Prof. Dr. Roderich Tumulka Assignment 4
Mathematisches Institut, Universitédt Tiibingen Wintersemester 2017/18

FOUNDATIONS OF QUANTUM MECHANICS
Written homework due Wednesday November 22, 2017

Exercise 9: Essay question. Explain what reductionism means.

Exercise 10: Fourier transform
(a) Find the Fourier transform ¢ of the function

0 < —1
Ylr)=<2712 —1<z<1 (1)
0 x>1,

where x is a 1-dimensional variable.
(b) (optional) Plot  using a computer.

(c) (optional) Using suitable software (such as Mathematica, Maple, or Matlab), make the com-
puter find the formula for ¢. (That is, you need to find the command for symbolically computing
Fourier transforms and the one for defining a function like (1), and run them.)

Exercise 11: Pauli matrices
The three Pauli matrices are

() () ).

(a) For each of oy and 09, find an ONB of eigenvectors in C2.

(b) Show that for every unit vector m € R3, the Pauli matrix in direction n, 0, == n -0 =
ni01 + nyoy + ngos, has eigenvalues £1. (Hint: compute det and trace.)

(c) Show that every self-adjoint complex 2 x 2 matrix A is of the form A = ¢/ +u -0 with c € R
and u € R3,

Exercise 12: Potential step
Consider a potential step V(z) = Vj lo<, in 1d with V5 > 0. We want to compute the reflection
and transmission probabilities as a function of the incoming momentum hkg, assuming that F :=
R2k2/2m > V. A recipe for that is to consider a plane wave €**0? coming from z = —oo and see
how much gets reflected and transmitted by constructing an eigenfunction ¢ of H, Hy = E,
from the ansatz . .
ikox —ikox
1/;(x):{A€ + Be for x <0 (3)

Ceiroz for x > 0
with complex coefficients A, B, C, representing the incoming wave e?*°, the reflected wave e~#o%,

and the transmitted wave e*°*. Regarding V as a limit of continuous functions leads to the further
requirement that ¢ be continuous and continuously differentiable at 0.



(a) Determine kg from Hip = E1.
(b) Determine B and C' from A.

(c) The recipe says that the three waves are associated with probability currents ji, = hko|A|>/m,
Jr = hko|B|?*/m, and jr = hro|C|?/m; and that the reflection probability is Pr = jr/ji, while
the transmission probability is Pr = jr/ji,. Compute Pr and Pr.

(d) To justify the recipe, consider a “plane wave packet” ¥(x) = ¢(x) e with a (non-Gaussian)
envelope profile ¢(z) that is nearly constant over a region of length L much larger than the wave
length 27 /ky and then drops to 0 over a length much smaller than L but still much larger than
the wave length. Let us take for granted that under the free Schrédinger evolution the envelope
function ¢ will approximately maintain its shape (in particular, its length) for a long time and
simply move at speed hko/m. Suppose the packet hits the step at ¢ = 0; forget about what
happens at the edges of the packet and focus on the bulk. A reflected plane wave packet and a
transmitted one are generated; at time 7 > 0, the incoming plane wave packet is used up, and
the two outgoing packets end. During 0 < ¢ < 7, the region around 0 is well approximated by (3);
after 7, the outgoing packets keep moving away from the origin. Determine 7 and the lengths Ly
and Lr of the reflected and transmitted packets ¥r and ¥r.

(e) Determine Pp = |[¥g||? and Pr = [[17|* and verify that they agree with part (c).

(f) Draw a space-time diagram of the Bohmian trajectories in the bulk (that is, ignoring any edge
effects).

Reading assignment due Wednesday November 29, 2017: T. Maudlin, Three Measurement
Problems. Topoi 14(1): 7-15 (1995). Read pages 7-12 and the first two paragraphs on page 13.



