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Overview 1: canonical typicality

S() = {¢ € A : ||¢p|| = 1} unit sphere

“Micro-canonical ensemble” in QM

Choose micro-canonical energy interval [E — AE, E]. The corresponding
spectral subspace of H =) E,|n)(n| is

Hie =span{|n) : E, € [E — AE, E]}

“micro-canonical ensemble” = vy, = uniform prob. distrib. on S(5#.)

Reduced density matrix
Systems a, b,S = aU b, % = H#, @ H#}, blarge.  p¥ = try, [9) (]

Canonical typicality [~ 2006], roughly speaking

Suppose H~ H, ® I, + I, ® Hp.
Then “most " have pff R Pean ‘= Z le=PH: with suitable 8.

Roderich Tumulka Canonical Typicality For Other Ensembles Than Micro-Canonical



Overview 2: GAP measure

GAP measure [2006]

Given a density matrix p, GAP(p) is the most spread-out measure on
S(A) with density matrix p (def. later). For p oc Py, GAP(p) = ug(¢).

“Canonical ensemble” in QM [2006]

GAP(pcan) is the distribution of wave functions in thermal equilibrium
with a heat bath at temperature 1/4.

Result of ours [2023]

Canonical typicality holds not only for the micro-canonical but also for
the canonical ensemble. More generally, also for GAP measures but not
not in general for other measures.
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Overview 3: conditional wave function

Concept of conditional wave function [Diirr, Goldstein, Zanghi 1992]

In Bohmian mechanics, v,(x) := N Ws(x, Y).

For a given ONB B = (yp;); of %, 1, := N (py|Vs)p with
Born-distributed J, i.e., P(J = j) = |[{¢J|WVs)s|?

The distribution of 1, will be denoted by BornY&.

As if quantum measurement with eigenbasis B and outcome J, which
leads to collapsed 1, ® ¢ . A basic fact: E|¢,)(v.| = pY.

Distribution of ‘ll)a in thermal equil. [Goldstein, Lebowitz, Tumulka, Zanghi 2006]

For tme-most W and uong-most B, Born¥-8 ~ GAP(pean ).

If dp is large and p has small eigenvalues, then for GAP(p)-most W and
uong-most B, Born¥:? ~ GAP(try p).
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Overview 4: dynamical typicality

Dynamical typicality [Bartsch, Gemmer 2009; Miiller, Gross, Eisert 2011]

Let A, B be observables on J# with large dim J#, not too large
eigenvalues, and o € R. For most ¢ € S(7) with (|Al¢)) = «,
(1| B|t) is nearly the same.

Macro spaces [von Neumann 1929]

Macro states v correspond to high-dimensional, mutually orthogonal
subspaces .77, such that 57 = @,.77,. They are the joint eigenspaces of
the macro observables.

Variant of dynamical typicality [Balz, Gemmer et al. 2019; Teufel, Tumulka, Vogel 2022]

For u,,-most vy € S(H,,), t — ||P,1:||? is nearly the same.

If bis large and p has small eigenvalues, then for GAP(p)-most v and
most t € [0, T], p%: = trp, p;.
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Overview 5: of MITE and MATE

Macroscopic thermal equilibrium (MATE)

A quantum system in state 1) € J is in MATE when ||P, |2 > 1 —¢
and v is a thermal equilibrium state. (Usually, there is 1 such v = ¢! in
each ., and dim %Zq/dim Hne = 1. Most ¢ € S(F4,c) are in
MATE.)

For generic macroscopic systems, most 1 have a stronger property:

Microscopic thermal equilibrium (MITE)

A quantum system in state ¢ € S is in MITE when all micro
observables (i.e., those referring only to a small subsystem a) have a
probability distribution in 1) that coincides with their thermal probability
distribution. (That is equivalent to p¥ ~ pean.)

MITE arises from canonical typicality.
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Some Orientation
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Canonical typicality, abstractly formulated

Let J#% be a high-dimensional subspace of J#% = J#, ® 7, and b
sufficiently large. Let pg = Pr/dgr (the normalized projection to %)
with dg := dim k. Then for most ¢ € S(.#%),

pY A trp pr,

where “most )" refers to the uniform distribution ug over S(J%).

This phenomenon was discovered by several groups independently
[Lloyd 1988; Gemmer, Mahler 2003; Goldstein, Lebowitz, Tumulka, Zanghi 2006; Popescu, Short,
Winter 2006] preliminary [Schrodinger 1952]

If Hr = Hpe, bis large, and H ~ H, ® Ip + I, ® Hp,
then trb Pmc ~ Pcan - J
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Measures can serve as probability measures (for actual ensembles) or
typicality measures (for hypothetical ensembles representing “most”
cases). Theorems of measure theory apply to both.

In an actual ensemble, the distribution of ¢ might not be uniform.
In thermal equilibrium, it will be GAP.

In a hypothetical ensemble, still relevant: uy,. corresponds to cutting
off energy coefficients of ¢ outside [E — AE, E] abruptly. The
intuitive idea that canonical typicality applies to “any old” %) is
confirmed by our results, just with corrections (i.e., deviations of

trp p from trp pme).

Robustness towards changes in the underlying measure.

Equivalence of ensembles: we can start from the “micro-canonical
ensemble” . or the “canonical ensemble” GAP(pcan) of wave
functions.

thermodynamic limit: with regions A; C Ay C ... C R3, we want
(conditional) wave functions ta,,%¥a,, .. . such that each is the
conditional wave function of the next, and each is GAP distributed.

Our results also illustrate that GAP measures are natural.
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Not every measure does what GAP(p) does

Canonical typicality is not true for all measures.

Counter-example
Let p= >, pn|n)(n| and

D
n= Z Pn 5|n>
n=1

(the narrowest, most concentrated measure with density matrix p).

1 ~ yu is a random eigenvector. Suppose |n) = |{), ® |m)p; then

P = try [n)(n| = |€),(¢], so p” is always pure and thus far away from
trop =3y Pemll)a (€| (highly mixed).

.

(If instead of a product basis, {|n)}, were purely random, then
P d; 11, and thus also trp p is close to d; 1/, so p¥ = try p for
p-most 1.)

Roderich Tumulka Canonical Typicality For Other Ensembles Than Micro-Canonical



Previously Known Bounds
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Canonical Typicality: Polynomial Bounds

Theorem 1 [Sugita 2007, Goldstein et al. 2017]

Let %, and 7} be Hilbert spaces of respective dimensions d,, d, € N,
H = 7, ® H4}, and HR any subspace of 7 of dimension dg. Then for

every € > 0,
d4
uR{1,D € S(HR) - ||y — tro prl|,, < 5} > 1= o

trace norm ||Ally, = tr VATA
= Zn |an| for A= Zn a”|n><n"
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Canonical Typicality: Exponential Bounds

Theorem 2 [Popescu, Short, Winter 2006]

With the notation and hypotheses as in Theorem 1, for every € > 0,

2

uR{¢ € S(HR) : Hpa —trprHtr < 5} >1-— 4exp(—%).
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Lévy's Lemma (Concentration of Measure)

Theorem 3 (Lévy's lemma) [P. Lévy 1922, V. Milman 1986]

Let . be a Hilbert space with D :=dim J# < oo, let f : S(#) — R be
a function with Lipschitz constant 7, and let € > 0. Then

u{¢ € S(H) 1 |f(v) — u(f)| < E} >1 —4exp(— 65252) )

where € =2/973 and

uf)= [ Fwu(dy).

S(o£)

“On a high-dimensional sphere, functions with high regularity are nearly
constant.”
n = sup |Vf]
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GAP Measures
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Measure and density matrix

e For any probability measure p on S(4¢), its density matrix is

P = / () [0 ().

S(2¢)

Then for any experiment with random outcome Z,

P(Z = 2) = By (V| E(2)|¢) = tr(py E(2))

for the appropriate POVM E(+).

o If u has mean zero, then p, is the covariance matrix of f.

e Many-to-one: p, = p # p =’
e For = GAP(p) we have that p, = p.
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GAP Measures: Definition in 3 Steps

DJUSTED

@ AUSSIAN

ROJECTED
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GAP Measures: Definition in 3 Steps

AUSSIAN: Start with
\ G(p) = Gaussian measure on 5 with covariance p,
ie., Eg(p) (0[0)(bIX) = (dlolx) Vo, x € 2.

If p=7>", pn|ln)(n| spectral decomposition
then let Re Z,, Im Z, be independent Gaussian random variables with
mean 0 and variance p,/2; set ©» = > Z,|n).

dG(p) 1 bt
_ k. — @lp~ 1)
Ex ¢ = C*: 7 () Wkdetpe
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GAP Measures: Definition in 3 Steps

DJUSTED: To obtain the measure GA(p) on 2,
multiply by a density function v — ||1)]|2:
GA(p)(d¥) = [[vo[|* G(p)(dv)

AUSSIAN: Start with
\ G(p) = Gaussian measure on % with covariance p
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GAP Measures: Definition in 3 Steps

AUSSIAN: Start with
G(p) = Gaussian measure on .7 with covariance p

DJUSTED: To obtain the measure GA(p) on 2,
multiply by a density function v > ||1)]|?:
GA(p)(d¥) = [[vo[|* G(p)(dv)

GA
ROJECTED to the unit sphere S(2#): 1°F = Hz‘”‘ll

or GAP(p)(B) = GA(p)(R*B) for B C S(.%%).

The adjustment factor compensates the change in covariance due to
projection to S(.¢), thus pgap(,) = p-
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GAP Measures: Properties

U. GAP(p) = GAP(UpU™1)

for every unitary U on 57
= stationary under every unitary evolution that preserves p

“If a system has temperature 1/ then also every subsystem”
“GAP of a product density matrix has GAP marginal”

If W e S(4; ® 4) has distribution GAP(p, ® pp) then, for any
ONB {¢,} of 4, the conditional wave function 1, has marginal
distribution [, GAP(ps ® pp)(d¥) BornY*8 = GAP(py).
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New Results
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Generalized Canonical Typicality: Polynomial Bounds

Theorem 4 [Teufel, Tumulka, Vogel 2023]

Suppose d, = dim 74, < co and 7%, is separable (i.e., has finite or
countable dimension). Let p be a density matrix on J# = J%, ® 7, with
loll < 1/4. Then for every € > 0,

28d° tr p?
GAP(p){w € S(H) - ||pa— trprtr < s} >1-— 272p
4
|pl| = largest eigenvalue; tr p?> = “purity” = average eigenvalue.

For the proof of Theorem 4, we need the following Proposition:

Proposition 5 [Reimann 2008; Teufel, Tumulka, Vogel 2023]

Let p be a density matrix on a separable Hilbert space J# with positive
eigenvalues such that ||p|| < 1/4, and let dim .# > 4. For any bounded
operator A : 7 — I,

Var(ih|Alpp) < 28| A|2tr p?.
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Generalized Canonical Typicality: Exponential Bounds

Theorem 6 [Teufel, Tumulka, Vogel 2023]

Suppose d; = dim 7%, < co and 77, is separable. Let p be a density
matrix on S = ¢, ® . Then for every € > 0,

C 2
GAP(p){ v € S() : [lps — trupl],, <} > 1~ 6d2 exp(_WTpH»

where € = 1/51272.

.

For the proof of Theorem 6, we need a version of Lévy’s lemma for GAP
measures.
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Lévy's Lemma for GAP Measures

Theorem 7 [Teufel, Tumulka, Vogel 2023]

Let %2 be a separable Hilbert space, let f : S(.##°) — R be a function
with Lipschitz constant 7, let p be a density matrix on 7, and let € > 0.
Then

GAP(p){w € S(s#) : ’f(w) = GAP(p)(f)‘ < E} >1-— 6eXP(—n§”Ep|) )

where C = 1/12872.

“If the eigenvalues of p are small, then GAP(p) behaves like a very
spread-out measure.”
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e If p = pg, then ||p|| = 1/dr, GAP(p) = ug, and we recover the
canonical typicality results up to worse constants and additional
factors of d,.

@ In both our generalized canonical typicality theorems one needs that
the eigenvalues of p are small.

o Equivalence of ensembles: If a and b interact weakly, then both py,
and pcay in 5 = 6 R 4, lead to reduced density matrices close
to a canonical density matrix for a, try pmc = Pacan = trp Poan; We
can start from either up,. or GAP(pcan) and obtain for both
ensembles of ¢ that p¥ is nearly constant and nearly canonical.
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Conditional wave function for GAP-typical W

Theorem 9 [Teufel, Tumulka, Vogel 2023]

Let €,0 € (0,1), let £ : S(.4) — R be any continuous (test) function,
and let dp > max{4, d,, 32||f||2,/25}. Then there is p > 0 such that for
every density matrix p on % = %, ® %, with tr p> < p,

GAP(p) x UONB{(\U, B) € S(##) x ONB(%) :

}Born‘:’B(f) — GAP(tr, p)(f)| < s} >1-9.

v

Remark: Weak convergence of measures P, = P is equivalent to
P,(f) — P(f) for every bounded continuous (test) function f.
Here, f is automatically bounded because S(7%;) is compact.
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Dynamical typicality: Polynomial bounds

Theorem 8 [Teufel, Tumulka, Vogel 2023]

Suppose d; = dim 7%, < co and 77, is separable. Let p be a density
matrix on % = %, ® % with ||p|| < 1/4. Then for every ¢, T > 0,

1 [T 28d3 tr p?
GAP(p) {1/168(%”): ?/ Hpa‘—tertHidt<5} Zl—Tp.
0
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Thank you for your attention
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