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The Gibbs ensembles in quantum mechanics

Density matrices:

micro-canonical  pme = Zd Lie_ac g (H)
)

canonical  pean = Z,% exp(—BH

grand-canonical Py = chl exp(—B(I:I — Ny — .. — u,I\AI,))

But also probability distributions ... [Bloch 1950s, Goldstein et al. 2006]
... of the wave function in the unit sphere S(J#) = {¢) € 7 : ||¢|| = 1},

Pinc(d¥) = Us(s#e_ne ) (d9) uniform
Pean(dy)) = GAP;,, (d¥)
Pec(d) = ... later

GAP; (Gaussian adjusted projected measure) = “Scrooge measure”
[Jozsa et al. 1994, Goldstein et al. 2006] is the most spread-out measure on S(7°)
with density matrix given by p.

Density matrix of a measure p on S(J¢):  p, = fs(%) w(dy) ) (3]



The justification of pean, Pec, Pean, Psc has to do with. ..

.. weakly coupling the quantum system S to another quantum system B
(“bath™) much bigger than S but finite.

Precise sense in which a distribution p on S(J#) is “correct”:

 agrees with the distribution of the conditional wave function ° [Diirr et
al. 1992]: Given W € J# = 7#° @ #8 and ONB b = {|b1), |bs), ...} of
B, )° is the random wave function one would obtain for S if one
carried out a quantum measurement of b,

(by|W)g
(s W) &l

Y = with P(J = j) = [[{(b;| W)

Sense in which pean is “correct”: reduced density matrix (partial trace)

~SEEPN ASUB
o Pcan ~ tl’ Pme

Q 2 ~ tr® [W) (V| for most W € S(#;2Y3 ;) (“canonical
typicality”) [Gemmer et al. 2004, Popescu et al. 2005, Goldstein et al. 2005].

The first statement is the average of the second.

Roderich Tumulka Grand-Canonical Ensemble




Contrasting with a standard way of justifying pean:

Pcan Maximizes the von Neumann entropy
Svx = —kp tr(plog p)

under the constraint that the expected energy is fixed, tr(pH) = E
(and pgc if in addition the particle numbers tr(pN;) = n; are fixed).

Disadvantages of a derivation of p.., based on this fact:

@ The maximizer represents an observer’'s knowledge (subjective
probability). If statistical mechanics were limited to subjective
probability, then it would not be justified in most applications (e.g.,
the formation of stars before humans existed). In contrast, canonical
typicality shows how p.,, occurs in nature.

@ Unclear why one should constrain the expectation value. If the
observer had knowledge that the energy lies in [E — AE, E], then
one should constrain on this subspace, not the expectation.
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Aren't also P, P expressions of subjective probability?

No, they are expressions of thermal equilibrium: it is the nature of
thermal equilibrium that micro states in thermal equilibrium behave like
most micro states with approximately given E (etc.).
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Two situations in which the grand-canonical ens. arises

(classically or quantum-mechanically)

@ spatial equilibrium: S is a spatial region that molecules can enter or
leave, so their number n® can change.

@ chemical equilibrium: a chemical reaction such as
A+ B= C+0E

can change the numbers na, ng, nc of molecules;
0E = energy released (or, if negative, consumed).

Many textbooks focus on 1. | will talk a lot about 2.

o What are the numbers neq ; of i € {A, B, C} in chemical equilibrium?

@ How can grand-canonical density matrices be used for calculating
them?
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But isn't it obvious?

Everyone would guess neq ; = tr(fge N;).

Questions remain:
e Why is this correct? Justification from quantum mechanics?

@ How do we know which values of u; to use? We know E and JE.
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Chemical equilibrium (1)

Key consideration:

@ conserved observables (such as Q1 := Ny — Ng and @, := N¢ + N,
for A+ B = C + ¢E)

@ more abstract perspective of “generalized Gibbs ensemble”
[Balian 1982, Rigol et al. 2007, precursor Landau-Lifshitz 1939]

K
pec = 2. exp (zm) ,
k=1

~

where @1, ..., Qk are the macroscopic conserved observables,
commute with each other (one of them is H).

@ = K-parameter family of thermal equilibrium states
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Chemical equilibrium (2)

@ Define generalized micro-canonical subspace
Hgme = SPan{¢> €A ¢ Vk:Qud=qud, Gk € [Qu — AQx, Qk]}

with intervals that are short on the macroscopic scale but allow
dim #me > 1. Set pgme = (dim Zame) ™ Pame.

General Gibbs Principle

Suppose the self-adjoint operators @1, ey Qx commute with each other.
Then, in relevant senses of equivalence of ensembles, pem is equivalent
to pec with A chosen so that

tr(pec Qu) = Q-

Specific sense: Def p; is locally equivalent to p, < for every small
spatial region S (with complement S€ = A\ S), tr° p; ~tr® fo.
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Use of p,. for chemical reactions (1)

@ Possible chemical reactions
VAl + . v Ay = DAL+ L+ D A+ OE

with £ =1,...,L and vy, 7y € {0,1,2,...} the number of
molecules A;.
o N =F R QR F, with Fock space F; = EB ’)

e Of I:I, we assume that molecules, when separated by a sufficient
microscopic distance, hardly interact.

o Let Fi; be the 1-molecule operator including kinetic energy of the
center of mass and external fields.

o Let /:IO,- be the second quantization of /:ll,- (acting like /311,- on each
particle of type i).

o Let Hy = >_'_; Ho; (“free Hamiltonian").

o Let Ey; be the rest energy of each i-molecule
(= rest mass xc? + ground state energy).

o Let A, = Hy + > Eoi N;, so

H=H,+V

with V mostly negligibly small; V contains transition elements for

each reaction but not otherwise.



Use of p,. for chemical reactions (2)

o Consider R" with axes labeled ny ..., n,.

o Let L be the subspace spanned by the L vectors
(ve1 — Pe1y ..oy Vor — Dor). Any change in particle numbers due to
reactions lies in £. Any conserved linear combination of nj...n, is
1L

@ Choose a complete set Fq, ..., Fx_1 of conserved linear
combinations (with K :=r +1 —dim £).
That is, choose a linear mapping F : R” — RX~1 with kernel
F~1(0) = L. Then F has full rank K — 1, and each Fi(ny,...,n,)
(for k < K —1) is conserved in every reaction. Thus, the

@k = Fk(Nl, ey Nr)

commute with @K := A and with each other.
e Now jyc = Zg_G1 exp(Zf:1 Ak @k) is defined. Choose \j so that

tr(ﬁggék) = Q. If we had chosen F differently, py would have
been the same.

@ Choose suitably small AQk; now fgmc is defined.
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Use of p,. for chemical reactions (3)

Now apply the general Gibbs principle:
® Pgmc and pgq are equivalent ensembles.

@ There is a K-parameter family of thermal equilibrium states.

°  fea R Pac = Zg' exp(—ﬁ(/:/o - ZMOiNi))
i—1

with r + 1 parameters
o 3= —Xk (> 0 assuming unbounded A > 0)

K-1
° [ioj = gt Z AcFii — Eoi
k=1

determined by the conditions

r

(1) Z(MOi + Eoi)(vei — i) =0 (<= F(£)=0) forf=1,...,L
i=1
(2) tr(ﬁgng):Qk fOI‘k:l,...,K—l
of which r + 1 are independent.
In particular, neq ;i ~ tr(ﬁgclvi), answering the question we asked.
Meaning of po;: pgc looks as if canonical with ground state energy —pug;.
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@ The rest energies Ey; are usually not known. They don't need to be,
because /3 and pio; can be determined by Eq.s (1) and (2).

(In particular, different values Eo; consistent with the §E;, would lead
to the same py..)

@ For spatial regions A = A; U, C R? bordering along surface &
(most volume not close to ¥), usually Ao(A) &~ Ho(A1) @ Ho(A2).
E.g., 1D negative discrete Laplacian in eZ with Ay = eZ N [0, 00),
Ay = €71 (—00,0) has 2Hy(A) = —e2A =
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Plausibility argument for the general Gibbs principle

Pame X Pyme is an equivalent ensemble to pyq o exp (D4 Ak @k) J

o Any ONB {¢,} that jointly diagonalizes @1, ..., Qk also
diagonalizes pgmc and pya-

@ For @ = gmc and a = gG, consider the Born distribution in RX,
Pa(qr.- .- qx) = tr(ﬁa P(Qi=q,...,0c = qK)) :

@ Both are sharply peaked at (¢1,...,9x) = (Q1, ..., Qk):
o fgmc because it is concentrated in [, [Qx — AQx, Q«]
e pgc because its expectation is (Qu, ..., Qk),
much larger values of qx are suppressed by exponential dependence,
much smaller values are suppressed provided the joint “density of
states” increases quickly with each g« (as for energy or particle
number).

o The peaks may have different width (Qx/N for gmc and Qx/v/N for
gG), but macro observables (or partial traces in small regions S)
should not detect that.
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Our main claims (1)

o Let A C R3 (“the available volume”), S¢:= A\ S.
@ Suppose for every region S C A\, # = H° @ A",

@ Suppose @1, ce @K commute with each other and
are approximately additive (extensive), i.e., for any S C A,

Qr Qo+ Q.
e Asa consequence,

~ ~ AS AS€ 5S¢ A ~ AS
PeG = Poc ® Pai and trY Peg = Prg -

Statement 1 (reduced Pgmc)

If A1,..., Ak are chosen so that tr(j.c @k) = Qx, then for small S C A,
S A __2S
tr Pgme ¥ Pgq -

In particular, pgmc is locally equivalent to fec.
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Our main claims (2)

@ Special case Ni: Let # = 7 ® - @ .F, with Z: the (bosonic or
fermionic) Fock space over the 1-particle space J#;. Suppose

/:/%I:/*:I:Io+ZE0;/\A/;, l:/():Zdr(Fll,'),
i=1 i=1
S = 3 © A i ~ AY @ H

Define Qx := Fk(Nl, cee N,) and Qx == H.
For 8, poi satisfying (1) and (2), pgmc is locally equivalent to fgc.
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Our main claims (3)

Theorem [Popescu, Short, Winter 2005]

For any 7>, B of finite dimension, any high-dimensional subspace
Hr C H° @ B, and most pure states U € S(HR),

trB (W) (V| =~ trB pr

with pgr = (dim fﬁq)_lISR = normalized projection to J#%.

As a consequence:

Statement 2 (ensemble typicality)

In the setting of Statement 1, for small S C A and most V € S(#gmc),

tr [U)(V] ~ pag -

e Special case N; (grand-canonical typicality): for small S C A and
most W € S(Hme), tro” |W) (V] ~ ﬁgc.
(Note: in Jc we constrain also Q= Fk(lvl...N,).)
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The GAP measure

Def of GAP; for any density matrix p : 5 — S

Let G; be the Gaussian measure on .7 with mean 0 and covariance p.
Let GA4(dy) = [|¥||> Gs(dv) (“Gaussian adjusted measure”).

Let WEA have distribution GAj; then GAP}, is the distribution of
WOAP . — WGA /|| WGA|| (“Gaussian adjusted projected measure”).

® pgap, =P

o GAP;,.. = Us(#,,.) uniform

o GAPj is the natural measure on S(.7#°) with density matrix p.
o Continuous dependence: If py = pp, then GAP;, =~ GAP,.
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Our main claims (4)

o Let Zx denote the distribution of the random variable X.

o Let 9° denote again the conditional wave function for given
VW € S(s° @ #8) and ONB b of J#B: the (pure) state of S after
a measurement of b on V.

[Goldstein et al. 2015]

For any #° of finite dimension, any .##8 of high dimension, and most
ONBs b = {|b1), |b2), ...} of H#5,

gws ~ GAPtrB Wy (W] -

As a consequence,

Statement 3 (P4 for typical ONB)

In the setting of Statement 1, for any small S C A, most W € S(mc),
and most ONBs b of #5°,

o Special case N; (grand-canonical): Zs ~ GAP ;s
gc



We are particularly interested in the position basis

@ The concept of conditional wave function originated in Bohmian
mechanics [Diirr et al. 1992], where the basis b is the position (i.e.,
configuration) basis.

@ Is the position basis a typical basis?
@ A typical basis is unrelated to either A or Q.

@ However, the position basis diagonalizes all l\7,-, and thus all C:)k
(k < K —1) in the grand-canonical case.

o That is why we are also interested in ONBs b that diagonalize the
N; (or the Q) and are otherwise typical.
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Our main claims (5)

Notation p = @p(j) p; for the prob. distribution that is the mixture of
J
the prob. distributions y; with weights p(j) > 0, -, p(j) = 1

Statement 4 (P, for ONB diagonalizing ")

In the grand-canonical setting, suppose AQx = 0 and Qy is an eigenvalue
of Q. Then for any small S C A, most V € S(#5mc) and most ONBs b
of > that diagonalize Nfc, ey /\7,56

: s s
31/;5 ~ Py 1= @ p(q7,- - ar_1) GAPﬁS(qf ..... ap_1)
with p(q?, ..., q%_;) = tr(p5.P), P the projection to the joint

eigenspace of @f, cee @;371 with eigenvalues g7, . . ., q,5<71, and
p°(as, . ai_y) = p(af, . ag_1) "t P g P.

Instead of a GAP measure, Py is a mixture of GAP measures with
weights given by the Born distribution of Q7.
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Approach (time evolution) to thermal equilibrium

@ "“Approach” means that for most t > 0 in the long run, S is in
thermal equilibrium [von Neumann 1929].

o Here, "thermal equilibrium” means that tr®" |W,)(V,| ~ ﬁgc and
Dipws(t) ~ Py (“microscopic thermal equilibrium,” MITE),
as opposed to thermalization of macro observables ( “macroscopic
thermal equilibrium,” MATE) [Goldstein et al. 2010, 2017].

@ We use the eigenstate thermalization hypothesis (ETH) for MITE
(in the version of [Srednicki 1996]): for eigenvectors ¢1, ¢pp € S(Hgmc)
of H with different eigenvalues,

trS [ §1)(d1] = 0% Pgme,  tr® [1)(d2] ~ 0. (3)
Statement 5 (approach to thermal equilibrium)

In the grand-canonical setting, suppose H satisfies the ETH (3). Then
for every Wy € S(Hgmc) for most t > 0,

£ (W) (V| ~ Pae -

Furthermore, for every Wy € S(#4mc) for most ONBs b diagonalizing the
N?* for most t > 0, ZLysr) = Pgc.

——
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Thank you for your attention
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