx), which is a space that does not depend on any choice (the

”

abstract “invariant” space —much like an abstract manifold is to its coordinate chart

spaces). If we still want to use an invariant notion of space for (6.19), we should:

(i) either keep the link to the abstract @y L3(R, dz) now extended until H, as sug-
gested after (6.19). That is, treat (6.19) as the “coordinate representation” of the
abstract subspace ®eer, (RF L2 (R, dz)) of ey L2 (R, dz) —say, as the “joint di-
agonalization space for field operators”.

(ii) or put ®en L2(R, dz) under the rug by defining equivalence classesl?!

<\If € @ L*(H, du;‘i), R = { &® pf-}qep> ~ <<1> € @ L2(H, dunﬂe), R = { by 77?}@@)

eer, jeN eery JeN
when  (#g' oW, = (# oW,
namely, when they refer to the same vector of ®;,cy L*(R, dz) that “lurks” behind.

Any of the two constructions could deserve the name “L%(H,d>z)”, since now, there
would be an QR-choice-independent notion of “Born rule” directly in H (without needing

[B'Much like how physicists often define a tangent space in the settings of manifolds as classes of equivalence
of vectors in R™ associated to Jacobians of chart-changes.
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to pullback from ¢2?). Namely, one would have a “Born rule”-measure associated to either
(i) each “field operator representation” of ¥ € ®eer, (RrenL?(R, dz)) or (ii) to each class
of vectors [¥]. Subordinate to that we would have an equivariance notion for trajectory
ensembles in H. With all, what this suggests is to look for the analogue of an abstract
construction like @y L*(R, dx) perhaps closer to H, and/or to make precise sense of
the “diagonalization of field operators”.

2. There seems to be a dependence on the ONB {ex}reny € H that we chose to build
U : H — £2. For instance, given another ONB {é&; }ren C H and its associated U:H— 2,
the pullbacks of the same measure d® e on (¢£2,B(¢2)), namely, d® g o and d* g o U
can assign different measures to the same subsets of H. And yet, it could happen that the
resulting Born rule (built by putting all layers together) is invariant. Our concern here
is due to a phenomenon that also happens in manifold theory, the closest analogue being
an abstract finite dimensional vector space with an inner product (V™,g). Just as here
we have a chart U from H to (¢2,(-,-),2) for each ONB, there, one has a chart mapping
(V™ g) to (R™, (-, ) Euct) for each ONB (and even for each non-orthonormal basis). Also in
(V™ g), if we had a measure in the image of some coordinate chart, its pullback to V' could
yield a different measure as a function of the employed chart.) That is why, in order to
formulate a theory of integration on manifolds (where one “secretly” employs integrals
in coordinates), it is necessary to introduce some additional structure in the manifold
that selects a fixed measure in each coordinate chart —representing the measure in the
abstract space. That is, one needs to introduce a consensus between the chart images. In
the case of (V, g) the usual way is to build the measure using g, as the so-called Riemann
volume form dpy on V', which in coordinates looks like “/det g;; d"z”. Now that we have
a reasonable notion of “d*z” in ¢?(N), if needed, one could look for a similar idea. The
solution of this issue would provide a notion of integration over field configurations that
could also be interesting in other contexts.

In order to face both obstacles, the promising direction seems to be to view the results we
found in the previous chapters as the coordinate representation of structures living on abstract
Hilbert manifolds —the infinite dimensional generalization of a Riemannian manifold (Abraham
et al., 2001). We will provide a detailed solution to the issues explained in this box in another
publication.

(2] Although it must be said that the coordinate charts built from V"’s ONBs are isometries from (V",g) to
(R™, (-, -) Buct)- As such, if one pullbacks the Lebesgue measure (which is the Riemann volume form of Euclidean
space), all ONB charts will agree with the resulting measure induced in the manifold V"™ —it will be the Riemann
volume form of V™. It is this why we suggested the possibility that in the ITP setting, the measure built by
assembling the pullbacks of all the layers is independent of the chosen ONB for the construction of the “coordinate
chart”.

6.3 The Connection to Fock space and the CCR representations

If @penL?(R,dx) (or a closed subspace therein) really corresponds to a rigorization of an L?-
space over the expansion coefficients, following our derivation of the Fock space in §1.3, one
would expect to be able to develop something close to Fock space out of ®enL?(R, dx). Further-
more, since Fock space is the canonical space where models of algebraic QFT are implemented
(Arai, 2018), in view of the previous section, one would expect that there is indeed a connection
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to our structure. And indeed, as we prove in detail in Appendix B, the generalization of our
construction of §1.3 yields the so-called “bosonic” Fock space —among others. In Appendix B,
we explain how Fock space corresponds to only one of the (quasi-)layers of our ITP: the one that
has as generator the product of infinitely many harmonic oscillator ground states. Interestingly,
even in the infinite case, the “bosonic particles” of Fock space will turn out to be “excitations”
of expansion coefficients. In particular, the coordinate field operators as defined above will
be representations of the canonical commutation relations (CCR) that when mapped to Fock
space, will correspond to the usual Fock representation field operators —the ones obtained from
the Segal field operators. Finally, we will prove that what the rest of (quasi-)layers describe are
“exotic Fock spaces”, representations of the CCR inequivalent to the Fock representation, where
the “vacuum” has infinitely many bosons —as a sort of bosonic “Dirac sea”—, the erstwhile
so-called, “myriotic representations”.

6.4 Bonus: A Way to Parametrize Non-Decaying Fields by R*>

So far, we have only seen a way to parametrize fields that decay at infinity using R*>°. As the

following example suggests, there could be ways to go beyond.

For any separable topological space, such as R3, there exists a dense countable subset. The
lattice made of rational numbers, Q3 C R3, is one such example. Then, note that:

Lemma 32. Given topological spaces X,Y with Y Hausdorff, if two continuous maps f,g :
X — Y agree in a dense subset U C X (i.e., f [y= ¢ [w), then, they agree everywhere: f = g.
¢

Proof: See Corollary 13.14 in (Willard, 2012). O

As such, any continuous field ¢ € CY(R3,R) —which has no decay constraint— is uniquely
characterized by its values over the countable set Q3. That is, given a fixed bijection ¢ : N —
Q3, n > gn, the sequence (f(q1), f(q2),...) € R*, fully determines the whole continuous field
f.

Now, not all sequences (g1,92,...) € R necessarily have a corresponding continuous field
g € CO(R3,R) such that g(x,) = g, for all n € N. Presumably, we could find a wildly oscillating
sequence such that when putting its values over ¢, € Q3, in every open ball of R3, there is some
qr with ¢x = 1 and some ¢y with ¢ = —1. The same issue also occurred with £2(N,R), namely,
it was also a proper subset of R*°, and still, we found a natural solution.

However, as we did with ¢?(N,R), in order to assert any meaningful statement, one would
first need to study the measure-theoretic properties of the subsets of R* corresponding to
continuous functions. Be that as it may, the fact is that C°(R3,R) —or in general, C°(X,R) for
any separable topological space X—, has countably many distinguishable degrees of freedom
and thus, it can be parametrized by R>.
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HISTORICAL REMARKS:
AN OVERLOOKED PATH IN
MATHEMATICAL PHYSICS?

7.1 von Neumann’s Motives to Develop the ITP

When von Neumann introduced and “dissected” the I'TP of Hilbert spaces in his 1939 article, he
did it with two clear objectives. In the introduction (point 6), he shared those two projections
and the first one reads as follows:!!!

“An essential result of our theory is, that the ring L1(®;crH;) of all those bounded
operators of @jc;H;j which are generated (algebraically or by limiting-processes)
by operators of the H;, j € I, does not contain all bounded operators of @ ey H;-
[...] What happens could be described in the quantum-mechanical terminology as a
‘splitting up’ of @ ey H; into ‘non-intercombining systems of states’, corresponding
to the ‘incomplete’ direct products ®g¢eI/Hj- This viewpoint, as well as its connection

with the theory of ‘hyperquantisation’ will be discussed elsewhere.”

(von Neumann, 1939)

“Hyperquantisation” was the name with which the quantization of infinitely many degrees
of freedom was referred to in those days —when physicists just started to talk about the
quantization of fields. So, seemingly von Neumann’s idea was to make a precise account of
QFT using the theory of ITPs. As a remark for later, note how he underlined the fact that
there exist bounded operators that cannot be obtained in terms of operators “lifted” from
individual factor spaces.

On the other hand, the second motivation he outlined reads as follows:

“Another application of our theory could be made to the theory of measure in infinite
products of spaces, which is the basis for the modern theory of probabilities. (Cf.
(2), (3), (5).) Here a certain ‘incomplete’ [in our terminology, ‘improper’] direct
product ®]¢61%j is fundamental. This application too, will be discussed in another

blication.”
pubtication (von Neumann, 1939)

[I'We took the liberty to change the mathematical symbols to the ones we employ in the present document in
all the quotes. Also, note that we have written comments inside the quotes using “[---]”.
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After this, it should not come as a surprise that the “incredibly opportune” theorem by Kakutani
(1948) —which was ezactly what we needed to classify infinite product measures— was precisely
obtained employing von Neumann’s ITP. In fact, in the paper where Kakutani exposed this
theorem in 1948 he explicitly said:

“The results of this paper were much amplified and the arguments used below much
simplified, thanks to certain suggestions kindly made by Professor John von Neu-
mann. In particular, the introduction of inner product and isometric embedding
of [...] are due to Professor J. von Neumann. For all these I wish to express my
heartiest thank.” (Kakutani, 1948)

With all, the reader will agree that our discoveries point precisely to the intersection von
Neumann was talking about. But then, were not these topics already covered in the “discussions
elsewhere” that he promised? The sad story is that such “discussions” were never published.
Let us understand why. From 1939 (when he published the paper on the ITP) until 1949 (when
Kakutani found some of the results anticipated in the ITP paper) von Neumann was occupied
attending the human condition: as his foreword to a publication in 1949 exposes,

“This paper was written in 1937-38. Various other commitments prevented the au-
thor from effecting some changes, which he had intended to carry out before publish-
ing the paper. This delayed the publication until the present time.”

(Von Neumann, 1949)

When analyzing that period of his life (which encompasses the Second World War and the be-
ginning of the Cold War), one can find that he joined many different scientific and governmental
organizations related to the US military. Indeed, in Ulam’s words:

“An incomplete list of scientific and organizational activities contains the following
positions: From 1940-1957, he was a member of the Scientific Advisory Commit-
tee, Ballistic Research Laboratories, Aberdeen Proving Ground, Maryland; the Navy
Bureau of Ordnance, Washington, D. C. from 1941-1955; consultant to Los Alamos
Scientific Laboratory 1943-1955; also the Naval Ordnance Laboratory, Silver Spring,
Maryland from 1947-1955; member of the Research and Development Board, Wash-
ington, D. C. 1949-1953; a consultant to the Oak Ridge National Laboratory, Oak
Ridge, Tennessee 1949- 1954; member from 1950 to 1955 of the Armed Forces Special
Weapons Project, Washington, D. C; also in Washington a member of the Scientific
Advisory Board, U. S. Air Force, Washington, D. C. 1951-1957; a member of the
General Advisory Committee by presidential appointment 1952-1954; and on the
Technical Advisory Panel on Atomic Energy, Washington, D. C. 1953-1957; Chair-
man of the Advisory Committee on Guided Missiles (1954-1957 with Clark Millikan
as acting chairman in 1956).” (Ulam, 1958)

All this is reflected in his scientific publications, which “all of a sudden”, after 1940 concentrate
in numerical methods, shock waves, hydrodynamics, partial differential equations, electronic
computation, the theory of automata and game theory —Beebe (2013) has provided a remark-
ably complete list. With all, in the end, he could not write down his thoughts on “hyperquanti-
sation” (nor its connection to probability theory) even if he actually did have plans to do 50,2
since, in 1955 he was diagnosed cancer, which made him pass away two years later (at the very
young age of 53).

(IHis intentions are clear when one reads the posthumous words of (Ulam, 1958) quoted in §7.4.
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7.2 What Became of the ITP?

As it is obvious, eventually, the mathematical quantum physics community —which one could
say, von Neumann was the founder of— took over his endeavor and employed the theory of
ITPs to describe certain aspects of QFT (as we will comment in a moment). However, oddly
enough, in modern treatments of mathematical QM, it is often stated that there is no proper
definition of ITP for Hilbert spaces. As an example, one can read the following in a textbook

about “quantum spin systems on infinite lattices”:

“Hence, a reasonable assumption of what the Hilbert space of infinitely many copies
of the spin system (say, a spin chain) would be is
oo
H o= Q C2
n=—00
This, unfortunately, is not well defined. In particular, the natural choice of an inner
product on this space does not converge, and hence is ill-defined.”
(Naaijkens, 2017)
And yet, there are a few modern textbooks where the ITP is indeed introduced, such as (Weaver,
2001) (see §2.5), Baez et al. (2014) (see §4.5), (Thirring, 1979) (see §1.4) or (Klauder, 1999)
(see §6.4). But even in those, the way I'TPs are introduced is mainly as what we called improper
ITPs, as though a single layer of the ITP was the ITP. They call them ITPs of “grounded Hilbert
spaces”™ they assume that a family of Hilbert spaces (#;);en is given, each with a distinguished
unit vector ¢7 € H; called “ground state” Then, they make a construction where instead of
taking all @-sequences, one takes only those in the ~-class of ¢§ ® ¢¥§ ® --- —a vector they
call, the “infinite ground state” or “vacuum state”. That is, they consider the layer of the ITP
generated by ;e ¢], independently of the rest of layers and independently of any ambient
space they may be part of. Of course, this makes the I'TPs unappealing because then it looks

like there is no unique construction!

Fortunately, a couple of those textbooks, such as both (Weaver, 2001) and (Baez et al., 2014),
do state the fact that there is a more general notion of ITP in which each “grounded” ITP is a

natural subspace, but they also point out its “uselessness” for physics:

“In the case of infinitely many factors there are two competing definitions of tensor
products, both of which reduce to the preceding construction when the number of
factors is finite. [Briefly explains the concept of the proper ITP..] This tensor
product has had little application, probably because it is essentially never separable.
The other definition, which we adopt, requires the choice of a distinguished unit
vector ug in each Hy; this vector plays the role of a sort of zero or ground state.”
(Weaver, 2001)

Finally, it must be said that other authors like Arai (2018) truthfully mention in passing the

existence of the ITP construction, but insist on the same lack of use for QM:

“[...] it is a mon-trivial task to define [the ITP| rigorously, however. For details,
see the original [...] But, nowadays, infinite tensor product Hilbert spaces are not so
often used, at least in the field of quantum mathematical physics.” (Arai, 2018)

With all, the feeling that the reader must have (as does the author) is that sometime in

between von Neumann and us, the community realized that there was something wrong with
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the full ITP construction. The author has not yet been able to find exactly what, but in this
chapter they present the main hypotheses of their (admittedly not yet exhaustive) bibliographic
research.

7.3 What Went Wrong with von Neumann’s Project?

On the one hand, it is true that the notion of quasi-convergence used to define the inner product
of the ITP seems ad-hoc and that one can resort to individual I'TP layers to avoid it (after all,
quasi-convergence is only used to define orthogonality between the different layers inside a same
quasi-layer —see Prop. 58). However, von Neumann already provided a way to dodge the issue
within the full ITP construction (even in the advantage of a quantum description), as explained
in §A.2.2 and A.3. Moreover, as sketched in §A.1.b, one could employ extensions of the notion
of net limit (akin to Banach limits) to justify von Neumann’s quasi-convergence, as he himself
pointed out —see the quote after Thm. 28 in Appendix A.

The issue seems to be more subtle (or perhaps more human). To comprehend it, one needs
to understand first why essentially the only approach to QFT that mathematical physicists
worked out until its last conclusions has been an algebraic or Heisenberg-picture approach —
with abstract algebras of “observables” as the main characters. As such, let us travel back in
time to the birth of the mathematical school of algebraic QM in the 1930-1950’s.

7.3.1 The Ascent of Algebraic QM

Consider the standard quantum theory over a finite dimensional configuration-space (such as,
R™). Within the formulation famously made rigorous by VonNeumann (1932), one way to
specify the theory would be to choose a Hilbert space (H, (-, -)) and a set of self-adjoint operators
on H, {Oj}j, labeled by names manifesting their “experimental” or “observable” correlatives:
e.g., “position of j-th degree of freedom” or “canonical momentum of k-th degree of freedom”.
Then, as the instrumental formulation it is, one declares that vectors ¢ € ‘H describe laboratory
preparations such that (w,ij) provides the expected value for the respective “observable
correlative”. Next, one singles out a function of those operators, H, called “Hamiltonian”,
declares it generates the time evolution of vectors ¢ in H via Uy = e~ and makes each
“observable” operator convey the effect of time evolution: Oj(t) = UtOjUt_l. According to
the standard view, the set of time evolved operators encodes all the predictions of the theory,
so one could now forget about the U;. That is, providing only the action of the “observable”
operators in time on H, namely, Oj (t), together with their experimental correlatives, one has
all standard QM needs. Now, what if we forgot about the action of Oj (t) on ‘H and even forgot
the fact they are operators on H? That is, what if we only kept the abstract algebraic relations
between them!®! and their experimental labels? Could we recover the initial theory from there?
Remarkably, the answer is affirmative for finitely many “position-momentum operator” pairs.
This is the content of the famous Stone-von Neumann theorem from 1931 —see also Theorem
VIIL.14 in (Reed and Simon, 1981). The result was celebrated for making the algebraic or
Heisenberg approach and Schrodinger’s L?(IR™)-space approach mathematically “equivalent”.
Slightly more precisely, what one abstracts is the algebra of bounded operators distinguishing
those that satisfy the canonical commutation relations (CCR) in the Weyl exponential form
—useful to dodge unbounded operators. Then, the theorem loosely states that there is a

BIOr more precisely, between the “bounded functions” built from those position and momentum operators.
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“unique”® irreducible representation (irrep) of the algebraic structure as operators on a Hilbert
space and that it is precisely the Schrodinger formulation of QM.

This discovery led to the abstract x-algebra theory and its ramifications during the 1930’s
and 40’s —again, mainly by the hands of von Neumann. Arguably, this was a “dream come
true” for many mathematicians: it was now possible to work on QM in terms of abstract
algebras for which the Schrédinger theory on L?(R",d"r) was a mere representation, a mere
“coordinate system”. As a step towards the generalization of the Stone-von Neumann theorem
to any quantum theory (such as the incipient QFT) —and as a reinforcement of the “mantra”
about the irreducibility of representations—, in 1947, Segal offered a polished theory of irreps
of operator algebras (C*-algebras), with a theorem that, according to him:

“[...] implies that for the computational purposes of quantum theory it is sufficient
to consider only those representations of a C*-algebra (which in quantum theory
is the algebra generated by the observables) which are irreducible. [...] In practice
only the irreducible representations are used, in general. Our result shows that this
limitation to irreducible representations is valid for an arbitrary physical system
which is describable by an algebra of operators on a Hubert space (in the case of
the Schrodinger-Heisenberg non-relativistic theory this fact had been established by
special considerations by von Neumann [the Stone-von Neumann theorem].”

(Segal, 1947)

However, things became less elegant when it was discovered at the turn of decade that the
Stone-von Neumann theorem was critically false for the infinitely many “position and momen-

tum” operators needed for QFT.

“Von Neumann’s theorem [...]states that up to multiplicity, there is only one repre-
sentation (the Schrodinger representation) of the relations (X.95) [the Weyl CCR]
if n ranges over a finite set of integers. It was thought for a long time that von
Neumann’s theorem held for the case of infinitely many n, but examples of inequiv-
alent representations occurred in the work of Friedrichs in the late 1940’s and were
emphasized in the later work [during the 1950’s] of Segal and Garding- Wightman.”

(Reed and Simon, 1975)

It is worth noting the following chronology to get a sense of how far heuristic QFT had pro-
gressed by 1950. Quantum electrodynamics (hence, QFT) and the occupation number repre-
sentation —essentially the bosonic Fock space— were first introduced by Dirac (1927) and then
extended by Heisenberg and Pauli (1929); Fock space as such, was introduced in (Fock, 1932)
—although it would not be rigorized until (Cook, 1953); the S-matrix formalism for scattering
was introduced by Wheeler (1937) and Heisenberg (1943); and finally, the first relativistically in-
variant (and perturbative) QFT formulations were introduced by Tomonaga (1946), Schwinger
(1948) and Feynman (1949), being the work of Dyson (1949a,b) the first one unifying them and

introducing the S-matrix for a perturbative account of QED.

At this turn of decade, the aforementioned violation of the Stone-von Neumann theorem for
QFT was manifestly discovered by Segal and van Hove, constituting a serious “scandal” for the

[4]Unique up to unitaries that identify the “position and momentum operators” between representations —or
rather their generated SCOPUGs—, among other technicalities we avoided in our prosaic explanation.
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mathematical physicists attempting the first steps towards a non-perturbative formalization of
QFT: an asymptotic S-matrix treatment, even for the most trivial interacting dynamics (and
even for some coordinate transformations) could only be avoided using non-Fock (meaning
“inequivalent to Fock”) representations of the CCR. According to Segal (1963), he had already
proven the violation privately® in 1950, when he communicated it orally to van Hove. But it was
van Hove’s 1952 paper what publicly announced that the “folklore extrapolation” of the Stone-
von Neumann theorem to QFT was false —leaving the “Schrédinger-Heisenberg equivalence”
in check within QFT. It is important to say that both Segal and van Hove employed layers
of the ITP as model spaces to prove their announcements. In particular, —although it was
not phrased in these words— van Hove revealed that to make a non-perturbative sense of the
“free QFT” Hamiltonian (made of countably many harmonic oscillators) when interaction terms
are added (linear anharmonicity terms for each oscillator), one needs to use (quasi-)layers of
the ITP other than that generated by the tensor product of infinitely many harmonic oscillator
ground states —which we will informally refer to as the “Gaussian layer” and is equivalent to the
Fock representation (see Appendix B). In a very literal sense, what he found can be expressed
from the perspective of the full ITP as the ground state of the interacting Hamiltonian being
no longer in the Gaussian layer, instead belonging to a layer with an inequivalent CCR irrep
(as we prove in Appendix B, the obvious CCR representation of any layer in ®j€NL2(R, dzx)
that is in a different quasi-equivalence class to the Gaussian layer’s, is inequivalent to the Fock

representation). In van Hove’s own words:

“The origin of the divergences is found to lie in the fact that the stationary states
of the field interacting with the sources [namely, the eigenstates of the interacting
Hamiltonian] are no linear combinations of the stationary states of the free field.
[Those of the infinitely many free harmonic oscillators, which belong to the Gaussian
layer.] The former are not contained in the Hilbert space spanned by the latter (they
even turn out to be orthogonal to this space).” [The claim on orthogonality sounded
awkward in his presentation, because it seemed like the state vector, say, the ground
state, was ‘getting out of its Hilbert space’. And yet, it is literally true from the
perspective of the full ITP —the new ground state becomes orthogonal to the whole
layer identified with the Fock space because it transitions to a different layer.]

(Van Hove, 1952)

This announcement was followed by the (still mathematically “partially heuristic”[ﬁ]) exam-
ples in (Friedrichs, 1953), (Haag, 1955) and (Garding and Wightman, 1954; Wightman and
Schweber, 1955), that established what today is known as “Haag’s theorem”. As a side note,
these examples were now given in Fock-like spaces (instead of an ITP): in Segal (1963)’s words
“These authors [says, after mentioning the three publications just cited] employ an ‘occupation
number’ representation which has a somewhat obscure physical interpretation and is dependent
on the choice of a basis in the single-particle space.” As nicely exposed by Earman and Fraser

Bl «Oyr first observation of the ezistence of inequivalent representations of the commutation relations (1950)

[year that corresponds with no reference (to Segal) in the bibliography] appears to provide one of the simplest
rigorous demonstrations of the phenomenon in relevant concrete terms. [... (Explains the remark)] The foregoing
results were communicated orally to van Hove, among others, who not long afterwards formulated his well-known
paradox (1952), to the effect that the eigenstates of the ’free’ hamiltonian [... (shows the formal Hamiltonian of
countably many harmonic oscillators)] are orthogonal to those of the ’total’ hamiltonian [... (he adds a linear
anharmonicity to each oscillator of the free Hamiltonian)].”

6]Segal (1963) deems them “particular examples |[...] of a mathematically partially heuristic character.”
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(2006), these authors described the issue in line with how Wightman’s axioms of QFT invite
one to formulate QM —which is not in terms of an I'TP, but in terms of a space where there is
a distinguished state to be called “vacuum” even in the absence of a Hamiltonian.!”

The discovery that the abstract algebraic picture does not tell everything about the quantum
system could have seriously “checkmated” the dream of algebraic QM. But remarkably, it caused
the opposite. Since the issue of irreps was proven to be physics and not a mere “mathematical
curiosity”, it urged more than ever to work as abstractly as possible, favoring results that were
as representation-independent as possible. The spirit of algebraic QM was boiling and one can
clearly read this fervor for instance in (Segal, 1963). As explained there, they were even ready
to abandon the framework of Hilbert spaces altogether before abandoning the algebras —and
all with a fervent instrumentalist perspective.[s}

(If the reader is interested in having a more explicit understanding of how the inequivalent rep-
resentations, the Haag theorem and even “renormalizaiton theory” fit within the ITP language,
§6.4 and 6.5 in (Klauder, 1999) provide a very pedagogical explanation.)

7.3.2 Rise and Fall of ITP Research in QM: a Feint to von Neumann’s Aim?

Under the above prism, it is not a surprise that even the research that was conducted on the
ITP was framed within an algebraic perspective. Namely, the main objective was not the study
of QM on an ITP, but the study of CCR irreps (hence, at best of QM on particular layers of the
ITP), together with how the physical situation (say, the Hamiltonian) could force a choice of
a single irrep. Some exemplar references of the “boom” that ITP research experienced during
the late 60’s (with their citation numbers according to Google Scholar) are:

o (Klauder and McKenna, 1965): [51 citations] they discovered a way to employ particular
layers of the ITP as a representation space for bosonic fields.

o (Klauder et al., 1966): [82 citations| they discovered that the condition for the position
and momentum operators of different ~-layers to be equivalent irreps is exactly that they
belong to the same é—equivalence class.

o (Chaiken, 1968) [70 citations| they study the meaning of a number operator in non-Fock
representations employing the layers of the ITP as a case study. They also provide one
of the first proofs that the only layers allowing a number operator in the style of a Fock

q . .
space are those ~-equivalent to the “Gaussian layer”.

o (Streit, 1967) [36 citations] they provide one of the first mathematically rigorous studies
of ITP spaces as irreps of the Weyl CCR, where they provide a simpler an clearer proof

of how different %—layers correspond precisely to inequivalent irreps.

(M As explained in Appendix B, even within the same =s-layer of an ITP, there are multiple generators that
y g
could deserve the name “vacuum”. Hence, even in a single layer of the ITP there is no single distinguished vector
analogous to the vacuum vector of Fock space —that is, unless one explicitly introduces a Hamiltonian with a
ground state.
[BIThe instrumentalist perspective should not come as a surprise in an age when it was (mistakenly) well-known
that even non-relativistic QM was “incomprehensible”, admitting no “hidden variable” explanation.
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o (Reed, 1970) [20 citations] and (Reed, 1969) [8 citations] they provide rigorous techniques
to define infinite sums of self-adjoint operators in layers of the ITP and how their well-
definition could “force” the use of one class of layers over the other ones. They also clarify
and generalize results of previous authors.

o (Reents, 1974) [4 citations] and (Kraus et al., 1977) [12 citations] they extend Streit’s
(1967) work determining when infinite products of SCOPUGs are still strongly continuous
when restricted to a single layer of the ITP —usually such products cause transitions
between the layers making them non-continuous from the perspective of a single layer.

o (Polley, 1980) [0 citations| they prove that only certain layers of the ITP make the restric-
tion of the infinite product of unitary representations of the Lorentz group still strongly

continuous.

Interestingly, all of them approached the ITP as a collection of possible irreps of the CCR
to be employed independently of each other. No author seems to consider that the ambient
space where the layers are natural to could be an arena for QM. Could it be due to its non-
separability? Or rather, its reducibility? “Why use something non-separable and reducible if
the irreps on separable Hilbert spaces are working well to explain QFT?” Or was it perhaps
due to the categorical words (that we will review in a moment) of the eminences in the field
like Streater and Wightman? Be that as it may, this might explain why today, if anything, it
is the improper ITP that is explained in mathematical physics textbooks —it was how these
researchers explained it to their students.

Now, it is visible from the citation chain that by the beginning of the 1970’s there is a sudden
decay in the interest on ITPs, essentially killing the field by the end of the decade. The most
convincing proof of this deflation is that despite the quality and the foundationality of the
results in (Reed, 1970) about dynamics in ITPs —not to talk about the relevance of the author
in the mathematical QM community—, there exist only 20 citations of the work and none of
them is particularly “magnetic” for later potential citations. At least, the reason why Reed
himself stopped working on the ITP (which should be an alarm due to the relevance of that
author) has a more mundane explanation.”) The true mystery is that the whole community
seemed to loose their interest. It might be that we still have to find the paper that dissuaded
the community with a dramatic result, but for now there are three other reasons the author is

mulling over.

OIM. Reed earned the Ph.D. in 1969 with a thesis on self-adjointness of operators in the layers of the ITP
—which is not available in any library the author has access to. Yet, as Reed himself points out in (the
“Acknowledgments” sections of) both papers cited above, they consist of results obtained in his doctoral thesis,
so one can gain a good picture of his thesis from the two papers. About a year after their publication, he was
already writing with B. Simon the series of books that still today are the standard reference of mathematical QM.
The first one was published in 1972. During the 8 years they spent writing the series of textbooks, Reed’s other
publications centered on hyperbolic differential equation theory (with no other result on the I'TP), anticipating
what was about to come: after the last QM book in the series was published in 1979, he went into mathematical
biology —where still today he is one of the Giants. Hence, not only did he loose interest in the ITP, but
apparently also in QM in general. One could then wonder why Simon did not try the ITP road in QFT, but
then, one would realize that as one of the founders of Euclidean QF T, he developed his own school of mathematical
QFT. Noticeably, he even jokes in (Simon, 1979) about using non-separable Hilbert spaces in QM: “Throughout,
all our Hilbert spaces will be complex and separable (are there any others?) and our inner product is linear in

[]”
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7.3.3 The Authorities “Disliked” it: there were more Productive Approaches

The first possible reason isthat: the full ITP implies a non-separable Hilbert space. So, while
there existed alternatives employing separable Hilbert spaces, “why even bother?” One should
only try the hard endeavor once the obvious simpler alternatives are exhausted (perhaps now?).
Most importantly, the Giants of the community, such as Streater and Wightman, explicitly
discouraged it during those first critical days.!'”) It turns out that in their famous 1964 book
“PCT, Spin and All That” (fore-wording the “boom” we mentioned), Streater and Wightman
explicitly (and very categorically) warned against non-separable Hilbert spaces and in particular,
against the full ITP construction. Due to its capital relevance, we include the whole passage

with a few inline comments.

“In non-relativistic quantum mechanics it is natural to consider only separable Hilbert
spaces because one is usually dealing with a finite number of particles and can real-
ize the states as vectors in L?(R™), [... (they explain the space)| this Hilbert space
is separable (Ref. 20). It is sometimes argued that in quantum field theory one is
dealing with a system of an infinite number of degrees of freedom and so must use a
non-separable Hilbert space. Roughly, the idea is:

system of an
separable ) infinite number of <n0n—separable )
; —

Hilbert space

system of a finite
number of degrees | <— (

Hilbert space degrees of freedom

of freedom .
or something

Our next task is to explain why this is wrong, or at best grossly misleading.

In the first place note that if Hi, Ho,... is a sequence of separable Hilbert spaces
then their direct sum @;H; is a separable Hilbert space. [... (They explain what a
countable direct sum is)] The direct sum can be used to construct state vectors which
are superpositions of states for an arbitrarily large number of particles. [...| Just
this Hilbert space will be used in Chapter 8 to give explicit formulas for the theory
of a free field. This is a clearcut counter example to the above assertion; a free field

is a system of an infinite number of degrees of freedom. |

It is worth recalling that a vector in Fock space can describe arbitrarily many par-
ticles but not infinitely many. After all, given ¥ = (1)), (1)),

« . » __ (n)||2
]P’(#partzcles > N) = Z [l mo.
n>N
So, in a sense, it does not genuinely employ infinitely many degrees of freedom —
although, in the representation-theoretic sense it certainly does: there are infinitely

many “position and momentum” operators (see Appendix B).

| Of course, this example does not describe interacting particles, but, to the extent
that the arguments of Chapter 1 are correct, the presence of interaction makes no
difference. [Well, today we know that it does. After all, there is still no realistic
interacting particle QFT in 4-dimensional spacetime.] The collision states of an

asymptotically complete theory span a separable Hilbert space, because they are again

10Ty fact, still today, when one queries the internet for the usage of non-separable Hilbert spaces in QM, the
quote from (Streater and Wightman, 1964) is a common answer found in academic forums like “stackexchange”
(e.g., see https://physics.stackexchange.com/questions/90004 /separability-axiom-really-necessary).
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just of the form @, H, (Here, H, n is the subspace spanned by the ingoing n (or
outgoing) collision states with n colliding particles.) All these arguments make it
clear that there is no evidence that separable Hilbert spaces are not the natural state

spaces for quantum field theory. [

Summary: “there is an alternative approach in which one does not need to employ
a non-separable Hilbert space”. Now, note that this is not a no-go result against
non-separable spaces, but just an Occam’s razor-style argument.

| When, in fact, do non-separable Hilbert spaces appear in quantum mechanics?
There are two cases which deserve mention. The first arises when one takes an
infinite tensor product of separable Hilbert spaces. We shall not give the rather
technical definition of infinite tensor product here but only remark that it is a natural
generalization of the ordinary tensor product which is used to describe a composite
system. Infinite tensor products of Hilbert spaces (of dimension greater than 1!) are
always non-separable. Since a (Bose) field can be thought as a system composed
of an infinity of oscillators, one might think that such an infinite tensor product is
the natural state space. However, it is characteristic of field theory that some of its
observables involve all the oscillators at once and it turns out that such observables
can be naturally defined only on vectors belonging to a tiny separable subset of the

infinite tensor product. |

Probably, the observables they are referring to are exemplified by the number op-
erator of Fock space, which involves all the sectors at once. As Chaiken (1968)
rigorously proved, such a number operator is only definable in the layers that are
quasi-equivalent to the Gaussian layer mentioned above. However, as Chaiken (1967,
1968) also proved, the more general notion of “number of excitations relative to the
vacuum”, does have a properly definable number operator in the other layers.

| It is the subspace spanned by such a subset which is the natural state space rather
than the whole infinite temnsor product itself. Thus, while it may be a matter of
convenience to regard the state space as part of the infinite tensor product, it is not

necessary. [So again, not a no-go theorem.]

A second example of the occurrence of non-separable Hilbert spaces appears in sta-
tistical mechanics when one passes to the limit in which the conventional box con-
taining the system becomes arbitrarily large, the density being maintained constant.
Two states of the limiting system which have different densities actually differ by the
presence of an infinite number of particles. One might expect them to be orthogonal
and in fact that is the case in all examples worked out so far. Thus there is an
orthonormal system labeled by a continuous parameter, the density, and the Hilbert
space is non-separable. |

They are likely referring to Araki and Wood’s (1963) model for non-relativistic

infinite free Bose gases, which was well-known at the time.

| It seems to us that such phenomena are consequences of considering systems in
which every state contains an actual infinity of physical particles and provide no
argument for analogous phenomena in relativistic quantum field theory. This com-
pletes our discussion of separability.” [Not a no-go theorem either.]

(Streater and Wightman, 1964)
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Similar warnings can be found elsewhere in the literature of the time. For instance:

“A certain amount of confusion exists in the literature regarding the interpretation
and properties of representations pertaining to an infinite number of degrees of free-
dom. The convenient characterization of certain of such representations in [infinite]
tensor product spaces has perhaps fostered the false impression that non-separable
Hilbert spaces are required, and that in certain models ‘the interaction maps every
state out of Hilbert space.” [This was how people used to frame van Hove’s (1952)
result.[n]] Firstly, field representations are completely definable in separable Hilbert
spaces as is illustrated by the usual direct sum formulation of the Fock representa-
tion. Secondly, any sequence of operators all of whose matrixz elements vanish in the
limit simply converges (weakly) to the zero operator.['?]] This is just the set of cir-
cumstances that so often prevails for the S matriz in the interaction representation
when a cutoff form factor is removed. The vanishing of the matriz elements should
not be regarded as ‘mapping the states out of Hilbert space’, but is indicative of an
ill-chosen representation of field operators, one for which the sequence of unitary S
matrices with form factors does not converge to a unitary operator as the form factor
is removed. It is for this reason that the selection of the right CCR representation

for the application becomes crucial. (Klauder et al., 1966)

But again, no no-go theorem, only an appeal to simpler models.

Recently, Earman (2020) published a very detailed (and unfortunately the only serious) ex-
ploration of the possible obstacles in the path of using non-separable Hilbert spaces for QM.
What the author draws from Earman’s survey is that there is only one potential hindrance
other than “what we are used to”, “where there are more results to be used” or “who preferred
what” (e.g., what von Neumann, Streater or Wightman preferred to use for QM). The more

serious potential obstacle seems to be what one calls “super-selection rules”.

7.3.4 The Latent “Mantras”

131 if one can write the state space of a quantum system

Quite grossly (but also quite explicitly):
as a direct sum (which is our case) and there is some reason in the physics being modeled that
demands superpositions of the summed subspaces to be forbidden (either by postulate or as a
consequence of the known-to-be-correct dynamical flows), then, it is enough to use the subspace
“super-selected” by “physics”. Namely, one can forget about the rest of subspaces and their joint
space and hence —in our case— recover a separable Hilbert space (a single layer of the ITP).
A heuristic example would be how Streater and Wightman mentioned that some important
operators are only well-defined in one of the layers of the ITP. Earman (2020) exemplifies more
rigorously how super-selection rules could obstruct the use of a full ITP employing infinite spin

chains for that.

MWhat they meant is the fact that when certain interactions are “switched on”; one needs to employ a different

irrep of the CCR, so, a different Hilbert space —say, a different subspace of the ITP. That is, a vector starting
in the free-from-interaction asymptotic end of a scattering setting (given as a vector in Fock space —hence the
Gaussian layer), needs to be mapped to “another” space (say, another layer) mid-evolution.

[12]Gee page 24 in (Segal, 1963) or §6.5 in (Klauder, 1999) for explicit examples in this direction.

(131 There are more rigorous ways to define super-selection rules in terms of abstract algebras and abstract states

”

on them, but the author decided to put it more “down-to-earthly” in order to manifest the arbitrariness that

such rules may suppose.
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Another example relevant to the ITP occurs in the generalization of those spin chains: lattice
quantum theories (Thirring, 1979; Bratteli and Robinson, 2012). In such theories, one considers
that physical space is a discrete lattice I and fixes a Hilbert space H; at each lattice site j € I,
such that technically, the Hilbert space of the whole system —if the lattice were infinite—
would be the ITP ®,c;H;. Now, in the usual approach, one avoids to mention an ITP by
using the following (absolutely “Heisenberg-ian”) trick. Take the algebras of bounded operators
L(®jesH;) acting on the finite sub-lattice J C I and call it the algebra of operators acting
“locally” on the sub-lattice J. Then, embed the local algebra £(®;c;H;) as a sub-algebra of
any L(®;exHM;) (with K O J being a larger finite portion of the lattice) by “putting identities”
acting on the Hilbert spaces of the extra lattice sites. Finally, take the union of all such “local
algebras of observables” and take their abstract completion (not closure) in the relevant operator
topology. Doing so, one obtains what they call the algebra of “quasi-local observables”. It
represents observables acting on the actual infinite lattice I —despite usually there is no explicit
ITP defined for them to act on."¥ Note that the quasi-local observables are not supposed to be
all the bounded operators on the infinite lattice, but only those that can be written as “limits” of
operators that act on finite sub-lattices (i.e., locally). Now, from the names that we intentionally
employed in §A.3, the reader that already went through that section will agree that the above

mentioned completion must precisely yield what we denoted in §A.3 by £9(®;e I’Hj).[l‘ﬂ

Heuristically, the following super-selection rule could emerge here. By Theorem 28, every
operator in £L9(®;crH;) is reduced by each layer of the ITP. Hence, under the postulate that
in reality only “local observables” can be measured on the lattice, one could claim that we
should super-select the ~-layers and hence forget about the full ITP. In doing so, one would be
claiming that the operators in L(®c; Hj) \ L9(®;er H) are somewhat “unphysical”. Such a
consideration seems reasonable, but beyond the obvious limitations of human experiments, why
would also the fundamental quantum laws (say, the fundamental dynamical maps) be restricted
to “local operators” when (at least some form of) non-locality is an experimentally verified fact
(after the violation of Bell’s inequalities)? On a different note, one could claim that the state
of an infinitely extended system has parameters such as the “average magnetization” or the
“density”, that are macroscopically meaningful. One could then argue that there should be
no superposition of infinite states differing in these quantities, because that would contradict
that “the macroscopic world is classical”. Hence, one could decide to impose the super-selection
of a layer of the ITP because the vectors there “share a common tail” and hence, agree on
the average magnetization or density of the infinite system. As Bohmian mechanics and many
other theories show, such a claim is flawed: there exist rigorous ways to consider macroscopic
superpositions and still properly explain why we see no “simultaneously dead and alive cat”.

For this author (perhaps naively, let the doubt be clear), super-selection and similar concerns
are likely the reason that made the community leave the ITP in the drawer. Undoubtedly, such
concepts are often useful and necessary, but it feels like they are often self-imposed and self-
restricting, and can end up leading to “mysteries” where there were none. The key example is
that of the van Hove model mentioned above. If one decides to postulate that dynamics in QFT
must be implemented in an irreducible representation of the CCR (so, a minimal reducing space

14 At best, one employs the (so-called) GNS representation theory to get a Hilbert space representation of the

algebra. We will review the relation between the GNS and the ITP constructions elsewhere.
[15]Although technically, in §A.3 we took the closure in the weak operator topology, while in lattice systems the
practice is to take the completion in the operator norm topology.
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for the “position and momentum operators”, but perhaps not for the dynamical SCOPUG),
then certainly, a Hamiltonian that requires several such representations to even be described
will seem to cause a paradox. A single irrep of the CCR, which was postulated to be enough, will
simply not be enough. This aura of mystery based on some self-imposed algebraic “mantras”
is clearly manifest in the series of results we itemized above. Reents (1974); Kraus et al. (1977)
and Streit (1967) discovered that a typical tensor product of infinitely many SCOPUGS is
reduced (or admits an implementation) at best in a few layers of the ITP. They found that the
restriction to some other layers is not even continuous nor unitary (cannot be implemented as
a unitary). Now, one could take this as a warning that generic interactions in systems with
infinitely many degrees of freedom should be described in larger spaces. Spaces that possibly
possess no obvious #rreducible representations of the CCR (although the dynamically relevant
operators might be irreducible there). Instead, the message they took under the self-imposed
“super-selection of the CCR algebra irreps” was that only some spaces —say, some layers of the
ITP— admitted infinite products of those SCOPUGs.

It is fair to recall that the belief in ¢rreducible representations is not as unfounded as it may
sound. There were results like that of Segal’s 1947 paper quoted above, pointing in the direction
that irreps are enough for QFT. But still, how could one make such an assertion when even
today, there is still no definitive rigorous framework for QFT.

With all, it does not seem wild to say that the community left the I'TP out of their consider-
ation due to “beliefs” against non-separable and reducible representations of the CCR. At least
there is no clear no-go theorem in that direction.

7.3.5 Tensions with Relativity?

Our final and most speculative hypothesis is that there were difficulties when trying to use the
ITP representations to make a relativistic QFT rigorous. Whoever tried it failed and “returned
the idea to the drawer”. Fortunately, we have no big evidence of this. Our main hint is that the
Giants of the field only employed I'TP representations as toy-models or examples. For instance,
in Klauder’s 1999 QFT book —which is one of the only modern QFT books mentioning ITPs—,
the ITP is employed to give a precise understanding of the divergences and representation issues
that emerge when dealing with infinitely many degrees of freedom. And despite the clarity it
seems to provide, the whole thing is left as an example of mere academic interest before going
to the “serious theories”.

[...] “most problems of physical interest do not involve product representations of the

canonical operators.”
(Klauder, 1999)

A similar thing happens in (Segal, 1963)!'%) and in (Reed and Simon, 1975).71 And yet, the
issue is never explicitly stated. Perhaps the most explicit divide we have found so-far between
product representations and relativistic theories is the following one:!!8]

161 e employs the ITP as a pedagogic example to conceptualize the ideas before explaining the more “relativis-

tically covariant” techniques.
7 They introduce the Q-space (namely, L*(R*,d*°u) with a Gaussian measure du) only as an auxiliary
representation of the CCR for technical proofs —see Appendix B.

['8]The underlines are not present in the original text.
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“But [after talking about representations of the CCR in layers of the ITP] we

must emphasize that only in product cases is it clear that an appropriate CCR rep-

resentation can be found; in relativistic cases it is by no means clear that a correct

representation even exists.” (Klauder et al., 1966)

Nevertheless, if there was really a weighty reason not to use ITPs in relativistic QFT (other
than because some other structures were more appropriate, or they fitted better the preferred
axioms of the time), one would expect that such an issue would be clearly stated in more than
one place. And yet, we found none. We will continue digging the literature looking for the issue,
in case we just missed those statements. However, for now it simply looks like the community
chose to go in certain directions that ended up leaving the non-separable ITP approach too
far away or too “incommensurate” with the developed techniques, to even consider it once the
chosen strategies proved to be unsuccessful.

7.4 But, which are the Reasons to Explore QM on a Full ITP?

Why should we pursue such a delicate endeavor to begin with?

o For the author the clearest reason is that in order to attempt the construction of a rigorous
quantum theory with a field ontology and, in particular, within a pilot-wave framework, the
ITP seems to be the natural arena —as the present work foretells. Namely, the presented
seems to be the math for a quantum theory where there are rigorous “Schrodinger picture”
wavefunctionals that evolve over a field configuration-space with well-defined associated
primitive ontology.

e As we explained in this chapter, it seems to be an unexplored path to attempt the rigo-
rization of QFT. In particular, we happen to be in a period where the subject is stagnant
due to issues with interacting theories. Since the full ITP naturally includes many of
the inequivalent irreps —which, as we saw, seem to be intricately tied to interactions—
the ITP promises to help with that key issue of QFT. In fact, some eminent physicists
have historically advocated for a Schrédinger picture in QFT, the best example being
Jackiw (1995), who actually came very close to the ITP (willingly or not) as the following
passage shows. In a section titled “Schridinger representation for quantized fields”, he
first explains how to build a Schrédinger representation wavefunctional ¥(v)) and consid-
ers a Hamiltonian describing infinitely many harmonic oscillators with some ‘covariance
parameters’ w (reflecting the ‘spring constants’). He denotes its ground state by W, o(1))
and calls it a ‘Fock vacuum’. Defining some creation and annihilation operators (using the
field operators) and acting on the Fock vacuum, he then builds a ‘Fock basis’ subordinate
to Wo,,. Finally, he says:

“Consider two Fock vacua, with translationally invariant covariance wy and
wa. These are ground states of two Hamiltonians Hy, and Ha, [...|the overlap
between the two Fock vacua is [Eq.1.47] Since [...] the overlap (1.47a) vanishes.
Then [...] the two Fock bases, as well as the two Fock spaces built on these bases
are mutually orthogonal. In other words, our functional space contains within

. . . F .77
it inequivalent Fock spaces (Jackiw, 1995)

Clearly, he was talking about something close to the structure we expose in Appendix B.
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e As the present document reveals, there are many unknown but reasonably provable facts
surrounding the ITP, and the mathematical aspects of them alone are already relevant.

e As we will show in a forthcoming publication, it is possible to generalize the notion of
symmetrized and anti-symmetrized tensor product to the infinite setting in a way that the
resulting space is a subspace of von Neumann’s ITP. In doing so, one must employ “linear
combinations” of different layers of the ITP, such that if one wants to build a rigorous
Dirac sea for instance, the “super-selection” into proper ITP layers does not seem to be

the right direction.

e von Neumann had something in mind and the mathematical physics community has not
fully found yet what. Recall his emphasis in the “hyperquantisation” passage on the
“extra” (the non-quasi-local) operators. He seemed aware of the fact that a description of
QFT in terms of individual ITP layers could miss some relevant operators that are only
conceivable in their ambient space. Such operators have not been seriously studied in QM
yet. But perhaps the most evocative reason showing that physics has not yet found his
goal with the I'TP, is that he also developed uncountable ITPs —for which there is not
even a characterization of the CCR representations yet (to our knowledge). Revealingly,
while commenting the main publications of his recently passed away friend von Neumann,

Ulam (1958) wrote the following words:'®!

“Von Neumann intended to discuss the analogy of this elaborate system [the ITP]

with the theory of hyperquantization in quantum theory, and considered the paper

in particular [the one on ITPs] as a mathematical preparation for dealing with

non-enumerable products.”

(Ulam, 1958)

It is time for us to discover what he could have been making the “preparations” for.
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APPENDIX: THE INFINITE TENSOR
PRODUCT OF HILBERT SPACES

Given an arbitrary index set I and a set of Hilbert spaces {H;};cr, one could ask whether
there is a meaningful notion of tensor product ®;enH; that generalizes the usual tensor product
of (finitely many) Hilbert spaces. von Neumann (1939) found an essentially unique way to define
such an ITP. In this chapter we motivate and explain his construction.

A.1 Generalizing a “Finite Construction” to an “Infinite” One

From von Neumann’s 1939 paper, one can infer which could have been his mental “checklist”
to ensure a proper generalization of the finite tensor product. For a clearer exposition, we
abstract first this checklist and then exemplify each point with the tensor product construction:

a. Study the possible definitions of the finite case and formulate the desiderata that a gen-

eralization is expected to satisfy.

b. Extend the mathematical operations employed in the finite case to an infinite setting
(possibly with ad-hoc tweaks to satisfy the desiderata).

c. Among the alternative definitions of the finite case, generalize the one employing struc-
tures with most well-known related theorems (so they can be employed). Important: be
ready to abandon some desiderata.

d. Prove that alternative generalizations that also satisfy (at least some of) the desiderata
would yield an equivalent construction in a suitable sense.

A.1l.a Desiderata for an Infinite Tensor Product

Before writing his treatise, von Neumann could have been mulling over the following standard!")
way to define the tensor product H; ® - -- ® H,, of Hilbert spaces H;.

MQOr at least a basis independent reformulations of a standard definition —convenient to avoid making any
choice.
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Definition 23. Given that £ denotes the vector space of all conjugate-multilinear forms like
O :Hy X xHy — C,2

1. Define f1 ® --- ® fn, f; € H; to be the vector of L satisfying

n

(1@ @ fu) (91, 90) = [T g i) (A1)

=1

for each g; € H;. We call it an elementary tensor product.
2. Define V := span{fi ® --- ® fn| f; € H;} —it is a complex vector subspace of L.
3. Define the map (-,-) : V. xV — C

r

(Y digie-og Y o ffe-off) =YY de (ffo o) (g o) (A2)
=1 k=1 j=1k=1

It is well-defined (independent of the chosen representative expansion),[g] satisfies (g1 ®
@G, v) = v(g1, ..., gn) YV € V, g; € H; and it is an inner product on V': it is sesquilinear
and conjugate symmetric by definition, while positive definiteness ((v,v) > 0 Vv # 0)
follows non-trivially.l¥ As such, ||-|| := v/{-,-) is a norm on V.

4. Observe that the point-wise (i.e., strong) limit of every ||-||-Cauchy sequence (¢;)jen €V
is again a form in £ —i.e., for every choice of fi € Hj, lim;, ¢;(f1,..., fn) exists and
(fiy oo fn) = limj 0 @5(f1, ..., fn) is a conjugate multilinear form.” Define #,®- - @M,
as the subspace of £ composed by point-wise limits of || - |[~Cauchy sequences in V.
Explicitly, ¥ € #; ® --- @ H,, C L if and only if 3(¢j)jen C V with

J,k—o00

(@) @(f1, s fn) = fim ¢i(f1, s fn) Vi €Hy, (i) lim 'i11>13v||¢j — ¢kl =0. (A.3)
J,R=Z

2IThat is, those forms such that ®(fi, ..., Af; + s, cos fr) = ANO(f1y ey fr) + BR(f1y.ees Gjs oy fn) for all
j € {1,.,n}, fr,9r € Hir and p,A € C. The canonical vector space structure of L is defined by:
(A(I) + H\Ij)(fh sy fn) = )‘(q)(flv ey fn)) + lu‘(qj(fh ey fn)) for ,¥ € £ and K, reC.

BlLet S0 ernff @ @ fh = S0 afi ® @ fh and 3T digl @ - @ g) = S didl @ @ G
By definition, in 22:1 >om djck ff®--®fE(g,...,g)) we can substitute the fi,ck of each j by the tilde
version. If we develop it in terms of the inner products using (A.1) and we use the conjugate symmetry of
each H;’s inner product, the result is Z;zl Z;:;ladj g{ & - ®g¥;(ﬁ“, R )?ff) But there, by definition, we
can substitute the g;,d; sum for each k by the tilde version. Then reverting the conjugate symmetry one gets:

[ For arbitrary v € V' \ {0}, by definition, there is a representative expansion v = > fl®---® fi (absorb
the coefficients in some factor). Claim: (v,v) = Zrkzl [T (f, fF) > 0. Proof: ’

o We check that (v,v) > 0. Fix | € {1,..,n}. The Gram matrix ((f7, f)) %=1 is

positive-semi-definite because for all (z;); € C™, Z;.rfk:l o (fl, ek = Z;n:1 o 2 >
0. Hence, it can be diagonalized in an ONB (u")™, <C C™ with -eigenvalues
Aoozo0 des (e = ST W Thus ST TTL G =
E;rszl Hlnzl Z:nzl Ar “ér @ = ZTk:l Z: ,,,,, rn=1 Ary o )\mu}”ui” e 'UJT‘WTLW =

Z,.‘.,rn:1 Arp e A ( ;‘n:1 u;” "'U?r")(zz;l “Ilc” W) = :‘7111,..4,’7‘71:1 Ary "'MJZL u;”

u;.”"|2, which is > 0.

o Now, note that [(v,u)| < 1/{(v,v){u,u) (the Cauchy-Schwarz inequality) follows exactly after the same
arguments as those in the proof of Lemma 3.4.2 in (von Neumann, 1939).

o Finally, (v,v) = 0 implies by the last item that for all u € V, [{(v,u)| < 0. Thus, (u,v) =0 for allu € V and
in particular, (fi®---® fn, v) = 0 for all elementary tensor products. But this implies that v(f1,..., fn) =0

for all f; € H. Hence, v =0. O

BBIThe proof is the same as the one given for Lemma 3.5.2 in (von Neumann, 1939).
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5. Equip H1 ® -+ - ® H,, with the inner product that is the natural extension of (-,-) (defined
via Cauchy sequences in V).[G] It makes Hi ® --- ® H,, a Hilbert space and V' a dense
subspace of H; @ --- @ H,,.[” ¢

Given any permutation o € S(n), the space Hy(1) ® -+ @ Hy(y) is canonically unitarily
identified with H; ® - - - ® H,, —by identifying fo1) ® -+ ® fo(n) With f1 ® --- ® f,. This makes
the constructions, in a sense, independent of the order of the factors (although, once chosen an
order it must be preserved — this has nothing to do with the “symmetrization” of the elements).

There are several alternative definitions, the most famous one being based on a Cantor-style
construction (using an abstract completion of “linear combinations of abstract symbolic tensor
product strings”). However, it is well-known that identifying the elementary tensor products of
each construction with ours, the alternative constructions end up being unitarily isomorphic to

the one we have given here. In this sense, there is a unique tensor product construction.

In view of all the above, for a generalization to infinitely many factor spaces H1 @ Ho ® - - -,
one can formulate the desiderata (and consequent restrictions) that follow.

(a) We desire H1®@H2®- - - to be a Hilbert space and there to be a “unique” such construction
up to unitary isomorphisms that identify the “elementary tensor products”.

(b) The inner product should be such that

<f1®f2®-",91®g2®--->=“H<fj,9j>”, (A.4)

JEN
for some notion of infinite product of complex numbers to be defined.

(c) In particular, desiderata (b) implies a norm such that: [[f1 ® fo® || = “ILien [I£fill™
This imposes an important restriction: not all fi ® fo ®--- can be in the resulting space,
only those for which “[;ey || fj]|” converges can. von Neumann called them %'-sequences.
Furthermore, all those f1 ® fo ®@ -+ for which “J[,cy [[f;]]” = 0 must be identical to the
zero vector (otherwise ||-|| could not be a norm —violating (a)). In the absence of any a
priori reason to exclude other %-sequences, we wish that all the remaining %-sequences
have a non-zero representative “elementary tensor product” fi ® fo ® --- in the space.

(d) We wish that if f; ® fo ® -+ and g1 ® g2 ® -+ are part of the space, and hence,
“Iljen 151" and “[Tjen llgj]I” converge to a non-zero value, their inner product (A.4),
namely, “ Hj€N<f i,9;)”, also converges. Hence, our definition of infinite product should
be so that this is guaranteed.®!

lFor W, ® € H1 ® --- @ Hy, we define (U, ®) := lim; o0 (1h;, ¢;), where (¥;);, (¢;)cV are Cauchy sequences
whose strong limits, respectively, yield ¥, ®. It is well-defined and it coincides with (-,-) in V. For a proof of
both statements see Lemma 3.5.3 in (von Neumann, 1939).

[MThe proofs of the claims in this last sentence are exactly the same as the proofs given for Lemmas 3.5.4,
3.5.8 and 3.5.9 in (von Neumann, 1939).

Bl0ne could propose to define the belonging to ®jenH; by checking the sequences of vectors for which the
inner product (A.4) is convergent (instead of prioritizing that the product of norms is convergent). However, this
might be undesirable because it would employ a relation between sequences (f;)jen, (g9;)jen instead of a property
of each sequence as the principle to define the belonging to the space. If the result was an equivalence relation,
one could suggest to define ®;en?H; in one of the equivalence classes. However, this would lead to a non-unique
construction unless there was only one equivalence class. And indeed, we will find that there are multiple classes
of equivalence. That is, it will indeed happen that the inner product of two elementary tensor products is not
convergent even if they are both €-sequences. von Neumann added a tweak to the notion of convergence in view
of (a) to amend this issue.
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(e) We expect that the span of elementary tensor products f1 ® fo ® -+ is dense, i.e.,

span{fr@ fr@- € @ H;} = @ H;. (A.5)

JEN jEN

(f) Ideally, we wish that the construction has no intrinsic dependence on the order of the
factor Hilbert spaces, so the notion of convergence for (A.4) should not depend on the
order of the factors.

Finally, if we find a generalization that also allows uncountably many factor Hilbert spaces by
only adding slightly more to the structure, we will develop it as well.

A.1.b Make sense of an Infinite Product of Complex Numbers

von Neumann realized that in formulating an order independent notion of convergence for the
product of countably many complex numbers (to satisfy (f)), a definition that is also independent
of the cardinality of the index set emerges.

Definition 24 (Arbitrary Product). Let I be an index set of arbitrary cardinality and (z;)er C
C. We say that [[;c; z; converges to a € C when

Ve > 0 3 a finite subset I° := I°[(zj) er] C I such that V finite super-set J 2 I, J C I,

‘sz—alga (A.6)
jeJ
(Informally, any (finite) partial product after I¢ is € away from «). R
Lemma 33. If such an « exists, it is unique. .

Proof: See the Corollary after Definition 2.2.1 in (von Neumann, 1939). O

Example 2 (Trivial case). Given (zj)jer C C,if 3j € I : z; =0 = ][ 25 converges to 0. ,
Today, this definition would have been formulated in terms of nets.

Definition 25. A directed set (D,<) is a non-empty set D equipped with a reflexive and

transitive relation <:
Vdi,dy € D, 3d € D with dy < d & dy < d. (A.7)
(Informally, every pair of elements has a common “bigger” element.) .

For example, N with the usual number order is a directed set. So is any family of sets I with
the set-inclusion C.

Definition 26. Given a topological space X and a directed set (D, <), a net in X indexed by
D is an element = € [[4cp X, namely, a function z : D — X, d — x4. We will abuse notation
and write (z4)qep C X. 4

It is the generalization of a sequence (which is the case D = N with the usual number order
as the relation <).
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Definition 27 (Convergence of a Net). The net (z4)4ep converges to a point = € X, called a

limit point, when!®

V neighborhood % of z, 3dy € D s.th. Vd > dy, xq € % . (A.8)

(In words, eventually the x4 “live” in arbitrarily “small” neighborhoods of x.)

If so, we denote x4 d—D> x, or when x is unique, also, limy_,p x4 = x. R
—

Proposition 42. If X is a Hausdorff topological space, a convergent net (z4)qep € X has a

unique limit point.

Proof. Assume i, € X are two different limit points of (z4)gep € X. By the Hausdorff
property, there exist two disjoint open neighborhoods %, % C X of a1, as respectively. But
then, by x4 d_}—D> a1, ddy € D such that x4 € 74 for all d > dy. Likewise, by x4 (H—D> Q9,
ddy € D such that x4 € % for all d > dy. Because (D, <) is a directed set, 3dy € D with d; < dy
and dy < dy. Hence, x4 € % N for all d > d, which is absurd because 24 N% = 0. o.€.d.

[ For notational convenience we introduce >, defined to be the relation < with swapped arguments

Definition 28. Given an arbitrary set I, we denote by Py(I) the family of finite subsets of I,
directed by the set-inclusion C.

Then, one can formulate Definition 24 equivalently as:

Definition 24°. Given (zj),er C C,

H z;j denotes the limit point (if it exists) of the net ( H zj) ccC

jel jeg 7 JEPD)

.
Proof (Equivalence of Definitions 24 and 2/]’): [ies 2 W a € C in the net sense
—Fo

holds (by definition) if and only if for all neighborhood % of «, condition (A.8) holds. But
all neighborhoods of some « in a topological space contain an open neighborhood of «, and in
the case of a metric space like C, all such open neighborhoods contain a metric ball around «,
which are also neighborhoods of . Hence, the above statement holds if and only if for all open
ball around « the condition in (A.8) holds. But using that the direction operation of Py(I) is
subset C, this is precisely the statement in Def. 24. o0.€.0.

It is also convenient to define a notion of arbitrary sum in order to provide characterizations of

the convergence of arbitrary products in more practical terms.
Definition 30 (Arbitrary Sum). Given (z;)jer C C,

Z zj denotes the limit point (if it exists) of the net (Z Zj) cC.
jel iy T/ IEPD)

FEquivalently, we write Z zj = a when
J€el
Ve > 0 3 a finite subset I° := I°[(z;) cr] C I such that V finite super-set J D I, J C I,
‘ Z zZj —« ’ <e.

jeJ \
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One can prove that such a notion of sum reduces to the usual notion of absolute summability:

Lemma 34. Given (2;);jer C [0, +00),

( sz exists ) = ( sup { Z zj} < 400 i.e., the set of finite partial sums is bounded).
jerI JePo(I) jeJ

If so, then > ;c; z; equals the supremum of those finite partial sums. R

Proof: See Lemma 2.3.1 in (Von Neumann, 1949). OJ

Proposition 43. Given (z;);cr C C, the following three conditions are equivalent:
o Djer#j exists. o 2jer |24] exists.
zj # 0 for at most countably many j € I, and in the countable case,

o0
if z; # 0 only for j € {jk}ren, thenz |zj,.| is finite in the usuall” sense.
k=1

If so, the value of )~ z; is the usual (finite or countable) sum of the non-zero terms.
Jjel
Proof: See Lemmas 2.3.3 and 2.3.4 in (von Neumann, 1939). O

At this point, von Neumann provides a very convenient lemma for arbitrary products of
positive numbers, which can only fail to converge if the partial products become unbounded:

Proposition 44. Given (z;);jcr C (0,400),

(i) ( I] z; exists ) = < > log(z;) exists) = ( > max(z; — 1, 0) exists )

JeI J€eI JeI
(Informally, the excesses of z; over 1 must be summable.)

If so, then, 10g(H]‘e] Zj) = Zje[(log(zj))'

(i) ( [] z; exists and is # O) — ( > [log(z;)] exists) — ( > |z — 1] exists )
jel

jeI jel
(Informally, the distances of z; to 1 must be summable.) .

Proof: See Lemma 2.4.1 in (von Neumann, 1939). O

Next, he characterizes the convergence of arbitrary products as follows:

Proposition 45. Given (z;)jc; € C and denoting the argument of z; by arg(z;) € (—m, 7],

either : H|zj|:O :>sz:0
H Zj Jjel jel
j€el = Z |ar ] . )
: 9(2;)| iy arg(z;)
exists or : <H|ZJ| € (0,00) & jer :sz:eja 'H‘ZJ"
jel is finite jel jer

%) N
[O1Recall that we denote Z 2k = lim Z 2K = Q.
k=1 N—roo 9
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Proof: See Lemma 2.4.2 in (von Neumann, 1939). O

Example 3. Given (0;);e; C (—m, 7],
< H ' exists) (Piee.9) ( Z 6] exists) (hgm. 1) ( Z 6, exists) .
Jj€l j€elI j€elI

If so, by Prop. 45, [];c e = i 2jerfi .

Corollary 19. Given (z;);cr € C\ {0},
( sz exists and is # 0 ) = < Z|Zj — 1] exists >
jEI jel
(Informally, the distances of z; to 1 must be summable.) .

Proof: See Lemma 2.5.1 in (von Neumann, 1939). O

Proposition 45 shows that absolute value convergence is not enough: non-convergent phases can
spoil the existence of a limit. Identifying complex numbers with vectors in the R? plane, one
can imagine that a sequence of such vectors may converge in norm, but fail to have a convergent

sequence of directing unit vectors (say, they approach some sphere of fixed radius in spirals).

This is precisely the issue that explains the following:

Proposition 46. Using the notion of convergence for products given in Definition 24,

(i) Tt can happen that [];c; [|fjll, [Ler [lg;ll exist and take non-zero values for some f;, g; €
H;j, and at the same time, that [];c;(fj,g;) does not exist.

(71) This can only be for such (f;);er, (95)jer if l;[l |(fj,95)| exists but %I arg(z;) does not. ,
J j

To prove it, we use the following lemma and corollary:

Lemma 35. Given (a;)jer, (bj)jer € C, if 34, B € C such that

< [[e;=4 and [[b;=B ) = < [[ et = AB )

Jjel Jjel jer
Proof: For an arbitrary J € Py(I) we have: '
’]:g:]ajbjAB‘ = ]EajA] j]g]|bj|+|A| ]jEHijB\. (A.9)
(et

Since [[;c;b; = B, by Prop.45, [[;c; |bj| exists and equals [B|. Hence, fixing an arbitrary
0 >0,
Ar((|b;);] € Po(I)  with [ Iojl <|B|+6, VJ2I
Jje€J
Now, for any given € > 0 take
€
© T S max{1, B[+ 6} - max{1, |A[}
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and define I¢ := I¥[(a;);] U IZ[(|b;]);] U I°[(b;);] € Po(I). Then, ¥.J € Po(I): I¢ C J, we have

(A.9)
‘ H ajbj — AB ‘ < &(|B|+0) + |A|¢ <e. But, this is to say that H ajbj = AB.
Jj€J JjeJ
0.€.0.

Corollary 20. Given (a;)jer, (bj)jer € C with a; # 0 for all j € I, if 3A,C € C such that

( [[a;=A and Hbjzc) — ( [T0 =AcC )

. . aq .
jeI jer jel .

Proof of Proposition 46:

(i) Let I be an infinite set and let f; € #H; be such that ||f;|| = 1. Then, for g; := —fj,
[Ler || fjll =1 and [Ler llgjll =1, but HI I(fi,95)] = Hjel(—l) which does not converge.
j€

(i6) By the Cauchy-Schwarz inequality, for any J € Po(D), TLe, (/5. 95)] < Tlyes I 5lllgsl
I TLier 1f5ll, TLierllgsll exist, then by Lemma 35, [Ty || f;llllg;]| exists. If the latter is
0, then trivially, [[;c; (fj,95) = 0 —so, it exists. But by Lemma 35, [];c; [|fjll[lg;ll = 0
implies that [[;c; [|fjll or IL;e Ilgs] is zero, which we excluded from the claim. Thus, in
particular, we are assuming that | f;||||g;]| # 0 Vj € I.

By Prop.44. (i), any product of non-negative real numbers bounded by 1 is conver-
gen. Since [jes |(f5 91/ 1439511 < 1, then Tles 1(f3, 95)1/1; ;1| converges. But by
Cor. 20, this implies that [[,c; [(f;, g;)| is convergent. Therefore, if [[;c/ [|f;ll, TLier 195l
converge but [[;c; (fj, g;) does not converge, because [];c; |(fj,g;)| must converge, the
only remaining possibility by Prop. 45 is that 3°,c ; [arg(z;)| diverges. 0.€.9.

Therefore, when it comes to the norm, it could make sense that ®;cr fj, ®jer 9; € ®jer H; for
a yet-to-be-defined ®;c;H;, but then we could be unable to define their inner product following
the desiderata. This is why, von Neumann finds the notion of convergence in Def. 24 too sparse
and needs to extend it to ensure that [[;c/(fj, g;) converges whenever [[,c; |||l and [T;¢; [|g;l]
converge. In particular, he defines an extension of the notion of convergence Def. 24 that makes
the discordant cases of Prop.46 convergent to 0 by definition:

Definition 31 (Quasi-convergent Arbitrary Product).

2 is quasi-convergent <= ( Z; ) is convergent (Def. 24 .
( (II ])JePMN) 1 J ) ( II' 3| JEP(N) gent ( ) )

jeJ jed

If so, we say that ( , z-) uasi-converges to the value:
y [Ticr 2 sepomy ! g
H zj  if it exists

jer 0 if H z; is quasi-convergent but not convergent (i.e., if Z larg(z;)| unbounded).
jel Jel .

Despite its ad-hoc introduction, one could view quasi-convergence not as a rule on “products
of numbers” per se, but a rule on “inner products of vectors”. Namely, we introduce additional
directions in the space to have all the meaningful elementary tensor products in a common space
—even if some of them might seem to be “incommensurate” with each other at first glance.
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If that argument still seems ad-hoc, von Neumann provided several justifications —in pages
4, 18 and 64 of his 1939 paper. The most convincing reasons for us are that

e In the last step of the construction, one naturally finds a way to “mod out” the tensor
products that caused the issue (see Sections A.2.2 and A.3).17)

e The W*-algebra of “lifted” bounded operators that we will see in §A.3, naturally imple-
ments this “modding out”.

¢ In a side-remark of page 64 von Neumann suggests that the use of quasi-convergence could
be justified via “generalized Banach limits”, although he provides no additional detail.
He just says that proceeding in that direction the overall construction would be “highly
artificial and arbitrary, and would have implied serious difficulties in the formulation of
an associative law” (the ultimate result of desiderata (f)).

In the following gray box, we will sketch what he meant by the last item.

Parenthesis: On von Neumann’s Quasi-Convergence and Banach Limits

The space of K € {R,C}-valued bounded maps over an arbitrary directed set (D, <) is
¢>°(D,K) :={x: D — K | sup cp |rs| < oo}, which is also the vector spacel of bounded K-
nets over D. If equipped with the supremum norm |[|z|| , := sup;cp |z;], (€%, ||-|| ) is a Banach
space.”) The convergent (and hence bounded) nets C := {z € {* | 3a € K : x, - a} are
a vector subspace of £°°. In particular, one can consider the map Ly : C — K that attributes
to each convergent net its limit value,l” which happens to be a linear!? functional on C with
operator norm 1. One could then wonder whether there is an extension of Ly to the whole
£>°. This would constitute a generalized notion of net limit. For the case of real sequences
(D = N) —where the net limits are just ordinary limits— this idea was conceived by Banach
(1932), who answered it affirmatively as an immediate corollary of the Hahn-Banach theorem.

Theorem 22 (Hahn-Banach Theorem). Let V be an arbitrary K € {R, C}-vector space with
||| : V= R a semi-norm and W C V a vector subspace. Then, for any 6 € V' (where V’
denotes the space of bounded K-linear forms on V),

5 0 lw=0 tension of
<|9(U)\§||UH, VvéW) . (aaevu éfW (extension of 6) )

()| < |lv||, Yv € V' (same op. norm)
.

|
Proof: See Theorem 2.2.12 in (Abraham et al., 2001). O

In fact, the theorem also proves the existence of generalized limits for arbitrary nets —just
set V=14, W = C and 6 = Lg. The issue is that it does not ensure a unique extension (un-

[a

One defines a(zs)sep + B(ys)sep = (axs + Bys)sep for o, 8 € K, z,y € £°(D,K).

See for instance Example 2.1.12.A in (Abraham et al., 2001).

K is a metric space and hence Hausdorff, so by Proposition 42, there is a unique limit point for each x € C.
By continuity of the sum and the product by scalar in K, the limit of a linear combination of convergent

]
b]
8
(d]

nets is the linear combination of their limits.
[ITo prove it, note that |Lo((z.)sep)| = limy—p |zs| < supyep |zs| = ||(zs)sen|l,,. This upper bound is
achieved by say, Lo((1)sep) = limy—p 1 = 1. Hence, | Lol|,, = 1.

(19 Although we have not defined them yet, will see later (in Prop. 58) that only vectors in different “layers” of

the same “quasi-layer” of the ITP can have non-convergent but quasi-convergent inner product. Since for QM,
one might identify the layers in a same quasi-layer, only “legally” convergent inner products will remain.
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less say, C' was dense in ¢°°, which is not the case even for D = N). As such, a priori, there
are multiple possible notions of generalized limit. In a clever attempt to reduce the landscape
of possible extensions to a nice enough family, one can impose certain properties of Ly (so,
properties of limits for convergent nets) to the allowed generalizations L. For example, a
Banach limit is a generalized limit of complex sequences (i.e., a unit norm linear functional
L : (*(N,C) — C extending Lg) such that[®

(x) Lo S = L, where S((x1,x2,....)) := (x2,23,...), is the shift operator —capturing that
convergence is a “tail property”, i.e., that it is independent of finitely many modifications
in the sequence.

With this single constraint, although there might still be multiple different extensions L, there
is a family of classically non-convergent sequences that converge to a same value independently
of which extension satisfying (%) one takes.”l For example, consider z := (1,0,1,0,1,...). We

have that S(z) + 2 = (1,1,1,...) € C with classical limit 1. Hence:

(extens.)

1=1Lo((1,1,...)) =~ L(S(zx)+x) *)

L(S@)+L(x) ¥ 2L(z) = L((1,0,1,0,...)) = %

(linearity)

A result that holds true for all Banach limits.

As such, sequences like & have a canonical notion of generalized limit. They are called almost
convergent sequences. In particular, for x, the generalized limit yields the average of the cluster
points of the sequence. In that direction, Lorentz (1948) gave an exact characterization of

almost convergent sequences in terms of limits of averages:

Proposition 47.

x € £>*°(N,C) is almost-convergent, i.e., ngnoo %(l'k + Ty + TheN-1)
L(x) = L'(z) for all Banach limits L, L' converges uniformly in k£ € N

Proof: See Theorem 1 in (Lorentz, 1948). O

Following these ideas, we wonder, now for D = Py(I), whether there is a set of properties of
convergent nets ([];c; 2j) sep,(r) that when imposed on an extension L of Lo : C C ¢>°(D,C) —
C, all non-convergent nets (I[;c;2j)sepyr) for which ([1;c; |2i]) sepy(r) does converge (and
hence, ([1jcs2)sep,y € £°°(D,C)) are necessarily given value 0 by L. That is, whether
there is a set of natural properties for convergent Py(I)-nets of products in C such that all net

convergence extensions with those properties agree with von Neumann’s quasi-convergence.

As we proceed to explain now, there are reasons to conjecture so. Firstly, by Definition
31, anet ([T;es 2j) sepo(r) € C is quasi-convergent but not convergent when (];c; |2]) sepy (1)
converges to a non-zero value but (3_;¢s [arg(25)|) jepy (1) does not converge —i.e., by Lemma
34, when sup jep ({2 jer larg(zj)|} = +oo. By Corollary 19 and Proposition 44, this can
only be if at most countably many z; # 1 and thus, at most countably many arg(z;) # 0. As
such, the problem reduces to the case I = N for all practical purposes. But then, we have the
following characterization:

JOriginally, an additional condition was also given: L(z) > 0 for all z with z; € [0,00). And some authors
alternatively also impose: liminfx_,oc zx < L(z) < limsup,_, ., zx for all z € £°°(N,R). However, Bennett and
Kalton (1974) point out that these follow for all Hahn-Banach extensions.

PlSee (Bennett and Kalton, 1974) for a proof that at least one Banach limit exists.

154



Proposition 48. Given a topological space X,

(xg )Je’PO(N) cX for all nested exhaustions of N by finite sets,
converges to some a € X | «—— | i.e.,V(Jp)nen C Po(N) : J, C Jpy1 & U Jn =N,
ie, lim z5y=o« . _ TEN
TP J as a sequence, n11_>rr010 xy, =«
Let us denote the family of nested erhaustions of N by finite sets as §. .

To prove this, we need to introduce some additional notions from net theory:

Definition 32 (Cofinal Subset). Given a directed set (D, <), a subset A C D is said to be
cofinal in D when Vd € D, dJa € A: d < a.

(Informally, A contains arbitrarily “large” elements.) *

Definition 33. Let X be a topological space and (D, <) a directed set. Given a net (z4)gep C
X, a subnet is a net (Tp(e))ecr C X indexed by a directed set (£, %) with i : £ — D an order

preserving map, i.e., such that
Vde D, Jey€ E: (eo <e=d< h(e)). (Ensuring that h(E) C D is cofinal.) A

Example 4. If A C D is a cofinal subset, then the restriction of a net (z4)gep € X to A,
namely (24)dea, is a subnet indexed by A (with direction induced from <). .

Proposition 49. Given a net (z4)qep C X,

((xd)dep C X converges to a € X) = (every subnet (zp(c))eck converges to a € X).
.

Proof: Let U be an arbitrary neighborhood of . By convergence of (24)4ep, 3do € D : xq € U
for all d > dp. But then, by definition of subnet, Jey € E such that for all e = eg = h(e) > dj

and hence, by the previous sentence, xy() € U Ve = eg, proving the subnet converges to a.
0.g.90.

Proof of Proposition 48: (=) A nested exhaustion of N by finite sets (J,)nen € Po(N) is a
cofinal subset of Py(N) because any J € Py(N) will eventually be contained in some element of
the exhaustion. Then, the restriction (x s, )nen is a subnet (as in Example 4) and by Proposition

49 it converges to a.

(«=) We prove the contrapositive statement: if (zs)sep, @) does not converge to o (i.e., 3U
neighborhood of x such that V.J € Py(N), 3J € Po(N) : J C J where x ; ¢ U —the net gets out
of U arbitrarily often), then, there exists a (J,)neny € § such that (x, )nen does not converge

to a.

Let J; := {1}. By hypothesis, 3.J; D J; finite with 25, ¢ . Now, assume for an inductive
construction that we have J,, 1 € Po(N) : z;,_, ¢ U for some n € N. Define J,, := J,_1 U{n}.
By assumption 3J, D jn finite such that z;, ¢ U. By construction, J,, C J, 41 and Upend, = N
but =, ¢ U for all n € N. Hence, (x, )nen cannot converge to a. 0.€.0.

Prop. 48 implies that we can legitimately identify a net (z,)ep,avy € C, with the family of

sequences

{ @s)nen | (nnen €5 |.
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To say that the net converges to « is to say that all the sequences in this family converge to
the same o € C. It is helpful again to think of the points #; € C as vectors in R? (which is
equivalent for topological purposes). Then, by Prop. 48

o the net of magnitude-products ([I;c; |7;])sep,vy € C converges if and only if every
sequence of finite partial products ([];c s, [7j|)nen; (Jn)nen € § eventually gets arbitrarily
close to the same sphere of the plane.

e On the other hand, the net of argument-sums (Zje 795) repo(vy € C fails to converge ex-
actly when there is a partial sum sequence (3¢, 0)nen, (Jn)nen € § that does not con-
verge. That is, when there is some sequence ([[;c, #j)nen for which the directions of its
vectors [] ;¢ s, #; do not converge. In particular, if [;c |z;] converges, then ([[;c s, %j)nen
must wander around more than one cluster point.?) One can imagine that such a sequence
traces either a spiral or a possibly irregular polygon (with the cluster points as vertices)

as it approaches the sphere in magnitude.

One could desire that a reasonable generalized net limit equates with a Banach limit for each
sequence in the family indexed by §. But if so, in view of Prop. 47, the generalized net limit
would presumably yield the weighted barycenter of the joint set of cluster points of all sequences
in the § family. Hence, if they end up being distributed symmetrically around the origin, any
such generalized limit would expectably yield 0.

[al1f HJ_GI |x;| converges, (HjeJ Z;)nen 18 contained in a compact set and thus it has at least one cluster
oint. Hence, if even still ) T )nen does not converge it must be because there are several cluster points.
p : e Ti g p

A.1.c The Infinite Tensor Product’s Construction

At this step, one must choose which of the alternative definitions of the finite tensor product is
the most convenient one to be generalized. The one using an abstract Cantor completion could
yield a mathematically elegant notion of ITP —in the sense that it would presuppose minimal
mathematical structure. However, von Neumann opted to generalize Def. 23, which is based
on multilinear forms. The reason could be that in a Cantor-style definition, the vectors of the
resulting space would be equivalence classes of Cauchy sequences of abstract linear combina-
tions of abstract symbols. On the one hand, the manipulation of such structures in an actual
calculation after the theory is built could be quite cumbersome. On the other hand, although
there are many theorems and results that we can apply to multi-linear forms, there might not be
such a dense literature on the abstract Cantor structure. In practice, perhaps the most critical
hindrance von Neumann could have found if he ever tried to use a Cantor-style definition is in
proving positive-definiteness of the inner product. It is a step that comes almost “for free” in
the multilinear form definition, while in the abstract setting it is slightly more involved.

We will now describe a reorganized and only slightly augmented version of von Neumann’s
original construction, making manifest how little modification Def. 23 requires to make the
generalization work. In what follows, I denotes an arbitrary index set and for each j € I, H; is
a Hilbert space.

Definition 34. A ¢ -sequence is a tuple (fj)jer € [] H; for which [J || f;|| exists. We will

jeI jer
denote the set of ¥-sequences by % . R
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Corollary 21. (fj)je[, (gj)j.g[ €v - g Hj€I<fj,gj> exists. .

Proof: See Lemma 2.5.2 in (von Neumann, 1939). O

We will denote by (f;);jernr X gr the tuple in [] H; that is equal to (f;)jesr except that in the
Jjel
entry k € I it is gi. Its associated elementary tensor product will be denoted by & ¢ I\k i ®gx-

Definition 35. (i) L denotes the complex vector space of conjugate multilinear forms over

[11]

the %-sequences," '/ namely,

e {(I): v . ‘ q’((fj)je]\k X (Afr +Mgk)) = Xi’((fj)jef) +ﬁ¢><(fj)j61\k < gk> }7

V(fj); €€, Vk €I, g, € Hi, u,A€C

where the vector space structure is defined as: given &, W € L, (fj); € € and \,u € C,
(A® + p¥)((fi)jer) = M (@((f3)ser) + 1 (Y ((f5)jer))- (A.10)
(ii) For any (f;)jer € €, we denote by @ ;¢ f; the form given by

® fi((95)ser) =" TTlgs f5)  with (g5); € €. (A.11)
jel

jel
We call it an elementary tensor product and it is an element of £.12

(iii) V denotes the linear span of the elementary tensor products:

jel

V.= span{ X fj
jelI

(fj)jelécf} {Z%@fk

meN, ¢ €C, (f; )Jge%} (A.12)

(iv) Since each @, ¥ € V admit expansions ® = >3 cx Qe fJ’-“, U =>11dQjer gé- for
some ¢, d; € C and (ff)jel, (gé-)jej € ¢, one can define the form (-, -): VxV — C

<‘I’, ‘1>> 3222 1 Ck ®fJ ((¢%)jer) szlckqu—[ g5 ). (A.13)
1=1k=1 I=1k=1 jEI
Claim: It is well-defined (independent of the chosen expansion). .

Proof: See Lemma 3.2.1 in (von Neumann, 1939). O

1 There are two main reasons why it is enough (and perhaps even necessary) to take the arguments of the

maps in £ to be the €-sequences (as opposed to any sequence (g;)jer € 11 *,5):
jel

(i) The only forms that we need to define explicitly have the shape (]gj)jej — 1 ngl 95, [j), represent the
action of ®jerf; with (f;); € € and are used to define the inner product of elementary tensor products
®jerfi, ®jerg; for which (f;)jer, (gj)jer must be €-sequences. Since any other multilinear form in the
construction will be a linear combination or point-wise limit of such ®;f; (in the spirit of Def. 23), their
inner products will be definable in terms of inner products of elementary tensors. With all, there is no
need to define the action of the multilinear forms outside ¥ at any point of the construction.

(ii) Tt is an integral part of the proof of positive definiteness of the inner product that a vector ® with ®((g,),) =
0 for all (g;); € ‘5 is itself the zero form, & = 0, which would not follow if & was a form taking possibly
any sequence (g;); € H]EI H;.

[2I0bvious from conjugate linearity of the first argument in each inner product.
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Corollary 22. (i) For all ®, ®,¢/f; €V, <®jel fir <1>> - @((fj)jel).
(ii) (-, -) is conjugate symmetric and sesquilinear (conjugate linear in the first argument and

linear in the second one). N

We are now at a crucial point: if we prove that (-, -) is positive definite, it will be an inner
product and the rest will follow exactly as in Def. 23. One could be tempted to use the proof
we sketched in footnote [4] within Def. 23 for the generalized situation. So seemed to be von
Neumann, since in order to use it, one needs to elaborate first the following equivalence relation
(we will point out afterwards where this was fundamental to prove definiteness). First, he gets
rid of some of the elementary tensor products that equal the zero vector:

Definition 36. A 6p-sequence is a tuple (fj)jer € [l;e; H; for which 37,/ [[If;] — 1] exists.
We denote the set of 6y-sequences by 4. .

Proposition 50. Given f; € H; for j € I,
( D IFill = 1] exists ) = ( OFIP = 1] exists )
jel JeI

Proof: See Lemma 3.3.2 in von Neumann (1939). O

Lemma 36. (i) All %p-sequences are é-sequences, i.e., 6p C €.
(i) (fj)jer € €\ 6o = Qjer fj =0.
(So, one can dismiss € \ 6o from the construction, centering only on 6n-sequences”.)
More generally, any (f;)jer € € satisfies:

. either:  (fj)jer € €o

K fi =0

;=0 for at least one
jel . Or: ((fj)je[ € %> & < /s > '

and at most finitely many j €

(Consequently, any (f;)jer € 6o satisfies: Qjcr fj #0 = f; #0Vje I.)

(iii) In particular, any (f;)jer € € satisfies:

o if: fj = 0 infinitely often
. or if: fj#OVjEIandHHfjH:Q.} = ([j)jer € €\ Co.
Jjel

(Hence, only considering ép-sequences spares the possibility that ®;c;f; satisfies any of

those two inconvenient situations.) N
Proof: (i) See Lemma 3.3.1 in (von Neumann, 1939).
(ii) We prove first that in both “either” and “or” cases, (<) follows.
o Negating Lemma 3.3.1 in (von Neumann, 1939) we get: (f;)jer € €\ 60 = Qe f; = 0.

o If (fj)jer € %o, it is also in €, so there is a corresponding multilinear form @, f; € L
acting as @; fj((hj)jer) =7 [1;(hy, fj) on (hj)jer € €. But if at least one of f; = 0, then
®j fi=0.
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Now we prove that if (f;); € € with &, f; = 0, the only possibilities are the “either” and
“or”. Indeed, any %-sequence is either in %j or it is not (proving the “either” case). If it is a
‘Go-sequence, then we claim that @; f; = 0 only holds if f; = 0 for at least one and at most
finitely many j. To see why:

o Assume f; # 0 Vj € I. Then (by Prop.50), %p-sequence means that 3¢, 1£511* = 1]
converges, so, by Cor. 19, we get that [];¢; HfHJ2 = (Qjer [i» ®jer fj) converges to a non-
zero number. But because by hypothesis, @ ¢ f; = 0, in particular, (®jerfi, ®jerf;) =
(®jerf;)((fj)jer) = 0. Absurd! This proves that f; = 0 for at least one j € I.

o Now, assume f; = 0 for infinitely many j € I. Then, >,/ [[[f|l; — 1| cannot converge
because it contains a sum of infinitely many ones. This contradicts that (f;); is a €o-

sequence. Hence, f; = 0 at most for finitely many j € I.

(iii) We just showed that if f; = O infinitely often, (f;)jer & %o. On the other hand, if
(fj)jer € € satisfies that f; # 0 Vj € I and [[;¢ | f;]] = 0, it cannot be that (f;)jer € %o,
because if so, 3¢/ [[|f;]| — 1| would exist, implying by Prop. 44, that [[;c; [|f;] # 0. Hence,
(fi)jer € €\ %o. 0.€.9.

One could wonder why we are excluding only those zero tensor products outside % (after all,
there are still more than one in %(). The reason is that they were avoiding us from finding the
following equivalence relation, which groups elementary tensor products with “asymptotically
equal tails” —(f;, gj) ~ 1 for most j € I— and allows to prove positive definiteness.

Theorem 23. (i) Given (f;)jer, (95)jer € 6o, the relation

(fi)jer = (gj)jer = ( > i, 95) — 1] exists ) (A.14)
jel

is an equivalence relation.

Notation: The set of all ~-equivalence classes will be denoted throughout the whole
present document by I' and the equivalence class of (f;)jcr by €[(f;j)jcr]. We will abuse
notation saying that & ;c; f; is a ¢p-sequence or belongs to some ~-class if (fj)jer does
SO.

(ii) Given (fj)jer, (95)jer € %o,

{. either: (fj)jer # (95)jer

< ’ gj> . or (fi)jer = (gj)jer and ((fj,g;) =0 for some j € I)

jeI jeI

(iii) Given (fj)jer, (9j)jer € %0,

. (fj)jEI ~ (gj)jel — H<fj,gj> exists. It is 75 0 unless 3]0 el: <fj7.gj> =0.

j€el
o (fj)jer # (9j)jer = either H(fj,gj> =0 or it does not exist.!'?!
jel
(In particular, if Hjel<fj,gj> does not exist, then (f;);er % (95)jer-) .

[1311f it does not exist, then necessarily (f;)jer & (gj)jer (see Prop.58).
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Proof: For items (i) and (ii) see respectively, Lemma 3.3.3 and Theorem I in (von Neumann,
1939). For item (iii): By Cor. 19, using the definition of ~,

( [ 95) exists & is #0 ) = < (fir95) Z0Vi €1 & (fj)jer = (g5)jer )
JeI
If (fj,g5) = 0 for some j, [1;c/(fj,95) = 0, so the last statement proves the first sub-item of

(iii). Likewise, its negation,

( H<fj,gj> does not exist or is =0 ) — < 3j0€]:<fj0,gj0>20 or (fj)jejﬁé(gj)jej )

jer

proves the second sub-item of (iii). 0.€.0.

After this characterization, we can now prove positive definiteness of (-, ).

Proposition 51. (i) V& € V, (®,®) >0  (semi-definiteness).

(if) VO,V eV, (T, ®)| < (U, ¥) (P, P) (Cauchy-Schwarz inequality). .

Proof: (We follow the proof in (von Neumann, 1939)) (i) First, note that as multilinear forms,
for all z € C, 2 Qjer fi = ®jenk i ® (2fk). Hence, by definition of V', we can expand an
arbitrary ® € V as ® = Y7 ®jes fk (i.e., we can always absorb the coefficient in some
factor). If for some k, (f )jer is not a 6p-sequence, then, by Lemma 36 @<y f = 0. Thus, we
can assume that all ( fjk) jer in the expansion of ® are 4p-sequences. But then, we can group
them according to which ~-equivalence class they belong to. Let us say there are p (< a)
different classes and denote by ®; the sum of the @ ;¢ fjk belonging to the same s-th class.
If so, ® = YP | &,. By Theorem 23 (®,, ;) = 0 for all s # k, so (D, D) = >F_ (D, D).
Hence, it is enough to prove that (@5, ®5) > 0 for every s. That is, we just need to prove that

i1 Qe fj , composed by ( f )jes in the same ~-equivalence class, has non-negative norm:
(need to show) (Thm. 23 (iii)

0 < (D, D) ZHfl,fl ZHfl,fl (A.15)

j k=1 Il jk=11€l

Now, because each product in the sum is convergent (by Cor.21 and Thm. 23.(iii)), if we prove
that for any {i1,...,in} C I, n € N, the sum of partial products > 7% 4 [T Zl,fl@ is non-
negative, the sum of arbitrary products (A.15) will need to be non-negative. From here the

proof continues exactly as for finitely many factors (footnote [4] of Def. 23).

The Gram matrix ((ff,ff))??,czl € C™™ is positive semi-definite for each [ € {i1,...,in}

since
m

ijfz

Hence, it can be diagonalized in an orthonormal basis (u!")™ ; C C™ with non-negative eigen-
values A\, > 0:

>0, V(Cﬂj)j eC™. (A.16)

m

U e = 30 N (@l (A.17)

r=1

Consequently,
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m n m n m m m
o orky ar ar | _ i171,) 8171 inTn, inTn _
E | |< 0 fi) = E I I E Arud"uwl” | = E g Ary o Apuf gt i g =

(A.18)

m m

LT1 o inTh
Dy
Jj=1

m m m
ir inTn T inTn | __
= E )\7,1...)\% E ujll"'uj § ukl 1"'uk — E /\7"1"'/\7"71
j=1

Tl Tn=1 1,y =1

which is trivially non-negative.

Note on why one needs to introduce the ~-equivalence relation before this proof:
As we said, for general ® € V', & =377 Qs f] with (@, ®) =39, T TLies (f] . ff) - Unless
we got rid of the possibility that ][, (f7, fF) is quasi-convergent but not convergent, we
would be unable to make the argument after equation (A.15) that allowed the use of the
finite dimensional proof. For quasi-convergent but non-convergent 7 [];c;(f7, flk>, the product
is defined to be zero, so, >7% 1 [T,/ (f7, = Tt 05 [Lier (f7 fF), where 60}, is 0 if the
J, k product is not convergent and 1 otherwise. But then, the third equality of (A.18) —which
was the key thing that proved > 0— would not be possible.

(ii) The proof is exactly the same as for finitely many factors and it only uses that (-,-) is
sesquilinear together with item (i). See for instance Lemma 3.4.2 in (von Neumann, 1939).

0.€.0.
Corollary 23. V® € V' \ {0}, (®, ®) > 0. Hence, (-, -) is an inner product in V.
In particular, v € V — ||v|| := y/(v,v) defines a norm and hence a topology in V. .

Proof: (Following (von Neumann, 1939).) Let ® € V, such that (®,®) = 0. By Prop. 51.(ii),

(U, D) SW\?W =0 for all ¥ € V. Hence, (¥, ®) =0 for all ¥ € V. In particular,
(®jer fj» ®) = 0 for all elementary tensor products ®jey f;. By Corollary 22 this is to say that
®((f;)jer) = 0 for all (f;)jer € €. Therefore, as a form in £, & = 0. That is, the only ® € V
with (®,®) =0is & = 0. o0.c.0.

Now we can proceed exactly as in Def. 23 in order to “complete” the tensor product space.!'

Lemma 37. Let (¢n)neny € V be a ||-||-Cauchy sequence (i.e., lim sup |¢m — ¢nl| = 0).

—Omn>N

(i) For all (fj)jer € €, the limit Jim gbn((fj)jef) exists.

(ii) The form (f;)jer € € — nh_}ngo On ((fj)jg) is an element of £ (i.e., a conjugate multilinear
form). We call it the point-wise limit of (¢n)nen- .

Proof: See Lemma 3.5.2 in von Neumann (1939). O

Definition 37. We define ®;c; H; to be the subspace of L constituted by point-wise limits
of || - ||—Cauchy sequences of elements in V' (i.e., of linear combinations of elementary tensor
products). Explicitly, ¥ € ®,c; H; C L if and only if I(bn)neny C V with

(@) 2((fi)jer) = N dn((fi)jer) V(fi)jer €€ (i@) lim sup [|¢n —@nf =0. (A.19)
—Omn>N ¢

[14

I'What we do is something between taking a closure —which we really do not because in principle, there is
no topology in the ambient space £L— and taking an abstract completion —it is not abstract, because the limit
points already exist as members of L.
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Lemma 38. ||-||-Cauchy sequences (¢ )nen, (¥n)neny C V satisfy that

lim |[¢p —Yn|| =0 < ( point-wise lim ¢, = lim . )

n—oo

(Informally, Cauchy sequences with convergent tails represent the same limit vector.) .

Proof: See Lemma 3.5.2 in von Neumann (1939). O

Proposition 52. (i) For any pair ®, ¥ € @,c; H;, and any pair of ||-||-Cauchy sequences

(én)ners (¥n)ner whose point-wise limits are respectively ® and W, 1% (Pn, ) exists

i
and is independent of the chosen Cauchy sequences.

(if) The form (-,-) : ®,e; Hj X Qe H;j — C defined by

(@, 0) = lim (90, ¥u),

(using the notation in (i)) is well-defined and is an inner product. For ®, ¥ € V it coincides
with (-, -) as in Def. 36 (iv). Assuch, ® € @, H; = [|®[ := /(®, ®) is a norm extending
that of Cor. 23.

(iif) Given ® € ;s H; and a sequence (¢n)nen C V,
point-wise P I

2 n—00 ®

(dn)nen is a ||-||-Cauchy sequence nh_{glo |® — ;]| =0, i.e.,
<~ .
and ¢,

n—oo

(iv) V is a dense vector subspace of &;c; H; (in the [|-|| topology).

(V) (®jecr Hj, |I]]) is Cauchy complete. .
Proof: See Lemmas 3.5.3, 3.5.4, 3.5.7, 3.5.8 and 3.5.9 in von Neumann (1939). O
Definition 38. We call the Hilbert space (®,c; Hj, (), the proper infinite tensor product.
Whenever we simply say “infinite tensor product” (ITP), we mean the proper ITP. .

Naturally, we recover many of the properties of finite tensor products, such as:

Proposition 53. For each jo € I, and each (f;)jer € €, the mapping

Yo € Hjo — & [ ®gj, € QH; (A.20)
JEI\jo Jjel
is linear and continuous. .

Proof: See Lemma 4.1.3 in (von Neumann, 1939). O

A.1.d The “Well-Generalized” Theorem

Now, one could wonder whether alternative ways to generalize the tensor product would yield
a similar construction. Remarkably, although he employed conjugate multilinear forms to con-

struct his I'TP, von Neumann also proved the following uniqueness result:

[15]There are always such sequences by Def. 37.
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Theorem 24. A Hilbert space (7, (-, -) ;) satisfies the following two conditions:

(i) for each (f;);er%, one can designate an element ®;c;f; € H# (not necessarily injectively),
such that for all (f;)jer, (95)jer € € :

<®]€If]7 ®]€Igj>-%a:ql—[<fj7 g]>7

jeI

(i) V := span{ Rjerfj € A | (f5)jer € ‘5} is dense in .77,

if and only if there exists a linear isomorphism U = @ ey Hj — H with % (®je1f;) = Qjerfj-
If it exists, U is unitary and unique.

The statement still holds if we replace € by %. .

Proof: See Theorem IV in von Neumann (1939). O

That is, whichever generalization of the tensor product one could construct, as long as the two
points in the theorem hold —both of which being obvious desiderata that any generalization
[16]

should satisfy—, for all mathematical purposes the new construction would still be von

Neumann’s.

Recovering the Finite Case

As one of the most important parts in checking well-generalization, we must study if the con-
struction falls back to the usual tensor product under the appropriate circumstances. To do

this, Theorem 24 is utmost important.

Proposition 54. o If I has only one element, say I = {0}, then & ;c; H; = Ho.
o If I has finitely many elements, say I = {1,...,n}, then @;c; H; =H1 @ @ Hy. .

Proof:

o For I = {0}, using the notation of Theorem 24, we declare ®jecrf; = Qofo := fo € Ho
and 57 := Ho. Then, all the conditions are trivially satisfied for the existence of a
unique unitary map U : Q;cr H; = Qg Ho — Ho such that U(®ofo) = ®ofo = fo-
Now, all vectors of ®yHo are elementary tensor products ®@ofy = fo (also their linear
combinations), so, ®gHp equals the set of elementary tensor products ®qfy. Hence,

canonically, @, Ho = Ho.

e Whichever definition of H; ® --- ® H,, we employ, the theorem will give a unique uni-
tary identification relating the elementary tensor products of that definition and von

Neumann’s generalization. 0.€.0.

The ITP of Subspaces seen as a Subspace of the full ITP

A priori, it could happen that given W; is a vector subspace of the Hilbert space H; for each
j € I, the tensor product ®j€ 1 W; is not comparable to the tensor product of the full Hilbert

spaces Qe H;. However,

[16]By which we mean that a proposition holds in one of the constructions if and only if after the identification,
it holds in the other one.
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Corollary 24. Given a closed vector subspace W; C H; for each j € I, such that W; # {6},

there is a canonical way to see &) ;c; W; as a subspace of @ ;c; H;- N

Proof: (We follow (von Neumann, 1939).) Denote by ®;c/W; the closure of the span of
elementary tensor products @cr f; € ® ;e H; for which f; € W; Vj. This is a closed vector
subspace of ®je 1 H; and hence inherits a Hilbert space structure. To apply Theorem 24 on
H = RjerWj, we now designate ®;f; := ®;f; € Q;H; for each (f;); € €. Then, the
two conditions are trivially satisfied and the theorem ensures that there is a unique unitary
isomorphism U : @;c; Wj — @;W; C Q,er H;j that identifies the basic tensor products of

one and the other space in the obvious way. 0.€.9.

On the “Commutativity” of ®

In the following sense, there is no intrinsic dependence on the order in which we place the

Hilbert spaces in an ITP.

Lemma 39. Given:
e [, I5 arbitrary index sets with the same cardinality,

o (Hj)jen, (Kj)jer, families of Hilbert spaces such that there exists a bijection

o:Iy — Iy with H; =K, (that we call a rearrangement),

then, there exists a canonical identification between @ ;c;, H; and &) ,cp, K; associated to that

rearrangement. Namely, the one identifying

& fj S Hj — &K g; € (%) /Cj when fj = Go(5)-
jeh jeh JEl2 Jj€l2 .

Proof: The notion of infinite product we used to define the inner products of elementary tensor
products was order independent. Following that, the construction had no dependence on the
particular order of the factors. In fact, I does not even need to possess an order. With that,

the lemma is essentially trivial.
0.€.4.

For instance, given a countable family of Hilbert spaces (#;);en, there is a canonical identi-
fication between H1 ® Ha ® - -+ and H,(1) ® Hy(2) ® - -+ for any bijection o : N — N.

Importantly, note that this does not mean that the construction is “bosonic” when we put
all H; equal to a same space H. One still needs to keep track of which factor in an elementary
tensor product should be paired with which from another elementary tensor product. That is,
consider f1 ® fo® f3--- € HR®H ®---. Then, note that

(hehefs - LefsOASHSE) =) T 161 @A)
N————

j€EN\{1,2,3}

which in general, is not even a real number! (So certainly, {1 ® fo® f3®@- -+ # foR f3R f1®---.)
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A.2 Dissecting the Infinite Tensor Product

In order to manifest the vastness of the ITP, we enunciate the following fact. In a finite tensor
product H; ® --- ® Hy, given an ONB {ff}ke}(j C H; per each factor space, one obtains an
ONB of the tensor product H; ® --- ® H,, by considering all their possible elementary tensor
products f{cl ® ---® fh». This is no longer true for the ITP:

Proposition 55. Given an arbitrary index set I and a family of Hilbert spaces (H;);er, consider
a choice of ONB { fjk} kek,; C H; for each H;, where Kj is an index set (of cardinality equal to the
Hilbert dimension of #;). Any choice of “one vector per each basis”, namely, any ( ff Njer, kj €
Kj, is a ¢-sequence because all ff 7 are norm 1 vectors. Hence, their corresponding elementary
tensor products,

(kj)jer € [ K; } (A.22)

Jjel

B:= { ® /1
g€l

are well-defined and have norm 1. In particular, they are trivially orthogonal to each other, so

B is an orthonormal family.

Now, if I is infinite and if infinitely many of the spaces H; have Hilbert dimension greater than
1 (i.e., |K;| > 2), then:

(i) B is an uncountable set. (ii) B is not an ONB of ®I7-l] .
j€

Proof:
(i) By assumption, there exists a subset of countably many indices R = (r1,r2,...) C I such
that for each r € R, |K,| > 2. Thus, we can assume without loss of generality that for
all 7 € R the indices 0 and 1 are in K,.. The set of possible sequences made of 0 and 1,
denoted by [],cr {0, 1}, is then a subset of the set of possible choices of an element in K,
per each r € R. This has a smaller or equal cardinality than the set of possible choices of
an element in Kj per each j € I (without restricting only to R), namely, than [];c; Kj.
But [[,;¢; K; indexes B, so they have the same cardinality.” Finally, the number of
possible 0,1 sequences is uncountable by Cantor’s diagonal argument. Therefore, B must

be uncountable as well.

(ii) Consider g, := %(f}? + f}) € H, for each r € R and for j € I\ R let g; be a fixed
vector of each ONB. Then, [|g;|| = 1 Vj € I and as such, @;c;g; has norm 1. But this

vector is orthogonal to all the elements in B as we proceed to prove. For any choice of
(kj)jer € [jer K;

1L ik eqon

k; k; - 1k ;

S g = - (g =30 VR } > 3702 = 0o,
Jel r€R réeR | 1 if k; ¢ {0,1} reR

(A.23)
Hence, by definition (g;)jer # (f;cj)jej and by Theorem 23, (®,¢; ffj,®jelgj) = 0.
Therefore, the span of B cannot “expand” @jc; g; in any way and a fortiori, B cannot
be an ONB of &5 H;- 0.6.6.

INote that ®jerfy for different choices of (k;)jer € Hjel K are non-zero and orthogonal to each other.
Thus, they are all different to each other and there is a bijection between B and H].EI K;.
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This exposes the main challenge (or perhaps miracle) of the ITP:

Corollary 25. Given an infinite index set I and a family of Hilbert spaces (H;);er, if infinitely
many of the spaces H; have dimension greater than 1, then @ ;c; H; is a non-separable Hilbert
space (i.e., any ONB has uncountable cardinality). .

Proof: Because an ONB in a Hilbert space is an orthonormal family of vectors with maximal
cardinality, by Prop. 55, any ONB of )¢y H; must have uncountable cardinality. 0.€.0.

That is, even the simplest non-trivial ITP, C2@ C2®@ C?®-- - is a non-separable Hilbert space.
This explains the importance of finding well-behaved “dissections” of the space. Ideally, we
would like to make most of the work on a generic (preferably separable) subspace of the ITP
and then obtain the results for their assembly with minimal “pain”. In the tongue of an ancient

tactician: “divide and conquer”.

By “dissection” we mean “direct sum decomposition into orthogonal subspaces”. The obvious

candidate for such a decomposition, in light of Theorem 23, are the span of ~-classes.

Definition 39. For each ~-equivalence class € € I (see Theorem 23), we denote the closure of

the span of all its associated elementary tensor products by

®]¢617-lj = span{ R fie QH,; ’ (fj)jer €€ } (A.24)

jel J€el
We call it the €-th improper infinite tensor product or €-th layer of the infinite tensor product.
¢

Theorem 25. Let (H;);cr be a family of Hilbert spaces.
(i) If ¢, 9 € " are € # N, then %, H; L @7, H;.

(ii)
Q@ H; = span{ U (®]€-€I ’Hj> } (A.25)

Jel eer
Hence, by Proposition 15, @ H; = @ <®]¢61 ’Hj>. This is why we called ®]¢61Hj a layer
J€elI ¢el
of the ITP.

(iii) For every € € T, E(fj€ )jer € € such that Hff” = 1. We call them (and their associated
tensor products) generators of the €-th layer because for each and every one of them,

®}€Eﬂ{j = Span{ X fic QH,; ‘ fi # fjC only for finitely many j € I } (A.26)
g€l jel

(iv) For each € € T and each generator ®c; ff € ®%crH;, given an ONB (¢ )kek, C Hj of
each H; (where Kj is its index set), such that 0 € K; and gb? = ff for all j € I, then,
{ (024 (b?(j) ‘ B e H K; sth. B(j) #0 only for finitely many j € I} (A.27)
Jel jeI
is an ONB of ®j¢eIHj~

(v) If H; are all separable and I is countable, then ®j¢€ﬂ-[j is a separable Hilbert space V€ € 1“..
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Proof: In (von Neumann, 1939), see Lemma 4.1.1 for (i) and (ii), Lemmas 3.3.7 and 4.1.2 for

(iii) and Lemma 4.1.4 and its subsequent discussion for (iv) and (v). O

With all, even if the full ®;c; H; is non-separable, in many cases of interest (say, in the main
text’s case), each layer is a separable Hilbert space —such that certain things are simpler to be

proven focusing first on the layers.

A.2.1 A Note on the Associativity of ®

As an example usage of this dissection technique, von Neumann studied the following associa-
tivity properties of the ITP. Given an index set I and a partition for it (I,)acp, one could
either build ®;c;H; directly or first build ®;e¢;,H; for each a € P and only at the end do

Qac p( ®jel. ’Hj). The question would then be: when are the results canonically identifiable?

Theorem 26. Given an arbitrary index set I and a partition (I,)acp of I (i.e., a family of
disjoint subsets of I such that Useplo = I), consider a family of Hilbert spaces (H;);er-

(1) (fj)jer is a €-sequence == for each a € P, (f;)jer, and (Q ¢y, fi)acp are €-sequences.

(ii) For any representative (f;);er of a fixed ~-class € in Q1 Hj, (fj)jer, (resp. (Qjer, fi)acp)
belongs to the same class €% of @;cr, H; (resp. ¢0 of ®aep( ®jela ’H]>) That is,

each € in Q);c; H; determines unique ~-equivalence classes € and @0 in jer, Hj and
®aeP( Qjela Hj), respectively.

(iii) For each € € T', there exists a unique isomorphism (which is in particular unitary)

0 oY
U: ®j¢el7{j — ®SEP<®3¢€IQ Hj)

(A.28)
such that Qjerfi = Qaer <®Jela fj)

(iv) If there are finitely many “boxes” in the partition, i.e., |P| < 400, then the isomorphism
of (iii) can be extended to a unique isomorphism % : @ c; H;j — Quecp (®jela Hj>.

(v) If |P| = 400, in general, the “associative law” given by item (iii) cannot be extended to
an isomorphism % : Q;c; Hj — Qqep (®jela Hj). .
Proof: See Theorems VI and VII in (von Neumann, 1939) for items (i),(ii), (iii) and (iv).

Due to its simplicity (and hence, its drama) we now show a counterexample by von Neumann
(1939) that exemplifies (v). Let I = N. We partition it in couples: Iy = {1,2}, I» = {3,4},...

For each j € N choose some f; € H; such that ||f;|| = 1 and define g; := —f;. Then,
(fj)jer, (95)jer € €0 and
Sty —1=>2 = (fi)jen# (=fj)jen- (A.29)
jeN jel

Hence, by Thm. 23, ®jeN fi L ®jeN(_fj)v ie., ®jenfj L ®jeng;-

However, for each a € N, Q;c;, fj = foa—1 ® foa and

® 9j = g2a-1 @ g2a = (—f2a-1) ® (= f2a) = fra-1 ® foa = & fj-
jela Jj€ly
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So, ®jer, fj = ®jer,9; and thus,
a@N (aga ga) B a@N (aga fa)~

But then, as a function of the association we choose to make, we can cause the resulting

elementary tensor products to be either orthogonal or be the same element!
0.g.90.

Luckily, this is no issue in the context of QM because there (say, in the standard model of
particle physics) one only considers finitely many different species of particles. As such, by

virtue of Theorem 26, it is the same to
o study the ITP space of each species separately and then their composite system,

e or to consider them altogether in the same I'TP from the very beginning.

A.2.2 A Coarser Grained Dissection: the “Quasi” Equivalence Relation

For any @,c; f; # 0, even when | f;]| = 1, the vector ®,c;(—f;) is orthogonal to it (as soon
as) I is infinite, because:

(® i @ 1)) =TIt =TI

jer’ jer icl icl

which is quasi-convergent but not convergent —so yields 0. The same happens whenever we
take @ ;e (e fj) such that [];c; % does not converge. So, even if factor-wise the two vectors

seem to be proportional to each other, overall they end up being even orthogonal. In general:
Proposition 56. Let (2;)je;r € C\ {0} with [];¢;[2)] existent and let @, fj # 0.

(1) If [Tjer |25 # O then (fj)jer, (25f5)jer € 6o and

e cither : 03 (zjfj) = (sz> R fi = ( Hew exists )

JEI jeI Jel Jel
or J% (zjf]) j% fi <= (Z]f]>jel # (fj)jel
(i) I TTje |25] = 0, then (2;;)jer € % and ®je; (1) = 0. '

Proof: o Item (i): By Prop.44, 3¢/ ||zj| — 1| exists, and by Lemma 36.(ii) (f;)jer € %0
because @ ;cr fj # 0. Hence, by Lemma 3.3.6.(ii) in (von Neumann, 1939) (z;f;)jer € %o.
Now, either [];c; 2; exists or it does not. By Lemma 3.3.6.(iii) in (von Neumann, 1939), given
our hypotheses, ®,c; (zjfj) = (Hjej zj> - ®,er [ holds if and only if [[;c; z; exists. On the
other hand, by Lemma 3.3.6.(iv) in (von Neumann, 1939), in our situation, (f;)jer = (2;fj)jer
if and only if 3 ;1 |2 — 1| exists. By Cor. 19 the latter holds if and only if [] ¢ 2 exists (and is
# 0 —which in our case would be guaranteed by [[;¢; |zj| # 0). Hence, in our setting, [er 2
does not exist if and only if (2;f;); # (f;);. This proves that

o ecither : @ (ijj> = (HZJ) ']%fj = ( jl;[IZj s > ) (A.30)
e or: (ijj) # (fj)jeI (T}gﬁ) R (ijj) J_J%fj

jel
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Now, by Prop. 45, 3~ larg(z;)| being convergent is necessary and sufficient for [];< z; to con-
verge because by hypothesis, [[;c;|z;| € (0, +00). But, by Example 3, for that, the convergence
of [Tjer %5 is necessary and sufficient. This proves the “either” of the claim.

Finally, given ®jer(2;f;) L ®jerf;, assume that [[¢; 25 exists. Then, by (A.30), ®jer(2;f;) =
(ILjer 2j) - ®jer fj, which implies that (I[;e; 2j) - ®jerfj = 0 (since, the only vector orthogonal
to itself is the 0 vector). But then, given that by hypothesis, [[;cs [25] # 0, [Tl;er 2] # 0
and thus, [[;c;z; # 0. This, together with the hypothesis that ®;esf; # 0 would imply that
(ILjer 2j) - ®jerfj # 0. Absurd! Therefore, it must be that ®;cr(2;f;) L ®jerf; implies the
non-existence of [];c; zj, which by (A.30) implies that (z;f;)jer % (f;)jer- This ends the proof
of the “or” case.

o Item (ii): By Lemma 3.3.6.(i) in (von Neumann, 1939), since (f;) € €, then (z;f;)jer €
%. By Prop. 45, [ ;¢ |2j| = 0 implies that [[;c; z; = 0. Hence, (2;) es has a convergent product
and as such, by Lemma 3.3.6.(iii) in (von Neumann, 1939), @<, (zjfj) = (Hjel zj) Qjer fj =
0. 0.€.0.

Now, if we employ @ ;c;H; for QM, one could desire that the unit vectors ®;ertp; and
®j€1(ewf¢j) represent the same physical state irrespective of (6;);en. Prop.56 shows that
such vectors are orthogonal whenever [];c; e% does not converge. And yet, it turns out that
the ITP accepts the desired identification, as we proceed to see now. Furthermore, the key
equivalence relation for the identification, %, will turn out to explain when quasi-convergence
is needed and when not. Moreover, 2 will also emerge naturally from within the structure: the
operator algebra generated by lifts from the factor spaces will be remarkably simplified by the
sectorization associated to ~.

Proposition 57. Given (fj)jer, (9;)jer € €0, the relation
q .
(fi)jer = (gj)jer = ( ZH<fjv 9j>’ - 1’ exists ) (A.31)
Jel

is an equivalence relation. We call it quasi-equivalence or g-equivalence,'” and we denote its

family of equivalence classes by I'?. Alternatively,

(fijer = (g))jer <= ( 3(0))jer C [=m,7) = (fi)jer ~ (€% gj)jer ) (A.32)

(Informally, “(f;)jer 2 (9j)jer when up to a factor-wise global phase they are in the same
layer”.) .

Proof: See Lemmas 6.1.1, 6.1.2 and 6.1.3 in (von Neumann, 1939) O

It turns out that the splitting into Z_classes is a coarser dissection than that of the -

equivalence relation. Namely, each 2 class is exactly partitionable into entire ~z-classes:

Lemma 40. Given (fj)je]; (gj)je[ € %o,

(F)jer = (g9)jer = (fi)jer = (g))jer-

[7INote that von Neumann calls it almost-equivalence. We decided to change it to emphasize its relationship

with the quasi-convergence and the potential application within quantum mechanics.
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e Hence, for each € € I', there exists a unique € € I'? such that € C €%. In particular, for all
¢l el

¢= || e (A.33)
¢el: ecee
e Then, defining the €%-th quasi-layer of the ITP to be
SferHy = Span{ ® /i ‘ (fi)jer € @}, (A.34)
j€

one gets that ®3€21’Hj 1 ®?§IHj for all €7,07 € T'? with €7 #£ M9, As such,

Q H;j = span{ U ®]¢é[7-[j } and ®§:él H; = Span{ U ®]¢61H3‘ }
Jel ¢aere ¢el : eCe

for each €7 € I'?. Therefore, by Proposition 15,

Q= @ (0% 1)= D ( B (®j¢dfﬂj)>. (A.35)
jel ¢aeTa ¢eele \ ¢el: eCea
¢

Proof: See Definitions 6.1.2, 6.1.3 and the discussion in between in (von Neumann, 1939).00

Remarkably, it turns out that the concept of quasi-convergence is only required to explain the

layers within the same quasi-layers.
Proposition 58. Let I be infinite and let ®jerfj, ®jerg; € ®jerH;. Then,

® (fi)jer % (9j)jer = < H<fj,gj> converges to 0. )
jel
(ii)
(a) if (fj)jer = (9j)jer = ( H(fj,gj> converges.)
jel

[Ljer [{fj; g5)| converges & )

q .
fi)ier = (95)jer = (b) if (fj)jer # (gj)jer = )
( ])]GI ( J)]EI 773 373 Hje] et@r8({f5,95)) does not converge

unless (f;, g;) = 0 for some j € I,
[Ler(fj> g;) does not converge.

Proof: Ttem (i): If f; = 0 or g; = 0 for some j € I, then, (fj,g;) = 0 and trivially,
[Ljer(fj>g5) = 0. Hence, assume g, f; # 0 Vj € I. By definition, (f;);er aqé (9j)jer im-
plies that >=.c; [|(fj,95)| — 1| does not converge. But then, by Prop.44, either [[,c; [(fj,95)]
does not exist or [];c7 |(f,95)| = 0. The first option is not possible due to Lemma 3.1.1 in (von
Neumann, 1939), so it must be that [];c; [(fj, g;)| = 0. But then, by Prop. 45, [[,¢/(f;, 9;) = 0.

Item (ii).(a): If (fj)jer =~ (95)jer, by Thm. 23.(iii), [T;c/(f;, ;) converges.

Item (ii).(b): It cannot be that (f;, g;) = 0 for infinitely many j € I: else, >~ |[(f;, 95)| 1|
would not exist, violating the hypothesis (f;);er 2 (gj)jer- As such, the set K := {k €
I'| (fx,g9x) # 0} differs from I in finitely many elements (so, in particular, K is infinite).
But then, the divergence of >>.c/[(fj,9;) — 1| (due to (fj)jer # (gj)jer) implies that of
Sex |52 95) — 1], and thus, (f;)jer % (95)jex. Similarly, (f;)jer % (9)jer gives (f})jex ~
(9j)jex- Now, (fj)jex # (9;)jex implies, by Thm.23.(iii), that either Hj€K<fj,gj> =0
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or that the product does not exist. Let us prove that the first case is impossible: since
(fj)jek 2 (95)jex> 2Zjer |1{fi»95)| — 1| converges, but then, by definition of K and Prop. 44,
[Ljex I(fj, g;)| converges and it is non-zero. Therefore, it must be that [];cx(fj,g;) does not
converge. But by Prop. 45, this can only be if =, i |arg((f;, g;))| does not converge, implying
by Example 3 that [[;cx e’are({£3:95)) does not converge.

Because [ just differs in finitely many elements from K, it must be that [[;c; [(f;, g5)| also
converges and that J[;c; e@1e((13:95)) does not converge either. Moreover, we proved that if
I = K, then, [];c/(fj, g;) does not converge, so, unless K # I (i.e., unless 35 € I : (f;, ;) = 0),

Hje1<fjagj> does not converge. 0.€.0.

Now, since in QM one often identifies the vectors that differ by a “global phase”, one might
want to go a step further and identify the elements (f;);jer, (9;)jer within the same €9 € T'Y,
for which there exist (0;);c; € [—m,m) such that g; = ei f; for all j € I (namely, as in 2 but
with an actual equality). What follows is a proper realization of this idea.

Proposition 59. Given 0 := (0;)je; C [—m, ) there exists a unique linear operator Uy :
®j6[ Hj— ®jEI H; such that

Ug( ® fj) - ® (ew fj), for all (f;)jer € %o. (A.36)

jel jeI

Such a Uy is in particular a unitary operator. Moreover, given that Py and Pg¢ denote the
orthogonal projectors onto the €-th layer and €9-th quasi-layer (i.e., onto ®]¢E H; and ®]¢é H;
respectively), Uy satisfies the following properties:

(1) Pea Up = Uy Pgq for all €7 € T'?, namely, each quasi-layer reduces Uy and in particular,
Up( @5 Hy) = @5 H; VeI eT?, (A.37)
(ii) For each € € I" it holds that
( PsUg =Uy Py s.th., Ug( ®j¢€I Hj) = ®J¢€1’H]~ ) = ( H e exists >,
Jel
and in such a case, Uy = ([ ] ¢s e - Id.

(iii) Moreover, if the condition in (ii) does not hold, then Uy maps ®g¢e 7 H; bijectively into
a different layer ®]me H;. In particular, M € T' (M # @), is the class where (e f;);er
belongs to for one (and hence any) (f;)jcr € €. As such, N is fully determined by ¢ and
6. .

Proof: In (von Neumann, 1939), see Lemma 6.2.1 for existence and uniqueness, Lemma 6.2.2

for (i) and Lemma 6.2.3 (and its proof) for (ii) and (iii). O

Lemma 41. Given 0 := (6;)cr, w := (wj)jer € [—7,7), denoting —0 := (—0;)jcr and 0 +w :=
(0] + wj)ij
() U_g=(Uy) ', (i) Up o Uy = Uppe, -
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Proof: Ttem (i): By Prop. 59, for all (f;j)jcr € €, Upo U_yg(®jcrfj) = Ug( ®jer (e_wjfj)) =
®jerfj. Hence, restricted to the elementary tensor products and their span, Ug o U_y = Id.
But by construction, the span of elementary tensors is dense in ®j€ 1 Hj. Hence, UgoU_gy and
Id must agree everywhere (by Lemma 32).

e Item (ii): for all (fj)je[ €%, Uyo Uw(®j€[fj) = Ug(@jg[ (eiwjfj)) = ®j€[(€i(wj+6j)fj) =

Up1w(®jerf;). The rest follows by Lemma 32 as in (i). 0.€.5.

If 0 = (0)jer, Up = Id, so this suggests that % := { Uy | 6 € [[;;S" } is an I-parameter
abelian group of unitaries and a unitary representation of the group J[;¢; S! (under addition).
Note that it can happen that for 8 # w, Uy = U, so, one would need to take especial care. Be
that as it may, one can do the following.

Definition 40. For each ¥ € Q);c; H; we define its quasi-global phase sphere as

S = { Uyv ] 0= (0))jer € [-m,7) }, (A.38)

and we define the quasi-ray along ¥ as
R[W) := span{ UpW | 0 = (0))je1 € [~7,7) } = span S[¥]. (A.39)
‘.

With that, we can culminate our desire to identify vectors that differ “by a global phase” (in
the generalized sense mentioned above) by noting that:

Proposition 60. Given ¥V, ® € ®;.; H;, the relation
/Ly = ( @esw ) (A.40)
is an equivalence relation. We call it equality up to a quasi-global phase. R

Proof: e It is reflezive because setting ¢ = (0)jer, Up = Id and thus, YV € ®,c; Hj,
Up¥ = V. It is symmetric because given ¥ € S[®], there exists € such that Up® = ¥, but then,
by Lemma 41, ® = U_g¥ and hence ® € S[¥]. It is transitive because given ®, ¥, = € ;¢ H;
such that ® € S[V] and ¥ € S[E], there exist §,w such that Ug® = ¥ and U,¥ = =. Hence,
U, o Up ® = =. But then, by Lemma 41, U,® = = for = (0; + w;)jer and thus, = € S[dle.é.

There are many things that demand more research here. Firstly, given % = { Uy | 0 €
[T;c;S' }, what we defined as R[¥] is the smallest closed % -invariant subspace of ®c;H;
that contains . But then, there are questions one would like to answer, such as whether
® € R[V] implies R[®] = R[¥] —which could allow to define a projective Hilbert space where
each ray\{0} of ®,c; H; is a different class. Another interesting question would be, noting that
« leaves each €7 € I'? layer invariant but relates all € C €4, € € I', whether one can reasonably
“thin out” each ®J€é H; into a single “representative” ®j€€ H; with € C €9, If so, we would
erase quasi-convergence from the structure. In the direction of these questions, von Neumann
already gave us some results:

Proposition 61. Given an arbitrary / and a family of Hilbert spaces (#;)jer, denote by Pg and
Pgq respectively, the orthogonal projectors onto the €-th layer and €9-th quasi-layer (®]¢e H;
and ®j¢éﬂ-lj). Let Uy denote the unitary of Prop.59 for a given ¢ € [];c/[—m, ) and for an
arbitrary ¥ € @;c; H;, denote by Ey the orthogonal projector onto R[V].
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(1) Ifwe ®j¢€ 1H;, then Fy commutes with Py and their product is the orthogonal projector
to span(W).

(ii) If ¥ € @, H;, then E[¥] < Pe.
(iii) Every Ey commutes with Up. .

Proof: See Lemma 6.3.2 in (von Neumann, 1939). O

We will study the questions prompted above in future work —although it might be the case
that they have already been studied in the literature. After all, one can find an expression like
the following one in a recent textbook that mentions that mentions the ITP:

“Each weak [for us %-] equivalence class can be further decomposed into mutually
orthogonal strong [namely, ~-] equivalence classes. Since the latter differ only by
phase factors within a given weak equivalence class, they contain the same physical
information.” (Thirring, 1979)

A.3 The Quasi-Local Bounded Operators

It is a natural question whether one can take an operator from one of the factor Hilbert spaces
and “putting identities” in the other factors, lift it to “its version” acting on the ITP. In the
main text, we gave some hints to answer this for unbounded operators (and we will provide
several more in Appendix B), but for bounded operators von Neumann already gave an exhaus-
tive characterization in 1939. Such a characterization reveals some sort of redundancy in the
structure of the ITP that could be attributed to the notion of quasi convergence. (Note that as
usual, we will denote by £(H) the space of bounded operators on the Hilbert space H.)

—

Proposition 62. For each fixed jo € I and Aj, € L(H;), there exists a unique Aj, €
L(Qjer Hj) such that
L,(®f)= ® fi0(Aufn) Ve €. (A.41)
jel Jjen\{jo}

—

We call it the lift of Aj, to @,c;H; and ||Aj,
applied on elements of £L(7;,) the “widehat” -~ will denote the mapping ~ : A, € L(H;,) —
Zj\o € L(® ;e Hj). In particular, we will denote the set of lifts of bounded operators from the

= ||Ajll,,- In the two appendices, when
op P

factor H;, as
ﬁ(Hjo) = {Ajo

Ajy € L(H)) | C L(Q Hy)- (A.42)

jel .

Proof: See Lemma 5.1.1 in (von Neumann, 1939). The claim about the operator norm is not
explicitly given, but we can complete his proof as follows. von Neumann shows that for C' > 0,

( |45 fIl < Cllell - Vf € Hy ):»( | 45w <cle) veen )

where D :=span{¢® f | ¢ € K, f € H;,} and K is an arbitrary ONB of @, (3 Hj- This

proves that HZJ\O [DH < l44l,,- Now, by definition of operator norm, there exists a unit
op

i.e., such that lim, . HA]'O o

norm sequence (fj )nen C M, realizing the bound [[Ajql[,,,
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145,l,,,- But then, for any ¢ € K, limyu HAJ-O(M@ %)‘ — limy e HAJ»O( %)‘ = 4 ll,,-
Hence, ’;1; [DH = HAjoHop- Since von Neumann proves that D is dense in @;c;H;, by
op

Thm. 8, the unique bounded extension of ;1; p, namely, ZJ\O , must have operator norm

||AjoHop' 0.€.0.

—

Proposition 63. The map ~ : L(H;,) = L(H;,) is a bijection that is isomorphic with respect
to the x-algebra operations

A Aj, (scalar multipl.),  Aj, + By, (addit.), A} (adjoint), Aj, o Bj, (composit.),
for all Aj,, Bj, € L(Hj,) and A € C. Moreover, it preserves the operator norms, so, it is a

C*-algebra isomorphism. In particular, it carries the zero and identity operators of the factor
space to the zero and identity operators of the tensor product. .

Proof: See Lemma 5.1.1 in (von Neumann, 1939). For the isometry part see Proposition 62. [

Definition 41. A W*-algebra-, a von Neumann algebra- or (in von Neumann’s own terminol-
ogy) a ring- of operators B on a Hilbert space H, is a vector subspace of £L(H) that is closed
under compositions (considered to be the multiplication of the algebra), adjoints (the * in the
name) and is a closed set in the weak operator topology (hence the ). It is equivalently closed

18]

in the strong topology."®) It is called wunital if it contains a multiplicative identity (the identity

operator). .

Proposition 64. For each fixed jg € I,

—

(i) L(Hj,) is a unital W*-algebra.
(ii) Given a subset R, C L(H,j,), (Rjo is a W*-algebra ) = ( EJ\O is a W*—algebra.) .

Proof: In (von Neumann, 1939), see Lemmas 5.2.1 and 5.2.3 in for items (i) and (ii), resp. O

Hereafter, every W*-algebra will be assumed to be unital.

In a sense, the lifts of bounded operators from the factors, describe the operators that are
“directly related” to each factor —if, say, each factor Hilbert space represents a certain region
of space, they would be the “local operators” acting in those regions. Hence, an interesting
algebra of operators is that generated by taking compositions, linear combinations and limits
of such local operators. We call them the “quasi-local operators” because they no longer need
to act on finitely many factor spaces alone.

—

Definition 42. We denote by L4(®,c;H;) the smallest W*-algebra containing all £(H;),
j € I, and call it the algebra of quasi-local operators. Equivalently, using Thm. 32,

"

(@) = ( U F@)) : (A.43)

jel jer

One could expect that these operators make up all the bounded operators in @) ;c; H;. But,
for general I this is quite far from true, as the following shows.

[181See for instance §15.1 in (Arai, 2018).
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Proposition 65. Given an arbitrary family of Hilbert spaces (#;);er,
( c(@H;) =£(@H,) ) — ( 1] is finite )
J€eI JeI

Else, Eq(@jel Hj) ; £<®J€I Hj)' '

To prove this, we first need to understand the deep connection between =, 2 and the quasi-
local operators. von Neumann developed the following sequence of technical results that culmi-

nate in two big theorems exposing the connection.

Proposition 66. Following the notation in Proposition 61,
(i) Each A € LY(®;erH;) commutes with every Pg, Pea and Up.
(Informally, no quasi-local operator can take a vector out of its layer.)

(ii) Given (f7)jer € € with ‘ f]OH =1 (a generator of €) and an arbitrary ¥ € ®]¢€I7-[j, there
exists some A € L9(®;erH;) such that A(®;er f7) = V.

(Any wvector in a layer can be reached from a generating vector by applying quasi-local
operators.)

(iii) For each ¥ € ®§:€IH]', By € LY®jerHM;). If we merely say ¥ € @, H; (so, if we admit
linear combinations of different layers), the claim is false.

(Elements that superpose different layers may have rays that get out of the scope of quasi-
local operators.)

(iv) If an orthogonal projector Q commutes with Py V€ € I' and with Uy V6, then Q €
LY(®jerH;). N

Proof: In (von Neumann, 1939), see respectively Lemmas 6.3.1, 6.3.4, 6.3.5, 6.3.6 for items (i),
(i), (iii), (iv). O

Theorem 27. Given an arbitrary family of Hilbert spaces (#;);cr and an A € L(®jerH;),

A€£q<®7{j> — < A commutes with Py and Uy V€ eI, and Ve H[—?T,ﬂ') )
jerI JjeI *

Proof: See Theorem IX in (von Neumann, 1939).00

Hence, if we find a bounded operator that does not preserve the layers, we know immediately
that it is mot a quasi-local operator. As such, we already know plenty of examples of non-
quasi-local bounded operators: all the Uy for which [[,¢; % does not converge are of this kind.

Proof of Prop.65: If |I] is finite, that LY(®je/H;) = L(Q,er Hj) is given in page 135 of
(Murray and Neumann, 1936).
Now, if |/| is infinite, consider an arbitrary ®,c; f; € ®,e; H; with | f;]| = 1. Then, the

vector @,e(—f;) is in a different ~-layer, @;c; fj # &Qjer(—f;), since 371 [(fj, _fj>A_ 1] =
> jer 2 (so it has no limit). But, the unitary Uy, acts as: U, (Qjer i) = Qjer(€7f5) =
& jer(—f;). Hence, it cannot commute with the orthogonal projector to the layer of @< f;-
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This implies by Theorem 27 that Uiy, , & LY(®jerH;), despite it is certainly a bounded
operator. 0.€.0.

So, the “extra” operators —which one could call “non-quasi-local”— are precisely those that
cause “superpositions” and “transitions” of elements between different layers of the ITP —
precisely the operators that Chapter 7 suggests to look at in order to model rigorous interacting
QFTs.

Lastly, an impressive characterization of the quasi-local operators follows from Thm. 27:

Theorem 28. Let () cr be an arbitrary family of Hilbert spaces (H;);cr.
(i) Each A € LY(®;crH;) is reduced by every quasi-layer ®j€éﬂ-[j, €7 € T'?, such that

A= P A\®%1Hj. (A.44)
gaele

(ii) Within each quasi-layer ®J¢; Hj, €1 €T each A € L9(®;jerH;) is further reduced by the
layers ®]¢e H;, € €T contained in it, € C €9. Hence, all,

A= Alge - (A.45)
cel

Most importantly: the action of A in just one ~-layer ®j¢€ H;, € €I, fully determines its action

in any other layer 91 € I' of the same Z.class. That is, for each €9 € I'? and any €,91 € I' with
¢, M C €9, Aly is determined by Al¢ (and vice-versa).

Stated more carefully: for each €7 € I'?, select one € € I' inside €7 and denote it €4 (C?).
Then,

Q:sel (@q)

(iii) Consider for each €7 € T'Y a bounded operator A*" € L( ®jeT

selected €4 (€7) layer. Then,

Hj) acting on the

AL QH,):
jel <= sup HAQ‘I < +o0,
Al e, (ca =AY veler? ¢aela op
®Jés?l( )H]

and in such a case, A is unique.

(iv) For each A € Eq(®j€1 Hj),

}. (A.46)

Proof: See Theorem X in (von Neumann, 1939) and the remarks that follow it. [J

A, = |4 = A
bl =g [, } = g { [

This proves that those € € I' contained in a common quasi-class €9 € I'? are somewhat
redundant. Recall that these are precisely the € layers that differ from each other by a “quasi-
global phase” (see Prop.60), namely, the layers € related by those Uy with non-convergent
11 jer %5 That is, as proven in Prop. 58, the ultimate cause for the vectors in a same %—layer to
be in different ~-layers, and thus, for them to be orthogonal, was that their relative global phase

[Ler e%i is not convergent. But then, in a sense, it is the definition of quasi-convergence what
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forces all such “redundant” € inside the same €% to be different subspaces. As the promised
clarification of the “ad-hoc-ness” of quasi-convergence, it is at this point where von Neumann

says:

“ Now (II) | for us, Theorem 28’s item (iii) and its preceding paragraph |, as in-
deed the entire difference between the subdivisions of @ ;e H; into ®}€61’Hj ’s resp.
®}€;I7{j is ultimately due to our way of handling the non-convergent but quasi-
convergent case in 2.5. (The Uy which map an € C €2, € € T', on other N C €4,
9 € I', have non-convergent but quasi-convergent [];c; ei ¢f. Lemma 6.2.3.). A
more complicated procedure in dealing with such infinite products, using generalised-
Banach-limits, would have permitted us to avoid this. Compared with our present
method, however, it would have been highly artificial and arbitrary, and would have
implied serious difficulties in the formulation of an associative law.”

(von Neumann, 1939)
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A.4 How many Layers and Quasi-Layers are there?

Finally, after finding this apparent “redundancy” in the structure above, one might be tempted
to think that this could resolve the non-separability of @;c; H;, because say, if we choose
to employ only one €-layer per quasi-layer-€9, then the number of “genuine layers” could get
reduced enough for that. Unfortunately, for any truly infinite tensor product, even when the
factor spaces are finite dimensional, the number of €% € I'? classes is not only infinite, but

uncountably infinite! See (iii).b in what follows:

Proposition 67. Given a family of Hilbert spaces (H;);er,

(i) If I is finite, say, if I = {j1,...,Jn}, then |I'| = |T'?| = 1. Denote the unique ~- and 2.
q q .
classes €, €J. Then H1®@ - Q@ H,, = ®fgﬂ-lj = ®J-¢EOI’Hj. In particular, Up = ([];¢; ets) .
1d, V8 € []e/(—m, 7], and Py, = Id = P

(ii) If || is infinite, then, for all €7 € T'Y,
[{eer s ecer} =2l (A.47)

(So, even for CRC®-- -, although dim(@feI(C) = 1, there are uncountably many €-layers.)
(iii) If || is infinite:
(a) If finitely many H; have dim > 1, then |[I'Y| = 1.
(So, we save CR C® -- -, because up to the “redundancy”, there is only one layer.)
(b) If infinitely many H; have dim > 1, then |I'Y| > |R|.
(So, not even the “redundancy” saves C*> ® C2® --- from uncountably many layers).

(Therefore, any genuine ITP is indeed non-separable! —no matter if we take one or all
the € € T within each €1 € T'1.) .

Proof: See Lemma 6.4.1 in (von Neumann, 1939) for the full proof.

o Here, we provide a more explicit proof of (iii).(b), which is the most relevant statement.
Let I = N for simplicity. For each j € N choose unit vectors v;,; € H; such that ¥; L ;.
Then, define for each subset B C N

i, ifjeB
9P = vi SIET (A.43)
p; itj¢B
Immediately, we get that @ ng 1 ® gj’»é if B +# B (they will disagree at least in one factor).
JEN jel
Moreover, given B A B = (BU B) \ (BN B) (the elements where they do not coincide), if

|B A B| = 400, then (gJB, ng> = 0 will occur infinitely often, so in particular

>3 q
SIHgP, g —=11=>"1 = (g7 )jen # (9] )jen,
JEN jeN

so they will belong to two different €9 € I'Y.
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B~
e Claim : There exists a family {(g]B“”)jeI }zer such that pairwise (g]BI )jer 7"qé (9; 7 )jer

(z,Z € R, x # Z). (Thjis would prove that |T'?| > |R|.)
Check 2] For each z € R take a strictly increasing Cauchy sequence of rational numbers

approximating x and call it (rg(z))ken.

Take an arbitrary bijection h : QQ — N and for each x € R define
By :={ h(ri(x)) | keN }. (A.49)

If 2,y € R are  # y, |B, N By| < +00 because (ri(x))ken, (rk(y))keny must be different
after some finite kg € N —otherwise they would limit to the same number. At the same time,
|B;| = +00 because (ri(x))reny was chosen strictly increasing —so, has no repetition. Hence,

|By A By| = +00. But then, {®j€N gfz} satisfies what we wanted.
zeR 0.6.5

I The trick is to find a so-called “almost-disjoint” family of subsets of N that is uncountable. The credit of
the one we use here goes to Brian M. Scott in https://math.stackexchange.com/questions/278837/uncountably-

many-sets-of-natural-numbers-with-finite-intersections.

179


https://math.stackexchange.com/questions/278837/uncountably-many-sets-of-natural-numbers-with-finite-intersections
https://math.stackexchange.com/questions/278837/uncountably-many-sets-of-natural-numbers-with-finite-intersections

180



APPENDIX: THE OBVIOUS CCR
REPRESENTATION OF ®;cNL*(R, dz)

In this appendix we provide a rigorous account of some of the ideas mentioned in Chapter 7
about representations of the canonical commutation relations (CCR) of ®;enL?(R,dz). As we
mentioned there, many interesting results on this topic were discovered in the 1960’s and they
can be found scattered in different publications of the time (in disparate notations, levels of rigor
and proof-detail). As such, most (if not all) of the results that follow are a mere re-discovery

of that knowledge, this time gathered a common place and with full proofs.

B.1 Basic Definitions

Let us make the language used in the following sections precise using the next definitions
(mostly due to Arai (2018)). First of all, let us clarify the notation employed for operators.

Definition 43. Given a Hilbert space H, we will denote by £(H) the set of densely defined
linear operators on H. In particular, for an arbitrary A € £(H), D(A) will denote its domain.
For A, B € £(H):

e A = B means that D(A) = D(B) and Ay = By Vi € H.

o Unless otherwise stated, by A + B we mean the operator (A + B, D(A) N D(B)).

Note that £(H) still denotes the space of bounded operators on H. .

Definition 44. Let H be a Hilbert space, A € £(#) and let M C H be a subspace,

(i) if M C D(A), we denote by A [y the restriction of A to its sub-domain M, i.e., the
operator of domain M and action A [ ¢ := Ay for ¢ € M. Tt is still an operator on H
(note that the outcome can be anywhere in #), namely, if M is dense in H, A [p€ £(H).

(ii) if M is closed with orthogonal projector PM | we say that A is reduced by M when PM A C
APM ie., when Vi) € D(A), (i) PMy € D(A) and (i) APMy = PM Ayp. We denote by
Alpr the operator of domain M N D(A) and action A|y1p = At for p € M N D(A). It is
an operator on M —as a Hilbert sub-space— (note that its outcomes are always in M).
We call it the reduced part of A and by Thm. 1.47.(i) (Arai, 2018) it is still densely defined

181



(now on M), namely, Ay € £(M). Note that by §1.9 & Prop. 1.51 in (Arai, 2018), A is
automatically also reduced by M=+ and A = A|y; @ Al relative to H = M & M+,

For B € L£(H) one trivially has that

(ii)’ if M is closed with orthogonal projector PM, then, B is reduced by M if and only if
PMB = BPM. The reduced part B|y; is well-defined for every ¢p € M (such that
Blmy = By) and it is still bounded, i.e., Bly € L(M) —with | Blumll,, < [[Bll,, (see
Thm. 1.47.(vi) (Arai, 2018)).

For bounded operators B € L(H) let us extend the definition of B|js to include cases where B is
not reduced by the closed subspace M C H. In general, we define for ¢ € M, B|y := PM By,

Lastly, given a set B C £(H), whenever it makes sense, we will denote By := {A|ys : A€ B }.
.

Definition 45. Let (H;);cr be a family of Hilbert spaces. If for some € € I" the layer ®]¢'€I/HJ'
reduces an operator A € £(®;jerH), we will denote Al := A‘®]€'elﬂj' Likewise, if ®]¢-€I’Hj -
D(A), we will denote A [¢:= A [g;,#;- .

Following Arai (2018), we now provide concrete definitions for the three structures that are
called “CCR representation” in the literature —we will use the qualifying labels “Heisenberg”,
“Weyl” and “creation-annihilation” to distinguish them.

Definition 46. Let I, 77 be respectively a real and a compler Hilbert space, with respective
dense subspaces W and 2. Given unbounded-operator-valued maps ¢,7 : W — £(H), the
triplet ( 2, 2, {6(f), 7(f)}rew ) is called a representation of the Heisenberg CCR (with
test-function space ¥V ) when all the following are satisfied:

~

(1) VfeW, o(f),n(f) are symmetric with

72<D(6N)ND(F(A), ¢(HZc7 and #HHZC2
—i.e., Z is a common sub-domain and is preserved by all the operators.
(ii) Vf,g € W and Vo, 5 € R, restricted to 2,
dlaf +B9)=a o(f)+ 8 d(g) and F(af+Bg)=a®(f)+A7(g) (B

—i.e., the operator-maps are linear on the “test functions”.

(iii) Vf,g € W, they satisfy the Heisenberg CCR on 9, i.e., restricted to 2,

6(f), 7(9)| =ilf 9, [0(5), Bl9)] = 0= [7(F), 7(9)]- (B:2)

Two representations ( 7, 2, {3(f), 7(f)}few ) and (", D', {¢(f), 7T'(f)}sew ) are said
to be equivalent when there exists a unitary U : J# — 7’ such that

Us(f)U ' =¢(f) and UR(HU=7(f) Vfew.

¢

Definition 47. Let K, 77 be respectively a real and a complex Hilbert space, with WW a dense
vector subspace of . Given unbounded-operator-valued maps ggﬁ : W — £(S), the tuple
(A2, {(E(f), 7(f)}rew ) is called a representation of the Weyl CCR (with test-function space
W) when all the following are satisfied:
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(i) For every f e W, 7(f) and qg(f) are self-adjoint operators.
(ii) Vf,ge Wand Vt €R, R
Hef)=t () and  REf) =t 7(f) (B.3)

S(f)+d(9) Co(f+g) and #(f)+7(9) CF(S +9). (B.4)
—i.e., “up to unboundedness” the operator-maps are linear on the “test functions”.

(iii) Vf,g € W, they satisfy the Weyl relations, i.e.,

~

i) T (9) — =ilf.9) i (9) i), (B.5)

o~

G0 id9) — 0@ i) and T eT9) — GiT9) () (B.6)

Two representations ( 7, {o(f), 7(f)}rew ) and ( 7, {6 (f), 7' (f)} few ) are said to be
equivalent when there exists a unitary U : 2 — ' such that

Udf) U =d(f) and UR U =7(f) Vfew.

¢

Definition 48. Let KC, 57 be complex Hilbert spaces, with respective dense subspaces V and 2.
Given an unbounded-operator-valued map C' : V — L(H), the triplet ( A, 2, {@(f)}fey ) is
called a representation of the creation-annihilation CCR (with test-function space V) when all
the following are satisfied:

(i) Vf eV, C(f) is a closed operator with
7 D(CH)ND(CW)”). CHZCP and C(f)7C 2
—i.e., Z is a common sub-domain and is preserved by all the operators and their adjoints.
(ii) Vf,g € V and Va, 5 € C, restricted to 2,

Claf +Bg) =a C(f)+ B8 C(g) (B.7)
—i.e., the operator-map is conjugate linear on the “test functions”.

(iii) Vf,g € V, they satisfy the creation-annihilation CCR on 2, i.e., restricted to 2,

~

[C(), Cloy| =19 [CU. Clo] =0=[Clp7 Clo]. (B

We call C(f) and C(f)*, respectively, the annihilation and creation operators (of state f € V).
Two representations ( 7, 9, {C’(f)}fev Jand (', 7', {é’(f)}few ) are said to be equivalent
when there exists a unitary U : # — " such that U C(f) U~! = C'(f). .

Lemma 42. Property (ii) in Definition 48 implies that, Vf, g € V and Vo, 8 € C,

Claf+Bg) =aC(f)"+8Clg),
when restricted to 2, i.e., the creation operators are linear on the test functions. .

Proof: See Remark 5.23 in (Arai, 2018). O
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Definition 49. One calls the real space W of a Heisenberg or a Weyl CCR. representation,
as well as the complex space V of a creation-annihilation CCR representation, a test-function
space. For any such representation one says that they have dim(KC) many degrees of freedom
and the space 7 is called the representation space.

A set B C L(H) is said to be reducible when there exists a closed subspace M C H different from
{0} and .2 that reduces every operator in B. We say that a CCR representation is reducible
if the following sets are so: for the Heisenberg CCR, {(;AS(f),?T(f)}feW, for the Weyl CCR,

{ei(;(f), ei?(f)}few and for the creation-annihilation CCR, {C(f), é*(f)}fey. A set BC L(H)
or a representation featuring B is said to be irreducible when it is not reducible. .

Next, we review the notion of “conjugation” and “complexification” of a Hilbert space.

Definition 50. Let H be a complex Hilbert space. A mapping C' : H — H that is
(i) conjugate-linear: C(af + Bg) = aC(f) + BC(g), Vf,g € H Va,B € C,
(ii) inwvolutive: C* = Id,

(iii) norm-preserving: ||Cf|| = ||f|| for all f € H,

is called a conjugation (on H). .

Proposition 68. Let H be a complex Hilbert space and C' a conjugation on . Then,

(i) for all f,g e H, (Cf,Cg) = (g, f)-

(ii) The set (H)C := {¢p € H | Cyp =} is a real Hilbert space when equipped with the inner
product induced from H. We call it the real subspace of H with respect to C.

(iii) For each f € H there exist unique fre, frm € (H)© such that f = fre + if1m, namely

1 1
frei=Z(f+Cf) and = o (F-CF).
One calls them, respectively, the real and imaginary parts of f with respect to C', and one
writes Re f := fre and Im f := fr,,.

(iv) Given a subspace M C H, we define (M)® := M N (H)®. If M is dense in H and
CM C M, then (M)€ is dense in (H)C. A

Proof: See §5.13 in (Arai, 2018). O

Definition 51. Let IC be a real vector-space. The complexification of K, denoted K¢, is the
set K x K equipped with the complex vector-space structure: V(f,g),(f’,¢') € K x K and
Vz=a-+1ibeC,

(£ +(fd)=(f+f,9+9) and z-(fg):= (af —bg, ag+bf)

Note that since we can uniquely decompose any ¢ := (f,g) € K¢ as ¢ = (f,0) +i(g,0), if we
identify (f,0) = f, then ¢ = f 4+ ig. The vector f (resp. g) is called the real (resp. imaginary)
part of ¢ and we write f = Re (resp. g = Im ).
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o Given a Cauchy complete inner product (-,-)x for IC (so that K is a real Hilbert space), a

natural Cauchy complete inner product for K¢ is given by

(f+ig, f'+ig) =Y+ (9,606 = ilg, e+l 9

with f, f',g,¢' € K arbitrary (as though we applied sesquilinearity). We call the complex
Hilbert space (K¢, (-, -)) the complezification of (the real Hilbert space) (IC, (-, )x)- .

Proposition 69. « Let K be a real Hilbert space. The mapping Cx : K¢ — K¢ such that

Cx(f +ig) == f—ig, VfgekK (B.9)
is a conjugation and is called the complex conjugation of Kc. In particular, K = (Kc)c —the
“real subspace of K¢ with respect to the complex conjugation C is IC”.

e Let H be a complex Hilbert space and C a conjugation on H. Then, there exists a
unique unitary identification ((#)9)c = H such that (fgre, frm) € ((H))c is identified with
f:fRe+ifIm€/H- .

Proof: See §5.13 in (Arai, 2018). O

Finally, let us fix some notation that will be used everywhere in this chapter.

Definition 52. For fixed n € N, denote the space of complex valued polynomials (of finite

degree) over R™ by By, (R™). .

Lemma 43. For n € Ny let hy(z) := (—1)”6552%6_952 be called the n-th Hermite polynomial

(note that it is an n-th order polynomial with real coefficients) and for w € (0, +00) define
(bn(x) = Cnhn(\/f;'lj)eia):ﬁ/2 (BlO)

Wwl/4

Wlth Cp i — m
. « . . ) 1] : : P 1 1 d
will call the “harmonic oscillator’s” ONB.I'! In particular, defining a, = 7 Vwr + NOKE

a normalization constant. Then, {¢, }nen, is an ONB of L*(R, dz) that we

and dJ(rw) = %(\/ax — ﬁ%), one gets that for n € N,
(i) awygo =0, (i) Gydn = V1 ¢n-1, (iil) ¢n =
Proof: See §7.3.1 in (Porta, 2019). O

Definition 53. Let (¢n)nen, C L2(R, dx) be the ONB of Lemma 43 with w = 1 (the so-called
Hermite functions). We will denote By, := span(¢n)nen,- It has the following properties:

(i) By the ONB property of (¢, )neny, Brer is dense in L?(R, dx).

(ii) Using that one can write any p € Bpgy(R) as a finite linear combination of Hermite

polynomials (hn)neNo,[Q] note that

MThey are all eigenvectors of the operator ( — d%zg +w?a?, S(R)).

2I'We know that h,(z) = Z::o bn,j? for for some b, ; € C such that b,, # 0. But then, we can prove

that for any n € Ny, the monomial " € span(h;);jen, as follows. 1 = ﬁho(m), x = ﬁ(hl(:c) —bio-1),

2 = L2 (ha(x) — bapl — bg, 1) and in general, 2" = ﬁ(hn(m) — Z;:OI by, jz?). Thus, span(l,z,2?,..) =

X
b2 o
Bhpoty (R) C span(hn)nen,-

185



—_ 2 13 _— 2 b
Bher = {$ € R p(x)e™™ /2 ‘ pE Bpoly(R)} = poly(R)e w2,

(In words, the elements of Bper are “polynomials times e*x2/2”.)

(iii) Every 7 € Bpe, \ {0} is a function with finitely many zeros!®! and thus such that n(z) # 0

for almost every = € R. .

Definition 54. Denoting the polynomial z € R +— z¢ for each o € N as #® and denoting for
[ R—=C, | flly :=supger | f(z)|, we call the set

S(R):={f € C*(R,C) | Hxaaﬁfuoo <+00 Va,B€No} (B.11)
the Schwartz function space. R

Proposition 70. (i) S(R) is a complex vector space.
(ii) if f € S(R) then 2292 f € S(R) Vo, B € Ny.
(iii) Byer € S(R) C L*(R, dx). R

Proof: In (Teschl, 2014), see §7.1 for (i), (ii) and S(R) C L*(R,dz). For By, C S(R) use that
e~ (/2 € S(R), so, by (ii), Vg € Bpoiy(R), ¢~/ € S(R). O

B.2 The Lifted Position and Momentum Operators Compose
the Obvious CCR Representation of ®;cnyL?(R, dz)

In this section we prove that the lifted position and momentum operators of L?(R, dz) constitute
a (reducible) representation of both, the Heisenberg and Weyl CCR and that they naturally
give a representation of the creation-annihilation CCR, which turns out to be the lift of the
creation and annihilation operators seen in §1.3. In order to prove all this, we will derive several
results that are interesting on their own for the analysis of ITPs.

B.2.1 The Heisenberg CCR Representation

A CCR representation in the ITP will consist of a family of operators, each acting non-trivially
in different factors of the tensor product. Since we need them to have a common dense domain,

we shall start from the following results.

Lemma 44. Let H be a Hilbert space, D C H a dense subspace and let ¢» € H be such that
||| = 1. Then, Ve > 0, there exists ¢ € D with

(@) llell =1 and  ({D)[(¢, ) — 1] <e. .

Proof: By density 3n. C D such that ||p —n.|| < min(e/2,1/2). In particular, by the reverse
triangle inequality, ||| — ||7e]l] < 1, so n. # 0. Define ¢ := n./||n:||. Trivially, |¢]| = 1.

2
BIEach 1 € Bper is a polynomial ¢ € Bper, (R) times e =)™/, Since the latter has no zeros and a polynomial
has no more zeros than its degree, n has at most finitely many zeros. A finite set has Lebesgue measure zero, so,
71 is almost everywhere non-zero.
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Moreover,

n (1=(.9)) 1 (CauSch))
(s) =11 = [, =) =@+ e =1 TR o e =D @] s
€ €
1 1 1 (rev.trgl)
< ey = 1] + et = o1 = [l = L[+l =l < 2l = vl < e
€
lI1l

0.€.0.

Proposition 71. Let (#;);en be a sequence of Hilbert spaces and D; C H; a dense subspace
for each H;. Then, for each € € I there exists a vector ;e p]¢ € ®,cn H; generating ®§€N H;
such that p]¢ € D; Vj € N. Moreover,

©fenDj = span{ R v € @Hy | vy eD; Vi€ N} (B.12)
J

JEN
is a dense vector subspace of @y H,;- .

Proof: By Prop. 9, for any fixed € € I, 3(¢;)jen € € with ||1j]| =1 Vj € N. Then, by Lemma
44, for each j € N, there exists a p; € D; such that [|p;| ;. = 1 and |(¢;, p;) —1| < 1/42. Hence,

1 2 .
S lwsp) ~ <Y =" (exists) (B.13)
jEN jenJ
which, by definition, implies that (¢;)jen = (pj)jen. With all, ®jenp; is a generator of the
same layer € as ®;ent; but such that p; € D; —proving the first claim.

 Now, given such a generator @ cy p]¢ for each € € T', by Thm. 25.(iii), for each € € T', the

set
Sczzspan{ YL@ QUN @ Py @ ‘WEHJ" NEN} (B.14)

is a dense vector subspace of ®]¢'€N H;. We just miss transferring this fact to a subset of S¢
where also the first IV vectors are from D;.

o Let there be an arbitrary ¢q ® - - - ® ¥ with ¢; € H;. For any fixed d; > 0, by density of
D; C H;, there is an n; € D; such that ||¢v; — n;|| < min(d;, 1/2). In particular,

)

e oynepffne ) - me-omweph e (B.15)
=|@wieeuy-me- o) @ (e )| =
1
:H¢1®"'®T/}N_771®"'®77NH <p¢ ) — H¢1®"'®wN_771®"'®77NH <
(i¢1®n2®--~nw>
& triang. ineq
< [1 @ @UYN -1 @M@ N+ 1 @@ @y —m - N <
I =m)@na@-lI=lvr=m | T, lInj
(i¢1®¢2®7]3®"'71N
& trigl. ineq
< [ @ YN — Y1 QY2 @3 - @]+
N N (%)
oy =l T Insll + 1o @ o =y @ mel| [T Imsll < -7 <

j>1 j>2

142 —n2|

187



N k-1 N (by def) NV k—1 N

<SOU(TT s e =mell ( TT Imsll)] < 32 (3 TT Il T Il)-

k=1 j=1 Jj=k+1 k=1 j=1 j=k+1

In (%) we used that von Neumann’s tensor product ® is linear (in the sense of Prop. 53) together
with the associativity property given by Thm 26. In (xx) we added and subtracted terms like
PR @Y @Ny1 @ -+ - @ finitely many times (from & = 3 to k = N) and then applied

the triangle inequality to split the resulting terms.

Now, let us fix the ¢; to make the last computation smaller than any fixed € > 0. Start from

k = N with
€

NTLS sl
Then, fix consecutively, for descending k£ from k= N — 1 until £ =1,

oN =

€
= k— N
N TIZ 141 TS kg [l

—mnote that J;, only depends on the n; with j > k, so the iteration is well-defined. Retaking
(B.15) these choices leave,

e evvefae - —me ook, e <e

« Now, let ¥ € S® be an arbitrary element. Then, ¥ = Zé‘il PER - Ry, ®,0]¢VL,+1 ®--- for
some v; € H;, Ny, M € N —the linear combination coefficients were absorbed in some factor.
By the above, for any £ > 0 and each ¢ € {1,..., M} there exists an n{ @ -~ @ iy ® piy 1 @ - -
such that H@bf@---@d}ﬁ,@pfwrl@---—n{®~-®nf\,®p§\”1®~--H < e/M. As such, by the
triangle inequality,
of

v — Zej\il "o @ nfv & p§V+1 - H < e. Hence, there exists an element

Sh :=Span{ MO QNN @ P ® -+ ‘mfpja NGN}

arbitrarily close to any ¥ € S¢. That is, S¢ C %. But, we proved that S¢ is dense in ®]€'ENHj7
S0, ®j¢€NHj =S¢ C SE, implying that S§ = ®j¢€NHj and thus, that S% is dense in ®J€-€N7-lj.
By Lemma 16, this fact, together with @ ;cnH; = @Qel"(@?eNHj), imply that span(UgerS%)
is dense in @ ey H;. But trivially, span(UgepS%) - ®]‘iNDj, so, the latter must be dense in
®jenH; as well. o..0.

On the other hand, we will need slightly more than a trivial lift of an operator to the ITP
(say, as in Lemma 24). In particular, we need to make sense of polynomials of such lifts.

Definition 55. Given a Hilbert space H and A € £(H), in order to define A’s n-th power

(n € N) one declares recursively, D(A") := {¢) € D(A"!) | A1) € D(A)} (which trivially

satisfies D(A™) C D(A") V¢ < n), together with A" := (Ao---0 A) 1 for 1 € D(A").
|

n

¢

Lemma 45. If (A, D(A)) is essentially self-adjoint, given a dense subspace D C D(A™) such
that (A™) [p is essentially self-adjoint, for all £ < n, (A°) |p is also essentially self-adjoint.

Proof: Trivially, D C D(A™) C D((A)") and A" [p= (A)" [p. Thus, (A)" is an extension
of A" [p, and by Thm. 1.16 in (Arai, 2018) it is self-adjoint. But, since A™ [p is essentially
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self-adjoint, A" [p is also a self-adjoint extension of A™ [p and an essentially self-adjoint
operator has a unique self-adjoint extension (Prop.1.21 in (Arai, 2018)), so, it must be that
A" [p = (A)™. Therefore, D is a core of (A)". By Prop.1.43 in (Arai, 2018), this implies
that D is also a core of (A) ¢ ¥/ < n. Since by Thm. 1.16 in (Arai, 2018) all such (A) ¢ are
self-adjoint, by Prop. 1.32 in (Arai, 2018), (A) ¢ [p is essentially self-adjoint. Finally, since by
the above definition D C D(A™) C D(A?) for all £ < n, (A) ¢ [p= A’ |p, proving the lemma.
0.€.0.

Proposition 72. Let Q € By, (RY), such that

My,....MN

_ J1 JN

Q(z1,...,TN) = Z Cjr,jnTl TN
Jiy-jn=1

for some M, € N, ¢j,, .. i € C. For each k € {1,...,N}, let H; be a Hilbert space and
Dy, C Hy, a dense subspace of Hy. Also, let Ay € £(Hy) be a self-adjoint operator such that
Dy, C D((Ag)Mr) and (Ay)M* | p, is essentially self-adjoint. Then, given

®ji{1,...,N}Dj = Span{¢1 R QYN ’ YPj € Dj Vj},

the operator (Q(Al, oy AN, ®j7e{1,...,N}Dj> defined for 1 ® --- ® Py € ®}76{1,...,N}Dj as

Mu,...Myn ] )
QAL - AN ® - ®YN) = D iy, in(AT'1) ® - ® (AF Yw) (B.16)
Jiyendn=1

and extended linearly to the rest of ®]’@E .. N}Dj7 is an essentially self-adjoint operator (on
Hi® - @ Hy). We will denote

My,...MyN ] )
Z lew-,jNAjll Q- ®A?\]fv = Q(Al""’AN)'
J1seesN=1 N
Proof: See Theorem VIII.33 in (Reed and Simon, 1981). O
We proceed to “lift” Prop. 72 to the ITP.
Lemma 46. For each dense subspace D C H, Id [p is essentially self-adjoint. °

Proof: Let ¥ € H. By density, 3(¢n)neny € D such that i, — V. But then, Idiy, =

U — U = Id¥, so ¥ € D(Id [p) and Id [p¥ = [dV. Hence, Id [p = Id. Since Id is

n
self-adjoint, the lemma is proven. 0.€.9.

Proposition 73. For each k € N let Hj, be a Hilbert space and let Dy, C H;. be a dense subspace.
For some N € N and each k € {1,..., N}, let Ay € £(Hx) be a self-adjoint operator and let
Dy € D((Ax)M*) be such that (Ag)* [p, is essentially self-adjoint. Also, let @ € Bpory(RY)
such that

My,....Mn ) )
_ I i1 JN
Q(1, ..., zN) = Z Cj,enjn Ty 0 X
Jisin=1

for some My € N, ¢j,, ... j» € C. Then, given

189



®j‘yeNDj = span{ XRviec @ H; |YjeD;Vje N}»

jEN jEN

the operator (QOO(Al, AN, ®j‘-szDj> defined for ®;ent); € ®j?eNDj as

My,...,Mn ) )
Q> (A, --~7AN)( fXI)\IZl)j) = Y gy A1) @ @ (A UN) @ Y ® - (BUT)
7€ JiriN=1

and extended linearly to the rest of ®jy€NDj, is an essentially self-adjoint operator (on ®jen H;).
We denote

Miy,....Mpn )
Z ley---vjNAil Q& A}]VN RIMAR - = Q(A17 7AN) QId@ - = QOO(AI’ ’AN)
jl:"-vszl

.
Proof: By Prop.72, (Q(A1,...,An), ®}7e{1 N}Dj) is an essentially self-adjoint operator on
Hi1®---®@Hy. By Lemma 46 and Proposition 71, (Id, ®}}Z{N+1,N+2,...}Dj) is an essentially self-
adjoint operator on @72 v H;. But applying again Prop. 72 now for the polynomial (z1,z2) €
R? — z; - 23 and the space (9}, H;) ® (®52 y11Mj), on the domain

7 F (T _
(®eqr...nDi) @7 (@jeini1nie,. D) =

U =Y ] @ @uh and Uy = M divd @ vk, @ }:

=spany V1 @ ¥
p { 1 2 for some ¢;,d; € C, M; € N, ] € Dy,

linearity of ®
as in Prop. 53

=" span{ (91 @ @) © (ni1 ® ) | o € Dy Vh EN},
the operator Q(Aq, ..., Ay)®Id is an essentially self-adjoint operator (on (®§y:1Hj)®(®JQ’;NHHj)).

Finally, using the unitary given by the associativity Theorem 26, we get what we claimed.
0.€.0.

Next, since we will be interested in the question of reducibility for the CCR representation

operators, before delving with them, we check the following generality.

Proposition 74. Any Q*° (A, ..., Ax) as in Prop. 73 is reduced by every layer ®]¢ENHj and the
reduced part Q>°(Ay, ..., Anx)|e is an essentially self-adjoint operator (on ®]¢-ENH]-). In particular,
using ®jenH; = @aer(®]¢eN7'lj)’

QOO(AL ceey AN) = Deer (QOO(AL ceey AN)|C>

with domain ®3’/ZNDJ' = oD (Q“(Al, ...,AN)|¢>. Moreover, the closure Q> (A, ..., Ax) is
also reduced by each ®3¢6NHJ and

Q®(A1, ..., AN)|e = Q® (A1, ..., AN)|e- (B.18)

¢

Proof: e Let ¥ € ®}iNDj = D(Q>®(A1,...,Ay)). Then, ¥ = 7 | ay(Qpentyt) for some

n €N, ()¢ C C and ¥}, € Dy. Given P% is the orthogonal projector to an arbitrary ¢y € I’

layer,
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POT = 3" oy @y, for Jg, = {f c{1,...n} | ® P € @0}.
keN

EEJCO keN

As such, by definition, P%W ¢ ®f€NDj. Thus, P€0(®‘jy'€NDj) - ®j{NDj- Moreover, this also
shows that in particular, P% (®;‘7€NDJ-) = ®3’7’€ND]- N ®]¢2N’Hj.
e In addition,

n M, .My .

POQR (AL ANT=PO(Y. Y gy Al @ 0 (AN ) 0 vha @) Z
=1 j1,.,jn=1

—
=

Mu,...,Mn

= > Cirin (AP} @ - @ (AR YY) @ Yy @ - = Q¥ (A1, ..., Ay) POV
ey Jir-jn=1

In (x) we used that the belonging to an ~-class only depends on the asymptotic tail of an
elementary tensor product, namely, that {¢£ € {1,...,n} | Q% (A1, ..., AN)(@rentvt) € €0} = Jg,-
This proves that Q*°(Ai,..., Ay) is reduced by ®]€~2NHj. Since €y € I' was arbitrary, then
Q>°(Aq, ..., An) is reduced by every layer ®]¢€N7-lj.

e Now, noting that

00 0o (by def) - (shown) .
D(Q (Ah...,AN)\e) ::D(Q (Al,...,AN))m@)feNHj = @IND; @Sy = P&y D,

we get that ®']?7€ND]- = @‘?GFD<Q°°(A1, ey AN)|¢). This, together with the orthogonal decom-
position ®;enH; = @eer(®j¢eNHj) (see the unitary identification of Prop. 15) trivially yields
the following block-diagonal decomposition:

Q™ (A1, ..., AN) = Deer (QOO(Ab vy AN)‘@)

—where, recall that the action of the direct sum of operators was defined as the sector-wise
action (see Prop. 18).

o By Thm.1.47.(v) in (Arai, 2018), Q@>®(A4, ..., An) is reduced by all ®]¢ENHj such that
Q®(A1, ..., An)|le = Q®(A1,...,AN)|e. Moreover, because Q*(Aj, ..., Ay) is self-adjoint, by
Thm 1.47.(ix) in (Arai, 2018), Q>®(A1, ..., An)|c is self-adjoint. Hence, Q>®(A1,..., An)|c is
self-adjoint and thus, Q*°(Aq1, ..., Ay)|¢ is essentially self-adjoint. 0.€.5.

Finally, let us employ all the above results for our particular case study.

Proposition 75. For each «, 8 € R, By, is a set of analytic vectors of the operator (a§ +
B D, Brer), which is defined for ) € By, as

(aqg+Bp)Y)(x) :==a xp(x) — 5 zh%(x) Vz € R. (B.19)

In particular, («§ + 8P, Bpger) (and any of its restrictions to a symmetric densely defined

operator that leaves its domain invariant) is essentially self-adjoint. .

Proof: To prove the claims, we only need to modify conveniently the proof given for § in
Example 2 of §X.6 in (Reed and Simon, 1975). Consider the operators
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1 d 1 d

A el ol = (o

a:= \/i<3: + dx> and a':= \/i(x dx)’ (B.20)

defined on By, asin Lemma 43 (for w = 1). Let (¢ )nen, € L?(R,dz) be the ONB of L?(R, dx)
given by Lemma 43 (for w = 1). As proven in that lemma, ¥n € Ny, G¢n, a'¢n € Bper, 50,
én € D(a*) N D(a'*) for all k € N. As such, it is meaningful to apply a,a! arbitrarily often on

¢n. In particular, by equation (X.61) in (Reed and Simon, 1975), for any k,n € Ny

ot @t < y/(n + k)! V#; € {1,1}. (B.21)

Now, defining (4, Bper), (D, Brer) as the (a,5) = (1,0) and (0,1) cases of (B.19), it is
immediate to see that § = %(& +at) and p = \/’ﬁ(a — af). Plugging them in ¢ + 5 p we get
(aG+pp) = %(E&—i—zfﬂ) for z := a+ih 3. Next, developing (Za+ za')* we get 2% terms like
coa?i . -7k with #g € {1,1} such that ¢, = 2" Z/ for some r,j € Ny : 7+ j = k. In particular,

lce| = |2|*. Altogether,

1 1 2¢ (trgl.ineq.)
[ a4 ) 0| = g7z |z + 2100 | = gz | et athon| <
/=1
2k
32?1/22|z|’“Ha#’i-- kb, H 2 2’f/2 125/ (n + k)
/=1
Hence, for all ¢ > 0,
$ (g + ]jﬁ)%nHtk Z PIE (n+k)!tk B.22)
k=0 '
Vi
Finally, since
lim Vk+1 — lim 2‘21/2\/ n—i—k—i—l (for someC>0) lim —0,

k—oo g k— o0 k+1 k—o00 ﬁ

by the well-known “ratio test” the r.h.s series in (B.22) converges and thus, so does the Lh.s
one. By definition, this implies that ¢, is an analytic vector of aZ + B p. As a consequence,
applying the triangle inequality, any linear combination of (¢ )nen, is also analytic. Hence,
span{ ¢, tnen = Brer are all analytic vectors of ag + 5p.

o We miss the last claim. Note that (a§+ 89, Bper) is symmetric: for ¢, ¢ € Byer,

integrate by parts
& use p,PES(R)

(o, (@d+Bp)) = / @ arv@de —ing [ @) 2 v(a)de

= [ awe@) dx+/ ﬁzh ()zﬁ(w)dw:<(aé+/3ﬁ)%¢>-
z€R

Then, since By, is dense in L*(R, dz), by Nelson’s theorem (see Theorem X.39 in (Reed and
Simon, 1975)), the operator (g + 3P, Bper) is essentially self-adjoint. The statement in
parenthesis about the restrictions is a literal application of Corollary 2 after X.39 in (Reed and
Simon, 1975). 0.€.0.
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Definition 56. Let H be a real separable Hilbert space and let (e,)neny € H be an ONB.
Define W := span{ey }nen and for each f € W (for which there always 3M; € N such that
f= Zi/[:fﬂen, f)en), define in Prop. 73’s notation the following ®xenL?(R, dz) operators:

My M;
(Z]\(f) = Z<enaf> dn, ®kyeNBH8T> and <lb\(f) = Z<€n, f) Pn ®f€NBH6T>7
n=1 n=1
where G, == [d® - ®§RId® -+ and p, := [d® - RPRId ® --- such that (§v,)(z) =
—_—— —_———
2 (x) and (P, (x) := —ih%(az) for 1), € Bper. That is, consider the operators such that

for ®jeN¢j € ®?€NBHem

My
AN bi) = (e St @ -+ (@) © Wy ©
J n=1
My
and - (1)( @ v5) 1= Do lew 11 @+ (Bhn) @ bnpr @+
J n=1
linearly extended to the rest of ®f2NB Her- .

Corollary 26. Both §(f) and p(f) are essentially self-adjoint operators on ®jcn L2(R, dz)
and they are reduced by every layer ®%€NL2 (R,dzx), € €T. .

Proof: (4, Brer) and (P, Brer) are the (a,5) = (1,0) and (0,1) cases of Prop.75. Then,
given the polynomial Q(z1,...,xx) := 3,71 (en, f) Tn, the claim on self-adjointness is given by
Prop. 73, while that of reducibility is given by Prop. 74. o.€.0.

Theorem 29. (®k€N L2(R,dz), ®jnBrers {d(f), ﬁ(f)}few) is a reducible representation
of the Heisenberg CCR, reduced by every layer ®§€NL2(]R, dx), € eT. .
Proof: We check all the items of Def. 46.

o Item (i): First, by definition, Vf € W, ®‘]'-/ZNBH6T = D(4(f)) = D(p(f)).

On the other hand, since trivially, both §Bge, C ®'jszBHer and pBge, C ®3/6;NBH37”7 the
application of ¢; and p; on Y1 @ Yo ® - -+ € ®fZNBHer keeps their belonging to ®3¢”’€NBH€T.
Linear combinations of such applications constitute ¢(f) and p(f), so, because ®j§€NBH€T is a

vector space, (j(f)( ®']19€N BHer> C ®j32NBHer and p(f) ( ®j‘?€N BHeT) - ®j‘?€NBHeT.

Finally, because ¢(f),p(f) were proven in Cor. 26 to be essentially self-adjoint, they must be

symmetric as well.

o Item (ii): Let there be arbitrary f,g € W, o, € R, and ¥ € ®3?Z€NBH6T, such that
v = Ze]\i1 copt @ Y5 ® - - for some M €N, ¢, € C and Q,bf € Byer. Then,

u ey M) ((en,-) is linear)
Qaf+B9)U=3co Y {emaf +Bg) V[ @ @ (@) @Pppa @
(=1 n=1

—aYa Y fen NV © - ® (@) © s © -+
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max(My,Myg)

8Y ¢ Y len ) e @ (GYL) ® P © -
(=1

n=1

(by def)

= (a q4(f) + B plg)¥
The same holds for p(-) if we change ¢ by p in the last computation.

o Item (iii): For arbitrary f,g € W and ¥ € ®‘JiNBHeT (as above), note that

. w%®--~®(ﬁwﬁ>®'~-®<qwﬁ>®wnﬂ@---—)
f : =0
oot ) tnm (—w{®-~-®(Wﬁ)@--@(@wﬁ)@wml@---
dns Pm ) = =
e ifn=m: (Y@ © (@) v @) =ifeea )
——

it

Therefore, we get, considering h =1,

M My M,
[G(f), D)) = G(NP(9)¥ = D(HAUDNY =D e D D (e, [)em 9)d Pl @ s @ ---) =
/=1 n=1m=1
M min(My,Mg)
(=1 n=1
(f,9)

Next, note that trivially, [Gn, Gm](¥f @ YE @ ---) = 0 = [Pn, Pm] (V] @ ¥§ @ ---). Hence, by
linearity [Gn, Gm]¥ = [Pn, Pm]¥ = 0, such that, [¢(f),4(g)]¥ =0=[p (f),ﬁ(g)]\lf.

e Finally, it is a reducible representation because by Cor. 26, each ®J€NL2(R, dz) reduces
q(f) and p(f) for all f e W. 0.€.0.

B.2.2 The Weyl CCR Representation

In order to learn that the above Heisenberg CCR representation generates (via the complex
exponential) also a Weyl representation, we first need to understand the interplay between
SCOPUGsS, their generators and their lifts to the ITP. In particular, to prove part of the Weyl
relations for the SCOPUGSs generated by ¢(f) and p(f), we will harness the commutation

relations of the generators (essentially given by the previous section). But, for that, one needs
to prove first that the generators commute strongly, and this in turn requires us to lift analytical
vectors to the I'TP. With that purpose, we start with the following technical result.

Lemma 47. Let (an(k))neqi,.. N}, ken © C for some N € N. Then, for all K € N,

M(Sat)-% % Tat 33

k=0 ki+-+ky=k n=1
0<ky,....kn<K

If for all n € {1,..., N}, Ilimg oo Sp_g an(k) = b, € C, then

N K N
K—=oo iy ( knzzjo ) nl;[l
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By (B.23), this is the same as saying that

N-K N N
lim > > 11 an(kn) = I] bn- (B.24)
K=00 120 hitthy=k n=1 n—1

0<k1, kN <K

In particular, if a, (k) are non-negative real numbers, then (B.24) implies that changing NK

by K the limit is preserved, such that

00 N N
Z Z H an(kn) = H bn. (B25)

k=0 ki+--+kny=k n=1 n=1
k1,....,knENp .

Proof: We first prove equation (B.23):

(develop prod.)

N K
T (> ankn) = (@(0) + -+ + ar(K)) - (an(0) + -+ + an(K))

ite N-K N
— 3 ar(k) - an(ky) (rewrite 3) 3 3 T an(kn). (B.26)

k’l,...,kNE{O,...,K} k=0 ki+-+kny=k n=1
0<k1 oy <K
Next, by definition of limg s Zszo an(k) = by, for each n € {1,..., N}, given any 6, > 0,
there exists K% € N such that |b, — YK a, (k)| < 6, for all K > K% . Now, for an arbitrary
fixed £ > 0, choose recursively first §; := m and then, for r € {2,..., N — 1},

€
NTIZY by + 6 |H7]:[:7’+1 bn

T

until oy = m. Then, we get that VK > max{K®, ..., KN},
n=1 7 TEm
N N K K K %)
b T (5 9] = e (35 i) (35 anthn)| &
n=1 n=1 k=0 k1=0 kn=0
K N-1/r—1 K K N
<o = (D2 aalk)| - [bo---bw| + 3 (H S an)| o= (X arB)l- ] \bn|>+
k1=0 r=2 n=1 k,=0 k=0 n=r+1
+N1‘ f: ar(kr)| - ’bN B ( EK: aN(kN)>| " defS.Ofér) €.
n=1 k,=0 ~N=0

In (x) we added and subtracted first (ZkKl:O ay(k1))-b2 - - by, then (Zgzo al(kl))-(zkfgzo az(k2))-
b3 ---by, and so on, until (Z?FO ay(ky))--- (Zg\_lzo an—1(kn—1)) - by. Then we applied the

triangle inequality finitely many times.
0.€.0.

Proposition 76. Let there be for each j € N a densely defined operator (A4;, D;) acting on the
Hilbert space H;, with D; made of analytic vectors of A;. Then, for any (c,)Y_; C C, the set
®']-3“7€NDj are all analytic vectors of the operator (Zf:[:l CnAp, ®']-Q€ND]-) —defined as in Prop. 73
for the polynomial Q(z1,...,zx) == SN ¢,z .
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Proof: Let there be a generic elementary tensor product ¥ € ®]€NDj \ {0}, say, ¥ = ®;en;
with 1; € D;. Then, using the multinomial formula in (x),

N

k * k! (trgl.ineq)
(Cea) w2 Y o ddr@bvpe- e @yen) guva e <
kil k!
n=1 Kyt oy =k
k1,....,kNENp
k!
< X gglaltclev @ty e e (A ey @ v @ =
kil kn!
ki+-+kn=Fk
kl,....,kNGNo
1]l 3 \Cn\ k
= k! H Afn iy, (B.27)
H¢1®“'®"¢NH ki+-+kn=k n=1 H H
=:Cy k1,.....,kNENg
This leaves for ¢t > 0,
’(nzlc”A ) o e N \c |t
Z o < Cy Z PORRCE | o A (B.28)
k=0 : k=0 ki+-+kn=k n=1
k1,.....,kNENg

e 1, € D, is an analytic vector for A, by hypothesis and therefore, 3t,, € (0,400) such that

5Ll

converges for all ¢t € (0,t,).
Hence, fixing t( := minnE{l,m,N}{éﬁ}’ for each n € {1,..., N},

Z MHA’“R%ZH converges for all t € (0, o).

n=

=:an(kj)

But then, by Lemma 47 (in particular by (B.25)), this implies that (B.28) converges. As such,
¥ is an analytic vector of (32N, ¢, A,).

o Finally, using the triangle inequality it is immediate to see that any vector in the span of

elementary tensor products like ¥, namely, any vector in ®}iNDj is analytic as well. s

Then, as mentioned, we get the following strong commutativity result:

Proposition 77. Let there be for each j € N a densely defined symmetric operator (A;, D;) act-
ing on the Hilbert space H;, with D; made of analytic vectors of A;. ] Then, for every N, M € N
and (a)N_, (Bn)M_; C R, the closures of (X0, ay, Ay, ®]€ND yand (XM B, A, ®]"};ND]-)
commute strongly with each other. Moreover, the reduced parts by € € T' (see Prop.74),

(Zflvzl anAn> |¢ and (er‘le ,BmAm) |¢ also commute strongly. N

Proof: First, we note that zﬁzl anA, and Z%I:l BmAp, are symmetric because they are es-

(4IThis implies, by Nelson’s theorem, that (A;, D;) is essentially self-adjoint.
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sentially self-adjoint. Second, by Prop. 76, ® nD; are all analytic vectors of both E —1 anAy,
and S"M_, B,,A,,. And third, for any ¥ € ®j€NDJ, there exist ¢y € C, r € N, ¢j € D; such
that U =37/ ¢/ ®jen wf, causing

<§%%x§%MW—

{=1n=1m=1 if n=m, /lzz)l (A%¢n)®¢n+l®

- zr: Z Z ce0in Bim {lf " 7& m 1,Z)1 (An,(’bn) QUnt1®---® (Amwm) ®Ymi1 @

={i%%ﬂﬁ%%w

That is, the two operators commute in their common domain. The three together imply,
by Thm.7.18 in (Schmiidgen, 2012) that the closures of (Z 1 anAn> and (Z%zl BmAm>

commute strongly.

e The claim on the strong commutativity of the reduced parts is a trivial application of
Theorem 1.47.(xii) and (v) of (Arai, 2018). 0.€.0.

Corollary 27. For every f € W, all vectors in ®:iNBHe7‘ are analytic for ¢(f) and p(f). More-
over, {4(f)} few and (B} rew are each a family of strongly commuting self-adjoint operators

reduced by every € € I'. In particular, the reduced parts {G(f)|c}ew and {p(f)|e}sew also

make each a strongly commuting family. .

Proof: By Prop. 75 and Prop. 76, ®:;7€NBH6T is a set of analytic vectors for any ¢(f), p(f). As
such, the claims on strong commutativity are immediately given by Prop. 77. 0.€.0.

(Note that this constitutes an alternative way to prove that the lifted position operators com-
mute strongly! —recall that we proved it in the main text in a different way.)

Now, using the strong commutativity of the generators, we can prove the commutation of the
generated SCOPUGs as follows (essential for part of the Weyl relations).

Corollary 28. For any pair of operators as in Prop. 77,

a(Sann) o (D0mn) _ io(Solimman) (S entn).

Vi,s e R, e (B.29)

Assuming without loss of generality that N = M !

max(N,M) N M N M
( Z (an + ﬂn)An) = (Z anAn> + (Z 5mAn> = (Z anAn) + (Z 5mAn> (B.30)
n=1 n=1 m=1 n=1 m=1

and

O i) _ () () w31

¢

BI'We could otherwise put a, = 0 for n € {N,..,M}if N< Morput 8, =0forne {M,..,N}if M <N.
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Proof: Equation (B.29) holds by combining Thm. VIIL.13 in (Reed and Simon, 1981) and
Prop. 77. As a consequence, (B.30) and (B.31) hold by Rem.5.33 in (Arai, 2018). O

The only part of the Weyl relations that cannot be proven using this last result (namely, the
crossed commutation relation for the exponentials of §(f) and p(g)), can be proven by lifting
the Weyl relation of § and p from L?(R,dx). But for that we first need to prove that taking
the lift to the ITP and applying the functional calculus commute.

Lemma 48. Given an arbitrary family of Hilbert spaces (#;);er, let there be a fixed k € N and
a SCOPUG {U(t)}ter on Hi. Then, the lifted family of operators {U(t)}icr (in the notation
of Prop. 62) is a SCOPUG on @;c; H;-. .

Proof: e (i) We check that for all ¢t € R, U/(?) is a unitary operator. First, denoting the set
of elementary tensor products in @ ;- H; by S, for all ®jervj, Q ecr¢j €5,

TO(Q s ) UD(@0:)) = I Wy Uy, U =T[5 00 = ( @ 0y @ 65).

jeI\{k} jeI Jel

Using this in (x), for the linear combination of two elementary tensor products ® ;e Iw}, ®je 11/)?-

(ce € C, wf S Hj)
2
= H ( )<61 (2) ¢]> ( )(@ (2) ¢j>
Jjel jel

I
+2Re{cl02< () <><®wj)>}<*>

jel

2 2

U0 @ vy + 2 ® )

jel

2 2

1
a® 1/’]'
jel

+ ||c2 ® %
jel

+2Re{0162< ®¢], ®¢J>} =

jel

o Qv+ @
jer jel

Iteratively applying this result, we get that U (t) is an isometry in the span of S. Hence, U/(\t)
is also injective in span(.S) and its restriction to span(S) has operator norm 1. By Thm. 8, the
restriction has a unique bounded extension to the rest of ®,c;H; and it has operator norm 1.
Thus, U(t) must have operator norm 1 in ®,c; H,;-

Let us prove that U/(?) is also surjective in span(S). Let ¥ € span(S),i.e., ¥ =M ¢ Rjer wf
for some M € N, ¢, € C, ¢§ € H;. Then, defining ® := >/, ¢, Qjen (k) 1/)? ® (U(—t)wﬁ), we
trivially get that U(t)® = .

Finally, let ¥ € @;c;H; be arbitrary. By density of span(S), there exists a sequence
(®p)nen C span(S) converging to ¥. Hence,

Conts

o] =t |50 |

n—oo

Dt o, = | ).
n—o0

and thus, U/(?) is an isometry in the whole ®;ecH;.

We only miss proving surjectivity for arbitrary ¥ € ®;crH;. Since ®, € span(S), by the
above, there exists ¢, € span(S) such that U(t)e, = ®,. Then, (¢ )nen is Cauchy because
(Pp)nen is Cauchy (it converges to V) and ||¢, — om| = HU(t)(gon — <pm)H = || @), — Ppl-
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Thereby, there exists an n such that ¢, — But then, by Thm. 8, U/(?)n = lim, 00 U(t) oy, =
limy, 00 ¢ = V.

o (ii) We check strong continuity. Let tp € R and (¢,)nen € R a sequence converging
M1,

to to. By strong continuity of U(t), Vi, € Hi, Ul(ty)vy — U(tp)tg. Then, for any
®jerj € Qjert; \ {0},

® 1 ® (U(tn)dx — Ulto))

Jen{k}

® is linear
| by Prop. 53

Ut ( @ v5) - Ulto) (@ v5)|| =

jel jeI

® vie(Utdu)— @ v (Ulto)w)

jeI\{k} JeI\{k}

| [®servs]
o]

By linearity, this also proves strong continuity of (7(?) for any vector in span(.S). Now, let there

1U (tn) ¥k — U(to)torll —— 0.

be a general vector ¥ € ®,;crH; and an arbitrary € > 0. Since by definition, span(S) is dense
in ®;erH;, there exists ® € span(S) such that ||® — ¥|| < £/3. In particular, by the above,
HMmemmmW )& — UQQmew>N€mm

| - Uty | < [Tt (@ — )| + [Ut)@ - Tro)o | + [T(to)@ — w)|| <

/Mﬂ/mf o+ +Wq> U<e 2N = U(ta)¥ -1 T(to)0.

o (iii) Regarding the group property, let @;c;; € S arbitrary,

Uit+9)(@u) = ® we(Utts)= @ ve(UnUs)ik)=0000)(Q ;)

Jel Je\{k} Jel\{k} jel

By linearity, U(t + s) = U/(?)U (s) also holds in the span of S. But then the equality must hold
everywhere in ®;erH; because two continuous maps between Hausdorff spaces that agree on a
dense set must agree everywhere (Lemma 32). o.c.0.

Lemma 49. Given an arbitrary family of Hilbert spaces (#;);cr, let there be a fixed k € N
and a PVM {P(Q)}aen®) € L(Hi) on Hi. Then, {P(Q)}oenm) € L(®jerH;) is a PVM on
®je]Hj. *

Proof: We check all the points of Definition 17.

o Item (i) They are orthogonal projectors:

(P(2) is projector) — =

P(Q).
(b) The lift of a self-adjoint bounded operator is still bounded by Prop. 62 and so, is self-adjoint
by Proposition 63.

« Ttem (ii) P(R) = Id = Id.

o Item (iii) Let {Q}nen € B(R) be pairwise disjoint and Q := U,en$2,. Since, P(-) is a
PVM, Vo € Hi, S0ty P(Q )k ' ”Hk P(Q)¢y. Then, for any ®;jervj € ®jert; \ {0},
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) 3 (& )
; (Q )(]%1/)3) P )<]%¢J) = nzlje%k}% ® (P(Qn)'(/)k) —je(j%k}wj ® (P(Q)wk) ‘ =
N
_ [®ser i &
N JEI\{k} (EZ: Py mk) ’ r] nZlP - PQ)¢y| 5= 0.

By linearity, this also proves (iii) for any vector in the span of elementary tensor products.

e Before we prove it for general vectors, we need to note that, still for elementary tensor

products,
N N .
P(Q,) o (P, — ] P(Q, = P(UN_ 0,)(®;er1;).
Z (@jerty) = ;jgg;\@{k}%@(( i) jegg{k}m(; (@) ) = POON,020)(@je1%5)

P(Uﬁjzlgn)"/)k

By linearity, this implies that in the span of elementary products (which is a dense set in

®jerMy), SN ]@ = P(UN_,Q,). Since both sides are continuous maps between Hausdorff
spaces the equality holds everywhere (Lemma 32).

e Now, let there be a general vector ¥ € ®;c;H; and an arbitrary e > 0. By density,
there exists a linear combination of elementary tensor products ® such that || — V| < ¢/3.
In particular, by the two above items, 3IN® € N such that /3 > Hzf,\f:l m)q) — 15(5)(1)“
VN > N¢. But then,

—

> PV - PQ)¥| = HP(Uanﬁn)\P - P/@)\PH < HP(U{LQn)(qJ - c1>)H+

n=1

—_— —

—

+Hp(un 0)® — P(Q) H+HP )@ - w)| <

S — (%)
< Hp(ugy_lgn) \|\If—<I>||+§+HP(Q)H |®— | < e Vn>N°
op

op

That is, Y, P(Q )\I' & P(Q)V. In (x) we used that orthogonal projectors have operator

norm smaller than 1. 0.€.0.

et ®jerj € ®jerH;. Then, for any B € L(Hk), (B ) (®jer;) = ®j€l\{k} P ® (321/%) = (B?)(®je1vy)-
Using linearity, we get the equality in the span of elementary tensors and thus by continuity everywhere else too.

Proposition 78. Given an arbitrary family of Hilbert spaces (#;);er, let there be a fixed k € N
and an essentially self-adjoint operator (Ay, D). Consider the lift (A, Do(Az)) as in Lemma
24,1 which we proved to be essentially self-adjoint (see Prop.32). Then,

(1) (“Exponential and lift commute”): For all t € R, in the notation of Prop.62 (see the
uniqueness characterization for lifts of bounded operators given there)

—

eitZ; =eitd,  je, V R v e ® Hj, eitﬁ;( X wj) = Q Y;® (eitfkwk)

jerI jeI jeI Je{k}

[SINote that for I = N, this “lift” equals the operator Id @ - - - ® A, ®Id®- - - of Prop. 73 given by the polynomial
p(a:l,...,xk) =z and for £ < k, Ay = Id, Dy = H,.
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(i) (“Lift and PVM commute”): Given that P . BR) = L(®jerH;) and Py, : BR) —
L(H},) denote respectively, the spectral PVMs of Ay, and Ay, then,

Pﬁzﬁk e, Vv QM PZ(QMJ-): Q ;@ (Prtk)-

Jjel Jjel Jel jel\{k}

(iii) (“Lift and functional calculus commute”): Given that @2;(-) and @Tk(') denote respec-
tively the functional calculus of ;12 and Ay, for all measurable and bounded f : R — C,!”

— —_

O (f) = B (f) e,  f(Ay) = F(Ay).

L

Proof: « Item (i): Let U(t) := etk be the SCOPUG on Hy, generated by A, and consider
its lift U( ), which by Lemma 48 is an SCOPUG on ®jcrH;. Let ®jeri; € DO(Ak) Then,
® is linear)

ﬂ)(@je[ V;) — ®j€] ¥; . ®je]\{k} ¥; @ (U(t)r) — ®je[ V; (by Prop. 53 U(t)hr — Yn
= = Q v —"—F—
t t jeN{k} t

(B.32)
lim (U(t)d’f — w’“) = i Ay

By definition of generator,
t—0

Then, using that ® is continuous —thus, sequentially continuous— in the sense of Prop. 53,
retaking (B.32), we get,

—

lim VO ®jervs) = Bjerty _ Q ;@ (1Axr) (by 2eb) ’Lzzl\k( ®jer ¢j)-

t—0 t FEIN{k}

Hence, the generator of [7(\75) coincides with Ay, in Dg(Ay). Since the image of Ay, on 2(212) \
Do(Ay) is determined by the images of points in Do(;l\k) —more precisely, the graph of Ay, is the
closure of the graph of (A, Do(Ay))—, and because every SCOPUG has a unique self-adjoint
generator (see Theorem 6.2 in (Schmiidgen, 2012)), a self—ad301nt operator admlttlng no proper
self-adjoint extension (Prop.1.21 in (Arai, 2018))), Ay must be the generator of U( ), i.e., it

must be that U/(;) = ¢itAr,

o Item (ii): Define E(Q2) := m for each Q € B(R). By Lemma 49, it is a PVM.
Let f : R — C be measurable and bounded. By Thm.2.10 in (Folland, 1999), there is a
sequence of simple functions (30" cglop)nen (with N, € N, ¢, € C, Qf € B(R)) converging
in supremum-norm to f. As such, given we denote by ®¥() the functional calculus of E, for
all Qjerj € QjerHy,

® is linear
(f)<%wj> e ZC?E o (® i) = Jim Z_:CK B, i@ (PO (s Pﬁpw)
. yoo o (Bhe) .
=lm ® we(an@n) =T @ we(0h ) = o% (@),

[MTA similar statement holds also for unbounded f.
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By linearity, the equality holds also for linear combinations of elementary tensors, which are

o —

dense in ®;ecrH;. Since both ®F(f), Ak (f) are continuous, this implies they are the equal

_—

elsewhere too (Lemma 32). But then, taking f(z) :ieitx, this implies that ®F(f) = &4k (f) =
¢Ax | which by the previous item equals ¢4 = @Ak (f). That is, the SCOPUG generated by
®F(x € R+ z) and &4 (x € R ~ 2) are the same. By uniqueness of ' generator and uniqueness

of spectral PVM for a self-adjoint operator, this implies that E = P4*.

o Item (iii): We Just proved that for all bounded f, ®¥(f) = &4« (f) and that E = PZ;,

hence, @Ak(f) = <I>A’<(f). 0.€.0.

Lemma 50. Let (#;)jen be Hilbert spaces. For a fixed N € N and each j € {1,..., N}, let
Aj,Bj € L(H;). Then,

(1) There is a unique bounded linear operator on ®jEN H; —denoted B1®- - - By®Id®---—
that acts on @ ,en 5 € Qecr Hj as

(Bro @By o 1do ) @ v5) = (Bun) ©- ® (Byiw) 1d@ - (B33)
J

(ii) (A1® - QAN®Id®- - )(B1® - @By®Id®--) = (A1B1)® - @ (ANBN)®1d®- - -
(iii) The operator norm of (B1 ®--- ® By ® Id® -+ ) is || Bil|,,, - - | BN |l - .

Proof: « Item (i): By linearity, the action of any such operator on the span of elementary
tensor products (which we denote by span(S)) is fixed. As such, we can start by proving (ii)
for U € span(S), for which there are M € N, ¢, € C, ¢f € H; such that ¥ = Zé\il ce QjeN ¢§.
By linearity,

(A1 ® - RANRId® - )(B1® - @By Id® - )V = (B.34)

M
:(A1®"'®AN®Id®”')<ZC€ (Bl?,z){)@“'®(BN?/)§V)®Id®"‘> =
=1

M
Z (A1Bi1g}) @ ® (ANBytly) @ Id @ = ((41B1) @+ (AxBy) @ [d @ -+ ) 0.

In partlcular, this implies that
(B1®---®@BNyRId® ) [span(s)= (B1® [d®@---)- - (Id®--- @ By @Id® ) [span(s) -

But each (Id® -+ ® B, ® Id® ) lypan(s) €quals By [span(s) from Prop.62, so (B1 @ -+ ®
By ®Id®---) coincides in span(S) with the product of bounded operators By - - - By —which
is itself a bounded operator. Thus, (B ® - ® By ® Id® ---) is a bounded linear operator on
span(S) and by Thm. 8 it has a unique bounded linear extension. As such, its extension must
be equal to 31 By N everywhere.

o Item (ii): In equation (B.34) we proved the equality of the desired operators (which we
now know are well-defined everywhere) in span(S). Two continuous maps between Hausdorff
spaces that agree in a dense subspace agree everywhere. Hence, the equality holds everywhere.
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« Item (iii): We proved in (i) that (B; ® ---® By ® Id® ---) = B; - -- By. Hence,

(op. norm submultiplicative)

Prop. 62
[(Bi®- ®By@Id®--),, < (Prop. 62)

HE;

o 1Billop -~ 1BNllop

To get the equality, we find a sequence of vectors realizing this upper bound. For each j €
{1,..., N}, let the sequence (¢}1)neN C H; be unit norm vectors realizing the operator norm
of Bj, i.e., such that Hij;LH LA HBjHop.[a] Then, given @;cn @5 € QjenH; \ {0} with
|l =1 for all j € N,

(Bl®~.®BN®1d®...)(zp’f@.-@szwNH@---)H=||(Blw?)®-~®(3wm®¢m®---||:

=V,

= [1B1ytll - 1BNYR N =5 1Billop - 1 BNl ops

where (x) is easily proven following the proof-strategy given for Lemma 47. With all, ¥, is a

sequence of unit norm vectors such that

Sug\l(Bl ®- - @By@Id® - )Un| = ||Billy, - - [ Bnllop
ne

just as we needed. o.c.0.

[{ISuch a sequence must exist because by definition I1Bll,, = SUD ey, flu)=1 || Bj]|.

With all the above, we finally get what we claimed:

Theorem 30. (®keN L%(R,dx), {4(f), ﬁ(f)}few> is a reducible representation of the Weyl
CCR, reduced by every layer ®]€-ENL2 (R,dz), € € T'. In particular,

el(j():el<€1,f>§®®€Z<8Nf7f>5®]’d® and ezﬁ():€7’<el7f>5®®ez<€Nf’f>§®Id®

Proof: We check each item of Def. 47.

o Item (i): By Corollary 26, 4(f), p(f) are self-adjoint Vf € W.

o Item (ii): First, we check for arbitrary f € W and t,s € R\{0} that D(A( ) =D(q(tf)).
Let ¥ € D(G(sf)). By definition, there exists a sequence (V;,)en C ® NBHe,, = D(4(sf))
such that lim,, . ¥, = ¥ and lim, o G(sf)¥,, = §(sf)¥. Now, we clalm that (G(tf)Vpn)neN
is also a convergent sequence. We prove it is a Cauchy sequence:

- 5 ® s . ) [t . ()
(e = )Tl 2 T = Tl 2 ) = 5] s 0
In (%) we used that for ¢ € ®f;NBHer, forall t € R,
My (e ) linear) My
qtf)p = Z(ena tf)anp 7 Z (en, f)dnp = t4(f)e-
n=1 n=1

In (%%) we used that (§(sf)¥p)nen is a Cauchy sequence because we found it to be convergent.
With all, 3y € ®;enL*(R, dz) such that §(tf)¥, — and thus, ¥ € D(4(tf)) with n =

G(tf)V. Since s,t were arbitrary, this proves that D( ( ) = D(G(tf)).
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o But then, since (keeping the above notation) §(tf)V,, = t¢(f)¥, for all n € N, using the

above for s =1 and t € R in (% % %),

(*x%) =

Jim G(tf)¥n =t lim ¢(f)¥n =" tq(f)¥.

This proves that §(tf) =t §(f). Changing ¢ by p in all this reasoning proves that p(tf) =t p(f).

« By Corollary 28, for every f,g € W, 4(f) + 4(g9) = 4(f) + 4(g). Thus, trivially, G(f) + 4(f) C
4(f) + ¢(g). The same thing holds for p(-).

o Item (iii): Let f,g € W and t € R arbitrary. By Corollary 28,

o100 pid(9) — p1d(9)id())  apng () il9) — oib(9) pib(f)

By the same Corollary, ¢! d(/+9) = ¢id(f)¢id(9) which, used iteratively in (%) and denoting ¢, :=

j(en) leaves

. My " _ _
(10 — elq(zn:1<€n7f>en) © gidllerlen) ... gialensHen) @ iten.f) @1 . gilenf) av (ProR:T8)

— (g lde. - )(1d®ei<ez,f>5®_rd®...)...(1d®...®1d®ei<ezvf,f>5®ld®‘__) (Lem. 50)

— ei<617f>6®... ®el<eNf7f>E®Id® e (B35)
Likewise, eiP(9) = eiler9)b @ ... @ leNg 9P @ [d® ... | Now, without loss of generality, we can
assume that Ny = Ny, =: N because we can always consider explicitly (e,, f) = 0 for the

n € {Ny,...,Ng} (if Ny < Ny and similar if Ny < N¢). Then,

ei‘j(f)eiﬁ(g) — (ei<€1=f)5 R Q ei<€N7f>5 RIS - - )(6“61’9)5 R ® ei<€N,9>I§ QIR --- ) (Lerg 50)

= (67:<€17f>56i<€1,g>5) K- R (ei<eN9f>gei<6Nvg>E) X Id Q.- (*:*)

= (eii<€1»f><elrg> ei<€1vg>gei<elvf>a) R ® (67i<eN’f><eN»g> €i<eNvg>Eei<eN7f>5) ® Id R =
“undo steps”

_ e—zz Llen,f)len,9) {( 7(?1,g>56i<e1,f>5) R (e’<‘°N 9P gilen.f)d ) ®Id® - } < and:(***) )e_i<f’9>eif’(g)em(f),

In (%x) we used the well-known Weyl relations of position and momentum in L?*(R,dz), i.e.,
that for all a,b € R, e!@e? = e~iabeibPeiad —gee for instance Thm.4.1.3.(b) in (Weaver,
2001). In (% x) we used that M (e,., f)(en, 9) = (f, ).

o Finally, by Cor. 27, for all f € W, both ¢(f) and ¢(f) are reduced by every ® NL (R, dz)

layer, € € I". Consequently, by Theorem 1.49 in (Arai, 2018), both ezq( ) and e”’( ) are reduced
by every ®J€NL2 (R, dz) layer. So, by definition, the representation is reducible as we claimed.

o0.€.0.

B.2.3 The Creation-Annihilation CCR Representation

As shown by Arai (2018) in Proposition 5.27, one can extract a creation-annihilation CCR from
a Heisenberg CCR by going through an analogue of the “Segal field operator” of Fock space (to
be defined later). In this section we adapt this route to our case.
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Corollary 29. Given any N € N, (¢,)N; € C and (an, b,))_; C R?, the operator
N a
( Z Cn (an(jn + bnﬁn), ®{j/eNBHer> (B36)
n=1

(defined as in Prop. 73 for A4,, := ang + byp and Q(x1,...,xN) = Zf:[:l Cny) is an essentially
self-adjoint operator on & ;cn Hj- .

Proof: By Prop. 75, (ag + bp, Brer) is essentially self-adjoint, so the self-adjointness of (B.36)
follows by Prop. 73. 0.e.90.

Corollary 30. Let W be the complexification of W.

(i) For each f € Wg,
(8(f) = a(Re f) + p(Im f), @7zxBirer ) (B.37)

is an essentially self-adjoint operator on & ey L?(R,dx). We call it an ITP-Segal field
operator (of test-function f).

(ii) [8(f), ®(g)| = iTm(f,g).

(iii) ®(f) is reduced by all @Sy L(R,dz), € € T, and (f)|c is essentially self-adjoint.

(iv) ci0(f) — B GRe ) ipImf)  gnd i) — pilm 5 62-%61-%'

¢

Proof: (i): (B.37) is the particular case of Cor.29 when ¢, = 1, a, = (en,Re f) and b, =
(€n,Im f).

(ii): It is given by Prop.5.27 in (Arai, 2018) because we proved that {G(f), p(f)}rew is a
Heisenberg CCR, representation.

(iii): It follows by Proposition 74.

(iv): Trivially D(q(f)) N D(B(f)) € D(G(f)) N D(B(F)), so,

q(Re f) + p(Im f) € G(Re f) + p(Im f). (B.38)

By (i), the L.h.s of (B.38) is self-adjoint, but by Thm. 5.48.(ii) in (Arai, 2018), its r.h.s is also
self-adjoint. Thus, the r.h.s of (B.38) is a self-adjoint extension of the self-adjoint operator in
the L.h.s. Because a self-adjoint operator has no proper symmetric extension (see Thm.1.13 in
(Arai, 2018)), the Lh.s must equal the r.h.s. With that, Thm. 5.48.(ii) in (Arai, 2018) gives the

rest of the claims. 0.€.0.

Lemma 51. Let H be a Hilbert space and let (A, D(A)) be a densely defined operator reduced
by the closed subspace M C H. Then, (A*, D(A*)) is also reduced by M and (A*)|ar = (A|ar)*.

‘
Proof: « We check reducibility first. Let 1p € D(A*). By definition In € H : (¢, Ap) =
(n,9) Vo € D(A) and A*y := 5. But then, denoting by PM the orthogonal projector to M,
for any ¢ € D(A),

(P]\/I:(PM)*) (P]MAEAP]M)

(P, ) T g P gy (PSP ) it (PP

(n, PMo) = (P, ).
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Hence, by definition, PM) € D(A*) and A*(PMy) = PMy = PM(A*y), which is to say that
(A*, D(A*)) is reduced by M.

o Now, let ¥ € D((A*)|pr) = D(A*) N M. Then, for all ¢ € D(A|py) = D(A)N M,

(AN M, @) = (A", @) = (Y, Ap) = (¢, Almyp)-

Hence, ¢ € D((Alnr)*) and (A]ar)* = (A*)|artb. That is, (A)|ar € (Alar)".

o Now we prove the reverse inclusion. Let ¢ € D((A|y)*) € M. By definition, 3n € M such
that (¢, Almp) = (¥, Ap) = (n, ¢) for all ¢ € D(A) N M and (A|p)* :=n. To prove that
1 € D(A*) as well, we need to extend this relation to any ¢ € D(A). Let ¢ € D(A) arbitrary.
Then, ¢ = PMp 4 (PM)Lp. Using in () that since A is reduced by M it is also reduced by
M+ (see Def. 44),

(W, Ag) = (i, APMp)+ (i, APM) ) D (v, Al PM ) + (4, (PM)LAp) =
=0 (since YeM)

(PMpeD(A)NM)
= (n, PMo)y=(n, PMoy+ (n, (PY) e) =(n, ¢).
—_——

=0 (sincen € M)
So, by definition, 1) € D(A*) and A*y :=n. Since ¥ € M, then, A*¢ = (A*)|pp = 1. But by
definition n was (A|ar)*, so, (A|am)* € (A*) |- 0.€.5.

Theorem 31. Define for each f € W the operator

(f) = \2(513(]5) +id(if))- (B.39)

Then, (®keN L*(R,dz), ®fcnBrer, {a(f)} rewve ) is a reducible representation of the Creation-
Annihilation CCR, reduced by every layer ®J¢ENL2(R, dx), € € T'. Moreover, for every f € We,

(i) a(f)* 2 %(‘ff(f) - z@(zf)) —very likely it is an equality.

=

(i) ®(f) = L (a(f) +a(f)) and  d(if) = 25 (a(f)* - alf))-
(iif) For cach f € W, ®(f) = 4(f), ®(if) = (/)

i) = —=(a(h)* +a(f)) and B(f) =

g
ﬂ ‘ ‘
Proof: By Prop.5.27 of (Arai, 2018) ®(f)+i®(if) is closable on ®jenBrer for all f € We and
a(-) gives a representation of the creation-annihilation CCR.

Now, by Corollary 30, all &)(f) and :IS(zf) are reduced by ®]¢€NL2(R, dzx) V€ € T'. Then, by

Prop. 1.53 in (Arai, 2018), the same subspaces reduce ®(f)+i®(if) and by Thm. 1.47.(v), also
®(f) +i®(if) = a(f). In particular, these Prop.and Thm. also give us that

(Ple = @(f)le +i®(if)]e.

j=)

By Lemma 51, all this implies that a(f)* is also reducible by ®J¢€NL2(R, dx). Therefore, by

Def. 49 it is a reducible creation-annihilation CCR representation.
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o Item (i): For all ¢ € D(a(f)), by definition, there exists a sequence (@, )nen € ®féNBHeT
such that

(son, é(@(f)ﬂff)(if))wn) — (% d(f)@)-

Consequently, for any i € ®’]'~9?€NBH6T it holds that for all ¢ € D(a(f)),

w.ahe) = (v Jim o (80 + i8N en) 1T i (v (80 + 8 Jen) =

—nangof<< ‘1>(f)<pn>+i<¢,‘5(if)<pn>> (B ) 1<< (1), on) +i(BGN)Y, m)

LAV
= Jim (= (B(5) = 8GN, o) = (55 (81) = BGN) 0. o).

Hence, ¢ € D(a(f)*) and a(f)*t = J5(&(f) — i®(if) )v, namely,

1

A g = 5

(2() —i®(if))-

Since a(f)* is a closed operator (because it is the adjoint of an operator), % ((f(f) - z@(zf))

is closable (we just proved the existence of a closed extension), and our claim is proven.

o Item (ii): For ¥ € @7, nBer,

SO 1/~ = 1/~ . R
(a0 +a(£)¥ = = (8(5) = @) ¥ + 7 (B(F) +i0G1)) ¥ = V22(),
Hence,
8(f) = —=(a(f)" +a()) | (B.40)
\/§ ®fenBHer :
Similarly,
(@) = a(N)¥ = —=(B(7) — iB(N)) ¥ — (B(1) +3B(i1) ¥ = VEB(if)V.
implying that ‘
2if) = 75 (@D —a(f) logz o, - (B.A1)

) (defined, as usual, in D(a(f)) N D(a(f)*)) is a

o Next, we prove that ( (f) +a(f)”
)N D(a(f)*). Then,

symmetric operator: let ¥, ¢ 6 D(a(f)

(W, (@) +a(f)e) = @, alf) @) + (W, alf)e) = (@(f)) b, @) + (@) P, ) = (@) +alf), #),

where in (x) we used that since a(f) is a closed operator (a(f)*)* = a(f) (see e.g., 3.81 in
(Teufel, 2021)).

e Now, since by Cor. 30, t/ﬁ(f) is essentially self-adjoint, by 3.93 in (Teufel, 2021), range((/I;(f):lz
i) is dense in the full space ®jenL*(R, dz). But by equation (B.40), range (&J(f) j:i) grange(\%
(d(f)* —l—&(f)) ii) and thus, range(% (d(f)* +d(f)) j:i) must be dense as well. This, together
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with the afore-proven symmetry imply (by 3.93 in (Teufel, 2021)) that %(d(f)* + &(f)) is
essentially self-adjoint.

o This leaves that both, f( (f)*+ a(f)) and ®(f) are self-adjoint extensions of ®(f). But
then, the uniqueness of self-adjoint extension for an essentially self-adjoint operator (Prop. 1.21

=

n (Arai, 2018)) implies that \[( (f)* —I—a(f)) =®(f).

o The exact same arguments allows to lift equation (B.41) to = (&(f)* - &(f)) = 3(if).

« Item (iii): For f € W, Ref = f and Im f = 0, so ®(f) = q(Re f) + pdmrf) = 4(f).
Then, (ii) yields what we claimed. Likewise, Re(if) = 0 and Im(if) = f so, ®(if) = p(f), such
that (ii) yields our claim. o0.e.9.

Proposition 79. Let there be the “ladder operators” of L?(R,dx) (& = L (q + ip), BH6T>
and (a' := J5(¢ — ip), Buer) —as in Lemma 43 (w = 1). Then,

S

V2
an=ad(ey) =ld® - Qald®--- and a =a(e,) D2 IMd®---®al QId® - -,
—— N
n n
—where one would get an equality in the second relation if proven so for Thm. 31.(i). R

Proof: Let ¥ € ®]6NBH67’7 so that for some M € N, ¢, € C, wf € BHer,

Blen) B (ic,) )W = —=(alen) £ iple,) ) ¥ =

a(en)¥ = 7

1
7

M
=Y awie e (\g@im)wﬁ) P ® (Id®-~®\}ﬁ(diiﬁ)@wd@---)qk

Thus, a, [®szBHer: (Id® - @axId®--) [®f§NBHer and a [®fZNBHer: Id®- - @at @
Id®---) [®3NBH . This proves that both [d® -+ ®a®Id®--- and [d®--- @4l @ [d® - -
je er

are closable (because a,, and af are respectively closed extensions). Now, regarding the former,

since ®3"ZNBH67« is a core for both G, and ([d® --- ® a ® [d ® - - - ), they must agree everywhere.

Regarding the latter, we just have al DId®---® &L RUd® - -.
| —

n

0.€.0.

Hence, the creation-annihilation CCR we found for the ITP is precisely the lift of the one
described in §1.3 for L?(R, dz).

B.3 The Irreducible CCR Representations Induced in each Layer

In this section we will prove that the reduced parts (to each layer € € T') of the CCR represen-
tations found in the last section, still yield CCR representations. Moreover, we will prove they
are irreducible and we will provide necessary and sufficient conditions for their equivalence. For
the latter sentence (which is the non-trivial part of our claim) we will follow the laudably clear
proof-strategy by Streit (1967) —although we will leave much less work to the reader. %!

(BIStreit compactified the whole strategy to a single page —with a corresponding lack of exhaustivity, of course.
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As usual when dealing with reducibility, we will need to use the theory of commutants. In

particular, the following results are the key facts we need for our later proofs.

Definition 57. Given a Hilbert space H and a set of bounded operators A C £(H), we denote

its commutant by

A:={BeLHM)|AB=BA VvAc Al (B.42)
Its double commutant will be denoted by A" := (A")’. Similarly, we define A" := ((A")") etc.,

Definition 58. Given a Hilbert space H, a set A C L(H) is a x-algebra if it is a vector subspace,
it is closed under adjoint (A € A = A* € A) and closed under composition (A,B € A= AB €
A). Then, by Def. 41, a W*-algebra is a x-algebra that is closed in the weak operator topology.

Lemma 52. Let H be a Hilbert space and B,C C L(H). Then,

(i) BC B".
(ii) BCC=CCB = B"CCC".
(iii) B’ = B" and thus, (B")" = B". N

Proof: ¢ (i): Let A € B. By definition, A commutes with every element of B’, and hence
Ae (B =8".

o (ii): A € (' if it commutes with every element of C and that includes every element of B
by hypothesis. Hence A € B'.

e (iii): By (i) B C B”, so by (ii), B’ 2 (B”)" = B”. But also by (i), B’ C (B')"” = B". Hence,
B’ = B". Applying this fact to B’ we get (B') = (B)"”, i.e., B” = (B")". 0.€.0.

Theorem 32. Let H be a Hilbert space and let B C L(H) be a non-degenerate subset —i.e.,
such that the only vector in the kernel of all its operators is 0 (trivially satisfied when Id € B).

(i) (von Neumann’s double commutant theorem:) If B is a x-algebra, then, B is a W*-algebra
if and only if B" = B.

(ii) There is a minimall®) x-algebra A containing B and the closure of A in both the weak and
strong operator topologies is A”. That is, A” is the set of limit points of operator nets in

A that converge strongly (or equivalently, weakly) in £(H).

(iii) B” equals the smallest W*-algebra containing B. We refer to this as B” being the W*-
algebra generated by B. In particular, B” = A”. N

Proof: o Item (i): See Thm.2.4.11 of (Bratteli and Robinson, 2012). Note that in the
reference it is the condition B” = B what defines a W*-algebra, whereas for us it is the closure
in the weak topology what makes a *x-algebra be also a W*-algebra. Yet, their statement still
yields what we wanted. For the characterization of non-degeneracy that we used in our claim,
see the discussion before Def. 2.3.5 in (Bratteli and Robinson, 2012).

o Item (ii): By Lemma 15.1 in (Arai, 2018), there exists a (unique) minimal *-subalgebra
of L(H) containing B. Let us call it A.

OIMinimal in the sense that any other x-subalgebra of £(#) containing B also contains A.
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Any super-set of B, say, A or A”, is non-degenerate because the intersection of the kernels of
their operators must be a subset of the intersection of kernels in B (which by non-degeneracy is
{0}). On the other hand, by Lemma 52.(iii) (A"”)” = A", so, by item (i) .A” is a W*-algebra and
as such, it is closed under the weak topology. Putting this two facts together, by Cor.2.4.15 in
(Bratteli and Robinson, 2012), A is a dense subspace of A" in the weak and strong topologies.
Namely, A” is the closure of A in both topologies.

Lastly, the statement about nets follows from the net characterization of closure —see for
instance Thm. 11.7 in (Willard, 2012).

o Item (iii): Since any x-algebra containing B also contains A, then, any W* algebra
containing B will need to contain A. Hence, it is enough to find the minimal W*-algebra that
contains A. But by (ii), A" is a W*-algebra and it is the closure of A in the weak-topology,
so there can be no other W* algebra properly contained in between A and A” and any bigger
W*-algebra must contain A”. 0.€.5.

Lemma 53. Let H be a Hilbert space and for each j € I, with I an arbitrary index set, let

there be a set B; C L(H). Then,
i "
(Us) - (u=).
jel jer

Proof: '« TFirst we prove C. By Lemma 32.(i), B; C B and hence, Uje1B; C UjerBBj. But
then, by Lem. 32.(ii), (U;e; B;)" € (Ujer BY)"

¢

"
e We now prove 2. Certainly, B; C UjesB; so by Lem. 32.(ii), B} C (Ujel Bj) . In
1 " "\ n
particular, UjerBj C (Ujeij) and applying Lem. 32.(ii) again, (Uj€189’> - ((Uj€16j> ) .

" "
But, by Lemma 52.(iii), the r.h.s equals (U;jc;B;)”. Hence, (Ujel B;’) - <UJ’€[ Bj> . 0.€.0.

Next, we check the compatibility of the lift of a set of operators and their double commutant.

Proposition 80. Let (#;);c; be Hilbert spaces with I an arbitrary index set. Let there be
a fixed k € I and a non-degenerate subset By C L(Hj). Denoting the set of lifted bounded

—~ — A\
operators of By by By (as in Prop. 62), then (By)"” = (Bk) . .

Proof: First, both (B;,)"” and (By)" are W*-algebras due to Thm. 32.(iii). Then, by Prop. 64.(ii),
(Bg)" is also a W*-algebra. All of them are trivially non-degenerate given that By, is so.

e Let us prove D. By Lem. 52.(i), By, C (Bg)”, which trivially implies that By, C @ —recall
that (by Prop.63) = is a %-isomorphism. Therefore, by Lem.52.(ii), (Br)” C ((By)")" (denote
this relation by (*)). Finally, because (By)” is a non-degenerate W*-algebra, by Thm. 32.(i),
((B)")" = (By,)", which, plugged in (+), yields (By)" C (By)".

e We prove now C. By Thm.32.(ii), given Ay is the smallest *-subalgebra of £(H}) con-

"

taining By, every element C' € (Ag)” is the strong limit of a net of operators (Cq)ack C Ay.
Now, for every o € K, Cyy € Ak, so, the fact (proven in () below) that (Cy)acx converges in
the strong topology to C € E(Hk) implies that C € (Ay)", after all, (A,)" is also closed in the
strong topology. Namely, (Ak)” C (Az)". But we proved in Thm. 32.(iii) that (B;)” = (Az)",

o, (Bk)” C (Ap)" (call this result (x*+)). Finally, that ~is a s-isomorphism from £(#},) to the
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x-subalgebra E/(\’Hk) of L(®jerH;) implies that if Ay is the *-algebra generated by By, Ay, is
the *-algebra generated by By. Hence, by Thm. 32.(iii), (:Ll\k)” = (1/3;)”. Plugging this in (%% x)
leaves (Ek)\” C (Bp)".

Proof of (xx): First, note that (Cy)aecx being strongly convergent means that Vi € Hy,
|Catp — CY|| —% 0, which in particular implies that sup,ecp{||Ca®||} < +00 V) € Hj. This
implies, by the uniform boundedness principle (Sokal, 2011), that 5 := sup,ex [|Call,, < +o00.
In particular, [|C]|,, < .12

Now, let ¥ be a non-zero vector in the span of elementary tensors, namely, ¥ = Eé\il ce®je [¢f
for some M € N, ¢, € C, ®j61¢§ € ®jert; \ {0}. Then,

N ~ M M Qg U
|[Cov—Cul= e @ vie(Co-omi)|<X \CZ\HHJ;%HJH |(a—cpt] L0
(constant)

. |
where we used in () that C,, —>Stronlg{y C.
ac

Now, let ® € ®;c; H; and let € > 0, both arbitrary. Then, by density, there exists a ¥ in
the span of elementary tensors such that |® — V| < e/(33). This leaves,

(oot~ ] < eute v < |10 0]+ Jorw o] L oo v + 0. -0 <

2e ~ ~
<3+ H(Ca - C)\IJH. (B.43)
In (17) we used that by Prop. 62, CA’QH = ||Call,p» such that HCA’Q < B —likewise for C.
op op

Finally, by definition of convergence, AM¢ € K such that H(C’a — CA')\I/H <g/3 for all a > M*
(where > is the relation of the directed set K). Then, (B.43) leaves

H@@ - 6’(1)” <e Ya> M-

Thus, Ca converges strongly to the operator C (now everywhere in Rjer H;). 0.6.5.

[{IThe reason is that otherwise, there would exist € > 0 and a unit vector ¢ € Hj, such that ||Cy| > 8+ e.
But then, [|Catp — CY|| — 0 implies Joo € K such that ’||Ca01/1\| = ||Cw||’ < ||Cap® — CY|| < €/2, and thus,
ae
[Cao®ll > [|CY|| —€/2 > €/2 + B, which is absurd, because [|Cq,l,, < 5.

Now, let us get back to our case study.

Lemma 54. Given the position and momentum operators (4§, Brer), (P, Brer) (which we
proved to be essentially self-adjoint) the set W := {eP ¢4 | t € R} is drreducible and W" =
L(L*(R,dx)). .

Proof: Irreducibility is given by Prop. 14.7 in (Hall, 2013). Then, because W is trivially closed
under adjoints (hence, it is *-invariant), by Prop.5.11 in (Arai, 2018), W/ = CId := {zId | z €

C}. Therefore, (4]
W" = (CId)' = L(L*(R, dx)). 0.€.4.

[l et 7 be a Hilbert space. Then, by definition, B € (CIdw)' if and only ifVz € C, zIdy B = 2B Idy. But,
this is true for all B € L(H), so, (CId) = L(H).
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s Rrwarse "
Corollary 31. {e“l( ), e?(f) ‘ fe W} = Eq(®j€N Hj) —see Definition 42.

(In words, the quasi-local operators are precisely the weak (or strong) limits of compositions

and linear combinations of €'/ ei‘?(f).) .

Proof: Given Hilbert spaces H, (H;)jer and given for some k € I, an operator A € £(Hy), if
H; = H for all j € I, it is unclear “to which factor” A is lifted when we use the notation A.
To be clear, we will use A®) to denote the lift of A as an operator on Hy.

— =)
o Denoting ¢, := G(e,) and p,, := p(ey), by Prop. 78, ¥n € N and t € R, ed» = ¢d  and

—(n

eilbn — gith . Thus, defining W := {e/P ¢ | t € R},

{eit gn zt Pn

teRp =W (B.44)

But then,
(n)

L " _ " (Prop. —(n emma o
{eth",eth” te R} _ (W(n)> P 280) (W”)( ) (L m 54) L(L2(R))

Using this in (%),

teR}>,/;<U£L2 )>H=

neN

. R}>// (Len;53) ( U {eitqn it pn

neN

eit tjn 'Ltpn
<nL€JN {
P 1 @ 1R, da)). (B.45)

JEN

Finally, as proven in the first line of equation (B.35), for any f := Z,]:zl(en, flen €W,

G0 = giterf)r . gilen DN,

Since a *-algebra is closed under finite compositions, this implies that any x-algebra containing
Unen {eit n ithn | t € R} must also contain {ei‘f(f) i/ ‘ fe W} —while the reciprocal is
trivial. Therefore,

{eiq(f)yez‘% ‘ fe W}” _ ( U {eitqn itBn

neN

"
teR}) ,

which, by equation (B.45) leaves what we wanted to prove. 0.€.0.

It is known that heuristically, the W*-algebra determined by a SCOPUG equals that determined
by its self-adjoint generator (or more rigorously, that determined by the spectral PVM of the
generator). If so, the last theorem implies that heuristically, only the quasi-local operators
(and precisely all those) can be written in terms of §(f),p(f)’s, their compositions, adjoints,
linear combinations and weak limits. If this were true, then, in order to exploit all the possible
dynamics in ®;enyL?(R, dz) (say, the ones given by unitaries outside the quasi-local operators),
one would need to consider Hamiltonians beyond those achievable in terms of §(f)'s and p(f)’s

with f € W. We will explore the true extent of this heuristic idea rigorously elsewhere.

As a final step before we provide the promised results, we need to check that “reduction” and

“double commutant” commute.

212



Lemma 55. Let A be a Hilbert space and let B C £(H) be a set closed under adjoint!'?! where
every operator is reduced by a common closed subspace M C H. Then, (B")|p = (Blam)”
—mnote that in the L.h.s the commutants are taken within £(#) while in the r.h.s they are taken
in L(M). .

Proof: First, let us prove that B’ is a *-algebra. It is clear that it is a vector space so we just

need to check its closure under *. Let C' € B arbitrary. Then, VA € B, AC = C' A and (using

that B is s-invariant) A*C' = C'A*. Using the latter in (f), AC* = (CA*)* @ (A*C)* = C*A,

so C* € B too.

But then, B’ is a *-algebra with (B')" = B g (where we used Lemma 52 in (%)), so, by
Theorem 32.(i), B’ is also a W*-algebra.

Now, B is reduced by M, so, by definition, P™ commutes with all the operators in B, which
implies that PM € B'.

With all this, Prop. 1.(i) in Chapter 2 of (Dixmier, 1981) implies (putting his A equal to our
B') that (B")|a = ((B')|ar)". Hence, if we prove that (B')|y; = (B|y)’ this will yield what we

wanted. We prove so in the remaining.

« Let C € B'. Recall that since C need not be reduced by M, C|y; := PMC € L(M). Then,
for all A€ B

( by Def. 44 & >

by Def. 44 &
A reduced by M

(CeB’) PMep) A reduced by M
M = = =

ClmAlu (PMCA)| (PMAC)| i ( (APMC)| s AlpClar

Hence, C|ar € (B|ar)'. This proves that (B')|a € (Bla) -
o Now, let ¢ € (B|a)" (which is an operator in £L(M)). By definition, for all Al € B,
c Ay = Alu e (B.46)

Then, the operator on £(H) defined by C := c¢PM is trivially reduced by M and satisfies
C|a = c. But, because any A € B is reduced by M, such that by Def. 44, A = APM + A(PM)L,

L (PM(PM)Lg) (B.46)

CA = cPMAPM 4 ¢ PMA(PM) = cAPM pM =V ApMepM — AC.
— ——
APA/I CA‘M
Therefore, C € B' and ¢ = C|yr € (B')|m, proving that (B|a) € (B')|ar- 0.€.0.

With that we get the key result to prove the irreducibility of the Weyl CCR representations
when reduced to the layers of the ITP.

Theorem 33 (Streit). For each € € T, {e“?(f)\q, €im‘¢ ‘ fe W} is érreducible and

{e1D]g, €7 D]e | re W}" = £( &Sen LA(R, dx)).

Note that eim‘e — eZ‘j(f”C — e“i(f)‘@ and elﬁ(f)‘g

[101That is, such that VA € B, A* € B.
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Proof: By Theorem 30 all the operators in {ei‘f(f ), eip(f) ‘ f e W} are reduced by every

unitary)

@% nL2(R,dz), € € . At the same time, it is closed under adjoint because (eim)* (

JEN
(& %h?zl?o("))
el. 11 vamrse
= ¢'d(=f) . Using these two facts in (%), for each fixed € € T,

—id(F)

(%) and
(6T Dle, P De| f e W) (i) ({ez‘a(f), 7D |1 e w}") o (O (cq( ® LR, dw>)> .

JEN

Now, by Thm. 28.(iii), for every A® € E( ®§€N L?(R, dac)) there exists an A € Eq( ®jeN
L?(R, dx)) reduced by € and such that A|¢ = A®. But the converse also holds: by Thm. 28,
every A € L9(®jenL?(R, dx)) is reduced by € and trivially, Al¢ € E(@?eNLQ(R, dx)). Therefore,

<£q(]%L2(R,dx)>) e = z( 2%y LA(R, dx)), s.th., {ei@m P, ‘ fe W}" - z:( 2%y LA(R, dx)).
With all,

(e, T | £ ew) L (T T |7 )

"

= £( %y IA(R,da)) =

(footnote [a] in Lemma 54)
= CId@?eNLQ(R,dCE)‘

This means that the only orthogonal projectors that commute with every operator in {em(f ) e,

eim\g ‘ fe W} are Id and 0, namely, the projectors to the whole space and {0}. As such,
there is no non-trivial reducing space common to every operator: it is an irreducible set.

o About the last statement of the theorem, we found G(f), p(f) to be reduced by <§_§>]¢€NL2 (R, dz),

so, by Thm.1.47.(v) in (Arai, 2018), ¢(f),p(f) are reduced by ®]¢-€NL2(R, da:) and §(f)le =
d(f)le, D(f)le = p(f)|e. From there, Thm.1.49 in (Arai, 2018) with f(z) := e'* gives what we

claimed. 0.€.0.

Similarly, after the following technical lemma, we prove the key ingredients of the necessary
and sufficient conditions for the representation equivalence between layers € € I'.

Lemma 56. Let H be Hilbert spaces and let M, N C H be closed subspaces. Let B C L(H)
be such that B” is reduced by both M and N. Let there exist a unitary U : M — N such that
UA|yU—L = Aly for all A € B. Then, for all C € B, UC|p Ut = Cly. N

Proof: The set S := {C € B" : UC|yU~! = C|n} contains B by hypothesis. In particular,
B C S C B”. Then, if we prove that S is a W* algebra, because by Theorem 32.(iii) B” is the
smallest W*-algebra containing B, it will imply that S = B”, proving the lemma.

e The identity and the zero operator are always in B” and they satisfy the condition to be

in .S trivially.

e Using that if two operators are each reduced by a same subspace their sum is also reduced
by that subspace (Prop.1.53 (Arai, 2018)) and using that U is linear, S can be immediately

seen to be a vector space.
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o We check that S is closed under adjoint. Let C' € S. Since C' is reduced by both N and
M, Lemma 51 implies that so is C* and that C*|y; = (C|a)*, C*|n = (C|n)*. But then,

« (0€5)

UCH Ut =U(C|ly) U = (UC| U™ (C|n)* = C*|n.

Therefore, C* € S.

e  We check that S is closed under composition. Let C, D € S. Then, using that given two
bounded operators reduced by the same space, the composition is reduced by the same space,?
CD is reducible by both M and N. Moreover, trivially, (CD)|yr = (C|amD|ar). Hence,

1 (C, DeS

U(CD)| Ut =UC| DU =UC| U UD| U™ C’|ND|N = (CD)|n

and thus, CD € S.

o Finally, we check that S is a closed set in the strong topology. Let (Cy)ackx C S be an
arbitrary convergent net in the strong topology, with limit point C' € L(H). First, because B”
is a W*-algebra, it is closed in the strong topology and thus, C' € B”. As such, C is reduced
by M and N by hypothesis. Now, fix an arbitrary v € N. By definition of convergence, for
any € > 0, 3k§, k5 € K such that ||[(C — Co) (U )| < e/2 if a > k§ and ||(Cy — C)¢|| < /2
if @ > k5. Because K is a directed set, there exists a kg € K such that, kg > K} and kg > K35.
Then, for any fixed o > ko,

|@CIuU™)0 - Clwo| < |UCIMU™)0 = U CalarU™ V|| + || (UCal U0 = Calw |+
=0 Dbecause Cn € S

U 1sometry

HI(Caly — Clw)wll |(Clar = Calan) @10 + 11(C Iy = Calm) @) < &

As e > 0 can be taken to be arbitrarily small, this can only be if [|[(UC|pU 1)y — C|n9| = 0.
Therefore, C' € S. 0.€.0.

BIrf PMC = CPM and PMD = DPM then PM(CD) = CPMD = CDPM.

Theorem 34 (Klauder-McKenna-Woods-Streit ). Given €, 9 € T', there exists a unitary U :
®]¢€NL2(R, dr) — ®m NLQ(R dz) such that

Uei‘?(f)|¢U_1:ei@]m and Ueé ()|¢U_ A ()|m VfeWw
if and only if €, belong to the same quasi equivalence class, i.e., € <. .

Proof: We first prove (<=). The case in which € = M is trivial (just take the identity as
U). Thus, we can assume € # 91. Let (pjg)jeN € ¢ and (pjm)jgN € 9 be composed of unit
vectors. Since €, belong to the same %—class, by Definition 57, (pg)]eN 2 (p;ﬂ)jeN and
thus, 30 := (6;)jen C [, m) with (P?T)JGN (eiefpgi)]eN Equivalently, (e ’eﬂpjg)]eN € M and
by Proposition 59.(iii), Uy (defined in that proposition) is a unitary mapping ® NL (R, dz)
to ®‘th NL2(}R dx). Now, let ®;eny; € ®J€-€NL2(R,CZ$) be arbitrary. Then, for an arbitrary

f - Zn:1<en7f>en € W7

(Thm. 30)

(U_g eimbﬂ( Ug) ( ®jEN ’l/)J) U_g ((61'01 €i<el’f>5¢1) QK- (6i0Nf ei<eNf’f>5’(/JNf)®
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(" 1) @+ ) = (g @ - @ (NN DT ) @ (Y 40) @ = €T D] (@sen ¥y ).

By linearity, the equality is immediate also for the span of those simple tensor products inside
®]¢-€NL2(R,dx). But these are dense in ®§€NL2(R, dz) by definition, so, the continuous oper-
ators (U_g ei‘j(f)|m Ug) and e“f(f)|¢ agree on a dense subspace. Consequently, by Lemma 32

they agree everywhere in ®J¢€NL2(R, dzx).

In the same exact way, just changing g by p, we get that (U_g ei@m Ug) = eimk. Hence,
Up is a unitary like the U we claimed that exists.

o Now we prove (=>). This is the key thing proven by Streit (1967) (and originally proven
—in a different way— by Klauder et al. (1966)), although, as we mentioned already, Streit
provided considerably few details and left most claims for the reader to prove (such as the
following one).

e Claim: UA|cU ! = A|y for every A € Eq( ®jen L2(R, d:x))

Check: The claim holds by hypothesis for all A € {ei‘j(f), e p(f) ‘ fe W} =: B. But then, by
Lemma 56, the claim must hold for all A € B”, which by Lemma 31 equals £4 (®jeN L?(R, da:))

o And lastly the key trick: by Theorem 28.(iii), if € and 9 belonged to different quasi-
equivalence classes, then there would exist a bounded operator A € Eq( ®jeN L?(R, dx)) such

that A|¢ = Id and A|n = 0. But then, the claim above would imply Id = UA|cU ™! = Al = 0,

which is absurd! Hence, it must be that € and 91 belong to the same quasi-equivalence class.
0.€.0.

Proposition 81. Let # and K be Hilbert spaces and let (A, D(A)) and (B, D(B)) be closable
operator, on H and K, respectively. Then, for a unitary U : H — I,

=
UAU™ =B AL UAUT' =B & Uy = ¢itB vt e R.
~~ _
(if U=1D(B) = D(A)) (if A, B self-adjoint) .

Proof: e (i).(=>) : Let ¥ € D(B). Then, by definition, there exists a sequence (®,)nen C
D(B) such that ||®, — ¥|| —=0 and ||B®, — BY|| — 0. In particular, using that U, U~!
are isometries, [[U™'®, —U | = ||&, —¥| —— 0 and [|[A[U'®y) — AU ' ®p)|| =
|UA(UT1®,) — UA(U'®,,)|| = |B®, — B®,,||, which converges uniformly to 0 in n,m (and
thus (A(U~1®,,)),en is Cauchy) because (B®,),en is convergent and thus Cauchy. Therefore,
because H is complete, (A(U1®,)),en must converge to some 1 € H such that U~1W¥ € D(A)
and A(U~1¥) = 5. But then,

(U conts.) (Pn€D(B))

lim UAU'®,, " "= lim B®,, = BV.

n—o0 n—oo

UAU~' = Un = U( lim AU'®,,)

Hence, B C UAU™'. Lastly, using that trivially, UAU~! = B «<= U~'BU = A, exchanging
A and B in the above argument, we obtain B D UAU ™!, proving that B = UAU .

 (i).(<=) After the assumption that U~'D(B) = D(A), using that B |pp= B and
A ID(a)y= A, the restriction of the hypothesis: UAU! ID(B)= B ID(B) Teads UAU! = B.
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o (ii).(=>) Given by Thm. 1.32 in (Arai, 2018) after choosing f(x) := e®.

o (ii).(«<=) By hypothesis, V; := UeitEU_l, t € R, is a SCOPUG with generator B. But by
Cor. 1.6 in (Arai, 2018) UeAU—1 = ¢tUAU™ g4 it is also generated by UAU ! (which is still
self-adjoint by Prop. 1.20.(iii) (Arai, 2018)). Hence, by the uniqueness of self-adjoint generator

for a SCOPUG (Stone’s Thm. 6.2 (Schmiidgen, 2012)), B = UAU !, 0.6.6.

At last, as a corollary of all the collected results we get:

Theorem 35. For each € € T, defining
QN Bher = span{ Rken Vi € jenL* (R, dx) ‘ Uy € BHGT} = QpenBrer [ @5enL’ (R, dz),

respectively,

(@fen LAR, dz), { G(Dles B)le trew),
(@fen LR, da), @28 Brer, {0(0es B} sew)

and  (@fey LA(R, dz), &8 Buer, { a(f)le }rew: )

are irreducible representations of the Weyl CCR, Heisenberg CCR and Creation-Annihilation
CCR. Moreover, given two such representations for € 91 € I', they are equivalent if and only if
&, M belong to the same quasi-equivalence class, € . .

Proof: Representations: We proved in Theorems 30, 29 and 31 that (®k€N L3(R,dx), {4(f),

B(F) Yrew), (BrenL(R,dz), @y Brer, {4(f), B(f)}rew) and  (@renL(R, dx), @y Brer,
{a(f) }rewe ) are respectively, representations of the Weyl CCR, Heisenberg CCR and Creation-
Annihilation CCR, and that all their operators are reduced by ®]¢ENL2 (R,dz). By definition,
the reduced parts of the operators ¢(f), p(f) have domain ®ky€N BHer N ®]¢ENL2(R, dx), which
trivially equals ®}f€§] Bper. Hence, the only missing thing is to check that the reduced parts

of the involved operators still satisfy the conditions of each representation (given we know that
the unrestricted operators satisfy them). For that, one merely needs to employ the following
facts: given a Hilbert space H, a closed subspace M C H and A, B € £(H) reduced by M,

(a) if D(A) is dense in H, D(A|pr) is dense in M (Thm. 1.47.(i) in (Arai, 2018)).
(b) if A is symmetric, then A|ys is symmetric (Thm. 1.47.(vii) in (Arai, 2018)).

(c) (A+B, D(A)ND(B)) is reduced by M and (A+ B)|y = A|apr + Blar (Prop. 1.54 in (Arai,
2018)).

(d) if A C B then A|y C B|a (Prop. 1.51.(iv) in (Arai, 2018)).

(e) if A is closed then Ay is closed. Moreover, for any core D of A, PMD is a core of Alyy.
(Thm. 1.47.(iv) in (Arai, 2018).)

(f) if A is closable Ay is closable and A is reduced by M with (A)|y = A|py (Thm. 1.47.(v)
in (Arai, 2018)).

(g) if A is self-adjoint, then A|y/ is self-adjoint (Thm. 1.47.(ix) in (Arai, 2018)).
(h) AB is reduced by M and (AB)|y = A|p By (Thm. 1.48 in (Arai, 2018)).
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(j) if A is self-adjoint, for all measurable f : R — CU {£o0}, f(A) is reduced by M and
f(A)ar = f(Aly) (Thm. 1.49 in (Arai, 2018)).

(k) A* is reducible by M and (A*)|y = (A|ym)* (Lemma 51).

In order to avoid the tedious but straightforward checks, we merely sketch which of the above
results should be used in each case.

» Heisenberg CCR: to check Def. 46.(i) use (a), (b). For (ii) use (c). For (iii) use (c), (h).
o Weyl CCR: to check Def. 47.(i) use (f). For (ii) use (d) and (c). For (iii) use (h) and (j).

o Creation-annihilation CCR: to check Def. 48.(i) use (a), (e) and (k). For (ii) use (c). For
(iii) use (c), (h) and (k).

Irreducibility:. By Theorem 33, {ei@‘% eid(Nle }rew is irreducible. Thus, by definition,
also the Weyl CCR, representation of € given above is irreducible.

Next, assume the Heisenberg CCR representation on € from above was (further) reducible. If
so, there would exist a non-trivial closed subspace M C ®]€-ENL2(R, dz) reducing every operator

in {G(f)le, D(f)|e}few, which by (f) would reduce {4(f)|e, P(f)|e} rew and hence, by (j), would

also reduce {em(f e eid(f )|¢} few- This would contradict Theorem 33, so we must have found
an irreducible Heisenberg CCR in €.

Similarly, assume the creation-annihilation CCR representation on € was (further) reducible.
Then, there would exist a non-trivial closed subspace M C ®§€NL2(R, dx) reducing every
operator in {a(f)|e}rewe- By (k), {a(f)*|e}rewe would also be reduced by M, and by (c),
even %(d*(f) + a(f))|e would be reduced for any f € We. If so, by (f) %(&*(f) +a(f))|e
would be reduced by M for all f € W, which by Thm. 31.(iii), would imply that for all f € Wk,

q(f)le and hence (by (j)), that eialf Jle would be reduced by M. Very similarly we would get

that e?)le would be reduced by M for all f € W. This would then contradict Theorem 33.
Therefore, the creation-annihilation CCR representation of € found above must be irreducible.

(In)equivalence: By Theorem 34, € and 91 belong to the same quasi-equivalence class (€ 2
M) if and only if there exists a unitary U : ®]¢-ENL2(]R,d:1:) — ®?€NL2(R, dx) that makes each
pair eimk, (Nl and eiﬁk, eiP(f)lon unitarily equivalent for all f € W. But by Proposition
81.(iii) (and the fact —proven in Theorem 30— that V¢ € R, ¢(tf) = t4(f) & p(tf) = tp(f)),
the last statement holds if and only if UG(f)|eU ' = ¢(f)Im and Up(f)|cU L = p(f)|m for all

f € W. This proves the inequivalence statement for the Weyl CCR.

e Now, in the proof of Thm. 34 we found that if & < N the unitary U can be chosen
such that if @ ey € ®J€-€NL2(R,dx), then U(®;jent;) = ®jen(e?i1p;) for some constants
(0j)jen € [—m,m). In any such case U( ®fz’§ BHGT) C ®}i’§tBHeT (since multiplication by a

phase factor does not change the belonging of a vector 1; to By,

). Therefore, Proposition
q

81.(i) proves, after the conclusion of the last paragraph, that € =~ M if and only if there

exists a unitary U : ®]¢-€NL2(R,dx) — ®?€NL2(R, dz) such thatl® UG(f)|eU! = ¢(f)|n and

Up(f)|eU~t = p(f)|m for all f € W. This proves the inequivalence statement for the Heisenberg
CCR.

o Finally, assume € < R By definition (and the use of (¢) above), for any f € W,
O(f)le = 4(Re f)le + p(Im f)|¢, so, by the last paragraph, ®(f)|e and ®(f)|n are unitarily
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equivalent. But then trivially, also ®(f)|¢ + i®(if)|e and ®(f)|n + i®(if)|n are unitarily
equivalent. And by Prop.81.(i), therefore, also their closures. After using (c) (to take the

reduction out as a “common factor”) this means, by definition, that the same unitary gives an
equivalence between a(f)|e = (CT)(f) + z@(zf)) le and a(f)|m = ((f(f) + z@(zf)) lm Vf € We.

For the converse, assume that there exists a unitary U making a(f)|e and a(f)|n equivalent

for all f € We. Then, U gives a trivial unitary equivalence between their adjoints and hence
between a(f)|e+a(f)|z and a(f)|m+a(f)[5, which by (c) and (k) equal (a(f)+a(f)*) reduced
by € and M, respectively. But then, by Prop.81.(i), their closures are also unitarily equivalent
by U. By Thm. 31 this means that ¢(f)|e¢ and §(f)|n are unitarily equivalent for all f € W.
Likewise we get that p(f)|e and p(f)|n are unitarily equivalent. But as we just proved above,
this implies that € 2 . Hence, our claim holds. o0.€.0.

[BIFor this, we also use that (f)|e = ¢(f)|e by (£).

B.4 The CCR Representations Induced in L?*(R>, d*ug¢)

In this section, we include for completeness how the CCR representation operators ¢(f) and
p(f) (and hence, implicitly, ®(f) and a(f)) look from the perspective of the L2(R>, d° 1) spaces

identified with the layers ®]¢6NL2(R, dz) in the main text. For that, we start by providing an

ONB that is very convenient to describe the resulting operators.

B.4.1 A Polynomial ONB for each layer’s L*(R>,d*u) space

Lemma 57. For each ¢ € L?*(R,dx) such that [|1]|;2 = 1 and each ¢ > 0, there exists a
¢ € Byer such that

(1) llélle=1 (i) ¢(x) # 0 for dz-almost every x € R. (iii) |(v,9) — 1| <e.

In particular, such a ¢ € By, has at most finitely many zeros. .

Proof: Since By € L?(R, dz) is a dense subspace (see Def. 53), Lemma 44 proves the existence
of a vector ¢ € By, satisfying (i) and (iii). But we saw in Def. 53 that every function in B,
has at most finitely many zeros and thus, ¢ is non-zero almost-everywhere. 0.€.0.

This allows us to formulate an “improved” version of Proposition 22.

Proposition 82. For each class € € I' there exists an elementary tensor product p1 ®pa®--- €
®]¢€NL2(R, dzx) such that for every j € N,

e pj € Brer € S(R) (ie., pj(z) = qj(av)e*:’“"z/2 for some polynomial ¢;). Thus,
L. pj € D(q) N D(—ihd;).
2. pj(z) = 0 only in finitely many x, so pj(z) # 0 dz-almost everywhere. As such,
(a). |p;|?(z) > 0 for almost every = € R, and thus, du; ~ dz (by Cor.4).
. HijLQ(R,dx) = 1. Hence,
3. dp; = |p;|*dz is a probability measure and

4. p1 ® p2 ®--- is a generator of the layer € (see Theorem 9).
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Therefore, there exists a WR basis R = (®jeNp]¢)¢€p in the sense of Thm. 13, purely made of

polynomials times e=e/2, .

Proof: By Prop. 9, for any fixed € € I', 3();)jen € € with |[¢;|| = 1. Then, by Lemma 57, for
each 1);, there exists p; € Bper such that ||pjl|,» = 1, pj(x) = 0 for finitely many 2 € R and

|(¥5, pj) — 1| < 1/42. Hence,
1 72 )
Z (Y5, p5) — 1] < Z 26 (exists) (B.47)
jeN jen
By definition, this implies that (1j)jen = (p;)jen and thus, ®;enp; is a generator of the same
layer € as ®,;ent;. 0.€.0.

Proposition 83. For any p € By, {pq | ¢ € Bpoyy(R)} is dense in L*(R, dz). Equiva-
lently, Bpoiy(R) is dense in L2(R, |p|*dzx). In particular, there exists an ONB &, := (7)nen,
of L?(R, |p|*dx) such that r,, € Bpey(R) is a polynomial of degree n and such that ro(z) = 1.
Furthermore, span(&,) = Bpoy(R). .

Proof: Let ¢ € L*(R,dz) be arbitrary. We proceed to prove that for an arbitrary ¢ > 0 there
exists 7 € By (R) such that |[¢) —rp|| 2 < e —which would prove the first claimed density.

By density of the compactly supported smooth functions C2°(R) in L?(R,dx) (see Theorem
0.36 in (Teschl, 2014)), there exists a g € C°(R) such that ||¢) —g|/;2 < €/3. Since it has
compact support, there exists an Ry € (0, +00) such that supp(g) C (—R1, R1). Because p has
finitely many zeros, there also exists Ry € (0,400) such that Z := p~1({0}) C (— Rz, R2). Let
R :=max(R, R2) and define the following union of balls around the zeros of p:

A A )
Vs = ZLEJZ (z — 72, z+ 73) where A, :=min (@, distance(z, {—R, R})) (B.48)
All z € Z are interior points of Vs by definition and V5 C [—R, R]. Most importantly, since
dx((z — A,/2, z+ A/2)) = A,, then, dz(Vs) < 4.

[MINote that it would be a false statement if we merely imposed that p € S(R), even imposing in addition that

e~ Uog(lz1)?/2 ¢ o £0
p is dz-almost everywhere non-zero. A counter-example is: p(z) := 0 . First, it vanishes
only at z = 0 and it is in S(R). The latter can be checked as follows: (i) p is smooth because all derivatives in
x = 0 are continuously 0, and (ii) noticing the symmetry of |28° p(z)|, one can use t(x) := log(x) as a change
of variables in the supremum to see that sup, g [2%0” p(z)| < +oc0 Ya, B € No.

Second, to check that p is indeed a counter-example, note first that h(z) := sin(27 log(|z|)) € L*(R, |p|*dx)
(because |p|*dzx is a finite measure and |h| is bounded), which is a non-zero vector. But (as we prove in (x)) h is
orthogonal to every monomial —i.e., fR zFg(z)|p|?(x)dz = 0 for all k € No—, and thus, when normalized it is at
a distance v/2 of Bpory (R). This proves that Bpor, (R) cannot be dense in L*(R, |p|*dz).

(%) : Let us prove the orthogonality of h and z* in L*(R, |p|?>dz). (i) For odd k, fR 2" h(z)|p|? (x)dz is the integral
of an odd function and so, it is zero. (ii) For even k, it is the integral of a symmetric function about z = 0, so, we
can equivalently integrate half of it and then double the result. In the resulting integral with = € (0, +00), the
change of variables t = log(z) can be applied to get, after a square completion, e% fteR e sin(27t)dt.
(n+1)?

Finally, after another change s(t) 1=t — 241, one gets e

fseR e’ sin(27r(s + "T“))ds, which is the integral
of an odd function and thus zero.

This counter-example was obtained feeding ChatGPT with the example of indeterminate Hamburger problem
(due to Stieltjes) given in Ex.16.1 of (Schmiidgen, 2012). The machine was asked to modify the given example

to make the measure’s density an Schwartz function and it successfully did so!
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o Define the function 1 : R — [0, 1] such that for dg := 52/(32Hg|\io)

n(z) = {0 if x€Vs or x¢[-R,R| (B.49)

1 if € [-R,R]\Vj,

and it interpolates linearly over the points in Vs, \ V, /2- It is continuous, compactly supported
and cuts-off the zeros of p. Then, h := ng is a continuous function compactly supported inside
[—R, R] (because it is a product of such functions) and is zero in a neighborhood around every
zero of p. Moreover,

(n(z)€[0,1])
o=l = [ @) —n@)Pdr < gl [ =P s

)

€\2 €
< Nlgllooda(Vay) < llalzdo < (5) = o —hll2 <3
« Since p € Byer, p(z) = q(z)e=*"/2 for some ¢ € Bpoiy(R). That said, define ¢ : R — C
h(z)
o(z) = { e /q(x)
0 ifx e ‘/;50/2

It is a continuous function because (i) h goes continuously to zero in the boundary of Vj, /o
by definition of 7, and (ii) outside Vj,/ it is a ratio of two continuous functions where the
denominator does not vanish. Moreover, it is compactly supported in [—R, R] because h is so.
Thus, ¢ is also bounded and consequently, it is an element of L?(R, dz).

N

Now, take the ONB of Lemma 43 with w = 1/2, ¢, (z) = cnhn(%m)e_%. Every element

in its span is some polynomial times e=®*/4 and by the ONB property, such a span is dense in
L%*(R, dx). Hence, there exists r € Bpoy(R) such that

HSD - 7“6_(')2/4‘ °

< -
2 — 3”(2_(')2/4qu0’

(B.51)

where, |e=**/4¢(z)| is bounded because (z € R — e /%) € S(R) and thus, (z € R
e~ /4q(z)) € S(R).

e Then,
(p(a)=q(z)e™ F) 2 (by def) a2 =2
P | @) = ra) e gl do 2 / e T a@)Plela) — e r() do <
xTE xe
2 2 2 2
<l oo o oo <
0 JzeR o0 L2 32

« With all,
1 —rpllpe <Y =gl +1lg—hll 2+ —rpll2 < e

« About the second claimed density, recall that U : L2(R,dz) — L%(R, |p|?dx), U) = 1/p is
a unitary map, so it is in particular continuous. Moreover, U({pr| 7 € Bpoy(R)}) = Bpoiy(R)
and by continuity (see Thm 7.2.(d) in (Willard, 2012)),
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U( {077 € Buoiy®)) ) € Bpoty ().

we proved it equals L2(R,dx)

Thus, L*(R, |p|?dz) = Byory(R), proving that By, (R) is dense in L*(R, |p|?dz).

o Finally, to prove there exists an ONB of polynomials in L?(R, |p|>dz), consider the family
By = (T/io))keNO C L*(R,|p|*dz) with r,(go) (z) := ¥, the span of which is trivially By, (R).
By is a family of linearly independent vectors because the only way that a linear combination
of r,go), réo) € By, k # / yields the 0 function is if both coefficients «, 8 € C in ar,(go) + ﬁréo)
are 0 —likewise for arbitrary finite linear combinations. But By is a countable set, namely,(z;
0

sequence of vectors, so we can apply the Gram-Schmidt orthonormalization to it: let rg := n
and for k£ € N define

1 0 0
k= ) P ) ( r,(c ) _ Z(rj,r,i )>L2(|p|2dx) T ) (B.52)
i =555 0w 7 o =
It is elementary to check that 0, := (rg)ken, is an orthonormal family of vectors such that

span(By) =span(0,). In particular, note that r; is a polynomial of degree k because it is the
result of subtracting a polynomial of degree at most £ — 1 to a polynomial of degree k. Finally,
we just proved that By, (R) —i.e., span(By) and hence, span(&,)—, is dense in L*(R, |p|>dz).
Therefore, 0, is an ONB of B,y (R). 0.€.5.

Proposition 84. Let (p;)jen € Bper be such that ||p;|| = 1 Vj. Define d*®u := ®jen|p;|?dz;

and
Bpoiy(R™) := {P :R* = C ‘ P(zy,x9,...) = p(x1,...,xy) forsome N €N, pe Bpoly(]RN)}.

(i) Bpory(R™) is a subspace of L2(R*, d*®u) —in fact, it is so for any (p;);jen € S(R).
(i) Bpory(R™) is densein L*(R>,d*y). In particular, the following is an ONB of L*(R>, d* y)

made of elements in B, (R>):

0= { (€1, 22,..) = g (1) 7N (@n) | N €N, €, € Ny for k € {1,.., N} with £y # 0 }
where, for each k € N, ( )nENo := 0, is the polynomial ONB of L2(R, |px|>dz) given by
Prop. 83. Note that re ( 1) - (xN) is a polynomial of order ¢; for x;, j € {1,...,N}.

As such, span(0) = By (R> )
’

Proof: Item (i): Let Q € Bpy,(R™) be arbitrary. By definition, 3¢ € By (RY) for some
N € N such that Q(z1,x9,...) = ¢(z1,...,xn). Then,

/IGROJ ()’ d®p PropZO)/ (@)

It is immediate to see that if p; € S(R) V4, then (z1,...,zn) = p1(z1) - pn(zN) is in S(RY).
As such, the last integral is the L?-norm of a Schwartz function, which is finite. Hence,
Q € L2(R>,d*>®u).

N

2ol sy = [ lat@)- T] pyteg)Paa.
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Item (ii): Because for all k € N, &, is an ONB of L*(R, |px|?dz), by Proposition 21, & is an
ONB of L?(R*,d*°p). Furthermore, by definition, each of its elements is in By, (R>). Thus,
O C Bpoiy(R*), and hence, span@ C By, (R*) (because B, (R™) is a vector space). For
the converse, given an arbitrary Q € By, (R®), 3¢ € Bpoy (RY) 1 Q(z1, 22, ...) = q(x1, .., TN)
for some N € N. But, & possesses polynomials over N variables of any combinations of degree,
so, we can write ) as a finite linear combination of them. Namely, @ € span(&). With all,
span(0) = Bpoy(R™®) and a such, By, (R™) is dense in L?(R*, d*u) because the span of an
ONB is so.

0.€.0.

Theorem 36. There exists a WR basis R = (®j€NP]¢)€€F C ®jenBuer and the associated
Wy = BeerWe maps Qpeny L2(R,dz) to a “coordinate space” @eerL?(R>, d®u¢) where the
two following sets are dense subspaces:

@QEFBpoly(ROO) = {(\IJQ‘)Q‘GF ‘ \I’C € Bpoly(Roo) } and (B'53)

@‘é’?eeroly(Roo) = { (Ye)eer | Ye € Bpory(R™) for finitely many € € I' and We = 0 else }

In particular, given that for each € € T, ﬁg denotes the ONB of L?(R%, d*u¢) obtained in
Prop. 84, then

6’{32 = { (Qe)eer | Qe =0 for all € € I" except for one €y € I', where Q¢, € ﬁg} (B.54)
is an ONB of @gcrL?(R%, d®ue) (exclusively made of “single-layer polynomials”). Moreover,
span(Of") = O Zer Bpoty (R*).

Mapping these results back to @yey L2(R,dz) via (#%)"1 = @eer(We)™!, we get that for
each € € I' the following is an ONB of ®§6NL2(R, dx) made of elementary tensor products in
®]Fé%\]BHeT :

o8 =Wl(0F) = { (i @@ k) @ sl @ ‘ NEN, €N } (B.55)

Note that for each k € N, ﬁpg =: (n(lk’é))neNO C Bpory (R) is the polynomial ONB of L%(R, |pf |*dx)
given by Prop. 83 —in particular, 7"7(1]{3’@ has order n. Moreover, span(ﬁ? ) C ®}i’§BHer- With
all, OF = (#) " H(OF) = Ueer 0% is an ONB of ®;enL?(R, dx). .

Proof: By Prop. 82, there is a representation basis R := (®jeNp]¢)¢€p such that each ,o]¢ €
Bper. Then, by Prop. 84, for each € € T' and d*®pue := @j€N|p]¢|2dxj, Bpoiy(R*) is dense in
L?(R*®,d*®u¢). As such, by Lem12na 16, both &g Bpoly (R™) and Geer Bpoly (R™) are dense in
Beer L2 (R, d*®u¢). Finally, @’If# is an ONB in this direct sum by Prop. 17. The rest follows
from the unitarity of %4, I and its composing Wy L o..0.

B.4.2 The CCR Operators of ®;cyL*(R,dz) as seen from L*(R*, d™ u¢)

Theorem 37. For an arbitrary € € T', let ®j€Np]¢- be a generator of the €-th layer that is in
@ enBier (they exist by Prop. 82). Let d®ue := Ojenl|pf|*da; ar;d let We : @5y LA(R, dz) —
L?(R*, d*u¢) be the associated unitary of Thm. 10. Also, let ﬁ’é denote the associated poly-
nomial ONB of Prop. 84.(ii) and denote O3 := ngﬁéz. Then,
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(i) The operator q%z)(f) = We 4(f) I pano® W, ! has domain span(ﬁf) C L3R, d*®ug)

and action:

N
G&" (1) <¢1 1/1N)($1,$2,-~-) =Y Bn @ 1(z1) - Yu(zn)
n=1

for each f := SN | Bhe, € W and arbitrary (¢ --- ) (21, 22, ...) = 1(21) - - - har(2ar)
in span(ﬁCLQ). Moreover, (jg(f) is essentially self-adjoint and § ALQ (f) = We G(f)le Wg .

(ii) The operator ﬁéQ (f) == We p(f) [spanﬁg’ W' has domain: span(ﬁéﬁ) C L2(R*>, d*®u¢)

and action:

PE (f) (1#1"’1/)1\/) 1,22, ...) ﬁ: ( - %) Y1(z1) - Yum(an)

for each f := SN | Bre, € W and each (1 ---bpr) (1,29, ...) = Py1(x1) -~ - ar(xpr) in
span(ﬁé}). Moreover, ﬁéQ(f) is essentially self-adjoint and pE*(f) = We p(f)|e W .

(iii) For every f := Y0, Bnen € W and (¢ -thnr) (21,22, ...) = ¢1(21) - u(an) in
L?(R*®, d*®ug) :

T —i%ﬁnﬂ?n
elde (f)(w1---¢M)(fE1a$2a---):6 n=1 Y1(21) - Yu(rm) and

S €21 — B) - o8 (20 —
JiPk (f)(¢1-“¢M)(33173727-~)= Pz = B1) - py(@nmr — Bur) b1(x1—P1) - ar(ar—Bar)-

p§ (1) - p§y(zar)

(iv) (LQ(]R‘X’ d>pue), {ALQ( 1), AL2( )}few) is an drreducible representation of the Weyl CCR

that is equivalent to (®J€NL2(R, dz), {i(H)le, p(f )|¢}f€W) It induces irreducible Heisen-
berg and creation-annihilation CCRs that are equivalent to those given in Theorem 35.

Moreover, ¥(x1,x2,...) = 1 is a quantum vacuum for this representation (see Def.59).

Proof: Ttem (i) and (ii): By Theorem 36, span@y C ®3€NBH67“ and it is dense in ®]€NL2(R, dzx).
Hence, the restrictions of 4(f),p(f) to spam(ﬁgQ ) are a well-defined densely-defined operators
on ®J€N (R, dx).

e Now, we check that the prescribed actions are correct. Let 1 ---Yn € spanﬁéz. Without
loss of generality, we can assume that N < M because otherwise, we can put ¢;(z;) = 1
Vj e {M,...,.N} to come to the N < M case.

We Q(f) Tapanoe We (W1 var) = We () ((01p5) @ -+ @ (arp§y) @ pfpp @+ ) =

[

N
_ Wg( > Bu(¥1p}) @ - @ (qUnps) @ (ng1psyr) @ -+ @ (varply) ® plrsq @ - ) _

n=1

S ) o
:Zﬁnwl...( n@n)...¢M:Zﬁn¢1...(4¢n)wn+l...¢M7

n=1 Pn n=1

where, we used in (%) that

] n TnWPn\Tn ¢ Ty R

Similarly,

224



- p(¥ L ")
We H(F) Tapanoe We = 3 A (BE) o

’I’L

Pnp}) ) () (Product Tl —ih

P% p%(a:n) (pg(:ﬁ") Onn(Tn) + ¢n($n) npn(xn)) =

In particular, (

= (i) (Do) + o) 2D = (i) (0, + L) ),

and that leaves what we claimed.

e Now, by Propositions 76 and 75, all vectors in ®’;@€NB Her and hence, those in span(ﬁ’é@ ), are
analytic vectors of both ¢(f) and p(f). But we saw that span(€y) is dense in ®]ENL (R, dz).
Moreover, by Cor. 26, §(f) and p(f) are essentially self-adjoint and thus any of their restrictions
are symmetric. Hence, by Nelson’s theorem (Theorem X.39 in (Reed and Simon, 1975)), both

A

q(f) [ span(e®) and p(f) | span(6®) are essentially self-adjoint operators on ®j€eNL2(R dx). As an
< <

immediate consequence, (jg (f) is closable and (by Prop. 81.(i)), ¢¥*(f) = We 4(f) [Span(ﬁ[@) Wt
Likewise for p.

On the other hand, we trivially have that §(f) [Span((j@) G(f)|e and p(f) rspan(ﬁé@)g p(f)le,
and in Theorem 35 we proved that the closures of §( f)|¢ and p(f)|e are self-adjoint. Hence,
by the uniqueness of self-adjoint extension of an essentially self-adjoint operator (Prop.1.21 in
(Arai, 2018)), it must be that ¢(f) [span(ﬁ?) = §(f)|e and p(f) [span(ﬁg) = p(f)|e. Plugging
this in the above paragraph’s conclusion, we get what we claimed.

Item (iii): By proposition 81.(ii) for any f = )., Bnen the above implies that e (1) =
We el W=l for both h € {g,p}, 50, by Theorem 30, M) = W (ePh ... @bt g
Id®---) ng. As such, for both h € {q,p},

SL2 Y . >
oihE (f)(¢1...¢M> :W¢(6151h®"'®e7’51‘]h®1d®’")((d)m%)@”'®(¢MP%4)®P%/[+1®"‘) =

Pl p%) NPy p%)
p% 0% '

Then, using that

2 P (2n)

p generates translations

(eiﬁnﬁwnpg)) () <see Ex. S.SOz(Porta, 2019)) Un(n — Bn)pE(Tn — Bn)

Ph P (n) ’

we get the claimed result.

o Item (iv): By (i) and (ii), for every f € W, We is such that ﬁéz(f) We h( e We't,
by Prop. 81, e () — =Ws € ih(f)le W for both h € {q,p}. Using this, together with the fact
that {¢(f)le, P(f)|e}sew satisfy the three conditions defining a of Weyl CCR representation
(Def. 47), it is 1mmed1ate to see that also {ALQ( 1), ﬁ}few satisfy them. But then, héZ (f) =
We h(f)|e W, ! means that the representations in question are equivalent. Finally, by Theorem
35, {4(F)le, D(f)le}few is irreducible, so, by Prop.5.10 in (Arai, 2018) {G&*(f), pE (f)}sew
must be irreducible as well.
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Once this is clarified, the statements on the Heisenberg and creation-annihilation CCR
representations follow by just mapping the results of Theorem 35 and Proposition 85 from
®j¢-€NL2 (R, dz) to L?(R*®, d*®u¢) via We. Lastly, the claim on the quantum vacuum holds be-

cause by Prop. 85, ®]¢€ij is a quantum vacuum for the equivalent creation-annihilation CCR

representation of ®J¢-€NL2(R,dx) and in particular, W¢(®j€NpJ€-)(x) =1. o.c.0.
Note that the case pjc(x) = g l/4e=e?/2 yields the standard Gaussian measure d®ue =

@jeN|p§;’2dl'j = @jeN(Wfl/Qe_x?dxj). It turns out that the CCR representation of Theorem
37 for this particular case is described in §X.7 of (Reed and Simon, 1975) under the name Q-
space. It is introduced as an auxiliary space “equivalent” to Fock space (to be made precise in a
moment) that is convenient to prove the self-adjointness of certain QFT Hamiltonians —due to
the fact that the relevant field operators become multiplication operators in this representation.
Arai (2018) himself also provides a similar construction in §5.30 under the same name and with
a similar spirit for its use. Here we have hinted at a more general construction, but we leave its

exhaustive analysis as a future work.

B.5 Parenthesis: The Fock Representation of the CCR

In this section, we briefly remind what we mean by “Fock representation” of the CCR, because
it will be a central object in the concluding section.

Lemma 58. Let H be a complex Hilbert space (also called 1-boson space). Then,
Fo(H) := @ Sym(H®™)
n€ENg
is called the (bosonic) Fock space (see Definition 5 for the symbols). An element ¥ € F,(H) is
a tuple U = (0, M ) with () € Sym(H®").

« We call the multiplication operator N € £(F,(#)) of domain
Z n2H¢(")H < +oo}
n=1

and action N := (0,19M, 24 3¢B) ) the number operator. By §5.3.5 (Arai, 2018), it

is the self-adjoint operator with spectral PVM PFy(-), such that for B € B(R), P(B) =

> neBNo Pb(n) and Pb(n)\ll = (0,...,0,¢(”),0,...). Hence, the Fock space is often seen as a
~——

D(N) := {\If € Fy(H)

n
spectral diagonalization space for the number operator.

o If H represents the “state space” of a quantum theory describing a single “particle”,
Sym(H®"™) represents the quantum theory of n such identical bosonic “particles” —we call it the
n boson sector. Then, if || ¥|| = 1, the spectral measure of the number operator, || Py({n})¥|* =
|[4o(™||2, n € Ny, is interpreted as the probability that there are exactly n “particles” in a system
described by W. Hence, for such H, Fock space describes the Hilbert space of a variable (but

finite! )[a] number of particles.

JSince ZnENo Hw(")H2 = ||¥] < +oo, P(#particles >N ) = anN || |? o 0. Thus, the number

of “particles” that can be described using a vector ¥ € F,(H) is unbounded but never actually infinite. See also
Prop. 5.13 in (Arai, 2018).
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o One calls Q : (1 0,0,...) the vacuum state (it represents a state with no “particle”). We
call fgm( H) = EBnGNO Sym(?—[gf)) the space of states with a bounded number of particles.

e For each f € H, the operator with domain

o0

D(AN(f)) == {\I/e]-"b - Sym (f @ y™D) <+oo}

Vin—1)

and action,

1
A(HY)© =0,  (AN(HT)™ = Ve Sym(f@y™V) WneN
n—1)!
for U € D(AT(f)), is called the bosonic creation operator (of the test-vector f). Up to scale
factors, its action is to take the (n — 1) particle sector vector 1/1(”_1), “add a particle” in the

state f and then to symmetrize the result.

o For f € H and n € N, define the auxiliary operator B, (f) : H®"+t1) — 1®" as the unique
(see §4.14 in (Arai, 2018)) bounded operator acting on ) ® - - - ® P41 € HEMHD) ag

Bn(f)(¢1®‘-'®¢n+1) ={(f,1) V2@ @ Ppy1.

Then, by Lemma 5.4 in (Arai, 2018), Vf € H, AT(f) is densely defined, closed and has an
adjoint A(f) := AT(f)* of domain

o) 2
D(A(f)) = {\II € Fo(H ! Sym o B (f)p" V| < —|—oo}
such that, for ¥ € D(A(f)),
A0 = XD sy (5, (1yut") v e

We call A(f) the bosonic annihilation operator (of test-vector f). Up to scale factors, its action
is to take the (n + 1) particle sector vector 1"+ “subtract a particle” in the state f (that
is precisely B,,’s action) and then symmetrize the result. As the adjoint of the closed operator
AT(f), we have that A(f)* = AT(f) Vf € H.

o For each f € H, since A(f) + A(f)* is clearly symmetric, one can define the closed sym-

metric operator ®g(f) := % (A(f) + A(f)*)7 called the Segal field operator (of test-vector f).

With them, given a conjugation C' on H one defines for each f € (H)® the canonical conjugate
field operators (associated to C) Go(f) := ®5(f) and 7o(f) := ®g(if). By Thm.5.28 in (Arai,
2018), these two last operators are self-adjoint (and essentially self-adjoint when restricted to

F™#H)).

Theorem 38. Let H be a Hilbert space and let ¥V C H be an arbitrary dense subspace. Then,
defining

) = { € 700 | 9 € sym{spmafno -0 v ) )},

the triplet )
g (Fuw), FmW), (AN} sev ).
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is an irreducible representation of the creation-annihilation CCR and we call it the Fock repre-
sentation. Moreover, given a conjugation C' on H such that C'V C V), respectively,

(]-"b(”H), FI™MH), {8c(f), Relf)} ey )

and  ( F(#), {Be(), 7ol seme)

are irreducible representations of the Heisenberg and Weyl CCR. We call them the Fock represen-
tation of the Heisenberg and Weyl CCR, respectively.

Proof: See Examples 5.9, 5.18 together with Theorems 5.15, 5.28 and 5.46 in (Arai, 2018). O

B.6 The Connection Between Fock Space, the ITP, the CCR

representations and the Quantum Vacuum

B.6.1 The Empty Vacuum Characterization of the Fock Representation

Let us extend the usual notion of vacuum given in Definition 5.5 of (Arai, 2018) to make it also
suitable for layers other than the “Gaussian” one (to be defined later). Heuristically, we want
a notion of vacuum that is not necessarily empty (one may think of a bosonic version of the
“Dirac sea”).

Definition 59. Let (% , 9, {6’ (f)}rev ) be a creation-annihilation CCR representation. We

define a quantum vacuum of the representation (if it exists) to be a unit vector Q € 22
satisfying that:

(i) Qis eyclic for {C(f), C(f)*} ey, i-e., such that
Aoy = span{Q, C(f)# - C(f)* Q| neN, #5 € (1,4}, f€V } (B.56)

is a dense subspace of J7.
(ii) % is a core of C(f) for all f € V.

The space 7 shall be called the space of states with a bounded number of bosons relative to

the quantum vacuum §2. We classify the quantum vacuums €2 as follows:
(a) If Q satisfies that C(f)Q2 =0 for all f € V, we call it an empty quantum vacuum.

(b) If 3Q € %, that is an empty quantum vacuum, we call ) a finite perturbation of an empty

quantum vacuum.
(¢) In any other case, we call  a myriotic quantum vacuum.

When an empty vacuum exists, we say that (%, 2, {CA'(f)}fey) is a representation of the
(creation-annihilation) CCR with empty vacuum . If only myriotic quantum vacuums exist,

we say that it is a myriotic representation of the CCR. .

['2]Hence, such that Q € D(a(fl)#1 a(fn)#”) Vi €V, V#; € {x, 1}, VneN.
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Lemma 59. In the notation of Def. 59, if €2 is an empty quantum vacuum, then

Ay = span{Q C(f)* -+ C(fa) ' | neN, freV }
and thus,

(Q is cyclic for {C(f), é(f)*}few> — (Q is cyclic for {CA’(f)*}fey\;).

(In words, “it is enough to talk about the states generated from the quantum vacuum by addition

of bosons —removal of bosons from the vacuum leaves nothing (it is empty)”) .
Proof: The (<=) implication is trivial. We prove (=).

Claim: Any C(f)#1---C(f,)#Q (with #; € {1,%}, fj € W) can be written as a linear
combination of é(fjl)* e é'(fjm)*Q for some m € N, j,,, € {1,...,n}.

Check: By using the CCR (Def.48.(iii)), for every f,g € W, #,# € {1,x}, there is a
B € {£(f.g), 0} such that [C(f)¥#,C(¢)*] |y= BId. Then, for arbitrary f; € W, N €
N7 #j S {17*}7

Clfo) C(f1)#1-- Cfa)r Q=1 C(f1)* C(fo)C(fo)?2 - Cuf2 + BoC(fo) 2 - 2 =
N——— N———
(apply CCR) (apply CCR)

N
== B CUF - Cfyo) P Clf) Pt O+ BoC(f)#r - C(fn)# C(fo)2 =
N—_——

Jj=1 0

for some numbers (5],);}[:0 € R. Therefore, any annihilation operator C(fy) can be “moved next
to the 27, in exchange generating linear combinations of “the remaining operators”. Since in
any C(f1)#1---C(f,)#"Q (as in the claim) there are finitely many annihilation operators, we

can do this finitely many times and be left with a linear combination of C(f;,)*--- C(f;, ) Q.

e Therefore,
Span{Q, C(f)* - C(fn)# 0 ‘ neN, #;,e{l,%}, f; eV } -

Cspan{Q, C(f1)"---C(fu)" Q| neN, eV},
Since D is trivially true, they are the same set (so, one is dense when the other one is dense).

o0.€.0.

The key result we will use in this section is the following one from Arai (2018) (although
adapted to our different definitions).

Theorem 39. Let (%”, 2, {é( F)}rev ) be a representation of the creation-annihilation
CCR with an empty vacuum (2. Then, the given representation is equivalent to the Fock
representation ( Fu(H), Fb]cm(]/), {A()}rev ) and the equivalence identifies 2 with the Fock
vacuum (1,0,0,...). .

Proof: Combine Corollary 5.15 in (Arai, 2018) and Lemma 59. Mind the difference between his
and our definition of quantum vacuum. [J
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Corollary 32. Let R := (%ﬂ, 9, {CA'(f)}feV ) be a representation of the creation-annihilation
CCR. Then,

( R has an empty ) PN

quantum vacuum

R is equivalent to the
Fock representation

(0, Fm0Ve), (AW} sew )

Moreover,
Every quantum vacuum R is inequivalent to the
of R (if there is any) = Fock representation
is myriotic (Fo(r), L™ W), LA} e )

¢
Proof: The first claimed (<) is trivially given by Theorem 39. The second one is its negation
after noting the following remark. By the classification of Def. 59, a quantum vacuum that is
not empty is either a bounded perturbation of an empty vacuum or it is myriotic. But the first
case implies the existence of an empty vacuum, so, a representation with no empty vacuum can

only have (if any) a myriotic vacuum. 0.€.6.

B.6.2 Every Layer of the ITP has a Quantum Vacuum

Proposition 85. Let € € T" be arbitrary and let ®jeij¢ be an arbitrary generator of the layer

®J¢€NL2(R, dx) with p]¢ € Bpyer (i.e., such that ®jeNp]€- € ®‘]1’62NBH6,,) —which always exists by

Prop. 82. Then,
(1) ®@jenp§ is a cyclic vector of {G(f)|e, B(f)le} rew-
(i) ®jeNp§ is a cyclic vector of {a(f)le, a(f)|¢}rew.- That is, the space J, _ « generated

jENpJ
from ®jeNﬂj¢ as in (B.56) is dense in ®@F L?*(R, dx).

(iii)

<
]Gij

is a core of a(f)|¢ for all f € We.

Hence, ®j€Np]¢ is a quantum vacuum of the representation

F,C A
( ®%€N LQ(Ra dw)> ®]5€NBHET> { a(f)|€ }fEWC )

(As such, it is justified to call a generator of a layer of the ITP a vacuum.) .

Proof: By Theorem 35, {q4(f)|e, P(f)le}rew and {a(f)|e}rew, make CCR representations
with dense domain ®Ji’§B Her- By property (i) of Defs. 46 and 48, this implies we can apply
arbitrarily many mixed compositions of those operators to ®j€Np]¢ (which is in ®'Ji’§B Her DY

definition).

o Item (i): Consider the ONB &5 of equation (B.55), associated to ®j€NpJ¢. Using that ®
is linear (Prop. 53), every element of the ONB can be re-written as a (finite) linear combination
of elements like:

(@™ pf) @ -+ @ (™ p) @ iy @ - -

for some N € N, n; € Ny. But,

Glen)™ - dlen)™ (@jen o) = (@™ o) @ @ (@™ pf) @ Py @+ .
Thus,
spandg C span{ @ pf, a(f1) - d(fn)( @ pf) | NEN, fjew | C
jEN JEN
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Cspan{ @ pf,  u(fi)le -+ hulfulle ( @ ) ‘ hj€{g.p}, neN, feW} =8
JEN JjEN

By definition of ONB, spanﬁ? is dense in ®J¢€NL2(]R, dx) and thus, S is dense as well, meaning

that ®jeNp]€- is a cyclic vector of {G(f)|e, D(f)le}rew-

o Item (ii): By Theorem 31, using the reducibility by € of all the implied operators,

1
2
phle =5 (ale —aNle) loz e,

iDle = 75 (@(Dle +aNle) Tozep,, — and

Ve W.

}iR@I (9)|e -+ hn(gn)le with b € {p,q} can be written as a linear

BHe'r any Al
combination of a(f1)[Z" ---a(fwn) ?N’s. And thus,

Hence, on ®

Sl @5, ARIE - AUIE (@) | € hoh e} = o

Since S was proven to be dense in ®]¢€NL2(R,d:E), then %®j€ ¢ must be so. And therefore,
J

NP
by definition, @ ;cy ,oj¢ is cyclic for {a(f)|e, a(f)|s}rewe-

o Item (iii): Claim 1: If (¢,,)nen € Bper is the harmonic oscillator ONB of Lemma 43
with w = 1 and

H = {fn, ® @ bny © o1 © 2@+ | MEN, mj € Noj €

)
]GNP]'

(B.57)

then, span(H) C %”@)jewc_.
J

Check: By definition, each pJQ- € Bper = span{¢y, }nen, so, pjc(a:) = Bn;¢N; + 0+ Bogo
for some N; € Ny, (ﬁg)évzjl C C with leading coefficient Sy; # 0. Then, by Lemma 43,

(d)N’P]c' = /N;!Bn; o, such that, ¢ = \/]le!/BN- (d)NJ'pJQ-. Hence, by Lemma 43, for each
J

n € Ng, ¢ = m(&T)"(d)NJ pf-. Therefore, using Proposition 79 and the linearity of ®
(Prop. 53) in (%):

)

g (ale)) @le)™ (@ pf) L of @@ pf 4 © (@) @V @ @ =

N;!Bn;
=@ QP Q@ pf®

and thus, for any M € N, n1,...,ny € Np,

: (en))™ (@len)™ - (a(ean))™ (a(ear) ™ ( & p) =

Ni---Ny!'Bn, -+ - By kEN

:(Z)nl®"'®¢HM®:O%/[+1®/O%4+2®”"

This proves the claim that H C j’f@j ¢. Since the Lh.s is a vector space, this implies that
J

enp
span(H) C ,%”®j€NpJ¢.
e Claim 2: span(H) =

<.
®j€ij

231



(As a side-note, by Lemma 13.(ii), H is an ONB of ®j€-€NL2 (R, dx), so Claim 2 constitutes an

alternative proof of item (ii).)

Check: Each pjc- is a linear combination of ¢, and the repeated applications of @ and af
on them (by Lemma 43) only change which vectors of the ONB {¢,, },en describe this linear
combination. As such, by the linearity of ®, ®jeNp]¢ and any application of a,, and @}, on ® jeNp]Q-‘
are in span(H) —together with their linear combinations, which include all the compositions

of a(f)le, a(f)|s. Hence, span(H) D Hg,cnpe> Which, together with Claim 1, proves Claim 2.

eNp;

e Now, by definition, for every f € W@, ®]6NBH87" is a core of a(f), so, by Thm.1.47.(iv)
n (Arai, 2018), P¢ ®]EN BHer = ®JeNBHe7" is a core of a(f)|e. As such, for an arbitrary
U € D(a(f)|e), there exists a sequence (VUy)ren C ®j€NBHeT converging to ¥ such that
la( )W —a(f) Pl PR 0. But by definition, each ¥) = Zé\i’a Ci(®j€Nw§7k) for some My €
N, @ZJ k € BHer and thus for arbitrary f = Z 1ﬁ en,

a )

{=1n=1

:!AN(Uﬁ)

k
Z(AN 77k)®¢§\7+1,k®¢§v+2,k®"'

In (x) we used the linearity of ® (Prop.53) and its associativity (Thm.26), together with
17£ = ¢f’k R ® ¢f\,’k. Now, using twice Proposition 24, we get the following two norm-
convergences of sequences in m (withm € {N +1, N +2,...})

%% = lim ¢1 J @ @Yk @ Py @ Phyp ® - and (B.58)
je
(AN(nﬁ)) ®¢§v+1, k®¢§v+2, Q= nlgnoo (AN(%D ®¢§v+1, k ®"'®¢£~b, k®ﬂ%¢+1 =
(by def.) .
= dim a(f) (vl @ v, P @ ). (B.59)

Note that by linearity of ®, the two involved sequences are in span(H) : after all, by definition,
1/1? i € BHer = span{¢y, }nen. And here comes the relevance of the above claims: the sequences

are thus, sequences in % . In particular, their linear combination ®" : Z 1/) 15Q@ - ®

NP

¢m E® pmﬂ ®p%, 19 ®--- is an element of jf®j€N o Then, using that the sum in a vector space

is continuous,

My,
B.58) . : bydef) . .
v, 2 )%@mz¢{,k®"'®¢ﬂ,k®ﬁn+1 ® Prsa @ E )nlbgnoo‘l)k : (B.60)
=1
(B.59) M (a(f) is linear)
a(f)W = tim S a(f)(vlp @ @U@ ph g @) S
/=1
M
= lim a(f) (D vls @ @ Ul @ P ©- ) = lim a(f)ep, (B.61)
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To finalize the proof, we just need a diagonal sequence argument. By equations (B.60) and
(B.61), for any € > 0 there exist Ni, N5 € N such that |[¥) — @' < ¢ Vm > Nf and
la(f)¥r —a(f)PF]| < e Vm > N5. Then, taking for each k € N, Ny, = maX{Nl/k Nl/k},

N
the sequence (@, *)ren C span(H) satisfies:

N1k

1
H\y o, <|U -+ ——>0 and
k koo

<0 — |+ | — @

Nik

a(f)¥ —a(f)®,

< Ja(F)w - a(F)wel +[[a(H)ws — a(F)2 | < a5 ~ alf)wil + 1 ——0.

k k—

Therefore, ¥ € D(a(f) rspan(H)> and &(f) rspan( )\IJ = &(f)lll ie., d(f)’@ - d(f)|¢ rspan(H)'

Since D holds trivially,” span(H) (so, by the claims above, ji” ¢) is a core of a(f)|co.e.d.

NP

B Every ¢ € span(H) is obviously in ®7% By, which is a core of a(f)|e by definition.

jEN

Definition 60. Define the unit vector ¢g(z) := 7 /4 e™**/2 it is the “ground state of the
harmonic oscillator” (see Lemma 43). The elementary tensor product

Ve = ¢o ® o ®

will be called “the ground state of infinitely many oscillators”. We will use €5 € I" to denote
the class of equivalence of (¢g)jen. Lastly, for an arbitrary € € T', we will denote R(C) :=
(®%EN L?*(R, dx), ®’,i’§BHer, {a(f)le }rewe ) (the creation-annihilation CCR irrep of layer €
as in Thm. 35). R

Lemma 60. ¥ is an empty vacuum of the CCR representation R(Cq).

Proof: « Wq is a quantum vacuum by Prop. 85.

o We only miss to prove emptiness. Let (f,g) = f+1ig € Wc arbitrary. Then 3N e N: f =
Z,]:[:l<en, fen, g= 27]:7:1<en,g>en. By Prop. 79 and the conjugate linearity of an annihilation
operator (see Def. 48.(ii)), for any ¥ := ®;en); € ®j‘g€NBHeT,

N N
a(f +ig)¥ =" ({en, f) = ilen,9)) alen)¥ =D d9 1@ @ (athy) 1 @ - --
n=1 n=1

— d(f 9) n

Then, plugging ¥ = Vs and using that agg = 0 (see Lemma 43), we get immediately that
(f+29)( ) = 0. 0.€.0.

B.6.3 Conclusion: Most ITP Layers Convey “Myriotic” Vacuums

Theorem 40. In the notation of Definition 60, every R(€) is a cyclic irreducible representation
of the CCR for which any layer-generator ®jeNpJ€- € ®3?’ZNB Her 18 & quantum vacuum. Moreover,

Fock representation
(Fo0). FmOMe), AW e )

]eNLQ(R dx) has at least one R(C) is equivalent to the
layer-generator that is an (@ QZG>

empty quantum vacuum of R(€)
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In particular, the equivalence with the Fock representation maps the empty vacuum of the ITP
to the Fock vacuum. .

Proof: « We name the statements as L (left one), M (middle one) and R (right one).

(L) = (R) : By Theorem 39, if a layer ®]¢€NL2(R, dx), € € T', has a layer-generator that is an
empty vacuum, then R(C) is equivalent to the Fock representation ( Fo(H), fgm(W(c), {A()} rewe )

(M) <= (R) : By Lemma 60, €4 has an empty vacuum that is a layer-generator, so by the
above it is equivalent to the Fock representation. But by Theorem 35, for some € € ', R(€) is
equivalent to R(€s), and hence to the Fock representation, if and only if € 2 Ca.

(L) <= (M) : If ¢ R €, as we found in the proof of Theorem 35, the unitary U :
®]¢~gNL2(]R,d:c) — ®]¢-€NL2(R, dx) giving the equivalence of R(€) and R(€q), can be chosen
such that if ®;enth; € @SELA(R, dx), then U(®;ent;) = ®jen(e®i1);) for some constants

JENY;) jeN JENY; J J
(0;)jen C [—m, 7). In particular, U(dg ® o @ ---) = (eP1¢pp) @ (¢?2¢9) @ ---. Since all its
factors are unit norm elements of Bpye,, it is still a layer-generator in ®'JiNB Her (now for €).
Thus, by Prop. 85, it is a quantum vacuum (of R(€)). Finally, for an arbitrary f € W, using
in (x) that by Lemma 60, Vg = ¢p ® ¢g ® - - - is empty for R(€q),

a(f)le (€7 d0) @ (€200) @+ ) = Ua(f)lecU" (¢ 60) @ (o) @ -+ ) = Ua(f)leq (B0 @ do @) 2 0.

Therefore, (e/1¢g) ® (e2¢y) ® - -- is empty for R(€). 0.€.0.

Corollary 33. In the setting of Theorem 40,

R(€) is inequivalent to the

Every quan%um Valchm — | C :?é Co | = Fock representation
of R(€) is myriotic (

Fo(H), F{"OVe), {A()}sreme)
Proof: One just needs to blend the negation of Theorem 40 with Corollary 32. [

With all, any layer that has no generator close to the product of harmonic oscillator’s ground
state has only myriotic vacuums. Let us understand why this perfectly fits the physics behind.

Given (épn)nen € L?(R,dx) is the ONB of the harmonic oscillator (see Lemma 43), consider
the elementary tensor product ¢, ® ¢n, ® --- for some n; € Ng, j € N. All its factors have
unit norm, so, it is a generator of its layer —which we denote by &, n, .. € I'. Following
the terminology introduced in §1.3, ¢, ® ¢, ® - - - describes n; bosons of mode 1, ng bosons
of mode 2 etc. In particular, the operators a(e;) and a(e;)* act by adding and subtracting
these bosons from the j-th mode. Thus, we are exactly in the situation of §1.3, now rigorously
generalized to infinitely many modes. In fact, this gives a precise physical meaning to a “layer
of the ITP”: by Theorem 85, the closure of the space that is generated from ¢,, ® ¢p, ® ---
by adding and subtracting finitely many bosons is ezxactly the layer of the ITP generated by
by @ ¢, @ ---! So, each layer!!?l is the space describing bounded perturbations in the number

of bosons around some reference arrangement.

[13]Technically, by Prop. 55, there are more layers than those generated by states like ¢pn; ® ¢n, ® -+, n; € No.

However, by Prop. 82, every layer has a generating vector 1 ® @2 ® --- with ¢; € span(¢n)nen. Since the
(unfortunately hand-wavy) “boson jargon” allows one to say that ci¢o + - - - + cn¢pn represents a state possessing
between zero and n bosons, our arguments remain unaltered after the technicality.
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Importantly, note that the ITP poses no restriction on the number of (virtual) particles
that can be described, e.g., ¢1 ® ¢1 ® --- has 1 boson of each of the infinitely many modes.
Interestingly, whenever there is an infinite difference of the number of bosons held by two states,
the layers!'¥ they generate will be different, i.e.,

Crimo,.  Cmima,...  if and only if  nj # m; for infinitely many j € N.

The reason is obvious:

3 (om0 - D D

JEN: nj#Em;
which, if finite, implies by definition &€, n, .. = €y m.,... and otherwise, €y no . # Cnymo,...-

Now, as explained in Lemma 58, the Fock space allows the description of unboundedly many
bosons, but not of infinitely many. It is this why one can always annihilate all the bosons of any
state of the Fock space by applying finitely many annihilation operators. Likewise, it is possible
to fully annihilate every state of the layer generated by Vg := ¢p ® ¢pg ® --- (heuristically,
because they are states forced to have a tail close to ¢g ® ¢p @ -+ and agy = 0). Vg itself
describes a state with zero bosons in every mode. That is why we called it an empty vacuum.
On the other hand, a state ¢n, ® ¢n, ® --- where Z;’il n; = 400 will not be annihilable by
finitely many applications of the annihilation operators. Simply because it contains “myriads”
of bosons. That is why we called it a myriotic vacuum —term originally employed in a similar
spirit by Friedrichs (1953). Note that such a state with infinitely many bosons should not be
a problem within a field ontology because bosons are virtual particles there, namely, apparent
but fictitious entities (not part of the primitive ontology).

Finally, one could ask: why call myriotic layer-generators “vacuums” if they are (by far) not
empty? The reason is historical and is rooted in the particle interpretation of bosons. Myriotic
vacuums play a similar role to the “Dirac sea” of fermionic QFTs —we will explain their relation
in detail elsewhere. As explained in Chapter 7, the myriotic vacuums are the states to which
the (“asymptotically free”) empty vacuum evolves when an interaction dynamics (say, with an
external field) generates infinitely many bosons. Since the myriotic state is the “new reference
state” in the sense that it generates the layer that is important for those times in the evolution
—analogous to the empty vacuum during free time evolution—, one still calls this reference state
a “vacuum”. It is remarkable that from this perspective, Haag’s theorem is not mysterious at
all: we have proven that all the layers describing infinitely many bosons (i.e., those layers with
no empty vacuum available), give CCR representations inequivalent to the Fock space. If one
insists in using only irreducible representations of the CCR to describe dynamics, one will feel
the urge to restrict their state-space to a particular layer of the ITP (or an equivalent space,
like the Fock space). But then, if interactions generate infinitely many (virtual) particles, one
will be forced to dynamically change the state-space itself (namely, the layer). Only in this
way will the interaction be “implementable”. On the other hand, if we used a more “honest”
space like the proper ITP, no such “mysterious” change would be necessary. All in all, the only
mystery of the Haag theorem seems to be the (pathological) resolve of the mainstream quantum
community to make things incomprehensible, when in reality they are reasonably explainable.

[410r what is more relevant: their quasi-layers will also be different.
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NOTATION

ACRONYMS AND ABBREVIATIONS

M'??

Quotation marks around a mathe-
matical symbol mean that we only mean
it heuristically —possibly having pro-

vided no proper definition.

In this work, every Hilbert space has ar-
bitrary Hilbert dimension unless the con-
trary is explicitly stated.

The index set I has an arbitrary car-
dinality unless the contrary is explicitly
stated.

The d in front of a measure, such as du
has no special meaning. That is, du = pu.

Countable means countable infinity, ex-

cluding the finite case.
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ITP infinite tensor product wrt with respect to

QM quantum mechanics iff if and only if

QFT quantum field theory sym. symmetric

EM electromagnetic conj. conjugate

ONB orthonormal basis mont. conv. monotone convergence

PWT pilot-wave theory conv. convergence

irrep irreducible representation op. operator

Lh.s. left-hand side by def. by definition

r.h.s. right-hand side Prop. Proposition

s.th. such that Thm. Theorem

triang. ineq. triangle inequality Cor. Corollary

conts. continuous Lem. Lemma

a.e. almost everywhere isom isometry

ess sup essential supremum mut. a.c. mutually absolutely conts.
CONVENTIONS

The inner products (-,-) are conjugate-
linear in the first slot and linear in the
second slot.

The context will make clear which is the
space where an inner product (-,-) acts.

Likewise for a norm |-||.

The gray boxes are either well-known re-
sults and /or not essential for the reading
of the main text.

All, complex conjugation and the topo-
logical closure of a set or a closable op-
erator will be denoted by an “overline”.
The context will make clear which one we

mearn.



MATHEMATICAL SYMBOLS

Let X, X; (with j € I) denote arbitrary sets. Let ¥, ¥; denote the o-algebras of X, X;

respectively and du, du; some measures on them.

I is an arbitrary set unless otherwise
specified.

J is a finite subset of I unless otherwise

specified.

‘H and H; are Hilbert spaces of arbitrary
Hilbert dimension unless their dimension
is explicitly specified.

Id denotes the identity operator.

1g for some B C X denotes the indica-
tor function of B, namely, 1p(x) := 1 if

z € B and 0 otherwise.

P(X) is the power set of X (i.e., the fam-
ily of all subsets of X).

o(A) with A C P(X) is the o-algebra
generated by A (i.e., the smallest o-

algebra on X containing all sets in A).

B(X) is the Borel o-algebra of the topol-

ogy assumed for X.

A for a set A C X denotes the topologi-
cal closure of A in the topology assumed
for X.

A¢ denotes the complement of A in its

obvious ambient space.

[ljer X; is the Cartesian product of
Def. 2.

R := [[;en R. If a topology is not spec-
ified, it is the product topology (Def.6).

7, is the projection to the k-th coordi-
nate of a product set, as in Def. 2.

wj. 1 is the partial projection map of
Def. 8.

B X HjeI\J X, for E € ©jcsX; denotes
W;iI(E) as in Def. 8.

dpj ~ dug, du; < duy and dpj L dpg
are given in Def. 10.

244

% is the Radon-Nikodym derivative of

dpj, dpy. See Thm. 4.
©®jer¥; is the product o-algebra of
{Ej}je[. See Def. 7.

®jerdp; is the product measure of
{dp;}jer- For a finite I see Def. 2, for
infinite I see Cor. 5.

d*®p denotes the infinite product mea-

sure of {du;};ecr as in Cor. 5.

P(“statement”) means the probability of

“statement”.

¢o is the set of finite cylinders of measur-
able sets defined in Def. 7.

Cineas 18 the Boolean algebra of Lem. 18.

B is the set of finite cylinders of open
sets defined in Def. 6.

2o is the Boolean algebra of Def. 6.

> jer and [[;¢, unless otherwise stated,
are to be understood as in Definitions 30
and 6, respectively.

L(V,W) with V, W normed vector space,
is the space of bounded linear operators
from V to W.

L(H) = L(H,H).

| Al,, for a linear operator A : V — W
denotes the operator norm of A.

LP(X,K,dp) with K € {R,C} and p €
[1,+00) denotes the space of functions
f + X — K such that ||f||;,, =
(Joex [fIP(x)dp)t/P < 400, that are
identified when they differ in a du-null
set.

P(I,K) for p € [l,00) is the space
LP(I,K,dv) where dv is the counting
measure on I (discrete o-algebra).



£ denotes the conjugate multilinear
forms of Definitions 12 and 38.

% are the F-sequences of Definitions 34
and 11.

%o are the %p-sequences of Definitions 36
and 13.

~ is the equivalence relation of Theorems
23 and 9.

I' is the set of ~-equivalence classes as in
Theorems 23 and 9.

¢ always denotes an element of T'.
2 is the equivalence relation of Prop. 57.

I'? is the set of é—equivalence classes as
in Prop. 57

€9 always denotes an element of I'7.

& jer Hj denotes the proper ITP as in
Definitions 38 and 12.

®J¢€ 1 H; denotes the improper ITP as in
Definitions 39 and 14.
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v L wu for two vectors u,v of an inner
product vector space means they are or-
thogonal.

H; L Hj for two subspaces of ‘H mean
all their vectors are pairwise orthogonal.

Rjer pjc» and Q@jer nje always denote a
generator of the €-th layer of the ITP,
unless otherwise stated. See Theorems
25 and 9.

We and W[pe] denote the unitary op-
erator of the €-th layer, generated by
Rjer pje» as in Thm. 10.

R denotes a representation basis as in
Thm. 13.

Wy, denotes the unitary of Thm. 13.

(Zx, D(&p)) denotes the operators of
Def. 19.

(Gk, D(qx)) denotes the operators defined
in Cor. 17.
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