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1. Die Physik der Modelle. 
In  der  zweiten H~lf te  des vor igen J a h r h u n d e r t s  

war  aus den grogen Er fo lgen  der  k inet ischen 
Gastheorie  und der  mechanischen Theor ie  der  
W~rme  ein Ideal  der  exak ten  Na turbeschre ibung  
hervorgewachsen,  das als Kr6nung  j ah rhunder t e -  
langen Forschens  und Erff i l lung j ah r t ausendea l t e r  
Hof fnung  einen H 6 h e p u n k t  b i lde t  und  das klas- 
sische heiBt. Dieses sind seine Ztige. 

Yon den Na tu rob jek ten ,  deren beobachte tes  
Verha l ten  m a n  erfassen m6chte,  b i lde t  man, ge- 
s t t i tz t  auf  die exper imente l len  Daten ,  die m a n  
besitzt ,  abe t  ohne der  in tu i t iven  Imag ina t ion  zu 
wehren,  eine Vorstel tung,  die in alien Detai ls  
genau ausgearbei te t  ist, viel genauer  als irgend- 
welche E r f a h r u n g  in Ansehung ihres begrenz ten  
Llmfangs je  verbt i rgen kann.  Die Vors te l lung in 
ihrer  absolu ten  B e s t i m m t h e i t  gleicht  e inem mathe -  
mat i schen  Gebilde oder  einer geometr ischen Figur,  
welche aus einer Anzahl  yon  Bestimmungsstiiclcen 
ganz nnd gar  berechne t  werden  kann ;  wie z. ]3. an  
e inem Dre ieck  eine Seite und die zwei ihr  an-  
l iegenden Winkel ,  als Bes t immungss t t icke ,  den 
d r i t t en  Winkel ,  die anderen  zwei Seiten, die drei  
H6hen,  den Radius  des eingeschriebenen Kreises 
usw. m i t  bes t immen.  Von  einer  geometr i schen 
F igur  nn te rsche ide t  sich die Vorste l lung ihrem 
Wesen  nach  bloB durch  den wicht igen Ums tand ,  
dab sie auch noch in der  Zeit Ms v ie r te r  Dimension  
ebenso klar  b e s t i m m t  ist  wie jene in den drei 
Dimens ionen  des Raumes .  Das he ig t  es hande l t  
sieh (was j a  se lbs tvers t~ndl ich ist) s te ts  u m  ein 
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Gebilde, das sich mi t  der  Zei t  ver~nder t ,  das ver -  
schiedene Zusti~nde annehmen  kann;  und wenn 
ein Zus tand  durch  die n6tige Zahl  yon Bes t im-  
mungsst t icken bekann t  gemach t  ist, so sind n ich t  
nur  alle anderen  Sti icke in diesem AugenSl ick  mi t  
gegeben (wie oben am Dreieck  erl~utert) ,  sondern 
ganz ebenso alle Stficke, der  genaue Zustand,  zu 
jeder  be s t immten  sp~teren Zeit ;  ~hnlich wie die 
Beschaffe~bei t  eines Dreiecks an  der  Basis seine 
Beschaffenhei t  an  der  Spi tze bes t immt .  Es  ge- 
hSr t  m i t  z u m  inneren  Gesetz des Gebildes, sich in 
bes t immte r  Weise zu ver~ndern,  das heiBt, wenn  
es in e inem bes t imm te n  Anfangszus tand  sich selbst  
i iberlassen wird, eine bes t immte  Folge  yon  Zu- 
s t~nden kont inuier l ich  zu durchlaufen,  deren  j eden  
es zu ganz bes t immte r  Zeit  erreicht .  Das ist  seine 
Natur ,  das ist  die t Iypothese ,  die man,  wie ich 
oben sagte, auf  Grund in tu i t ive r  Imag ina t ion  
setzt .  

Nat i i r l ich  ist  m a n  n ich t  so einf~ltig zu denken,  
dab solchermat3en zu e r ra ten  sei, wie es auf  de r  
W e l t  wirkl ich zugeht ,  U m  anzudeuten,  dab m a n  
das n icht  denkt ,  nenn t  m a n  den pr~zisen Denk-  
behelI, den  m a n  sich geschaffen hat ,  gern  ein 
Bild oder ein t'Vlodell. 5 ~ t  seiner nachsichts losen 
Klarhei t ,  die ohne W'illkiir n ich t  herbeizuf t ihren 
ist, h a t  m a n  es lediglich darauf  abgesehen, dab 
eine ganz bes t immte  Hypo these  in ihren Folgen  
geprfi~t werden  kann,  ohne neuer  ~ArilIktir R a u m  
zu geben wg.hrend der  langwier igen Rechnungen ,  
du tch  die m a n  Folgerungen  ablei tet .  Da  h a t  m a n  
gebundene Marschroute  und e r rechne t  e igent l ich 
nut,  was ein kluger  Hans  aus den Da ten  d i rek t  
herauslesen wfirde! Man  weiB dann  wenigstens,  
wo die ~vViIlk/ir s teck t  und  wo m a n  zu bessern hat ,  
wenn 's  mi t  der  E r f a h r u n g  n ich t  s t i m m t :  in der  
Ausgangshypothese ,  im 3/[odell. Dazu  muB m a n  
stets  berei t  sein. W e n n  bei v ie len verschieden-  
ar t igen E x p e r i m e n t e n  das N a t u r o b j e k t  sich wirk-  
Hch so b e n i m m t  wie das Modell, so f reu t  m a n  sich 
und denkt ,  dab nnser  Bild in den wesent l ichen 
Ztigen der  WirMichke i t  gem~B ist. S t i m m t  es bei 
e inem neuar t igen  E x p e r i m e n t  oder  bei Verfeine- 
rung  der  MeBtechnik n ich t  mehr ,  so is t  n ich t  ge- 
sagt, dab m a n  sich nicht freut .  D e n n  im Grunde  
ist  das die Art ,  wie al lm~hlich eine immer  bessere 
Anpassung des Bildes, das heiBt unserer  Gedanken,  
an  die Ta t sachen  gelingen kann.  

Die  Massische ~<[ettlode des pr~zisen l~Iodelts 
h a t  den  Hauptzweck ,  die unvermeid l iche  W'illkfir 
in den A n n a h m e n  sauber  isoliert  zu hal ten,  ich 
m6chte  fast  sagen wie der K6rper  das Keimplasma,  
ftir den  historisehen AnpassungsprozeB an die 
for tschrei tende Er fahrung .  Viel leicht  l iegt  der  
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What the debate on “foundations” is about

Everbody agrees on

rules for empirical predictions: unitary evolution, Born’s rule, collapse rule

What we may want more

We would like to know: how does nature do it, what is the explanation of
the observed outcome statistics? What actually happens?
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The word “ontology”

sounds very philosophical
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The word “ontology”

sounds very philosophical

but is also a technical term in computer science

and is a technical term in the foundations of QM:

The ontology of a theory T is what exists in the world according to
T .

Example: The ontology of Newtonian mechanics consists of 3d
space, 1d time, and particles with trajectories.

Roderich Tumulka Status of QM



Plan of the talk

What’s the problem?

3 known solutions: trajectories, many worlds, spontaneous collapse

3 theorems: from 1957, 2012, 2022
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What’s the problem?
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Measurement process

Consider an ideal quantum measurement of the observable A =
∑
α αPα

with eigenvalues α and Pα the projection to the corresponding
eigenspace. It begins at t0 and ends at t1. At t0, the wave fct of object
and apparatus is

Ψ(t0) = ψ(t0)⊗ ϕ

with ψ(t0) = wave fct of the object, ϕ = ready state of the apparatus.
By the Schrödinger eq., Ψ evolves to

Ψ(t1) = e−iH(t1−t0)Ψ(t0) .
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Measurement process, continued

We have that Ψ(t0) = ψ(t0)⊗ ϕ and Ψ(t1) = e−iH(t1−t0)Ψ(t0).

Suppose first that the object is in an eigenstate ψα of A. Then

Ψα := Ψ(t1) = e−iH(t1−t0)[ψα ⊗ ϕ]

should be a state in which the apparatus displays the value α (e.g., by
the position of a needle).

Suppose next that ψ(t0) =
∑
α cαψα is an arbitrary superposition. Then

Ψ(t0) =
∑
α

cα [ψα ⊗ ϕ]

and, by linearity of the Schrödinger eq.,

Ψ(t1) =
∑
α

cαΨα ,

i.e., a superposition of wave functions of apparatuses displaying different
outcomes.
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Evolution of Ψ in configuration space of system x + apparatus y :

Ψ

x

y t = 0
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Evolution of Ψ in configuration space of system x + apparatus y :

Ψ

Ψ

x

y t = 1
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Evolution of Ψ in configuration space of system x + apparatus y :

Ψ

Ψ

x

y t = 2
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Evolution of Ψ in configuration space of system x + apparatus y :

Ψ

Ψ

x

y t = 3
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Evolution of Ψ in configuration space of system x + apparatus y :

Ψ

Ψ

x

y t = 4
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Evolution of Ψ in configuration space of system x + apparatus y :

Ψ

Ψ

x

y t = 5
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Evolution of Ψ in configuration space of system x + apparatus y :

Ψ

Ψ

x

y t = 6
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What the problem is

The apparatus consists of electrons and quarks, so it should be
possible to treat it like a quantum system with a wave fct ϕ on R3N ,
N > 1023.

If we do, then Ψ(t0) = ψ ⊗ ϕ evolves according to the Schrödinger
eq. to Ψ(t1) =

∑
α cαΨα, where Ψα corresponds to a needle

pointing to α. A superposition of different outcomes.

Ψ(t1) doesn’t say what the actual outcome is.

We might have expected a state Ψ(t1) with a unique needle position.

We might have expected a random state because the outcome
should be random.

Schrödinger’s cat

is a particular version of the problem. Schrödinger formulated it to
criticize the Copenhagen interpretation of QM.
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What exactly is the problem?

Bob: Superposition or not, Ψ(t1) still yields the right probabilities.

Alice: Everybody agrees about the empirically right probabilities. That is
not the problem.

Bob: Then where is the problem?

Alice: The problem is about what is there in reality.

Bob: I believe there is no microscopic reality, that observables don’t have
values before the measurement.

Alice: But that is a hypothesis about reality, too. If only the wave function
exists, that is a hypothesis about reality, too. The measurement
problem puts constraints on the possible hypotheses about reality.

Bob: Which constraints?
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Let’s pin down the problem

3 assumptions

1 In each run of the experiment, there is a unique outcome.

2 The wave function is a complete description of a system’s physical
state in reality. (There are no further variables.)

3 The time evolution of the wave function of an isolated system, not
entangled with the outside, is always given by the Schrödinger eq.

Together, they lead to a contradiction: By 3, Ψ(t1) is generically a
superposition of Ψα corresponding to different outcomes. Thus, Ψ(t1)
doesn’t select an outcome. If there were further variables, they could
select an outcome, but by 2 there aren’t. Thus, there is no unique
outcome, in contradiction to 1.

Consequence

We need to drop one of the 3 assumptions.
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Three solutions to the problem
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#1: Many worlds

Everett (1957) argued that all contributions to Ψ(t1) are real, so all
possible outcomes are realized “somewhere.” (Assumption 1 is denied.)

Clearest version of this theory [Schrödinger 1925]:

Law 1: the Schrödinger eq for the wave function Ψ of the universe.
Law 2: matter is distributed in R3 with density
mt(x) = 3-marginal of |ψt(x1 . . . xN)|2.

It seems that ultimately, this kind of theory doesn’t work, specifically
can’t account for probabilities. (But it’s subtle: The theory requires that
a law of nature determines how to count worlds, and plausibly, a law of
nature can’t determine that.)
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#2: Bohm’s trajectories
The obvious trajectories are the flow lines of the probability 4-current
(ρ, j) = (|ψ|2, Imψ∗∇ψ). Bohm’s (1952) proposal is to take them
seriously, to hypothesize that electrons are literally point particles.

Drawn by G. Bauer after
Philippidis et al.

(Most contemporaries hated that. They had spent years practicing
Copenhagen philosophy, and now difficult philosophy might be replaced
by a simple equation.) The configuration Qt is |ψt |2-distributed at all t.

It works. (Assumption 2 is denied.)

Inhabitants of a universe governed by Bohmian mechanics would make
observations in agreement with the rules of QM.
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Consequence

No empirical test between Bohmian mechanics and Copenhagen QM is
possible.

So what is a theory like Bohm’s good for?

For understanding
(cf. Copernicus vs Ptolemy)

For precise reasoning
(cf. mathematicians’ definitions of the integral)
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#3: Spontaneous collapse (GRW theory)

Key idea:

The Schrödinger equation is only an
approximation, valid for systems with few
particles (N < 104) but not for macroscopic
systems (N > 1023). The true evolution law for
the wave function is non-linear and stochastic
(i.e., inherently random) and avoids
superpositions (such as Schrödinger’s cat) of
macroscopically different contributions.

Put differently, regard the collapse of ψ as a
physical process governed by mathematical
laws.

GianCarlo
Ghirardi
(1935–2018)

Explicit equations by Ghirardi, Rimini, and Weber [Phys.Rev. D 1986]

The predictions of the GRW theory deviate very very slightly from the
quantum formalism. At present, no experimental test is possible.
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GRW’s spontaneous collapse

before the “spontaneous collapse”: and after:
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Three theorems

Roderich Tumulka Status of QM



Quantum measurements are not literally measurements

The “no-hidden-variables” (NHV) theorem was first proved by Gleason
(1957), then in other/simpler ways by Specker (1960), Bell (1966),
Kochen and Specker (1967), Mermin (1990), and Peres (1991).

Let us suppose that with every self-adjoint operator A there is associated
a physical quantity vA, the actual value of the observable A, and that a
quantum measurement of A simply reveals the value vA. Can it be this
way?
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#1: NHV theorem

Suppose 3 ≤ dimH <∞. Let A be the set of all self-adjoint operators
on H , and fix a ψ ∈ H with ∥ψ∥ = 1. The Born distribution for A ∈ A
is

Prob(α) = ∥Pαψ∥2 = ⟨ψ|Pαψ⟩ (1)

for A =
∑
α αPα. For pairwise-commuting A,B,C with

A =
∑
αβγ αPαβγ , B =

∑
αβγ βPαβγ , C =

∑
αβγ γPαβγ , the joint Born

distribution is
Prob(α, β, γ) = ∥Pαβγψ∥2 . (2)

NHV theorem

Consider a joint distribution of random variables vA for all A ∈ A .
Suppose that a quantum measurement of any A ∈ A yields vA. Suppose
further that whenever A,B ∈ A commute, then a quantum measurement
of A doesn’t change the value of vB (nor that of vA). Then the joint
distribution of vA, vB , vA+B disagrees with the joint Born rule (2).
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#2: Wave functions are real

Pusey-Barrett-Rudolph (PBR) theorem (2012)

In any theory whose empirical predictions agree with the rules of QM, Cψ
must be part of the ontology or a function of the ontology.

Formalization of “any theory”

Write λ for an “ontic state” (what is real), Λ for the set of all λ’s (the
“ontic space”).
• Given any quantum state ψ, there must be a probability distribution
ϱψ(dλ) over Λ.

• Given any experiment E , there must be a probability distribution Pλ,E
for the outcomes if E is performed on a system in the ontic state λ.

• Empirical agreement ⇔
∫
Λ
ϱψ(dλ)Pλ,E (B) = ⟨ψ|EE (B)|ψ⟩ ∀ set B

Example: in Bohmian mechanics, λ = (Q, ψ), Λ = R3N × H ,
ϱψ(dQ dφ) = |ψ(Q)|2 δ(ψ − φ) dQ dφ.
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• Terminology: “every theory” = “ontological model”
• If Bob is “not a realist,” then he wants λ = ψ.

Formalization of “part of the ontology or a function of the ontology”

⇔ “ψ = f (λ)”⇔ ϱψ disjoint from ϱϕ whenever Cψ ̸= Cϕ
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#3: Positivism in QM

Here, “positivism” is the view that

a statement is unscientific or even meaningless if it can’t be tested
experimentally

an object is not real if it can’t be observed

a variable is not well defined if it can’t be measured.

Feynman didn’t like that:

“Does this mean that my observations become
real only when I observe an observer observing
something as it happens? This is a horrible
viewpoint. Do you seriously entertain the
thought that without observer there is no
reality?” (1959) Richard

Feynman
(1918–1988)
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Positivistic reasoning is often implicit in textbook arguments.

For example: you can’t observe the ether, therefore the ether
doesn’t exist.

But you could make the following argument instead: there is a
consistent theory without the ether (special relativity) that makes
empirically correct predictions, so there is no need to assume the
existence of an ether.

From Bohmian mechanics it follows that it is impossible to measure
the instantaneous velocity of a particle unless we already know the
particle’s wave function. So there is a limitation to knowledge. That
runs against positivism.

In classical mechanics, there are no limitations to knowledge. But in
QM . . .
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A theorem against positivism

Theorem [Tumulka, Found.Phys. 2022, arxiv.org/abs/2205.05520]

In every theory whose empirical predictions agree with the rules of QM,
there is a quantity that is well defined but can’t be measured.

So, limitations to knowledge are inevitable, and positivism is provably
wrong. Just as not all energy contained in Carnot’s (1824) heat engines
can be extracted as useful work, not all information contained in a
quantum system can be extracted as human knowledge. And it is not a
flaw of Bohmian mechanics that velocities can’t be measured.

Precise statement

Given any ontological model (Λ, ϱψ(dλ),Pλ,E ) with empirical agreement
with the rules of QM for sufficiently many observables (i.e., such that
EE (B) covers at least all 1d projection operators), then there is no
experiment E that can measure λ.
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Thank you for your attention
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Relativistic space-time
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Can Bohmian mechanics and GRW theory be made
relativistic?

That depends on what counts as “relativistic.”

no superluminal signaling: both

foliation independence: GRW yes [Tumulka 2006], Bohm no

So, GRW is “more relativistic” than Bohm. Still, general relativity has
special foliations, so one could say that Bohmian mechanics is as
relativistic as general relativity.
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Thank you for your attention
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