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The Pauli equation

Consider N spin- 12 particles.

ψ(t) : R3N → (C2)⊗N ,
ψ = ψs1...sN (q1, . . . ,qN , t)

The appropriate version of the Schrödinger eq is the Pauli eq

iℏ
∂ψ

∂t
=

N∑
k=1

1

2mk

(
−iℏ∇qk

− A(qk)
)2

ψ −
N∑

k=1

ℏ
2mk

σk · B(qk)ψ + Vψ

with A the vector potential, B = ∇×A the magnetic field, V the electric
potential, σ = (σx , σy , σz) the Pauli matrices, and σk acting on sk .
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Bohmian mechanics with spin

You might have expected that Bohm needs little spinning balls. But it is
much easier.

Equation of motion: [Bell 1966]

dQk(t)

dt
=

j k
ρ
(Q(t), t) =

ℏ
mk

Im
ψ∗∇kψ

ψ∗ψ
(Q(t), t)

where ϕ∗ψ =
2N∑
s=1

ϕ∗sψs inner product in spin-space, s = (s1...sN).

So the electron is still a point, and not spinning. Spin is merely in the
wave fct (the wave fct is spinor-valued).
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The Stern-Gerlach experiment

Then what does a “spin measurement” do in BM?
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Picture credit: http://en.wikipedia.org/wiki/Stern-Gerlach_experiment

Otto Stern, Walther Gerlach 1922
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The Stern-Gerlach experiment in Bohmian mechanics

“the velocity distribution of the atoms is Maxwellian’’ 

 

“the entropy of the system increases”

8. Probability & Typicality 

Brownian motion

E = {ω|ω2(T )/T = D}

E =

E =

Examples of typical events: 

  N Stern-Gerlach Experiments

E = “relative frequency of spin up = p”
(p the quantum prediction)

•

• •

•

•

!

!

Tuesday, June 16, 2009

Stern–Gerlach experiment

Wave packet ψ =
(
ψ↑
ψ↓

)
splits into two packets, one

purely ↑, the other purely ↓. Then detect the
position of the particle: If it is in the spatial
support of the ↑ packet, say that the outcome is
“up.”

So, the “measurement” is not literally a measurement (i.e., not a
determination of a pre-existing value). The outcome is a random value
generated in the experiment. That is common with “quantum
measurements” in Bohmian mechanics (or GRW or MW), except for
position measurements.

Prediction

Since Q ∼ |ψ|2, P(up) = ∥ψ↑∥2 and P(down) = ∥ψ↓∥2
Empirically correct. Same in direction a ∈ R3. In particular, BM is
compatible with non-commuting operators a · σ.
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Notabene

Spin is not in the primitive ontology. There is no hidden variable for
spin; no “actual value” of z-spin, in contrast to actual positions.

BM would break down without ontological positions, but not
without ontological spin.

In particular, there is no need to have beables for all observables.
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On fundamental theories of the universe
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What BM illustrates about fundamental laws

BM does not include (as yet) QED, QCD, quantum gravity.

But one can imagine a hypothetical universe governed by
non-relativistic BM.

Then the defining equations are fundamental laws for that universe.

BM provides a paradigm of what such laws can look like.
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Fundamental theories of the universe . . .

cannot be formulated in terms of observers making measurements

have to provide equations valid for all particles all the time
(“democracy of electrons”); stochastic terms are OK, “collapse
upon measurement” not OK

should have a primitive ontology describing space-time and where
the matter is in it

are free to postulate the fundamental ontology and the fundamental
laws of nature

are free to make postulates about initial conditions (e.g., being
random)

need not provide actual values for all observables (not even spin)

need not be formulated only in terms of observable quantities

have to imply the quantum formalism (empirical rules) as theorems
(consequences) of the fundamental laws

need not “explain” the Schrodinger eq

need not match classical intuition

but have to explain the 2-slit experiment etc.
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Brief outlook on lecture 3

Relativistic extension of BM

Extension of BM to QFT
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BM in relativistic space-time

BM for 1 particle possesses a
natural relativistic extension based
on the Dirac eq.

BM for N particle also possesses a
natural relativistic extension, but
only if the existence of a preferred
foliation F (slicing of space-time
into spacelike hypersurfaces) is
granted.

Theorem: Inhabitants can’t
measure which surfaces belong to
F .

General relativity naturally provides
such surfaces: constant timelike
distance from the big bang.

Collapse models can be defined
without a preferred foliation.
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BM and QFT

QFT has all of the issues of QM (measurement problem,
nonlocality) but further ones in addition (localization, negative
energies, divergences).

BM: Field ontology or particle ontology? (Or something else?)

Field ontology: The math is not yet fully developed. Similar
problems if an infinitude of particles arose.

Particle ontology: Law of Q is stochastic, involves particle creation
and annihilation.

Both: Models exist for simple QFTs.

Many open problems, equally for orthodox or collapse versions.
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A recent controversy:
Sharoglazova’s 2025 “challenge” to Bohmian mechanics

Further reading: Upcoming paper by Christian Beck, Sheldon Goldstein,
Dustin Lazarovici, R.T., and Nino Zangh̀ı
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Article

Energy–speed relationship of quantum 
particles challenges Bohmian mechanics

Violetta Sharoglazova1, Marius Puplauskis1, Charlie Mattschas1, Chris Toebes1 & Jan Klaers1 ✉

Classical mechanics characterizes the kinetic energy of a particle, the energy it holds 
due to its motion, as consistently positive. By contrast, quantum mechanics describes 
the motion of particles using wave functions, in which regions of negative local kinetic 
energy can emerge1. This phenomenon occurs when the amplitude of the wave 
function experiences notable decay, typically associated with quantum tunnelling. 
Here, we investigate the quantum mechanical motion of particles in a system of two 
coupled waveguides, in which the population transfer between the waveguides acts  
as a clock, allowing particle speeds along the waveguide axis to be determined.  
By applying this scheme to exponentially decaying quantum states at a re!ective 
potential step, we determine an energy–speed relationship for particles with negative 
local kinetic energy. We "nd that the smaller the energy of the particles—in other words, 
the more negative the local kinetic energy—the higher the measured speed inside the 
potential step. Our "ndings contribute to the ongoing tunnelling time debate2–6 and 
can be viewed as a test of Bohmian trajectories in quantum mechanics7–9. Regarding  
the latter, we "nd that the measured energy–speed relationship does not align with the 
particle dynamics postulated by the guiding equation in Bohmian mechanics.

Quantum particles can be found in regions in which classical particles 
are not allowed to exist. An example of this is evanescent (exponentially 
decaying) quantum states at potential barriers and steps. When a 
stream of particles encounters a potential step that is reflective from 
a classical viewpoint, there is a non-vanishing probability of finding 
particles within the potential step. This intriguing behaviour arises 
from the ability of quantum mechanical states and their associated 
wave functions ψ(x) to generate domains of negative kinetic energy1, 
where x p xψ ψ m( ) ( )/2 < 0−1 2 . Here, p and m denote the momentum  
oper ator and mass, respectively, and ψ(x) is considered an energy 
eigenstate. This ability enables quantum particles to migrate into 
regions considered energetically forbidden in classical terms while 
maintaining energy conservation. Although this is well known, the 
kinematic interpretation of these states raises questions that have not 
yet been conclusively answered. This includes questions about whether 
a speed can be assigned to these states of motion, and if so, how it 
depends on energy.

The kinematic interpretation of classically forbidden states of motion 
is intrinsically linked to the longstanding problem of tunnelling times. 
This problem refers to the question of how long a particle needs to 
tunnel through a (finite) potential barrier2–6. Despite the controversy 
surrounding this topic, important insights, methodologies10–18 and 
experiments19–27 have emerged from this debate. Investigating energy–
speed relationships in evanescent phenomena can contribute to the 
discussion by offering a complementary perspective on this problem. 
Speed measurements in quantum mechanics can also serve as tests 
for the Bohmian interpretation of quantum mechanics, in which par-
ticle velocities play a very prominent part7,28–30. Apart from the 
Schrödinger equation, a guiding equation is assumed that assigns a 

velocity field vS(x, t) to a wave function  x x xψ t n t S t( , ) = ( , ) exp(i ( , )) 
using

v x xt
ħ
m

S t( , ) = ∇ ( , ). (1)S

Here, the real-valued functions n(x, t) and S(x, t) describe the parti-
cle density and phase of the wave function, respectively. The veloc-
ity field vS(x, t) gives rise to trajectories along which the particles are 
expected to move. If the initial particle positions of these trajectories 
are chosen according to the Born rule (quantum equilibrium hypoth-
esis), the resulting probability density aligns with the predictions of 
standard quantum mechanics. Whether this implies that both theo-
ries generally make identical predictions remains a matter of debate. 
Discrepancies are sought, for example, in temporal quantities such 
as tunnelling or arrival times31–34. Although measurement results in 
standard quantum mechanics are considered inherently random, the 
existence of Bohmian mechanics—a fully deterministic dynamical  
system—demonstrates that quantum phenomena do not necessarily 
rely on randomness at their core. These sharply divergent views on the 
fundamental processes of nature motivate the search for experimental 
tests to distinguish between the two theories.

In our experiments, we investigate states of motion that arise when a 
particle is reflected from a potential step. Standard quantum mechan-
ics does not incorporate particle velocities into its formalism in the 
same explicit way as Bohmian mechanics. Moreover, conventional 
measures of motion—such as group or phase velocity—do not yield 
physically meaningful results in this scenario. To measure particle 
speeds associated with these states, we compare translational motion 
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e.g., by J. Landgrebe and B. Smith [arXiv 2606.00805], who wrote

| i =
1p
2
(| 1i + | 2i),

which we repeat here for convenience. As we have seen, this equation does not describe
the reality which we measure, or, if we assume it does, this violates the locality principle.
Einstein therefore believed that the equation is incomplete. In a way, he was right, but
all attempts to improve the equation, to make it more complete – such as David Bohm’s
hidden variables – failed.10

So in what sense was Einstein right? The Schrödinger equation is a mathematical model
of reality obtained using highly artificial technical settings. It was generated to predict
properties of real quantum entities without understanding their behaviour. Therefore, it
is necessarily incomplete. It is just a free ideality which allows us to calculate properties of
these particles to which we have attributed bound idealities, the magnitudes of quantum
physics. But the model (equation (3)) is ontologically void, which means that is cannot
contribute to our understanding of the world from the perspective of the natural attitude,
we cannot relate anything real to it for which we can get fulfillment of non-mathematical
intentionality. In other words, the model does not help us to understand reality since
it was created not based on understanding, but based on the mathematical modeling of
relations between measurements.

4.2 Interpreting the Pfleegor-Mandel-photon

The photon created by two lasers has the equation

 1 ⌦ 2 =
1p
2
(|11i |02i + |01i |12i).

Like the mirror photon equation of the previous example, it is ontologically void, we
cannot learn anything about the reality of our world by looking at it. It describes
neither a mereological character nor a causal path in spacetime for a particle. It does
not represent the instance of a universal. So what can we learn from this model? That
we have machines (like the setup of the Pfleegor-Mandel-experiment) which can create
phenomena that we can measure and mathematically model, but not understand in the
sense of fulfilment of an act of perception or non-mathematical intuition.

In other words, though the Pfleegor-Mandel-photon is real, since we can measure it, it
is not an instance of anything, but related to the Pfleegor-Mandel superposition equation
shown in equation (3) as explained in section 3.4. The binding of the measured photon to
the equation via its magnitude has the character of an attribution (sections 3.2.1 and 3.4).

10Bohm’s idea of modeling particles as infinitesimal points in his guide equation is not only incompatible
with the Standard Model, which sees particles as having an extension, but also unable to model any
magnitude other than position; it is also incompatible with relativity and QFT, and has recently
been falsified experimentally [42].
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Sharoglazova’s question and answer

Question

What is the speed of a quantum particle in a classically forbidden region
(potential barrier) where it seems to have negative kinetic energy?
(Say, V (x) = V0 1x≥0 with V0 > 0 and Ekin = ℏ2k2/2m − V0.)

Relevant eigenstates of H (evanescent, κ =
√

2mV0/ℏ2 − k2):

φk(x) =

{
e ikx + be−ikx for x < 0

ce−κx for x ≥ 0

Her answer

v =
√
2|Ekin|/m = ℏκ/m,

which disagrees with the Bohmian velocity.

Her approach

She and her co-authors developed a method intended for measuring v .

(They are fine with trajectories but think Bohm had the wrong formula.)
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Sharoglazova’s experiment

Non-rel. quantum particle in 2D

iℏ
∂Ψ(x , y , t)

∂t
=

[
− ℏ2

2m

(
∂2

∂x2
+

∂2

∂y2

)
+ V (x , y)

]
Ψ(x , y , t)

brightness = V (x , y)

V (x , y) =

V<(y) = 2µy2
0

(
y − y0

)2
for x < 0

V>(y) = V0 +
1
2 µ̄(y

2 − y2
0 )

2 for x ≥ 0

Observed:
∫ t2
t1
dt |Ψ(x , y , t)|2
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Sharoglazova’s claim should be puzzling from the start

First, it seems like an empirical difference between BM and OQM

But we know already that there is no such empirical difference.

Even more direct: vx is inferred from |Ψ(x , y , t)|2

But we know that BM and OQM have the same |Ψ(x , y , t)|2.

How can that be? There must be a mistake somewhere.
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Preparation: the double well

y

V>(y)

ϕ+

ϕ−

“Deep well regime” (y3
0

√
µ̄m ≫ ℏ):

The two lowest eigenvalues E+ < E− are very
close to each other, eigenfunctions
ϕ± = 1√

2
(ϕm ± ϕa)

(m for main wave guide, a for auxiliary)

ψt(y) =
1√
2
(e−iE+t/ℏϕ+(y)+e−iE−t/ℏϕ−(y))

= e−i Ē t/ℏ(cos(J0t)ϕm(y) + i sin(J0t)ϕa(y)
)

Rabi oscillations with frequency
J0 = (E− − E+)/2ℏ, i.e.,
tunneling time Ttun = 2π/J0
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2D case

eigenstates: for x > 0,

φk(x , y) =
1√
2

(
γ+e

−κ+xϕ+(y) + γ−e
−κ−xϕ−(y)

)
≈ γe−κ̄x

(
cosh(δκ x)ϕm(y) + sinh(δκ x)ϕa(y)

)

relative population in aux guide

ρa(x) =
sinh2(δκ x)

sinh2(δκ x)+cosh2(δκ x)
,

so equilibration length Xeq ∼ 1/δκ
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The tunneling time argument

Sharoglazova’s argument

We know the time Ttun it takes to tunnel in y -direction from the
main waveguide to the aux waveguide.

We measure the distance Xeq > 0 (order of magnitude) until a
substantial fraction of the particles have tunneled to the aux
waveguide.

Conclude that particle move distance Xeq in x-direction in time
Ttun, so x-speed vx = Xeq/Ttun = ℏκ̄/m (order of magnitude).

This value is much larger than the avg Bohmian speed of the particles
entering x > 0. (In the paper, Sharoglazova et al. say the Bohmian speed
is 0, which is not correct for a wave packet, but the correct value is still
much smaller than ℏκ̄/m.)

Sharoglazova’s mistake

The tunneling time cannot be assumed to be unaffected by the
x-dependence of Ψ(x , y) (i.e., entanglement).
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How Sharoglazova’s assumption is violated in BM
The assumption was: Ttun is fixed by the double well potential,
unaffected by entanglement.
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2D simulation (n=439)
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Bohmian trajectories for Sharoglazova’s experiment

Avg Bohmian x-speed of a particle entering x > 0: v̄B =

√
π

8

ℏk0σk
mκ0
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Sharoglazova’s 2nd argument

was presented in the paper as a “consistency check” on the speed
estimate, but could be taken as an independent estimate. The argument
can be carried out in 1D (x only).

Dwell time argument (first half)

A widely accepted expression for the average dwell time of the
particle in a 1D region (a, b) is given by the Büttiker formula

τd(k) =
m

ℏk

∫ b

a

dx |φk(x)|2 .

In the present case, (a, b) = (0,∞) and, for x > 0,

φk(x) =
2ik

ik − κ
e−κx .

Thus, the average dwell time in the barrier is

τd(k) =
2m

ℏκ
k

k2 + κ2
.
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Sharoglazova’s 2nd argument (cont’d)

Dwell time argument (2nd half)

The the typical penetration depth is λ = 1/2κ.

Thus, vx ∼ 2λ

τd
=

ℏκ
m

(
1 + (k/κ)2

2k/κ

)
.

For ℏ2k2/2m neither close to 0 nor close to V0, (· · · ) = O(1), so this
estimate roughly agrees with the first.

Mistake

Büttiker formula = dwell time averaged over all particles in the ensemble,
not only those entering the barrier x > 0. Thus, the mean dwell time
conditionally on entering the barrier is τd divided by the penetration
probability P. For a wave packet, P ∼ λ/σx = σk/κ0, which leads for
small σk to

vx ∼
√

2

π

ℏk0σk
mκ0

, in agreement with v̄B.

Thus, the corrected argument supports Bohmian mechanics.

Roderich Tumulka Bohmian Mechanics



Büttiker formula in Bohmian mechanics

Given a trajectory X (t), the dwell time in region A is

TA =
∫ +∞
−∞ dt 1A(X (t)).

For any ensemble of trajectories, the mean dwell time is

τA = ETA =
∫
dt E1A(X (t)) =

∫
dt P(X (t) ∈ A) =∫

dt
∫
A
dx ρ(x , t).

In Bohmian mechanics, ρ(x , t) = |ψ(x , t)|2.
Fourier transformation is unitary ⇒∫ +∞
−∞ dt |f (t)|2 =

∫ +∞
−∞ dω |f̂ (ω)|2.

Leads to τA =
∫∞
0

dk |ψ̂in(k)|2 m
ℏk

∫
A
dx |φk(x)|2.

As |ψ̂in(k)|2 → δ(k − k0), we obtain the Büttiker formula.

Upshot: in the monochromatic limit, the Büttiker formula is exactly
true in Bohmian mechanics.
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Thank you for your attention
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