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Abstract

Topological insulators can be classified depending on the symmetries and dimension of
the physical system. The classification often involves advanced mathematical tools. The
goal of this thesis is to understand the classification in low dimensions using elementary
tools from topology and differential geometry. Our direct approach without relying on
the bulk-boundary correspondence makes the classification more accessible to students
who are new to the subject.

We classify the topological insulators via homotopy theory. For each symmetry class in
dimension 0, 1 and 2, we either define an index in terms of equivariant vector bundles to
distinguish between different homotopy classes or we show that there is only one homo-
topy class. For the Zs-indices, we discuss how they are related to the higher dimensional
Z or Zso-index. Moreover, we provide examples to show that the indices defined are in-

deed non-trivial.
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1 Introduction

In 2016, David J. Thouless, F. Duncan M. Haldane, and J. Michael Kosterlitz were awarded the
Nobel Prize in Physics “for theoretical discoveries of topological phase transitions and topological
phases of matter” [14]. These topological phases occur in different physical systems such as
topological insulators, superconductors and superfluids and can be classified depending on the
symmetries and dimension of the physical system [12]. Up to now, this classification has been
confirmed experimentally to some extent [4]. For example, the Haldane model [3] and the Kane-
Mele model [7] describe interesting topological insulators that have been observed experimentally
[6, [@].

There are several approaches to classify topological insulators [§], e.g. via K-theory, via
isomorphy classes or via homotopy theory. The classification often involves advanced mathe-
matical tools and is not fully explained. Thus, for many students and scientists it is difficult
to understand the classification in detail. The goal of this thesis is to explain the classification
of topological insulators in low dimensions using elementary tools from topology and differen-
tial geometry. We choose to classify the topological insulators via homotopy theory, because it
is the strongest classification method taking into account all of the structure. Our direct ap-
proach without making use of the bulk-boundary correspondence makes the classification more
accessible to students who are new to the subject.

For ten distinct symmetry classes [1I] we consider topological insulators in dimensions 0, 1
and 2. In some cases, all topological insulators can be deformed into one another and we verify
that there is only a trivial homotopy class. When there are distinct homotopy classes, we want
to distinguish them. In this case, we first define equivariant vector bundles that carry all the
relevant information about the topological insulator. In a second step, we define indices allowing
us to distinguish between the vector bundles. For class A the 2D-index is known to be given by
a Chern number of such a vector bundle. Moreover, for class AIIl an index is defined in [2]. For
symmetry classes C and D it turns out that the index is again given by a Chern number. For
class C the index can only take even values. Furthermore, for class D we show that the parity
of the 2D-index is related to the 1D-index. For class DIII the 2D-index can be defined as for
AIl. Also here we examine the relationship of 1D- and 2D-indices.

Our work could be extended in several ways. First, in order to fully explain the classification,
one would also have to check that topological insulators with the same index are equivalent. Here
we only show this in a few cases. Second, the work could be extended to higher dimensions.
Third, one could have a closer look at physical models with non-zero indices.

The thesis is structured as follows. In Section [2, we establish the general setting. First, we
define different symmetry classes of lattice Hamiltonians. Second, for periodic Hamiltonians,
we explain how the symmetries emerge after Bloch decomposition. Third, we describe the
ideas behind the classification via indices. In Section 3 we go through the different symmetry
classes and explain the classification in dimensions 0, 1 and 2. Finally, we provide examples of
non-trivial Hamiltonians in dimension 2 in Section (4l

I would like to thank Prof. Dr. Gian Michele Graf for taking the time to supervise my work,

for providing new insights and for our enlightening discussions.



1.1 Notation
e Let GL(n) := GL(n,C).
e For an operator H the spectrum of H is denoted by o(H).

For the d-dimensional torus we write T = (S1)%.

Identify T¢ with (R/27Z)%. Let 7 : T? — T¢ be the map k +— —k.

Let v := {0} x St,v9 := St x {7}, 73 := {7} x St, 94 := St x {0}.

2 Preliminaries

For m,n € Z4 let

5 B 1 ifn=m
0 else.

The sequences §(m) := (Om.n)neza form an orthonormal basis of the space ¢2(Z4, C).

Definition 2.0.1. A lattice Hamiltonian on a d-dimensional lattice is a self-adjoint operator
H : 2(24,CN) — ¢3(24,CN) which is local, i.e. there is a constant C' > 0 such that for all
m,n € Z¢ with ||m —n| > C :

(6(m) @ vm, »_ H(3(n) @vy)) =0
nezd
for any {vy},eze C CV. The number N is the number of internal degrees of freedom.
Example 2.0.2. A nearest neighbour hopping Hamiltonian is local with C' = 1.
d
Remark 2.0.3. Let L := (CV )Z be the space of all CV-valued functions on Z¢. A Hamiltonian
H:02(2¢,CN) — ¢2(Z%,C"N) can be extended to a map L — L by the locality condition.
2.1 Symmetries
Definition 2.1.1. Let H be a self-adjoint operator. We say that H has

(i) chiral symmetry if there is a unitary operator II such that {H,II} = HII 4+ IIH = 0 and

12 = ¢l for some ¢ € C.

(ii) even or odd particle hole symmetry (PHS) if there is an antiunitary operator ¥ such that
{H,Y} =HY +¥H =0 and ¥? = 1 or ¥2 = —1, respectively.

(iii) even or odd time-reversal symmetry (TRS) if there is an antiunitary operator © such that
[H,0] = HO —©H =0 and ©2 =1 or ©2 = —1, respectively.

In order to obtain a topological insulator, we want the Hamiltonian to have a spectral gap.

We observe the following.

Proposition 2.1.2. For a self-adjoint operator H with chiral symmetry or PHS the spectrum
is preserved under the map ¢ : R — R : A — — .



Symmetry Dimension d
Class | ¥ IIl 1 2 3 4 5 6 7 8or0
A o 0o 00 Z 0 Z 0 Z O Z
Allt f 0 0 1}Z 0O Z 0O Z 0 Z 0
Al 1 0 0|0 O 0 Z 0 Z Zo Z
BDI |1 1 1(Z 0 O 0 Z 0 Zs Zs
D 0 1 0(Z Z 0O 0 0O Z O Zy
DII -1 1 1|Zy Zo Z 0 0 0 Z 0
AITl |-1 0 0] 0 Zy Zy Z 0O 0 O Z
cir (-1 -1 11 Z 0 Ze Ze Z 0 O 0
C 0 -1 0|0 Z 0 Zy Zes Z O 0
CI 1 -1 1|10 0 Z 0 Zy Zo Z 0

Table 1: The periodic table of topological matter. [12]

Proof. Let A be an eigenvalue of H and v # 0 a corresponding eigenvector. In the chiral case,
since II is unitary it is injective and thus Ilv # 0. Observe that HIlv = —IIHv = —Allv. Thus
ITv is an eigenvector of H with eigenvalue —\. For the PHS case, since X is antiunitary it is
injective and thus v # 0. Because )\ is real we have again HYv = =X Hv = —A\Xv = —AXv.

So v is an eigenvector of H with eigenvalue —A. O

The only fixed point of € is 0. The value 0 is thus distinguished among the possible eigenvalues

of H. This motivates us to choose the spectral gap at 0 for chiral and PHS.

Definition 2.1.3. In Table[l] different classes of Hamiltonians are defined. A certain symmetry
is present if the corresponding entry is nonzero. Moreover, for the operators © and X the
entry 41 indicates whether the symmetry is even or odd. Additionally, the Hamiltonian has a
spectral gap p ¢ o(H). For symmetry classes A, Al and AII the gap can be at any value p € R.
Otherwise we assume that p = 0. The operators ¥ and © are assumed to commute if H enjoys
both PHS and TRS.

Remark 2.1.4. Note that if two different symmetries are present, this implies that the third

one is present as well. This is why there are only 10 classes.

Assumption 2.1.5. For lattice Hamiltonians we assume that the symmetries act only on the
internal degrees of freedom. Formally, let H : ¢2(Z4,CN) — ¢2(Z4,CV) and let (vy),eczd €
¢2(Z%,CN). Then the symmetry operators act like II(vy),czd = (ﬁvn)nezd, Y(vn)pezd =
(fh}n)nezd and O(vy),ezd = (@Un)nezd for some unitary operator II and antiunitary operators
5 and O with 2 = +1 and ©2 = +1.

2.2 Periodic Hamiltonian

d
For ¢ € L = (CN)Z we write (), or iy, for the entry at m € Z9. We define translation

operators on the vector space L as follows:

Definition 2.2.1. Let n € Z%. The translation by n, denoted by T}, is defined as

(an)m = wm—n



for every ¢ € L.
Remark 2.2.2. Note that for all m,n € Z%: Tonin =TT =10

Definition 2.2.3. A lattice Hamiltonian on a d-dimensional lattice is periodic if for all n € Z¢
T.H = HT,.

For a local periodic lattice Hamiltonian H we can do a Bloch decomposition. Following

Section 8.2. in [13] we obtain the linear isometric bijection

®
(73, Ny — | H(k)dk
Td

1 .
nezd

1

W - Y(k)dk < (k= ¥(k))

where H(k) = {¢ € L|Vn € Z% : T3 = e~*™p}. There is an isomorphism ¢ : H(k) = CV
given through (¢,), + o with inverse 1y — (¢?*™1)g),. So we obtain another linear isometric

bijection

D
2zt cNy - | cNdk
Td

1 .
w = (wn)n — k —> W Z elknwin

nezd
(o [, otbre™mar) s woh)
Note that H(H(k)) C H(k) since for all k € T¢ v € CVY and m € Z¢ we have
T, H (%), = HT,,(e*"0),, = e *™ H (e*),,.
This means that for every k € T¢, v € CV there is a vector w € CV such that
(e*w),, = H(e*),. (1)

For the Hamiltonian H the Bloch decomposition gives H = fﬁ H(k)dk with

H(k)o = w(k,v) = (H(E* o))
for any k € T? and v € CV. For every k € T? the operator H(k) is self-adjoint and for a fixed
basis of CV the matrix elements of H (k) depend smoothly on k. Moreover, for the spectrum we

have



For details see Section XIII.16. in [I1]. In particular, if the spectrum of H is gapped, i.e.
p ¢ o(H), then also every H(k) has a spectral gap at pu.
Identify T¢ with (R/27Z)%. Let 7 : T — T¢ be the map k — —k.

Proposition 2.2.4. The symmetries 3,0 and Il induce the following symmetries in the Bloch

decomposition:
(i) £ =10 ot withSH(k) = —H(1k)%,
(ii) © = 1,00 01! with OH (k) = H(7k)O,
(iii) Tl = 1y o T o 13 with TLH (k) = —H (k)1L.

Proof. (i) Let v € C". Then 1 0 S ot 'v = (S(e?*™0),)o = ((e=*"%v),)o = Lv. Moreover,
SH(k)v = (S(e*H(k)v)n)o = (SH(e*v),)o by Eq. . Since by assumption XH = —H3,
we obtain SH(k)v = (—HX(e*mv),,)o = —(H (Ze*™v),,)o. Using the antilinearity of ¥ and the
definition of H(k) we further get SH(k)v = —(H(e~*%v),)o = —H(7k)Sv. The proof of (ii)

and (iii) works analogously. O

Let E = T? x CV be the trivial bundle over the torus. Let H : ¢2(Z¢,CN) — ¢2(Z,C"N) be

a periodic local Hamiltonian.

Proposition 2.2.5 (Cf. 8.2.25 and 8.2.26 in [13]). Let P be a projection associated to an isolated
part of o(H). Then we may decompose P as
®
P= [ P)dk.
Td
Moreover, dim(im(P(k)) is constant in k. Thus there is a subbundle of E with fibres im(P(k)) C
E,.

Definition 2.2.6. Let H be a Hamiltonian on ¢2(Z% C") and let u ¢ o(H). Then the Fermi

projection P, is the projection associated to o(H) N (—oo, ).

2.3 Classification

Let H be a local periodic Hamiltonian on ¢2(Z¢,C") belonging to a certain symmetry class
defined in Table 1l Through Bloch decomposition we obtain a smooth family H on T% of self-
adjoint operators on CV with symmetry properties as described in Proposition Motivated
by this, we want to classify continuous families H on T? of self-adjoint operators on CV for each
symmetry class.

Two families are equivalent if they may be deformed continuously into one another while
keeping the spectral gap and the symmetry property intact. Formulated in more mathematical

terms this is the following:

Definition 2.3.1. Fix the symmetry operators ©, ¥ and II. Given these operators, let Hy, Hs :
T¢ — CN*N belong to the same symmetry class. Then H; is equivalent to Hy if there is a
homotopy F : T¢ x [0,1] — CV*¥ between H; and Hs and a continuous map p : [0, 1] — R such
that for all ¢ € [0, 1] the map F'(-,t) belongs to the same symmetry class and has spectral gap

at p(t).



How many equivalence classes are there for each symmetry class? To answer this question it
is useful to label the different equivalence classes with an index, which assigns a different number
to every equivalence class. It is known how many equivalence classes there are. For a sufficiently
large number of internal degrees of freedom, the equivalence classes can be labelled by Z, Zs or 0.
The results are listed in Table [1| for different dimensions of the lattice and different symmetries.
The list repeats periodically, i.e. the entries are equal for dimensions d and d+8. There are some
rules how to read the entries of Table (1l First of all, the number of internal degrees of freedom
lying above and below the spectral gap has to be sufficiently large. In Section 4.1] we will see
that for class A in dimension d = 2, there has to be at least one internal degree of freedom above
and below the spectral gap to admit a non-trivial index. Secondly, an entry in dimension d
counts the equivalence classes of Hamiltonians that have the same lower dimensional Z-indices.
Note that the all Zs-indices are part of a sequence Zo, Zo, Z when increasing the dimension d.
The Zo-indices are related to the Z-index in this sequence.

In order to show that certain indices vanish, the following results will be useful.

Proposition 2.3.2. Let X be a topological space and let f : X — X be a continuous involution.
Let I € A:={x € X|f(x) =x}. Let A denote the connected component of A containing I. Let
G : St — X be a continuous map satisfying G(7k) = f(G(k)) and G(k*) € Ay for k* € {0,7}.

(i) Then there is a homotopy Fy : S' x [0,1] — X satisfying Fi(7k,t) = f(Fi(k,t)) and
Fi(-,0) =G and Fy(k*,1) = 1.

(i) Let G := Fy(-,1). If the map @|[O,7r] is homotopic to the constant map I relative to the
endpoints, then there is a homotopy Fy : S' x [0,1] — X between G and I such that
FQ(Tkat) = f(FQ(kat))

Proof. (i) Let a : {0,7} x [0,1] — A be a continuous map with a(k*,0) = G(k*) and
a(k*,1) = I. There is a map F; : [0,7] x [0,1] — X with Fi(-,0) = G(-) extending
@, because {0, 7} x [0,1] U [0, 7] x {0} is a retract of [0,7] x [0,1]. Extend F; to S* by
Fi(tk,t) = f(F1(k,1)).

(ii) Let F' be the homotopy between Fi(-,1)|jp~ and I relative to {0,7}. Then let F(7k,t) :=

| Fik2t)  forte0,1/2]
f(F(k,t)) and Fy(k,t) = {F(k‘,Qt —1) forte[l/2,1].

Let 71 := {0} x S, q9 := St x {7},73 := {7} x S1,v4 := St x {0} C T.

Proposition 2.3.3. Let X be a topological space and f : X — X a continuous involution. Let
I €¢ A:={x € X|f(x) =x}. Let A; denote the connected component of A containing I. Let
G :T — X be a continuous map satisfying G(7k) = f(G(k)) and G(k*) € Ay for all fized points
Tk* = k*.

(i) Then there is a homotopy Fy : T x [0,1] — X satisfying Fi(tk,t) = f(Fi(k,t)) and
Fi(-,0) = G and Fy(k*,1) = 1.



(ii) Let G := Fy(-,1). If m3(X) = 0 and for all v; the map G\|%|[0 o s homotopic to the constant
map I relative to the endpoints, then G : T — X is homotopic to the constant map I via
a homotopy Fy satisfying Fa(tk,t) = f(Fa(k,t)).

Proof. (i) By Proposition [2.3.2] (i), there is a continuous map Fj : (1 Us) x [0, 1] satisfying
Fi(tk,t) = f(Fi(k,t)) and F1(k,0) = G(k) for k € v1 U~s and Fi(k*,1) = I for all
fixed points of T. One can extend Fj to a map Fy : [0,7] x S* x [0,1] — X such that
Fi(k,0) = G(k), because [0, 7] x St x {0}U{0, 7} x St x [0, 1] is a retract of [0, 7] x S* x [0, 1].
Then extend Fj to T x [0,1] through Fi(7k,t) = f(Fi(k,t)).

(i) For all v; let F* be the homotopy between G |%‘[O,W] and [ relative to the endpoints. Then
we can extend F' through F*(tk,t) = f(F*(k,t)) to give a homotopy between G|,, and
I. Let F3 : (71 U~s U loa) x [0,1] = X be given by F(k,t) = Fi(k,t) if k € .
There is an extension F3 : [0,7] x S' x [0,1] — X of Fy satisfying F3(k,0) = G(k)
because (y1U~ysU72|jo,x) x [0,1]U [0, 7] x S* x {0} is a retract of [0, 7] x S x [0,1]. Then
G = F3(-,1) : [0, 7] x ST — X is constantly equal to I on ;U3 U"2/[0,7]- So we can view G
as amap from [0, 7] x ST /(y1Uy3U72]0.A]) = 52 to X. Since mp(X) = 0, there is a homotopy
Fy:[0,7] x ST — X between G and I such that Fy(k,t) = I for k € v U3 U Yaljo,x- We
can further extend F3 and Fy to T x [0,1] via F;(7k,t) = f(Fi(k,t)) for i = 3,4. Finally,

Fy(k,3t) for t € [0,1/3]
let Fy(k,t) = { Fy(k,3t — 1) for t € [1/3,2/3]
Fy(k,3t —2) forte[2/3,1].

3 Topological indices in low dimensions

For every symmetry class we begin with a continuous family H of self-adjoint operators on CV
with the corresponding symmetry properties. In certain cases we define a corresponding vector
bundle carrying all the important information. The vector bundles are said to be equivalent
if and only if the corresponding Hamiltonians are equivalent. Equivalent vector bundles are
isomorphic, but the converse is not true in general. We focus on dimensions d € {0,1,2} and
explain the entries in Table [1} If the entry is 0, the aim is to show that indeed, no non-trivial
index can be defined. If the entry is non-trivial, we want to formulate the index in terms of the
vector bundle corresponding to H. We also want to understand the relationship of the Zs- and

Z-indices.

3.1 A

Any continuous family H = {H (k) : k € T¢} of self-adjoint operators on C" with spectral gap
p ¢ o(H(k)) for all k € T? belongs to symmetry class A. Let P, (k) denote the Fermi-projection
and P (k) the projection associated to o(H) N (y1,00). From H we obtain the vector bundles
E*(k) = {(k, PE(k)(C"))} over T with E = ET ¢ E~ = T% x CV.

Definition 3.1.1. A d-dimensional bundle in symmetry class A is a complex vector bundle of
the form £ = ET @ E~ = T¢ x CV, where the fibres E* (k) and £~ (k) are orthogonal subspaces
of CV for every k € T¢.



Remark 3.1.2. Even though the bundle E is trivial, the subbundles ET and E~ can be non-

trivial.

Given a vector bundle E = E* @ E~ in class A, we can define E[(k) =2Pf (k) —1. Then H

forms again a continuous family of self-adjoint operators with spectral gap at 0.
Remark 3.1.3. Let H be in class A. Then H is equivalent to the corresponding H.

Proof sketch. Let H : T* — CN*N be in class A with spectral gap at u. For every k € T¢ we
can write H(k) = >, \i(k)P;(k), where P;(k) is the orthogonal projection onto the eigenspace
to eigenvalue A;(k). Note that P; and A; may not be continuous since the number of distinct
eigenvalues and the dimensions of the eigenspaces may vary. For ¢ € [0,1] and A € R let
fOLt) = A1 —t) +tsgn(\—p). Now let F: T x [0,1] — CN*N be given by

F(kt) = f(i(k), ) Pi(k).
i
Then for every ¢ € [0, 1] the map F'(-,t) is continuous and in class A with spectral gap at u(1—t).
Moreover, F' is a homotopy between H and H. ]

For dimension d € {0,1,2} we want to define an index Z¢ for vector bundles in class A.
Then the index of H will be Z4¢(H) := Z4(E).

Definition 3.1.4. In dimension d = 0, the index of a vector bundle £ = E* @ E~ is
ZY(E) := rank(ET) — rank(E™).

Proposition 3.1.5. In dimension d = 0, for fixed N any two Hamiltonians H1 and Ho with
Z9(Hy) = ZY(H>) are equivalent.

Proof. Let Z9(H,) = I%(Hs) = m. We know that H; is equivalent to H; for i = 1,2 by
Remark Pick unitary frames v of EF. Then the frames v; = (v;",v;) lie in U(N). Since
U(N) is path connected, there is a path v : [0,1] — U(N) with v(0) = v; and v(1) = va. Then

F(t) = o) [0z 0 ) e
0 —Lvm)/2

is a homotopy between H; and Hs which belongs to class A for every ¢t € [0,1]. So H; and H,

and thus also H; and H are equivalent. O

For a given number N of internal degrees of freedom, the index ZY can take any value
between —N and N. Thus for N — oo, the index 1'191 can take any integer value. This justifies
the entry Z for A in d = 0 in Table

Proposition 3.1.6. The frame bundle of any complex vector bundle over S admits a global

section.

Proof. Let E be a N-dimensional complex vector bundle over S' = R/27Z. Then E induces a

complex vector bundle E over [, 7. Since [—m, 7] is contractible, there is a frame v : [—7, 7] —



F(FE). Moreover, there is a matrix G € GL(N) such that v(—m) = v(7)G. Since GL(N) is path-
connected, there is a path v : [—m, 7] — GL(N) connecting v(—7n) = Iy to y(w) = G. Then
w(k) := v(k)y(k) is again a section of F(E) with w(—m) = w(r). So w actually defines a global
section of F(E). O

Fact 3.1.7. Let N € Z~(. Two continuous maps S' — U(N) are homotopic if and only if their

determinant has the same winding number.

Proposition 3.1.8. In dimension d = 1, for fired N any two Hamiltonians Hy and Hs with
Z9(Hy) = IY(H2) are equivalent.

Proof. Let Z9(H,) = ZQ(H2) = m. We know that H; is equivalent to ﬁj for j = 1,2 by

Remark|(3.1.3] By Proposition we can pick unitary frames v]i L EJjE Then the frames

vj = (v;-r,vj_) : 81 — U(N) have winding numbers I; = W(detv;). We obtain unitary frames

0 In-1

—ikl; 0
v; of E;r ©® E; with vanishing winding number by setting vj(k) = v;(k) (6 ) By
Fact there is a homotopy F : S x [0,1] — U(N) between 77 and 9. Then

F(k,t) Iovrmy2 0 F(k, t)*
0 —L(vm)/2

is a homotopy between H 1 and ﬁg, which lies in class A for every ¢ € [0,1]. So H 1 and ﬁg and
thus also H1 and Hy are equivalent. O

Thus we have verified that the entry in Table [T for A in d = 1 must be 0. Now we move on
tod=2. Let T = [—7, 7] x ST denote the cut torus. For a vector bundle E over T let E denote
the induced bundle on T.

Proposition 3.1.9. Let E be a complex vector bundle over T. There is a global frame v : T —
F(E).

Proof. By Proposition there is a section v : {0} x ' — F(F). Since {0} x S! is a
deformation retract of T, we can extend v to a frame v : T — F(E) by Theorem 9.1 in [10]. [

Definition 3.1.10. Let E = ET @& E~ be in class A, let n = rank(E~). Let v: T — F(E~) be
a global frame. There is a map T : S' — GL(n) satisfying

U(—?T, kQ)T(kz) = ’U(Tr, kg)

for all ky € S1. Let Z%(F) := W(det T) be the winding number of det 7.
Lemma 3.1.11. The index I,%x 1s well-defined, i.e. independent of the choice of the frame v.

Proof. Consider two frames v,w : T — F(E~). They are related by v(k) = w(k)G (k) for some
G : T — GL(n). Let v(—m, k2)Ty (ko) = v(rm, k2) and w(—m, k2)Ts(k2) = w(m, k2). We have

w(—ﬂ', k‘Q)G(—T&’, kg)Tl(kQ) = U(—?T, ]{72)T1(]{72) = U(?T, /{2)
= w(7r, k‘g)G(ﬂ', ]{72) = w(—7r, k‘g)TQ(kz)G(T(, k‘g)

10



Thus,
G(—ﬂ', kQ)Tl(kQ) = TQ(kQ)G(?T, kQ).

Note that the winding numbers W(det G(—,-)) = W(det G(,-)) because G : [, 7] x S1 —
GL(n) is a homotopy between the two maps. So W(det G(—,-)) + W(det T1) = W(det Ts) +
W(det G(m,-)) implies W(det T1) = W(det T3). Hence, the index is independent of the frame.

O

Remark 3.1.12. The number Z%(E) is precisely the first Chern number Chy(E~). This is

explained in [I3] in Section 8.4.

Remark 3.1.13. Since E = Et @ E~ =T x CV is trivial, we have
0= Chl(E) = Chl(E+) + Chl(E_).

Thus, choosing I/% to be the first Chern number of E™T instead of E~ would amount to a change

of sign.

3.2 AIII

Definition 3.2.1. Let H = {H(k) : k € T?} be a continuous family of self-adjoint operators on
CN with spectral gap 0 ¢ o(H(k)) for all k € T?. We say that H has chiral symmetry if there
is an operator IT : CV — C such that

(i) II is linear and unitary,
(ii) 2 = cl for some ¢ € C,

(iii) for all k € T,
H (k) = —I1H (k).

Proposition 3.2.2. Let H = {H(k) : k € T} have chiral symmetry. Then there is a basis B
of CN for which I = \I,, & —\I,, and

for some continuous h : T¢ — GL(N).

Proof. Since II is unitary it is diagonalisable and 0 ¢ o(II). Moreover if v is an eigenvector of
IT with eigenvalue ), then ITH (k)v = —H(k)Ilv = —\H(k)v for any k € T¢. Thus —\ is an
eigenvalue of II. Let Eip ) be the eigenspace of II to eigenvalue A\. Observe that H(Ery) C Er
and H(Er _y) C En . Because 0 ¢ o(H), the operator H is injective. Hence, dim(Erp ) <
dim(Ey —y) < dim(Ep,). Thus equality must hold. Since IT> = cl, every eigenvalue A of II
satisfies A2 = ¢. So II has precisely the two eigenvalues ++/c. Hence, there is a basis B of CV
consisting of eigenvectors of II for which IT = A\, ® —\l,, with N = 2n.

11



In the basis B the condition H(k)II = —ITH (k) then implies

aw = [ ° h(k)*
hk) 0

for some h : T = GL(n). The map h is continuous by the continuity of H. O

Remark 3.2.3. Note that for any continuous map h : T¢ — GL(n,C) the conditions 0 ¢
o(H(k)) and {H(k),II} = 0 are automatically satisfied. So two chiral Hamiltonians H (k) and
H (k) are equivalent if and only if the corresponding (k) and h(k) are homotopic as maps from
T? to GL(n,C). Thus, the indices for the symmetry class AIII label the homotopy classes of
maps h : T¢ — GL(n,C).

Remark 3.2.4. Since GL(n,C) is path connected, the 0D-index vanishes for AIII.

Fact 3.2.5. The 1D-index is given through Z};,;(H) = W(det(h)). Moreover, if for two con-

tinuous maps S' — GL(n) the determinant has the same winding number, they are homotopic.

Example 3.2.6. For d = 1 we can choose h : S' — GL(n) to be given by

for some | € Z. Then for the corresponding Hamiltonian we have ZY;;;(H) = I.
This gives the entry Z in Table[I] for AIIl in d = 1. In 2D the situation is as follows.

Proposition 3.2.7. Two maps h,iNz : T — GL(n) are homotopic if and only if for every path
v :8Y = T the maps h o~y and ho v are homotopic.

Combining Fact with Proposition [3.2.7] we obtain:

Corollary 3.2.8. In 2D, if two families of Hamiltonians H (k) and H(k) in class AIIIT cannot
be distinguished by the 1D-index, i.e. for ally : S* — T it holds that L' ;;;(Hov) = I}“H(ﬁoy),
then H(k) and H(k) are homotopic. This justifies the entry 0 in Table .

Before we prove Proposition [3.2.7, we need the following results.
Proposition 3.2.9. The second homotopy groups we(GL(n,C)) = me(U(n)) = 0.

Proof. The space GL(n,C) is homotopy equivalent to U(n) [5]. For n = 1 we have U(1) = S*,
so ma(U(1)) = ma(S1) = 0. Consider the fibre bundle

Umn—-1)—=U(n)—Un)/Un-1),

where ¢ : U(n — 1) — U(n) is given by



and 7 : U(n) — U(n)/U(n — 1) is the quotient map.
By the long exact sequence for fibre bundles (see [5], Section 4.2.) we obtain the long exact

sequence
e > m3(U(n)/Un—1)) - m(U(n —1)) = m(U(n)) = m=(U(n)/Un —1)) — ...
Note that U(n)/U(n — 1) is homeomorphic to S?*~! through the map
[(u1, ug, ..oy un)] = uq,

where u; denotes the ith column. This map is well defined because the right action of U(n — 1)
on U(n) leaves the first column invariant. The map is clearly surjective and injective.

We obtain the exact sequence
o= w3 (8P 5 m(U(n = 1)) = m(U(n)) = m(S? 1) — .

>~ 9(U(n—1)). For n = 2, the second
and the last term vanish, thus also the third term m2(U(2)) must vanish. So inductively, we
obtain 7o (U(n)) =0 for n > 1. O

For n > 3, the two outer terms vanish and thus mo(U(n))

Proof of Proposition[3.2.7]. By Fact amap f: S' — GL(n) is homotopic to a constant
map if and only if the winding number W(det f) vanishes. Identify S' with R/27Z. Let
a:St— St xStz (2,0) and B: St — St x Stz (0,7).

Case 1: Assume h : T — GL(n) is trivial in 1D, i.e. for all v : S — T the map h o~y
is homotopic to a constant map. Then W(det(h o o)) = W(det(h o §)) = 0. Thus there
is a homotopy f between S|g1,(oyuf0}xst and the constant map I,. Note that T x {0} U
(81 x {0} U {0} x S) x [0,1] is a retract of T x [0,1]. Thus, by the homotopy extension
property [5], we can obtain a homotopy F : T x [0,1] — GL(n) starting at h and extending
f. The map h := F(-,1) is constant on S* x {0} U {0} x S1. Thus, it can be viewed as a map
h: T/(S* x {0} U {0} x S') — GL(n). But T/(S' x {0} U{0} x S!) is homeomorphic to
S2. Therefore, h induces a map S? — GL(n) which by Proposition is homotopic to the
constant map I,,. This homotopy induces a homotopy from h to I, on T. In total we see that
thus A is homotopic to the constant map I,,.

Case 2: Suppose hy,hy : T — GL(n) are continuous and the winding numbers W(det(h; o
@)) = W(det(hyoa)) and W(det(hi0B)) = W(det(hyo3)). Consider h := hihy' : T — GL(n).
Then W(det(h o a)) = W(det(h1 o ) det(hg o a)~1) = W(det(h1 o a)) — W(det(hz o a)) = 0
and analogously W(det ho 3) = 0. By Case 1, there is a homotopy F' : T x [0, 1] = GL(n) from
h to I,. Then F : T x [0,1] — GL(n) given through F(z,t) := F(z,t)hy(z) is a homotopy from
h1 = hhgy to hy = I hs. O

3.3 Al

Definition 3.3.1. Let H(k) for k € T¢ be a continuous family of self-adjoint operators on CV
with spectral gap u ¢ o(H(k)) for all k € T?. We say that H has even time-reversal symmetry
if there is an operator © : CN — CV such that
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(i) © is antiunitary,
(ii) ©2 =1,

(iii) for all k € T,
©H (k) = H(tk)©.

Remark 3.3.2. We can write © = UC for some U € U(N) and the complex conjugation C.
The condition ®% = 1 implies that U is symmetric. Thus by Autonne-Takagi factorisation, there
is Q € U(N) such that QUQT = Iy. So after changing the basis by @, we may assume that
© = C. In this basis, the condition OH (k) = H(7k)© then becomes

H(rk) = H(k). (2)

Definition 3.3.3. A bundle in class Al is a vector bundle of the form F = Et @ E~ = T¢x CN,
with an antiunitary map © : CV — CV such that

(i) the fibres E*(k) and E~ (k) are orthogonal subspaces of CV for every k € T,
(i) ©2 =1,
(iii) the orthogonal projections P*(k) onto E* (k) satisfy P*(rk)© = OP*(k).

Remark 3.3.4. Let H be in class AL Let P~ be the Fermi projection and P the projection
associated to o(H) N (0,00). Let E*(k) = {(k, P£(k)(CV))}. Then we obtain a bundle in class

AL Conversely, H(k) := 2P* (k) —1 is self-adjoint, unitary and squares to 1 and belongs to class
AL

Remark 3.3.5. Let H be in class Al. Then H is equivalent to the corresponding H.

Proof. Note that the homotopy F' constructed in the proof of Remark satisfies F'(1k,t) =

F(k,t). O
Let us first analyse the situation in 0D. As for class A, the number of negative eigenvalues

of H is homotopy invariant. So we can define an index in the same way.
Definition 3.3.6. Let H be a in class Al in 0D. Then Z9,(H) := rank(E™") — rank(E ™).

Proposition 3.3.7. Let Hy and Hs be in class Al in 0D on CN. If 9,(H,) = Z9,(H>) then
Hy can be deformed into Ho while keeping the symmetry and the spectral gap intact.

Proof. By Eq. and Hermiticity, fIl and ﬁg are real and symmetric. Thus they are diago-
INem O

nalisable, i.e. ﬁz = Q)
Q 0 I,

Q;l for Q; € O(N) for i = 1,2. We can choose the Q;

1 0

such that det ; = 1 by multiplying with 01 from the right if necessary. Then both
N-1

Q; lie in SO(N), which is path connected. Let Q(t) be a path in SO(N) from Q1 to Q2. Then

In_ 0 ~ ~
F(t) := Q(t) NO " ; QT (t) is a homotopy between H; and Hy satisfying the conditions
—im
we need. By Remark thus H; and Hy are equivalent. O

14



Now let us consider the situation in 1D.

Proposition 3.3.8. Let E = ET & E~ be a bundle in Al over S'. There exist unitary frames
vE : 81— F(EF) such that v(rk) = vE(k).

Proof. Let m = rank(E™). For k* € {0,7} we may pick real orthonormal frames vt (k*) €
F(E}.). Extend v™(0) to a frame 0" over [0,7]. Then vt (m) = 07 (7)GT(r) for some GT(7) €
U(m). Since U(m) is path-connected, there is a path G : [0,7] — U(m) from L,, to G*(m).
Then v* (k) := v (k)GT (k) extends the vt (k*) we chose at the beginning. Now we extend
vt to ST by vt(rk) = vT(k). Analogously, we can obtain a frame v~ : S — F(E~) with
v (k) = v (k). O

Proposition 3.3.9. The index for class Al in 1D must be trivial.

Proof. Let H be in class AL Consider the corresponding bundle E = ET @ E~ over S*, let
m = rank(ET). Let v be frames as in Proposition Let us write v = (vt,v™) and let
sgn(det v(0))e™* 0

0 In—q
F(E™) satisfying w(tk) = w(k). Since 0 = W(detw) = 2W)o z)(det w), also Wi (det w) =
0. Applying Proposition with X = U(N), I = Iy, G = w and f being the complex
conjugation and noting that Wy - (det @) = 0 by the reality condition at the endpoints, we
obtain a homotopy F : T x S* — U(N) between w and Iy such that F(rk,t) = F(k,t). Then

F(k, 1) (HE)” 11]3 )F(k,t)*

0

_]IN—m

[ := W(detv). Then w(k) := v(k) < ) is also a section of F(E™T) &

N I
is a homotopy between H and < g ) which preserves the spectral gap and the symme-

try property. By Remark H is equivalent to H , showing that the index must vanish. [

Now let us consider the situation in 2D.

Proposition 3.3.10. Let H be in class Al in 2D and E = ET @ E~ the corresponding bundle.
There are unitary frames v= : T — F(E*) such that v (1k) = vE(k) and v (-, k%) = v*= (7, k5)
for k3 € {0, 7}.

Proof. Let m = rank(E™T). By Proposition m there is a section vt : {0} x S — F(EY)
satisfying vT (7k) = v+ (k). Extend this section to v : [0, 7] x §' — F(E1). Then for k% € {0, 7}
there are G(m, k) € U(m) such that v™ (m, k3)G(m, k3) is real, because H(m,k3) is real. Pick a
loop G(r,-) : St — U(m) extending G(m,0) and G(m, 7). Let | = W(det G(r,")), then there

ikl 0
exists a homotopy G : [0, 7] x St — U(m) between G(0, k) = (eO I and G(,-). Now let

m—1
+:00,7] x ST — F(E1) be given by wt (k) = vt (k)G(k). Note that w (0, 7ks) = w(0, ky).
Then choose wt (k) := wt(7k) for k € [~m,0] x S*. This gives a frame with all the properties

we wanted. The construction of v~ is analogous. O

Proposition 3.3.11. Let H be in class AI in 2D and E = E+ @® E~ the corresponding bundle.
There are global unitary frames v* : T — F(ET) such that v (k) = vE(k).
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Proof. Let m* = rank(E*). Let v* : T — F(E¥) be frames as in Proposition Let
v = (vt,v7). We need to find a map G : T — U(mt) @ U(m™) such that w = vG is a global
frame satisfying the symmetry property, i.e. v(—m,-)G(—m,-) = v(m, )G (7, ) and v(7k)G(Tk) =
v(k)G(k). So G has to satisfy G(7k) = G(k) and v(m, ko)G (7, ko) = v(—m, ko)G(—7, ko) =
v(m, Tke) G (7, Tk2).

For ko € [0, 7] let us choose G(m, k) = Iy. Then for ko € [—m, 0] the condition

v(m, k2)G(m, k) = v(m, Tho)G(m, Tha) = v(m, Th2) = v(—7, k2)
determines G(7, ko) = Gt (7w, k) & G~ (m,k2) € U(m™) & U(m™) uniquely, since

F(EF)|{_myxst = F(EF)| ryxst-

ik2lE
Let [T = W(det G*(x,-)). There are homotopies f* : [0, 7] xS* — U(m™T) between <e 0 I )
m*

frk) 0
0 f(k)
G(0, kz). Extend G to T through G(7k) = G(k). Then G has all the properties we needed. [

and G*(,-). For k € [0,7] x S* choose G (k) = ( ) Then G satisfies G(0, 7k2) =

Theorem 3.3.12. The index for class Al in 2D must be trivial.

Proof. Let H be in class Al. By Remark we may assume that H only has eigenvalues +1.
Let E = ET @& E~ be the corresponding bundle and let m = rank(E™'). Let v = (vF,v7) be
a global section as in Proposition By continuity, W,, (detv) = W,,(detv) = I and
W,,(detv) = W, (detv) = I1. Let

w(k) = v(k) (sgn(det 0(0,0))e" kil e=ikela ) |

0 In—1

Then w is again a frame as in Proposition [3.3.11] Note that

H(E) = w(k) (Hm 0 )w(k)*.

0 _]Ime

Moreover, the frame w satisfies 0 = W,,(detw) = 2Wailo (detw). Thus at all fixed points
of the torus, detw has the same sign. Since at k = (0,0) the sign is positive, we have that at
all fixed points w(k*) € SO(N). Note that w satisfies the hypotheses of Proposition (1)
with f being the complex conjugation, I = Iy, w = G : T — U(N). So we obtain @ such
that w(k*) = Iy. By the reality condition at the fixed points, the winding number of det w
on any ;o is still zero. Thus (ii) of Proposition is satisfied and we obtain a homotopy

F:T x[0,1] - U(N) between w and I such that F(rk,t) = F(k,t). Then

F(k,t) (Hm 0 ) F(k,t)*

0 _]IN—m
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I 0
is a homotopy between H and ( 81 I > which preserves the spectral gap and the sym-
—AIN—-m

metry property. ]

3.4 BDI

Definition 3.4.1. Let H = {H(k) : k € T?} be a continuous family of self-adjoint operators on
CN with spectral gap 0 ¢ o(H(k)) for all k € T¢. We say that H belongs to symmetry class
BDI if there are operators ©,% : CN — CV such that

(i) ©,% are antiunitary,
(i) ©2 =%2 =1,

(iii) for all k € T,
H(tk)Y = -XH(k) and H(7k)® =0©H(k),

(iv) % =20 =11
Note that II is unitary, squares to the identity and H(k)II = —I1H (k).

Remark 3.4.2. Let H be in symmetry class BDI. By Proposition [3.2.2] we can choose a basis
such that II = I,, ® —1I,,, hence N = 2n. Write © = UC' and ¥ = SC for unitary matrices U
and S and the complex conjugation C'. Since OII = I10, we have

A
v= (")

where A and B are n x n-matrices. The blocks A and B are unitary because © is antiunitary.
Moreover, ©% = 1 implies that A and B are symmetric. By Autonne-Takagi factorisation, there
exist unitary matrices Q1 and Qs such that Q1 AQT =1, and Q2BQL =1,,. Let

(@ 0
Q(O Qz>'

Changing the basis by @1, we obtain IT = QII,;qQ ' =1, ® —I, and U = QU,1qQT =1, & 1,,.
Consequently, S = UIl = I,, ® —1I,,. Moreover, {II, H(k)} = 0 implies

[0 (k)
H(k)-(h(k) . > (3)

for some continuous h : T — GL(n). The condition ©H (k) = H(7k)© gives

h(tk) = h(k). (4)

Note that for given symmetries O, Y, II we can choose a basis such that the family H belongs
to class BDI if and only if H satisfies Eq. and .
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We want to classify the continuous families H in dimensions 0,1, and 2 satisfying Eq. and
(). In 0D, the condition in Eq. becomes h € GL(n,R). Since GL(n,R) has two connected

components distinguished by the sign of the determinant, we can define the index as follows:

Definition 3.4.3.

This explains the Zs entry in Table 1| for BDI in OD. In 1D, an index can be defined through

Definition 3.4.4.

Example 3.4.5. Note that

satisfies Eq. for any [ € Z. The family H given by Eq. then has index Z},,,(H) = .

Thus, the index I}; py can attain all values in Z.

Remark 3.4.6. Note that there is a relation between the indices I% pr and I}B pr- The 1D-index

is even if and only if the 0D-indices a the fixed points are equal.
Proposition 3.4.7. The 2D-index for BDI vanishes, explaining the entry 0 in Table[]

Proof. Suppose H; and Hj lie in the class BDI in 2D with IV internal degrees of freedom and that
the lower dimensional indices agree, i.e. the 0D-index agrees at all fixed points and the 1D-index
agrees on ~y; for i € {1,2,3,4}. There is a map G : T — GL(n) such that G(k)ha(k) = h1(k).

Eq. implies G(7k) = G(k). Since the 0D-index agrees at all fixed points k*, we have
sgndet G(k*) = 1. Eq. (4] also implies W|(_r oj(det h1],,) = W|[g (det h1],,). Thus,

QW‘[O,W] (det hl’%‘) = IEDIUM‘%) = I%DI(hQ"Yi) = QW‘[O,W] (det h2’%‘)7

and we conclude that Wig (det G|,) = 0.

Thus G satisfies the assumptions of Proposition with X = GL(n), I =1, and f being
the complex conjugation. So we obtain a homotopy Fp, which by the reality condition at the fixed
points has winding number Wi_, o (det F1 (-, 1)|,) = Wio x(det F1(-,1)],,) = Wi A (det G|,,) =
0 for every t. Thus G=F 1(+, 1) satisfies the assumption of part (ii) of Proposition and since
m2(GL(n,C)) = 0 by Proposition we obtain a homotopy F» between G and I,, satisfying

Fy(Tk,t) = Fy(k,t). Then we can define h(k,t) := Fy(k,t)ho(k), which defines a homotopy

between hy and hg satisfying h(7k,t) = h(k,t). Thus H; can be deformed into Hy while keeping
the symmetry and the spectral gap intact. Hence, the 2D-index for BDI vanishes. O
3.5 D

Definition 3.5.1. Let H(k) for k € T be a continuous family of self-adjoint operators on C
with spectral gap 0 ¢ o(H(k)) for all k € T¢. We say that H has even particle-hole symmetry
if there is an operator ¥ : CV — CV such that

(i) X is antiunitary,
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(iii) for all k € T,
SH(k) = —H(rk).

Let P~ (k) be the Fermi projection and P* (k) the projection associated to o(H) N (0, 00).
Let E*(k) = {(k, P (k)(CY))}.

Proposition 3.5.2. The projections satisfy P~ (7k)¥ = P (k).

Proof. Let H=3xHx ! Denoting by H = )", APy the (unique) spectral decomposition of H,
that of H is H = o )\]5,\, where ]3>\ = Y P\ X!, since A € R and the ﬁA remain orthogonal
projections. Thus PT = S PTY! for P+ = Y a0 Pa. Apply this to H = H(k), H = —H(7k).

O

Thus a family of Hamiltonians with even PHS induces a bundle satisfying the following

definition.

Definition 3.5.3. A bundle with even particle hole symmetry is a vector bundle of the form
E=Et®FE =TYxC" with an antiunitary map ¥ : CN — C" such that

(i) the fibres E*(k) and E~ (k) are orthogonal subspaces of CV for every k € T,
(i) ¥? =1,
(iii) the orthogonal projections P*(k) onto E* (k) satisfy P~ (tk)X = ZP* (k).

Remark 3.5.4. If we take a bundle with even particle hole symmetry, then H(k) := 2P (k) —1
is unitary, self-adjoint and satisfies ﬁ(Tk)E = —Ef[(k), i.e. it has all the properties that the

original family of Hamiltonians had.

Remark 3.5.5. Because ¥.2 = 1 is bijective, ¥ defines a bijection between (Ej)" and (E,;)~.
Thus rank(E™) = dim ET (k) = dim E~(7k) = rank(E ™). So rank(FE) = N =: 2n is even.

Remark 3.5.6. We can write > = SC for a unitary S and a complex conjugation C. Moreover,

s=(2 ).
L, 0

Proof. The condition ¥? = 1 implies that S is symmetric. Thus by Autonne-Takagi factorisation,
there is Q1 € U(2n) such that Q15QT =1Ts,. Let

0y — 1 (1, i,
V2 \r, —il,)’

Changing basis by Q21 brings the matrix S into the desired form. O

we may assume that

0

n

1D. Let E = ET @ E~ be a bundle with even PHS in 0D or 1D. There is a global frame v™ of

I
From now on we will assume that S = ( g) . First, let us study the situation in 0D and
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E* and we define a frame of E~ by v~ (k) := vt (7k). Then v(k) = (v*(k),v™(k)) is a frame

of E = ET ® E~ satisfying
0 I
v(Tk) = Sv(k) (]1 (;‘) : (5)

Remark 3.5.7. Let v be a unitary frame satisfying Eq. . At the fixed points 7k* = k* where
v is defined, the number det v(k*) € {£1} is independent of the frame. So for a 0D-bundle
E in class D with v € F(F) satisfying Eq. , the 0D-index is given through Z%(E) = detv.
The 1D-index for a bundle E over S with symmetry D can be defined through I} (E) =
det(v(0)) det(v(m)), where v is any frame satisfying Eq. . Note that the indices Z% and T},
are related. The 1D-index is trivial if and only if the OD-indices at the fixed points are equal.

Proof. Suppose that we have two unitary frames v, w as in Eq. , let k* be a fixed point of 7. By

0 I -
(? C, so taking the determinant of Eq. (5| gives det v(k*) = det v(k*).

n

Since v is unitary, det v(k*) € {&1}. The frames have the form w(k*) = (w™*(k*), Sw™ (k*)) and
=

assumption X = (

v(k*) = (v (k*), vt (k*)). There is a unitary matrix U € U (n, C) such that wt (k*) = v (k*)U.
Therefore,
U 0
w(k™) = v(k* — -
(k) = (k) (0 U>
U 0
Note that det 0 Tl " 1. Thus, det w(k*) = det v(k*). O

Now we move on to the 2D case. Our aim is to define an index for bundles with even PHS over
T = S x §'. The idea is to look at the cut torus T as in [2]. Let E be a bundle with even PHS.
It induces a bundle E = E* @ E~ on T. By Proposition there is a frame v+ : T — F(ET)
from which we obtain v~ (k) := Yot (rk), a frame of E~. By setting v(k) = (v (k),v (k)
we obtain a frame v : T — F(E) satisfying Eq. (5). Let v® (7, ko) = v (=, ko)T¥ (ko) and
v(m, ko) = v(—m, ka)T (k). Note that

(TH(ks) 0
T<k2>_( ( T_(k2)).

Proposition 3.5.8.
T~ (ko) = (T (~k2)) ™"

Proof. We have vt (m, ko) = vt (—m, ko)T (ka). Applying ¥ gives v~ (—m, —kg) = SvT(m, ko) =

(vt (=7, k) TF (ko)) = (vt (—7, k2))T+ (ko) = v~ (m, —k2) T+ (k). Thus,
v (m, —k) = v (=7, —ko)(TF (ko)) ™' = v (=7, —k2) T~ (—k2).

Hence, T~ (—ko) = (T (ko)) L. O

Remark 3.5.9. We may always assume the frames to be unitary. For unitary frames, Propo-
sition simplifies to T~ (ko) = TF (—ko)T.

Definition 3.5.10. Define the index of E as Z3(E) := W(det(T7)).
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Remark 3.5.11. Note that for the index I,%x for symmetry A we have
IH(E) = IA(E).
+

In particular, I,% is well defined, i.e. independent of the frame v ™.

Lemma 3.5.12. There is a unitary frame v : T — F(E) satisfying

v(tk) = Xv(k) (]IO Hg) ,

and v(—m, k3) = v(m, k3) for k3 € {0,7}.

Proof. Let v: T — F(E) be a unitary frame with

o(rk) = So(k) (]10 Hg) |

Then

Note that v~ (—m,0) and Yo' (—m,0) both lie in F(E_, ). So there is a G(0) € GL(n)
such that v~ (—m,0)G(0) = v (—m,0). Analogously, there is G(—m) € GL(n) such that
v (—m, —m)G(—7) = Yot (—m, —m). Since GL(n) is path connected, we can find a path ~ :
[—7,0] = GL(n) connecting G(—=) and G(0). Let 7 : S — GL(n) be an extension of v defined
through 7(k) = ~v(—k) for k € [0,7]. Then det” has winding number zero. Thus, there is a
homotopy G : [—m,0] x S* — GL(n) such that for all ky € S* we have G(—, ks) = J(k2) and
G(0,ky) =1,. For k = (ky, ko) € [-7,0] x S! now set

Then

Now extend w to T through

w(ky, ko) = Xw(Tk) (]IO Hg)

0 I,
for k1 € [0,7]. This is well defined, because w(0, k2) = v(0, k2) = v (0, —k2) (H 0)' More-
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over,

So w is a frame with all the properties we wanted. ]

Given a bundle F with even PHS over the 2-torus T, one can obtain bundles with even PHS
over S' by restricting the base space. Let 1 := {0} x S',v5 := S! x {7}, 73 := {7} x Sty :=
St x {0}. We call v; and 7;42 parallel for i = 1,2. For all i, the bundle E,, has even PHS
over S! and we can thus look at Z},(E,,). Note that H?Zl Z).(E,,) = 1, because every fixed
point 7k* = k* is counted twice. Thus up to cyclic permutation, we have the following four
possibilities for (Z},(E,,)){: (1,1,1,1), (-1,-1,-1,-1), (1,—1,1,-1) and (1,1,—1,—1). In
the first three cases, the 1D-index agrees on parallel ;. In the last case, the 1D-index is different

on parallel ~;.

Theorem 3.5.13. Let E be a bundle over T with even PHS. If the 1D-index I(E) agrees on
parallel ~v; then the 2D-index I%(E) 1s even. If the 1D-index is different for parallel ; then the
2D-indezx is odd.

Proof. Let v be a unitary frame as in Lemma [3.5.12} On [—7,0] x S! define
w(kl, kQ) = (’U+(k‘1, kg), 1}1_(/61, kg), ceey U;_l(kl, kg), U;(kl, kQ) det U(kl, kz)_l det ’U(O, kQ))

Then det w(ky, k2) = det w(0, ko) and w(0, ko) = v(0, ko) for all ky € [—7,0] and ke € S*. Note
that for k* € {0, 7} we have

w(—m, k) = v(—, k) (H%‘l 0 ) .

0 ZIH(Elsxigy)

Extend w to T through

w(ky, ko) := Xw(Tk) (]IO Hg)

for (ki,ko) € [0,7] x S'. Note that w is well defined at k; = 0 and that detw(ky,ks) =
det w(0, k2) holds also for k; € [0,7]. By Proposition the transition matrix 7'(kg) with
w(—m, ko)T (k2) = w(m, ka) is of the form

(T (k) 0
Tlha) = ( 0 T(k2)> '

Since w is unitary, det T~ (ko) = €**2) for some continuous « : S — R/27Z. Moreover, for
all ko € S! we have det T(k2) = 1 because detw(—m, ko) = detw(0, ko) = detw(m, kz). This
implies that 1 = det T~ (ko) det(T—(—ko)) ™! = e?@k2)eia(=h2) ‘i e a(ky) = —a(—ky) mod 277Z.

Hence det T~ winds by the same amount from — to 0 as from 0 to 7, i.e. Wi_r g(detT™) =
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Wio,x)(det T7). For k* € {0, 7} we have

I, Ty, I
w(m, k*) = Yw(—m, k") 0 = Yvu(—m, k%) -l ) 0 0
I, 0 0  Zp(Elsixgwey)) \In 0
L,\ (I I,
= v(m, k%) 0 2n—1 ) 0 0
I, 0 0  ZIp(Elsixgrey)/) \In 0
I\ [Ion_ I,
T nh 0 0
I, 0O 0 ZIp(Elsixgry)) \In 0
* H?n—l 0 0 I[n ]1271—1 0 0 ]In
= w(—ﬂ',k ) 1 1 )
0  ZIp(Elsixgrey)/) \In 0 0  ZIp(Elsixgrey)) \In 0

where we used that v(m, k*) = v(—m, k*) by assumption. Thus,

() = 0
0 Zh(Bleiepy))

In particular, if the 1D-index agrees on parallel 7;, then det T~ (0) = det T~ (7). Then, the
winding number Wy j(det T~) is an integer and thus Z7(E) = 2Wjg (det T) is even. If the
ID-index differs on parallel 7;, then det 7~ (0) = —det T~ (7) and Wy r(detT™) = 1 mod Z.
Hence, Z%(F) is odd in this case. O

Remark 3.5.14. Theorem describes the relation of the Zs-index in 1D and the Z-index
in 2D for symmetry D. In [12] this relation is viewed from a different perspective. For any
symmetry, any Zs-index in dimension d can be defined from the Z- or the Zs-index Z%t! in
dimension d + 1 through so-called dimensional reduction. The idea is as follows: Given d-
dimensional vector bundles E7, F5 in a certain symmetry class, it is possible to construct a
(d + 1)-dimensional bundle E(E1, E5) in the same symmetry class, which agrees with E; over
{0} x T and is equal to E5 over {m} x T%. The resulting (d + 1)-dimensional bundle E is not
unique, but the parity of Id+1(E) is. Let Ejy denote a trivial d-dimensional vector bundle in
the symmetry class, e.g. a vector bundle corresponding to constant Fermi projections. One can
define Z4(E,) := T (E(E, Ey)) mod 2.

In this context, Theorem shows that Ill) is precisely the index one can obtain from l%
through dimensional reduction. Remarks and provide examples for this relationship
between 0D- and 1D-indices.

3.6 DIII

Definition 3.6.1. Let H = {H(k) : k € T%} be a continuous family of self-adjoint operators on
CN with spectral gap 0 ¢ o(H(k)) for all k& € T¢. We say that H belongs to symmetry class
DIII if there are operators ©,% : CNV — CV such that

(i) ©,% are antiunitary,

(ii) ©2 = -1 and ¥? = 1,
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(iii) for all k € T,

H(tk)Y = -XH(k) and H(tk)© =©H/(k),
(iv) ©% =20 =1L
Note that IT is unitary, 1 = —1 and H (k)II = —I1H (k).

Remark 3.6.2. Let H be in symmetry class DIII. Let P denote the Fermi projection. Then
ﬁ(/{:) := 2P(k) — 1 is self-adjoint, unitary and squares to 1 and belongs to the class DIII.
Moreover, any self-adjoint, unitary matrix K with K? = 1 can be written as K = 2P — 1 for

some projection P.
Remark 3.6.3. Let H be in class DIII. Then H is equivalent to the corresponding H.

Proof. Note that the homotopy F' constructed in the proof of Remark satisfies F'(7k, t)II =
T (K, t). O

Definition 3.6.4. A bundle in class DIII is a vector bundle of the form E = Et@E~ = T¢xCN
with antilinear maps ¥,0 : CV — C¥ such that

(i) the fibres E*(k) and E~ (k) are orthogonal subspaces of C"V for every k € T?,

(ii) X2 =1and ©2 = —1 and II := X6 = O,

(iii) the orthogonal projections P* (k) onto E* (k) satisfy P~ (7k)X = X P+ (k) and PT(7k)0 =
ort(k).

Note that II is unitary, II? = —1 and P~ (k)II = I[IP* (k).

Remark 3.6.5. Let H be in class DIII. Let P~ (k) be the Fermi projection and P* (k) the

projection associated to o(H) N (0,00). Let E*(k) = {(k, PT(k)(CN))}. Then we obtain a

bundle in class DIII. Conversely, from a bundle in class DIII, we can define H (k) := 2P" (k) — 1

which is a continuous family of self-adjoint operators in class DIII.

Remark 3.6.6. Let H be in symmetry class DIII. By Proposition we can choose a basis
such that II = il,, & —il,,, hence N = 2n. Since OII = 11O, if IIv = iv, then IIOv = OIlv =

©iv = —iOv. Thus from a basis B = (b1,...,b,) of the eigenspace Ey;, we obtain a basis
(—Oby, ..., —Oby,) of En _;. In this basis, we have © = UC for the complex conjugation C' and
U= 0 In .
-I, 0

Moreover, {IL, H(k)} = 0 implies

o (0 k)
H(k:)-(h(k) . ) (6)

for some continuous A : T¢ — U(n). The condition OH (k) = H(7k)© gives
h(rk) = —h(k)T. (7)
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Note that for given symmetries ©, 3., IT we can choose a basis such that the family H belongs

to class DIII if and only if H satisfies Eq. @ and .

We want to classify the continuous families H satisfying Eq. @ and in dimensions 0, 1,
and 2. In 0D, the condition in Eq. is equivalent to h being antisymmetric. Since h has to

be invertible, it must have even rank n = 2m. First, we need the following result.

Proposition 3.6.7. The set of antisymmetric matrices in U(2m) is path-connected.

0 1
Proof. Let € be the matrix with m blocks of the form ( O) on the diagonal. Let Ay, Ay be

two antisymmetric matrices in U(2m). Then there exist Q1, Q2 € U(2m) such that 4; = Q;eQT
for i = 1,2 [15]. Since U(2m) is path-connected we can also choose a path Q(¢) from @1 to Q2 in
U(2m). Then A(t) = Q(t)eQ(t)T is a path form A; to As in the set of antisymmetric matrices
in U(2m). O

Thus, the 0D-index for DIII vanishes. In 1D we want to define an index for bundles in class
DIII.

Proposition 3.6.8. Let E = EY®E™ be a bundle in class DIII in 1D. Note that rank(E) = 4m.
Then, there exists a unitary frame vt : S — F(EY) satisfying

ovT (k) <—§I) H(?) =t (1k). (8)

Proof. First, we show that we can pick such a frame at the fixed points k* € {0,7}. Let
vE F(Ekt) Then, also Ov € F(E’,j*) and the vectors v and Ov are orthogonal because ©2 = —1.

Therefore, we can inductively choose unitary frames of E,j* of the form
(v1(E")y ooy v (%), Ouy (K7), ..., Ovp (E7)).

Now we can interpolate with a section v* : [0,7] — F(E™) between v*(0) and v* (7). Then
define v on [—m, 0] by Eq. . For details see the proof of Proposition m O

Let E = ET®E~ be a bundle in class DIII. We may pick a basis such that II = ils,, ® —ila,,.
0 h(k)*

Then H(k) := 2P*(k) — 1 has the form H(k) = <h(k) 0

) for h(k) : T* — U(2m). Thus,

any (local) frame v of E* is of the form

ot (k) = 1 w(k)
=17 (h(k)w(k)) ’

for some continuous w(k) € U(2m).
In the case d = 1, pick a global frame as in Proposition m The corresponding w : S* —
U(2m) then satisfies

h(rk)w(rk) = —w(k) <_§ Hg) . (9)

We define the 1D-index as follows.
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Definition 3.6.9. Let E = ET @ E~ be a 1D-bundle in class DIII. Pick a basis B such that
II = illy,, ® —ily,, and choose a global frame v* of ET as in Proposition We then have

k
vt (k) = % <g§k§> , where w(k) : S — U(2m). Define the index as

Zh(E) := W(detw) mod 2.

Proposition 3.6.10. The index I})IH is well defined, i.e. independent of the choice of B and

vt

Proof. Let E= ET@®E~ be a 1D bundle in class DIII. A different choice of the basis B amounts

A 0
to a change of basis by M = 0 i € U(2m) ® U(2m), because II has to stay the same. In

the new basis, then w(k) = A~ wyq(k) A, thus leaving W(det w) unchanged. The index is also

. . k) ~ z(k)

independent of the choice of v*: Suppose vt (k) = L wl and o7 (k) = L are
p PP (k) = 7 <@(k) (k) = 5 (k)

two unitary frames of ET as in Proposition m Then there is G : S — U(2m) such that

w(k)G (k) = z(k). Then by Eq. (9, we have

e <_0]1 Hg”) G(rh) = h(rk)w(rk)G(rk) = h(rk)=(rk)

(0 L e (0 Iy
= —2(k) (_Hm 0>_ ®)G (k) (_Hm O).

0 Iy (0 I,
(_Hm 0>G<Tk>_a<k> (_Hm 0).

At the fixed points G is symplectic, so Wig (det G) € Z. Moreover, det G(7k) = det G(k).
Thus, W(det G) = 2W)y »)(det G) € 2Z and W(det z) = W(detw) + W(det G) = W(det w)
mod 2. Therefore, the index is well defined. O

Thus

In [12] a 1D-index for DIII is defined directly for the continuous family H. It can be calculated
as follows. Let h : S1 — U(2m) be a block corresponding to H. The symmetry condition in
Eq. (7) implies that h is antisymmetric at the fixed points, so the Pfaffian Pf(h(k*)) is well-
defined. Choose a continuous path « : [0, 7] — C\ {0} such that a(k)? = det(h(k)). Then, the

Z(H) _ Pf(h(m)) _(0)

index is given by (—1) alr) PIH0))”

Remark 3.6.11. Let H be a family in DIII and let k : S — U(2m) be a corresponding block.
Then H is equivalent to a H which admits a block k : §* — U(2m) with det h(k) = 1.

Proof. Let a : [0,71] — C\ {0} be continuous and such that a(k)*™ = det(h(k))~!. Let f(k,t)
be a homotopy between the constant map 1 and a(k). Then

F(k,t) = h(k)f(k,t) for ke [0,n]
o h(k)f(rk,t) for k € [m,2x]
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defines a homotopy respecting the symmetry condition in Eq. 1D and h:=F (-, 1) has the desired
properties. O

Proposition 3.6.12. The indices 111)1[1 and T agree.

Proof. Let H be a family in DIII and let o : S! — U(2m) be a corresponding block. By
Remark [3.6.11]it suffices to show that the two indices agree if det h(k) = 1. In this case we have

(—1)2(1{) = g%z%g);, which indeed takes values in {41} since Pf(h(k))? = det h(k) = 1. On the

other hand, Eq. (9) implies det w(7k) = det w(k). So W(det w) = 2Wj 1 (det w), i.e. W(det w)

det w(m) W(detw) _ detw(m)
det w(0) det w(0) *

Moreover, Eq. @D also implies

is even or odd iff = 1 or —1 respectively. This means that (—1)

h(rk) = —w(k) (_(; Hg) k)

- I,
Using that Pf(BABT) = det(B)Pf(A) we obtain Pf(h(7k)) = det(w(k))Pf ( O]I 0 ) Thus,

Jente) — DRER, and we have (—1)Tbir() = (—pWetw) — HOE — (120D, Therefore,

the two Zs-indices agree. d

Now we consider the situation in 2D for DIII.

Definition 3.6.13. Let £ = E* @ E~ be a 2D-bundle in class DIIIL. In particular, F has time

reversal symmetry. So we can define
DIIT =Larr\),

where Z?%,; is defined in Section
Proposition 3.6.14. Let E = E* ® E~ be a 2D-bundle in class DIII. There is a unitary frame

v:T — F(ET) satisfying
0 -I,
Ov(k = k
o ><Hm 5 ) ofrh

and v(—m, k*) = v(m, k*) for k* € {0,7}.

Proof. Let rank(E) = 4m. Pick sections v : {0} x ' — F(E*) and w : {n} x S — F(E*) asin
Proposition We may extend the v to a section v : [0, 7]xS! — F(E*). Then for k% € {0, 7}
there are G(k3) € U(2m) such that v(m, k3)G(k3) = w(m, k3). Let G : [0, 7] — U(2m) be a path
connecting G(0) and G(w) and for k € [-m,0] let G(k) = G(—k). Then W(detG) = 0 and
thus there is a homotopy G : [0,7] x S! — U(2m) between Iy, and G. Now for k € [0, 7] x S
set o(k) = v(k)G(k). Then o(m kj) = w(m, k%) and ¥(0,-) = v(0,-). Now extend ¥ to T
through v(7k) = 0v(k) 0 n . Then v(—m, k3) = v(m, k), so v is a frame of the form we

m

wanted. O

Theorem 3.6.15. Let E = ET ® E— be a 2D-bundle in class DIII. Then
Th11(E) = Zpri(Ely,) + Zhr(Ely,) mod 2.
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(—m,m) (m,m)

Y2
C
Y
C, A
(_777 O) V4 (77’ 0)
(=, —) 2 (m, )

Figure 1: The curves C, C; and Cs on the cut torus T = [—, 7] x S! with (-, k*) and (7, k*)
identified for k* € {0, 7}.

So the 2D-index is trivial iff the 1D-indices on parallel ; agree.

Proof. Let rank(E) = 4m and let v be a frame of ET as in Proposition Let T :
St — U(2m) be given by v(—m, ko)T(k2) = v(m, ko). Then T(0) = T(n) = Iy, and by
Remark the 2D-index is Z3;;;(E) = Z3;;(E) = Wy (detT) mod 2. We can write
a1 (w(k)
V2 \ @(k)
det T'(k2) = det w(r, k2) det w(—m, k2) ™. Hence,

), for w(k) € U(2m). Note that w(—m, k2)T(k2) = w(m, k) and thus

Ih111(E) = Wiz (det(w(r, ) = Wiz (det(w(—,-))) mod 2.

We can view w as being defined on the cut torus T with the points (—m, k*) and (7, k*) identified
for k* € {0, 7}.

Consider the curve C as in Figure[I] Let W¢ be the winding number of det w along C. By
shrinking the curve C to the curve C; depicted in Figure [I} we see that

W = Wi xj(det(w(m, ) — Wig xj(det(w(=, -))).

In particular, I%HI(E) = W¢ mod 2. By enlarging the curve C to Cs as in Figure |1} we note
that
We = W(det w|y,) — W(det w|,).

Hence, Wo = Z},;;1(Elv,) — Zhyp(Ely,) mod 2. So we have
Ih(E) =We mod 2 = ZIpyy(Ely,) + Zhypr(Ely,) mod 2,

which proves the Theorem. O
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3.7 AII

This symmetry class is treated in [2]. Here we only mention the definitions and properties

relevant to symmetry DIII.

Definition 3.7.1 (Cf. Definition 2.4. in [2]). Let H(k) for k € T be a continuous family of
self-adjoint operators on CV with spectral gap u ¢ o(H(k)) for all k € T¢. We say that H has

odd time-reversal symmetry if there is an operator © : CN — CV such that
(i) © is antiunitary,
(i) ©2 = -1,

(iii) for all k € T,
©H (k) = H(tk)O.

Definition 3.7.2 (Cf. Section 4.3. in [2]). A bundle with odd time-reversal symmetry is a vector
bundle of the form E = ET @ E~ = T?% x CV with an antilinear map © : CN — C" such that

(i) the fibres E*(k) and E~ (k) are orthogonal subspaces of CV for every k € T¢
(i) ©2 = —1
(iii) the orthogonal projections P*(k) onto E* (k) satisfy P*(rk)© = O P*(k)

Lemma 3.7.3 (Lemma 4.5 in [2]). Let E be a bundle in class AII in 2D. Let € be the matriz

0 1 .
with blocks < O) on the diagonal. There are unitary frames v* : T — F(ET) satisfying

vE(Tk) = OvE(k)e.

Let n = rank(E™) and let T : ST — U(n) be the transition matrix determined by v (7, ko) =
v (=7, ko)T(k2). The Zs-index I defined in [2] for bundles in class AII only depends on the
winding of the eigenvalues of T, see Eq. (16) and (25) in [2].

Remark 3.7.4. By reordering the basis vectors we can obtain unitary frames v* : T — F(E*)

1 R 0 L=
v (Tk) = Ov=(k) (-Hmﬂ: 0 ) ,

satisfying

where 2m* = rank(E7T). This leads to a slightly different transition function Tp = PTP~!,
where P is the permutation matrix with columns (e, €,,+ 1, €2, €+ 12, .- €+, Eopy+ ), Where €;

denotes the i-th standard basis vector of C2™". Since Tp and T are conjugate, they have the
same eigenvalues and thus Z(Tp) = Z(T) = Z(E).

Definition 3.7.5. Let (—1)Tau(®) .= T(E).

Remark 3.7.6. From the definitions in [2] it follows that if 7'(0) = T'(7), then

Z%,(B) = Wi, (det T)  mod 2 = Wig r(det Tp) mod 2.

29



3.8 C(CII

Definition 3.8.1. Let H = {H(k) : k € T?} be a continuous family of self-adjoint operators on
CN with spectral gap 0 ¢ o(H (k)) for all k € T¢. We say that H belongs to symmetry class CII
if there are operators ©,% : CV — C¥ such that

(i) ©,% are antiunitary,
(i) ©2 =%2% = —1,
(iii) for all k € T,
H(tk)Y = -XH(k) and H(tk)®© =©H/(k),
(iv) O = ¥ =1L
Note that IT is unitary, squares to the identity and H (k)II = —I1H (k).

Remark 3.8.2. Let H be in symmetry class CII. Let P denote the Fermi projection. Then
H (k) := 2P(k)—1 is self-adjoint, unitary and squares to 1 and belongs to the class CII. Moreover,
any self-adjoint, unitary matrix K with K? = 1 can be written as K = 2P—1 for some projection
P.

Remark 3.8.3. Let H be in class CII. Then H is equivalent to the corresponding H.

Proof. Note that the homotopy F constructed in the proof of Remark satisfies F'(1k, )2 =
—XF(k,t) and F(7k,t)© = OF(k,t). O

Remark 3.8.4. Let H be in symmetry class CII, let H be as in Remark By Proposi-
tion [3.2.2] we can choose a basis such that IT = I,, & —I,,, hence N = 2n. Since XII = I, if ITv =
v, then also IIXv = XIIv = Yv. Because ¥2 = —1, the vectors v and Yv are orthogonal. Thus
one can choose a orthonormal basis of the eigenspace E; of the form (v, ..., Um, Xv1, ..., )
and similarly for Er; 1 we can choose a basis (wi, ..., Wy, —Xwi, ..., —Xwy,). Thus N = 4m and

in this basis, we have > = SC for the complex conjugation C' and

for some continuous h : T% — U(2m). The condition SH (k) = —H(7k)Y gives

h(Tk) (_3 H(’)”) = (_0]1 1(7)”) h(k). (11)
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Note that for given symmetries ©, 3., IT we can choose a basis such that the family H belongs

to class CII if and only if H satisfies Eq. and in some basis.

We want to classify the continuous families H satisfying Eq. and in dimensions 0,
1, and 2. In 0D, the condition in Eq. is equivalent to h” being symplectic, i.e.

b 0 I, BT 0 Iy .
=L, O L, O
Since the symplectic group is connected [5], the 0D-index for CII vanishes. In 1D, an index can

be defined through

Definition 3.8.5.

This is very similar to the situation for class BDI. However, the index can take only even

values.
Proposition 3.8.6. For 1-dimensional H in class CII, the index T};;(H) is even.

Proof. At a fixed point k* € {0,7}, h is symplectic and thus has det h(k*) = 1. Hence,

W07 (det h) is an integer. Moreover, det(h(7k)) = det(h(k)) implies that W|;_ o(det h) =
Wio.x(det h). Thus, T/ (H) := W(det h) = 2W|jy -(det h) € 2Z. O

Example 3.8.7. Note that

0 0 0 Ln-a

satisfies Eq. for any [ € Z. The family H given by Eq. then has index T}, (H) = 2I.
Thus, the index Ié 77 can attain all values in 2Z.

Proposition 3.8.8. The 2D-index for CII vanishes, explaining the entry 0 in Table 1]

Proof. Suppose H; and Hj lie in the class CII in 2D and that the lower dimensional indices
agree, i.e. the 1D-index agrees on ~y; for i € {1,2,3,4}. There is a map G : T — U(2m) such
that G(k)ha(k) = hy(k).

Eq. implies that W|[_ o)(det h1],) = W|(o, 7 (det h1],,). Thus,

2W| (0, (det haly,) = T (haly) = Zérr(haly,) = 2W|jox(det haly,),

and we conclude that W_y g(det G|,,) = Wy n(det G|;) = 0.
Thus, G satisfies the assumptions of Proposition with X = U(2m), I = Iy, and

(5 )
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Therefore, we obtain a homotopy F}7, which by the symplectic condition at fixed points k* has

det Fy (k*,t) = 1. Hence, for the winding number we have
W[—ﬂ,O] (det Fl(': t)"}’i) - W[Oﬂl’] (det Fl(': t)")’i) - W[Oﬂr] (det G"Yz) =0

for every t. Thus, G = F\(-, 1) satisfies the assumption of part (ii) of Proposition and since
m2(U(2m,C)) = 0, we obtain a homotopy F» between G and I, satisfying F»(7k,t) = f(Fa(k,t)).
Then, we can define h(k,t) := F(k,t)ho(k), which defines a homotopy between hy and ho
satisfying h(7k,t) = f(h(k,t)). Thus, H; can be deformed into Hy while keeping the symmetry
and the spectral gap intact. Hence, the 2D-index for CII vanishes. ]

39 C

Definition 3.9.1. Let H(k) for k € T? be a continuous family of self-adjoint operators on C
with spectral gap 0 ¢ o(H(k)) for all k € T¢. We say that H has odd particle-hole symmetry if
there is an operator ¥ : CN — CV such that

(i) ¥ is antiunitary,
(i) ¥? = 1,

(iii) for all k € T,
YH(k)=—H(tk)X.

Remark 3.9.2. The treatment of symmetry C is very similar to symmetry D. The definitions
and proofs work analogously. For proofs that are identical in case C and D we will refer to

symmetry D.

Let P~ (k) be the Fermi projection and P* (k) the projection associated to o(H) N (0, 00).
Let E*(k) = {(k, P*(k)(C))}.

Proposition 3.9.3. The projections satisfy P~ (7k)¥ = P (k).
Proof. Identical to the proof of Proposition O

Thus a family of Hamiltonians with odd PHS induces a bundle satisfying the following

definition.

Definition 3.9.4. A bundle with odd particle hole symmetry is a vector bundle of the form
E=FEt®FE =T%x CV with an antilinear map ¥ : CN¥ — CV such that

(i) the fibres E+(k) and E~ (k) are orthogonal subspaces of CV for every k € T,
(i) ¥2 = -1,
(iii) the orthogonal projections P*(k) onto E* (k) satisfy P~ (1k)X = X P* (k).

Remark 3.9.5. Because ¥? = —1 is bijective, ¥ defines a bijection between E* (k) and E~ (k).
Thus rank(E") = dim E* (k) = dim E~ (7k) = rank(E ™). So rank(E) = N =: 2n is even.
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Remark 3.9.6. We can write > = SC for a unitary S and a complex conjugation C. Moreover,

o (0 —]In>.
I, 0

Proof. The condition ¥? = —1 implies that S is antisymmetric. Let € be the matrix with n blocks

we may assume that

0 1
of the form 0) on the diagonal. Then there exists Q € U(2n) such that QSQT = ¢ [15].

Let P be the matrix P = i(e1, €nt1,€2,€n12, ..., €n, €2,), Where e; denotes the j-th standard

0 -I
PePT = .
L, O

Thus, changing basis by P(@ brings the matrix S into the desired form. 0

basis vector. Then,

0 -I
From now on we will assume that S = <H 0”) .
n

Remark 3.9.7. If we take a bundle with odd PHS, then H(k) := 2P*(k) — 1 is unitary,
self-adjoint and satisfies ﬁ(Tk)Z = —Eﬁ(k), i.e. it has all the properties that the original

Hamiltonian had.

Our aim is to define an index for bundles with odd PHS over T = S x S!. The idea is to look
at the cut torus T as in [2]. Let E be a bundle with odd PHS. It induces a bundle E=EtoE-
on T, which by Proposition admits a frame v+ : T — F(E*). Then we define a frame v~
of £~ through v~ (k) := Yvt(rk). By setting v(k) = (v (k),v~(k)) we obtain frame v of E

satisfying
0 I,
v(Tk) = Xv(k) < I O) .

Let vt (m, ka) = v (—m, ko)T* (ko) and v(m, ka) = v(—n, k2)T(k2). Note that

C(THk) 0
T'(kg) = ( 0 T(k2)> :

Proposition 3.9.8.
T~ (ko) = (TH(—k2))™"

Proof. Identical to the proof of Proposition O
Definition 3.9.9. Define the index of E as T2 (E) := W(det(T7)).
Remark 3.9.10. Note that for the index I,%x for symmetry A we have

IZ(E) = T4(E).

In particular, I% is well defined, i.e. independent of the frame v*.

Remark 3.9.11. We may always assume our frames to be unitary.
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Lemma 3.9.12. For a unitary frame v satisfying

o(rk) = Su(k) (—(1)1 Hg) , (12)

we have det v(k*) = 1 for all fized points Tk* = k* where v is defined.

Proof. At all fixed points k* we have
0 L, 0 I, 0 I
ey =z (5= (0 (%)

We can rearrange this as
0 I 0 I
(kT " (k¥ = .
@i (5 =5 )

Thus v(k*) is a symplectic matrix and thus has det v(k*) = 1. O

Remark 3.9.13. Let d € {0,1}. Let A = diag()\;), where )\; : T — Ry for 1 < i < n.
A(k) 0

0 —A(7k)
Conversely, any H in class C in dimension d can be written in this form.

If v : T — U(2n) satisfies Eq. (12)), then H = v(k) )v(k)* is in class C.

In 0D, Eq. means that the frame v is a symplectic matrix. Since the symplectic group is

Ak 0 I, 0
connected [5], we may deform any H = v(k) (k) v(k)* in class C to ,
0 —A(7k) 0 -I,
while keeping the symmetry and the spectral gap intact. This justifies the entry 0 in Table

(k) 0
0 —A(tk)
v: St — U(2n) satisfying Eq. . By Proposition we can deform v in such a way that
v(0) = v(m) = I, while keeping the symmetry property intact. Let I = W)y rj(detv). For
—ikl
k € [0,7] let v(k) = v(k) ¢ 01 and extend v to S' such that it satisfies Eq. (12).
2n—1
We may replace v by v without changing H. By Proposition m (ii) we may deform v to Ig,

A
Let H be in class C in 1D. We may write H (k) = v(k) ( ) v(k)* for some

n

while keeping the symmetry property intact. So H can be again deformed to while

n

keeping the symmetry and the spectral gap intact, justifying the entry 0 in Table
Now we want to show that the index I2 can only take even values.

Lemma 3.9.14. There is a unitary frame v : T — F(E) satisfying Eq. and v(—m, k) =
v(m, k3) for ki € {0,7}.

0 I 0 I
Proof. Identical to the proof of Lemma|3.5.12[up to replacing all <H 5) with ( g) O
n n

Theorem 3.9.15. In 2D, for any bundle E with odd PHS the index T%(E) is even.
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Proof. Let v be a frame as in Lemma On [—7,0] x ST define
w(k:l, k‘g) = (’U+(k1, kig), U;(kﬁl, ]452), ceny U;ﬁl(kﬁl, kig), U,;(kil, kg) det U(kl, kg)_l det U(O, ]452))

Then det w(ky, ko) = det w(0, ko) and w(0, ko) = v(0, ko) for all k; € [—7,0] and ke € S*. Note
that w(—m,0) = v(—,0) and w(—m, 7) = v(—m,7) by Lemma [3.9.12] Extend w to T through

w(ky, ko) = Xw(tk) (—(])I Hg)

for (k1,ke) € [0,7] x St. Note that w is well defined at k; = 0 and that w is again a unitary
frame of the form as in Lemma [3.9.14] By Proposition the transition matrix T'(k2) with
w(—m, ka)T (k2) = w(m, k2) is of the form

(T (—ke)) 0
T(ke) = ( 0 T—(k2)> :

Since w is unitary, det T~ (ko) = ¢***2) for some continuous « : S' — R/27Z. Moreover, for
all ko € S* we have det T'(ky) = 1 because det w(—m, k) = detw(0, k2) = detw(m, k). This
implies that 1 = det T~ (ko) det(T—(—ko)) ™! = e?@k2)eia(=k2) i o a(ky) = —a(—ky) mod 277Z.
Hence det 7'~ winds by the same amount from —7 to 0 as from 0 to 7, i.e. Wi_, g (detT™) =
Wio,x(det T7). We have w(—m,0) = w(n,0) and w(—m, ) = w(w, ). Thus, T-(0) =T~ (7) =
I, and Wy (det T7) is an integer. So ZZ(E) = 2Wyg »)(det T~) is even. O

3.10 CI

Definition 3.10.1. Let H = {H (k) : k € T?} be a continuous family of self-adjoint operators
on CV with spectral gap 0 ¢ o(H (k)) for all k € T?. We say that H belongs to symmetry class
CI if there are operators ©,% : CN — C such that

(i) ©,% are antiunitary,
(ii) ©2 =1 and X2 = —1,

(iii) for all k € T,
H(tk)Y = -XH(k) and H(tk)®© =©H/(k),

(iv) O =¥0 =11
Note that IT is unitary, 112 = —1 and H (k)II = —11H (k).

Remark 3.10.2. Let H be in symmetry class CI. By Proposition [3.2.2] we can choose a basis
such that II = il,, & —il,,, hence N = 2n. Since XII = 113, if Ilv = dv, then II¥Xv = XIlv =
Yiv = —i¥v. Thus from a basis B = (by,...,b,) of the eigenspace Ery;, be obtain a basis
(—%b1, ..., —3by) of Er ;. In this basis, we have ¥ = SC for the complex conjugation C' and

S:<o ]In)_
I, 0
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Moreover, {II, H(k)} = 0 implies

[0 (k)
H(k)—<h(k) 0 ) (13)

for some continuous h : T¢ — GL(n). The condition L H (k) = —H(7k)Y gives

h(rk) = h(k)T. (14)
Note that for given symmetries ©, 3, Il we can choose a basis such that the family H belongs
to class CI if and only if H satisfies Eq. and .

We want to classify the continuous families H satisfying Eq. and in dimensions 0,

1, and 2. First we need the following result.
Proposition 3.10.3. The set of symmetric matrices in GL(n,C) is path-connected.

Proof. Let A1, Ay be two symmetric matrices in GL(n,C). By Autonne-Takagi factorisation, we
can write A; = QlAlQ{ and Ay = QzAgQg for diagonal matrices A1, Ag and Q1,Q2 € U(n). For
every 1 <1i < n choose a path «; from (Aq); to (Ag);; in C\ {0}. Since U(n) is path-connected
we can also choose a path Q(¢) from Q; to Q2 in U(n). Then A(t) = Q(t)diag(;(t))Q(t)T is a
path form A; to As in the set of symmetric matrices in GL(n,C). O

In 0D, the condition in Eq. is equivalent to h being symmetric. By Proposition |3.10.3

thus the 0D-index for CI vanishes. Also in 1D we want to show that the index for CI vanishes.

Proposition 3.10.4. Let H be a one dimensional family in class CI and let h : S' — GL(n)
be the corresponding block. Then there is a homotopy F : S* x [0,1] — GL(n) between h and I,
satisfying F(Tk,t) = F(k,t)T.

Proof. By Proposition[2.3.2|we may assume that h(k*) = L, for k* € {0,7}. Let l = Wg (det h),
ikl
0
then there is a homotopy F' : [0, 7] x [0,1/2] — GL(n) between h| » and (60 ; ) rel-
n—1
ative to the endpoints. Extending F to S' via F(tk,t) = F(k,t)7, we see that F(k,1/2) =

ei|k\l 0
for k € [—m,w]. For t € [1/2,1] let

0 ]Infl
21-v)ilkll
Flk,t)= (€ .
0 ]In—l

Then F'is a homotopy of the required form. O
Proposition 3.10.5. The 2D-index for class CI vanishes, justifying the entry 0 in Table 1]

Proof. Suppose H lies in the class CI. Let F : S' x [0, 7] x {0} U (72 U~4) x [0,1] — GL(n) be
given through F(k1, k2,0) = h(k1, k2), F|,x[0,1](k,t) = hly, (k) and let F'(k1,0,t) be a homotopy
between h|,, and I,, as in Proposition Since the domain of F is a retract of S x [0, 7] x
[0, 1], we can extend F to S x [0,7] x [0,1] and via F(7k,t) = F(k,t)T also to T x [0, 1]. Thus
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we may assume, that hl,, = I,. Now let f; : S* x [0,1] — GL(n) be a homotopy between
hl|,, and I,, as in Proposition . Note that we can choose f1(0,t) = I, by inspecting the
proof of Proposition Similarly, let f5: S* x [0,1] = GL(n) be a homotopy between h/|,
and I,, as in Proposition with f3(0,¢) = I,. We can find a homotopy F3 : [0,7] x S! x
[0,1] = GL(n) such that F3(k1,k2,0) = h(k1,k2), F5(0,ka,t) = fi(ke,t), F3(m, ka,t) = f3(ka,t)
and F3(k1,0,t) = L,. Note that F3(-,1) is constantly equal to I, on 1 U~3 U 7aljor- Since
m2(GL(n)) = 0, there is a homotopy Fy between F3(-,1) and [,,. Extending both F3 and Fy to
the torus via Eq. , we see that we can deform h to I, while keeping the symmetry property
intact. Thus the 2D-index for CI vanishes. For details see the proof of Proposition [2.3.3] (ii). [

4 Mathematical examples

The aim of this Section is to show that the 2D-indices defined in Section [3| for symmetry classes

A, D, DIIT and C indeed are non-trivial. We construct examples with non-vanishing indices.

4.1 Examples for class A

We want to find a continuous family H : T — CN*V of self-adjoint matrices with spectral gap
at p € R, for which Z3(H) # 0. If H : T — C¥*¥ belongs to class A and either rank(E1) = 0
or rank(E~) = 0, then Z5(H) = 0. Thus for N = 1 the index Z7 is always trivial. Let us

consider N = 2. We can express a family Hy : T — C?*2 of self-adjoint matrices through
Hy(k) = ho(k)Iz + h(k) -,

for ho: T— R, h: T — R3 and h(k)-G = 25’:1 h;(k)o; for the Pauli matrices o;. A calculation
shows that the eigenvalues of Hy(k) are

A (k) = ho(k) £ HE(k)H.

Let us choose ho(k) = p, then the gap condition is satisfied if and only if Hl_i(k:)H # 0. In that

—

h(k)
[ak)|”

case one can define e(k) := — which gives a continuous map e : T — S2. In Section 8.4.

of [13] it is shown that
Ig{(HQ) = deg(e)’

where deg(e) is the degree of the map e. The quotient T/(y2 U ~3) is homeomorphic to S?,
inducing a map ¢ : T — S? with deg(q) = 1. For every [ € Z pick a map f; : S? — S? with
deg(f;) = I. Then choosing h = —fi 0 g, the corresponding Hs has index Z%(Hz) = I. Hence,
every value in Z can be attained by this index. We can extend this example to N > 2, by
considering the direct sum H = Hs @ [y_o, which has index Z3(H) = Z3(H>).

A physical model belonging to class A in 2D is the Haldane model [3]. This model has been

realised experimentally [6].
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4.2 Examples for class D

Let N be a positive even integer. We want to show that for every [ € Z there is a H : T —
GL(N) in class D with Z%(H) = I. Then also the 1D-index Z}, can take non-trivial values by
Theorem [3.5.13]

I, O
For n € Zso let H,(k) = (

0 -I,
belongs to class D, then also H = Hy ® H,, belongs to D and Z%(H) = ZI?(Hp). Thus, it is

enough to consider the case N = 2.

) be a trivial family in class D. If Hy : T — GL(2)

01
For N = 2 we can suppose that 3 = (1 0) C, where C denotes the complex conjugation.

Let us choose the ansatz H (k) = h(k) - & for h : T¢ — S2. Then H belongs to symmetry class
D if and only if
(ha, ha, h3)(Tk) = (=h1, —ha, h3)(K). (15)

Therefore, hy and he vanish at the fixed points of 7. For d = 1 the index is trivial if h3(0) = hs(7)
and non-trivial if h3(0) = —hg(7).

For d = 2 the parity of the index depends on the configuration of 1D-indices on ~; by
Theorem As discussed in Section there are essentially four different configurations.
Since the index is given by the Chern number, it is equal to the degree of h up to a change
of sign. In Figure 2| we sketch maps h leading to a non-trivial index for every configuration in
1D. It is enough to define i on half of the torus, e.g. on [0, 7] x S and to make sure that the
symmetry condition is satisfied on the boundary. Then h can be extended uniquely to the torus
T via the symmetry condition in Eq. .

4.3 Examples for class DIII

We want to find examples in 1D and 2D for which the indices H}) 777 and H% 777 do not vanish.
Since the rank has to be divisible by 4, we first consider N = 4. Following the discussion in

Section [3.6] we want to find a family

0 h(k)*
H(K) = W)
hk) 0
where h : T¢ — U(2) satisfies h(7k) = —h(k)?. The symmetry operators are given by I =

I 0 0 I
il 2 and © = ) c.
0 —I I 0
By Remark [3.6.11] we may assume that det h(k) = 1, which means that there is a map

f:T — 8% C R?* with components f = (a,b, ¢, d) such that

k) = a(k) 4+ id(k)  b(k) + ic(k)
—b(k) +ic(k) a(k) —id(k)] "

The condition h(7k) = —h(k)” implies that b(7k) = b(k) and (a,c,d)(1k) = —(a, c,d)(k).
In 1D, the index will be trivial if b(0) = b(7) and nontrivial if 5(0) = —b(w). Concretely, we
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(—7T, _ﬂ)

() (Zp(By)iza = (=

(_ﬂ-a 7[')

(—7T, _ﬂ)

(b) (Zp(Ex,))izy = (

(_ﬂ-a 7[')

(_Wa _ﬂ)

(d) (Zp(

V2

\74
>

nyl

3

7T—7F I

9 ) )

1,1,1,—1). The map h sketched here has degree 1.

4

E’Yi))':

?

N N
Y2
4
>
N
! 3
S
1,1,1,1). The map h sketched here has degree 2.
N N
U
Y2
4
7
N
g V3
> 7r, —7r
4 =(1,-1,1,—1). The map h sketched here has degree 2.
.S
7
Y2
Q’4
N
71 V3
> (m, —m)
1 =(-1,-1,-1,-1). The map h sketched here has degree 2.

Figure 2: For each of the four different configurations of 1D-indices we sketch a map h:T — S2
with non-zero degree satisfying Eq. . We interpret the square on the left as T by identifying
opp031te edges. The sketch suggests how to define h:T — S on the unshaded part of the tours.
Then & can be extended uniquely to all of T by the symmetry condition in Eq.
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0 ik
can choose b(k) = cos(k), c(k) = sin(k) and a(k) = d(k) = 0. Then, h(k) = ( . eo ) and
—e

a frame as in Proposition [3.6.8|is given by

0

. 1 0 _eik

vt(k) = 7 (vf(kr%@vf(ﬂf)) “ 2l o 1
—e—tk 0

1
0
Zh,;;(H) =1 € Zs is non-trivial. On the other hand, if we choose b(k) = 1 and a(k) = c(k) =
d(k) = 0, then Z},;;;(H) =0 € Zs.

In order to construct an example in 2D with non-trivial index, by Theorem it suffices
to find h: T — U(2) such that h(-,7) is constant and h(-,0) is non-trivial in 1D. Let h(-,0) be
non-trivial in 1D. Then h(-,0) = (a,b,c,d) : S' — S? defines a loop in S3. Since 7(S®) = 0,
there is a homotopy h : S x [0, 7] — U(2) between h(-,0) and the constant map h(0,0) = h(-, 7).
Extend h to the torus via h(tk) = —h(k)T for k € [~m,0]. Then by construction h induces a
non-trivial index Z#;,,(H) =1 € Z,.

0
We read off that w(k) = < lk) and thus W(detw) = —1 =1 mod 2. Hence, the index
—e

-B

A:<h1<k> 0 ) i B:<h2<’“> 0 )
0 Om—l 0 ]Im—l

-~ hi(k) ha(k
where hi,hy : T — C are such that h(k) = ( ﬁ 2(k)

A B
For dimensions d = 1,2 and N = 4m > 4 we may choose h(k) = ( — A) , with

—ha(k) (k)
rank 4 with non-trivial index in dimension d. Then Z¢,,,,(H) = Z%,,;(H,) is non-trivial.

) induces a Hamiltonian Hs of

4.4 Examples for class C

By Theorem |3.9.15, we know that the index Ig, can only take even values. Let N be a positive
even integer. We want to show that for every even integer 2/ there is a H : T — GL(N) in class
C with ZZ(H) = 2. As for class D, it is enough to consider N = 2.

0 —1
For N = 2 we can suppose that > = (1 0 > C, where C denotes the complex conjugation.

Let us choose the ansatz H (k) = h(k)-& for h : T — S2. Then H belongs to symmetry class C if
and only if h(rk) = h(k). The 2D-index is again given by the Chern number and thus equal to
deg(—h). Let ¢ : T — T/(k ~ 7k) be the quotient map. Note that T/(k ~ 7k) = S as sketched
in Figure [3| and that deg(q) = 2. For every [ € Z there is a map f; : T/(k ~ 7k) — S? with
deg(f;) = 1. Then h := f; o ¢ satisfies h(7k) = h(k) and deg(h) = 2I. Thus the corresponding H
has index Z2(H) = —2I.
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Figure 3: Edges of the same colour are identified. Left: A sketch of T where we want to identify
7k ~ k. Middle: T/(7k ~ k) corresponds to the right half of the square with the edges identified
as sketched. After gluing the edges accordingly, we obtain a sphere (right).

5 References

[1] A. Altland and M. R. Zirnbauer. Nonstandard symmetry classes in mesoscopic normal-
superconducting hybrid structures. |[Physical Review B, 55:1142-1161, Jan 1997.

[2] G. M. Graf and M. Porta. Bulk-Edge Correspondence for Two-Dimensional Topological
Insulators. | Communications in Mathematical Physics, 324:851-895, 2013.

[3] F. D. M. Haldane. Model for a Quantum Hall Effect without Landau Levels: Condensed-
Matter Realization of the “Parity Anomaly”. |Physical Review Letters, 61:2015-2018, Oct
1988.

[4] M. Z. Hasan and C. L. Kane. Colloquium: Topological insulators. |Reviews of Modern
Physics, 82:3045-3067, Nov 2010.

[5] A. Hatcher. Algebraic Topology. Cambridge University Press, 2002.

[6] G. Jotzu, M. Messer, R. Desbuquois, M. Lebrat, T. Uehlinger, D. Greif, and T. Esslinger.
Experimental realization of the topological haldane model with ultracold fermions. Nature,
515:237-240, Nov 2014.

[7] C. L. Kane and E. J. Mele. Z; Topological Order and the Quantum Spin Hall Effect.
Physical Review Letters, 95:146802, Sep 2005.

[8] R. Kennedy and C. Guggenheim. Homotopy theory of strong and weak topological insula-
tors. |[Physical Remew B, 91:245148, Jun 2015.

[9] M. Konig, S. Wiedmann, C. Briine, A. Roth, H. Buhmann, L. W. Molenkamp, X.-L. Qi,
and S.-C. Zhang. Quantum Spin Hall Insulator State in HgTe Quantum Wells. |Science,
318(5851):766—770, 2007.

[10] M. Nakahara. Geometry, Topology and Physics. Taylor & Francis Group, LLC, Second
edition, 2003.

[11] M. Reed and B. Simon. IV: Analysis of Operators (Methods of modern mathematical
physics), volume 4. Academic Press, 1978.

41


https://link.aps.org/doi/10.1103/PhysRevB.55.1142
https://dx.doi.org/10.1007/s00220-013-1819-6
https://link.aps.org/doi/10.1103/PhysRevLett.61.2015
https://link.aps.org/doi/10.1103/RevModPhys.82.3045
https://link.aps.org/doi/10.1103/RevModPhys.82.3045
https://pi.math.cornell.edu/~hatcher/AT/AT.pdf
https://doi.org/10.1038/nature13915
https://link.aps.org/doi/10.1103/PhysRevLett.95.146802
https://link.aps.org/doi/10.1103/PhysRevB.91.245148
https://doi.org/10.1126/science.1148047

[12] S. Ryu, A. P. Schnyder, A. Furusaki, and A. W. W. Ludwig. Topological insulators and su-
perconductors: ten-fold way and dimensional hierarchy. New Journal of Physics, 12:065010,
2010.

[13] J. Shapiro. Notes on Topological Aspects of Condensed Matter Physics (based on notes
by G. M. Graf), 2016. http://math.columbia.edu/~shapiro/PDFs/Top_SSP_Lecture_
Notes.pdf], Accessed: January 8, 2019.

[14] The Royal Swedish Academy of Science. The Nobel Prize in Physics 2016, Oct 2016. https:
//www.nobelprize.org/uploads/2018/06/press-35.pdf, Accessed: March 3, 2019.

[15] D. C. Youla. A Normal form for a Matrix under the Unitary Congruence Group. Canadian
Journal of Mathematics, 13:694—704, 1961.

42


https://dx.doi.org/10.1088/1367-2630/12/6/065010
http://math.columbia.edu/~shapiro/PDFs/Top_SSP_Lecture_Notes.pdf
http://math.columbia.edu/~shapiro/PDFs/Top_SSP_Lecture_Notes.pdf
https://www.nobelprize.org/uploads/2018/06/press-35.pdf
https://www.nobelprize.org/uploads/2018/06/press-35.pdf
https://doi.org/10.4153/CJM-1961-059-8
https://doi.org/10.4153/CJM-1961-059-8

	Introduction
	Notation

	Preliminaries
	Symmetries
	Periodic Hamiltonian
	Classification

	Topological indices in low dimensions
	A
	AIII
	AI
	BDI
	D
	DIII
	AII
	CII
	C
	CI

	Mathematical examples
	Examples for class A
	Examples for class D
	Examples for class DIII
	Examples for class C

	References

