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a) The Legend of Dirac’'s Epiphany

o Dirac, back in 1928 blending QM & relativity

. Relativistic E-p

relation

2" ord. Klein-
Gordon eqt.

E? = mict +

(pc) —_—

If plane-waves (T, t) = Aet (PPT—Et)

should satisfy it: the heuristic rule that works in

non-rel. SE is

__——

R

82
ot?

(t,7) =

(moc — h?c*V3) Y(t, T)

 Has finite propagation speed (Propagation Locality -PL)

o Has continuity eqt. but “prob.” density is negative I’

e Moreover, all QM was 15t order in time!

So take relat. for "E="

B 4l 1 G

<

/'

—

™~

-

0
E— ih—;
=1 BYE

P —ihV

V\I‘ Indeed, if you plug plane- l

\ wave you get get E-p rel

No prblm. in Bohmian mechs: it is a signed flow’s
compont. [2, §7.3.8], but game break for orthdx. QM |

0 N
zha@/)(t,:c) =

ivﬂn&ﬁ——h%ﬁvgd%uf)

1%t ord. Klein Gordon eqt

Pseudo-diff op.

(go to Fourier space,
apply multiplicat op.

& back)

Looks Schrod.-like, has positive prob... but worse: not a PDE and H porp speed (no PL)!

\

»



a) The Legend of Dirac’'s Epiphany 7

 But Dirac insisted,

“Can we have it all: 1%t order in time, linear differential, but when squared correct relation £* = m%c4 + (pe)* 77

/ / . 4 /
: if it was £~ then not only would there be real roots, but also
for this we must

complex, but thinking in relativity we wouldn't see that: i.e., a real
not have sqrt . .
number expression can be obtained not only from real numbers!

for this we need
“E=" relation

* |Is there a some “number”’ system where the square of a polynomial expression “E=" gives E? = m%c4 + (56)2?

Try linear expression: i.e., coefficients 1,2, 3,08 of the alien “number” system, s.th.

- S
| so, we assume it i
E = 3 moc® + (a1p1 + aaps + asps)c » [? = mgc4 + (pc)? I isan algebra
~ »
. Contradictory system in 9 and E
/'
a? — 5% =1d . Also in CF (with elemnt.-wise pdct)
t oy s : . :
irflfle < ajaptaga; =0 Vj#£k * But possible in C* x C* (with matrix multipl.)! $(,O\
. . o)
Baj + ;B =0 |: for all odd k incompatible system
— for k=2 incompatible....but....compatible for k=4 (/)



a) The Legend of Dirac’'s Epiphany

/"
g oz? — /32 — Id Compatible for k=4 in different ways! —— Differt. represents.
< ajop + oo =0 Vigk < For example, o 0 o ([ Idaxo 0
77 \g; 0 b= 0 —Idayo
— ~

( B Y
* So, apply “quantization heuristic” - 2 7y 3BV |
'\ B mat’ P> —ihV ) The Dirac Equation
E = B8 moc® + (a1p + asps + azps)c L0 - - . 2 -
0 1P1 2P2 3P3 > Zhaw(t’x) — (ca - (—thV) + Bmc )w(ta:)
= B m002 + a - ﬁ

e So, need a “vector valued”’ wavefunction too: « Defining its Hamiltonian

a four compont. spinor ¢ € H = L*(R3,C*) Hy := cd@ - (—ih%) + Bmc?
. In non-relativistic limit one gets the Pauli equation! ( d
Zhﬁwt — Hy1p, Still a Schrédinger

L» Explaining “why" spinors are needed in QM! equation!




The Bible: B. Thaller, The Dirac equation, (Springer-Verlag, 1992)

b) The “Free” Dirac Hamiltonian

— /- . .
Hy = cd - (—ihV) 4+ Bmc® on  H = L2(R3,CH . Dirac representation

5, Q1= (O’j 0) RS {1,2,3}
* Relats. to get “"E-p relat.” when squared soluts. B = (Id2x2 0 )
( | not 0 —ldyxo
{on,an} = 200 Idixas ik € {123} —— unique )\ .
, « Weyl representation
{ {OJZ,B}:O, %6{17273} l
2 [Ty 0 . 1.9
\f” =1d but reltd aj=\{q4 _, ) J€11,2,3;
(01 (0 —i (1 0 by E ’
gl = 1 0/’ g9 = 7 0 )’ g3 = 0 —1 isomor_ /8 - ( 0 Id2><2)
’ _ ' Idsy o 0

* Change of Representation map

1 (Idzxg Idyyo ) e.g., Dirac spinor to Weyl Dirac B to Weyl 8 etc.

Twep =~ )
NPT 2 \Udyw —Idao vw = Twp¥p Bp = Ty pBwTwen



b) The “Free” Dirac Hamiltonian

10

e F:L*R3C* — L*R> C*) == unique unitary extension of component-wise Fourier transf. on Schwarz fcts

Hy = ca@ - (—ihV) + fmc? —> (fHOf_l)(ﬁ) =

e

multiplication op. by a Hermitian 4x4
matrix per p € R3

(

— 4 eigenvals.

mcz Idgxz

co

co-p
—m02 Idgxg

—

P

E1,2(P) = Ve |p1? + m2et = E(|pl)

' per p e R? :
diagonalization matrix u(p) E3.4(P) = —\/c2|p]2 + m2c
V'
e\t
u(p) (FHoF ")) u(p) ™" = E(P)B | ~—— (uFHo(uF)™*)(5) = £(15) e
~~
I
« W s unitary converting Iy into a multiplication op. ., full spectral
I : . . Hoy=W"Megp W “diagonalization”
in P arg. and a diagonal matrix in spin arg.
. In ¢ € WL3(R®,CY), where [, diagonal [ 1 (Idax2 O )
P, =W 0 0 W “E>0 part” are
. upper two compts E>0 S ortl.mgonal
1 (0 0 “E<O0 part” projectors!
— lower two E<O0 P_=W 0 Id W
\— 2X2 .
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b) The “Free” Dirac Hamiltonian / Curiosity: [Upy := F 'W = F 'uF 11
~ |
- 3 i | 1 _ (VA mcd 0
» 7‘[+ —P_|_H H:LQ(R ’C ):H+@H_ : UFWHOUFW_ ( 0 —\/—C2A+m2C4
\7'[— =P_H A” states have splitting ‘\ So Dirac eq. is unitarily equivalt. to 2 decoupled
in E>0 and E<O parts \ spinor KG Gordon eqts! (of E>0 and E<O0)
N

T — — — —

. Dirac eqt. in form: Schr. eqt. on H = L*(R?,C*%)

in relativistic form (we won’t use it here)

ih%?ﬁt = (co?- (—zhﬁ) + ﬁmcz)wt

(f)f“’ -1hd, — mc)w(ct,f) =0

Gamma
matrices

Theorem 1.1. in [1] V=0

e Hy=ca- (—zhﬁ) + Bmc? is self-adjoint in the first Sobolev space,\

i.e., (Hy, D(Hp)) is a self-adjoint (unbounded) operator on

D(Hy) = HYR*)* ¢ L*(R3,C*).

e Its spectrum is purely absolutely continious and given by

o(Hp) = (—o0, —mc?] U [mc?, 00).

=100 je{1,2,3}

By Stone’s Theorem, M SCOPUG

Ut — cce—%HOtav with
d
- ih—U, = Hy

Solution map (propagator)
of Dirac Schr. eqt.!
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b) The “Free” Dirac Hamiltonian: Plane wave “solutions” — formal eigenstates 12

* Distributionally, a plane wave fk.(f) — ei’z‘f is mapped to a delta at % € R® by Fourier trsf.

0 0
e Qur F is Fourier per compt. in 4-spinor WFs, e.g. ~ |l . |
0y 1(@) = e | 1 o (Fa, )3 = 07— ) |
e Recall: Hy=F '(u""Mg Bu)F 0 0
so, formally, a plane wave times an eigen-spinor of the matrix: (u_lMg ,Bu)(E) — 5(]2) U(E)—lﬁ u(E)
is an “eigenstate” of Hj
o u(p) is already the diagonalization matrix, so ) _
1 0 >_ are formal plane wave eigenstates
_ =~ o . -~ o of Hy, with “momentum” k € R®
o ik T — o ik —
et.1(k) = €™ ulk) 0 e-1(k) = e u(k) 1 * two with degenerate spectrum(H)
0 0 posit. “energy (k) \ A,
O — mc L
(1’ ) 0 . two with deg. neg. —£(F)
. s > k@, (7 —1 1
ey (k) =" u(k)™? 0 e_2(k) == e u(k) 0 e |
0 1 Degenerate! [& 0 B
Soany 4 LI | [ 0 |
e w o = . . S spinor like 0 are aiso
Eigenval. E(k) = \/c2|k'|2 4 m2eh Eigenval.” —&(k) / 0 g “eigenst.”!
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b) The “Free” Dirac Hamiltonian: Plane wave “solutions” — formal eigenstates 13
~ ]
* Since degenerate in subspaces of dim 2, we can choose any other basis of C” ~ k - S l
, G- — | vl(k) =v(k) |
e Given k ¢ R3 let vt (k), vt (k) € C? be eigenstates of 2-spinors in direction i < K| I
|| i . o
2. 1 — a4
« Define then — o |]—€»’ v¥(k) = —v¥ (k) :
N~
T/¢ UTM(ﬁ) q |
(p) = u(ﬁ) 0 >_ ”U_Tk(l;}}) - e""“fwi(lg) ( ) :E‘wT_(E) They are l
0 ) L ) ~ R LT formal H, I
fui(k) — e%k'mwi(k) (]f) Fw (k) eigenstates of | |
/1 1 0 B but also of :
w7 (p) = u(p) 0 “Eigenvalue” E(E) “Eigenvalue” —E(k) helicity op.! !
v/ () I
— |
* Formal plane wave eignsts. rigorously usable to L A (5- %) 0 :
form wavepackets! v ¢ 11(R? 1)1 L2(R?, C) )Tzl o (7. %) |
k
|
Y(t,T) = 13/2 / 6_%5(ﬁ)tvi(ﬁ)f(ﬁ)d3p — is a solution of free time evolution that remains I
(27) 3 within positive E and “up” helicity spectral subspace I
|

Physicist’s QFT treatments start from this “expansion”!



b) The “Free” Dirac Hamiltonian

spectrum(H) « o(Hpy) = (—o0, —mc2] U [mCQ, oo) call it “Energy” spectrum
H « Def. spectral PVM Projectors to E>0, E<0 subspaces P, ((0, +00)) = Py
+mc | of Hyas Ppg,(-) match the ones we found! -

PHO((_OOJO)) = P_
" . Now meaningful —— Hi =P H & Ho=PH <> H=H, DH_

to call

-mc

Positive E subspace Negative E subspace

e But then...a Dirac-particle can have unboundedly low energy... (no GS)

e Heuristic* fear:

Hy
If coupled with light —— energy exchange’ could decay e- me ‘>N

to infinite negative energy,

-mc | ‘\Nﬂ
L—> infinite “light energy’! Ho

I Not observed in experiment! ‘> N

Neither a banned gap in e- E!

*Technically, need
multiparticle theory
to check if true!




c) And yet Another Epiphany... 15

° Dirac’s idea: if 7H_ already “filled” "by Pauli exclusion princjple”, . The
Back to 1920 with e-s ——  extra e- can only be in [ —— Dirac Sea
(Back to ) (where “there is GS”) (“filled H")

. _ “uni " “invisible” y "
Background e- sea “uniform” —, sible only “the drops over the sea

i e o 1 A
] for us visible”: the observed e-s!
« But if so... Y
+
A A hole in the sea would behave as a positive charge <«—  a..."positron’? let’s O
: : P & . +mc L
particle with same mass! denote it e+ perhaps?
< A If we “inje.ct" energy to apparent nothingness “matte‘f” creati(,),n -mc T o
promoting an e- from sea, we would see as from “vacuum’”?
if e- |
if e- & hole get created from vacuum! e- e+ H
. . . —> thilation?
_ A An e- could vanish to vacuum if matched with a hole! annihilation
« So, matter particles can be “created” out of “apparent nothingness’? gf# ;f
or .
Loose talk... To formalize this need N...or better N(t) particle theory! = formions! So, either a

quasi-particle
or a particle,
but e+ exists!

v

* Yet, the qualitative conseqgs. were experimentally verified after Dirac proposed them!

e.g., Anderson discovers an e- with opposed mass in 1932...




d) An External EM field — Charge Conjugation

16

 In search of the positron’s equation using the 1 Dirac particle l’ conjugat-unitary
o Consider the conjugate-unitary (or antiunitary) automorphism Cvy = Up)* : C(Aw) = A CY
. : : . 1 (Cy,Co) =
with  Uc a unitary matrix s.th. BUc = —Ucf e.g. in Dirac repr. \< »,C0) = (¥, ¢)
OﬁkUC’ = UCO&Z UC — iBOéQ

—

-

Dirac operator in external EM field is

H(e) = ca - (—zhﬁ — E/T(t,f)) + pmc? + epe(ct, T)
c

o If JJ solves Dirac eqt. with H(e) —  C%(t) solves Dirac eqt with H(-e)

e CH(e)O™'=—H(—¢) — ‘

Y st.th H(e)y = Ev —> H(—e)CY = —EC
Y eH_(e) = Cy € Hi(—e)

identified

E<O0 subspace of H(e) «———— E>0 subspace of H(-€) ==

via C

- Hamilt. of same mass particle
but opposide charge

Hence call C charge conjugation op

L_, Def this as

“antiparticle”

*
-

- o __17



d) An External EM field — Charge Conjugation 17

If EM field off (no longer refce. to charge in H) still a map identifying H_,H

. |C¥(x)|]* =w(z)]? — E<O0 e- state’s motion indistinguishable of E>0 e+

_, all consistent with interpretation:

Y € H_ describes an “antiparticle” with E>0

the positron
e+

So, needn’t formalize the sea and N,N(t) Dirac-particles? Well...

If e+ interpretation accepted for v € H_, then H = LQ(RS, C4) contains superpositions of e-s
and e+s (E>0 and E<O0), but a single position variable

o However

( , A single particle state describing a mix of two?!

[Ho, Py] =0 — [e7iHot p. =0 — | ¥(t) =

general H(e) produces superpositions of H_,H |

interpretable as indicator of pair creation/annihilation

Idea: To restore single particle theory — restrict all to [ via P,

<, For free particle

e_iHotlbo cHy <= Yo Hy

—, so yes, N or N(t) particle
theory needed!



Recall: Projector Valued Measure and Spectral Theorem 18

C APVMisapair W, {P(B)}gcw
AM a2 measurable space, e.g., W = R3 (with Borel sigma algebra) notat. abuse —strong o-addtvty
< A P(B):# — 2 bounded linear operators, s.th. - “compltns. relat.” for {Bk}ken disjoint in W
_ proi - s.a. ops. P(W) = Idy =
projectors fps P ( | | Bk) =Y P(By)
P(B)P(B) = P(B) | P(B)" = P(B) <[ Plaw) = 1d = i
— W (strong sense)

* P(:) := (¢, P(-)1) is a measure on W, with meas. 1 for whole: a probability measure

...But probability
 Spectral Theorem:

of what?
(i) For any PVM W = B(R),{P(Q) }acw on 4, the operator (Y, D(Y)) s.th., N
/'
“Of the uniquely associated
Y= / (dy) DY) :={yeA| / (Y| P(dy)y) < +oo} < s.a. operator’s observable”
(orthodox jargon)
—

with o(Y') := supp P, is self-adjoint (s.a.).
(ii) For any s.a. operator Y, D(Y) on 47, there exists a unique PVM on J#, s.th. the above holds for Y.

(iii) Given the s.a. operator Y, there exists a Hilbert Space r%;?ymp (called ”y-representat.”) and a unitary op.
U:H — Hyrep sth., Y =U ' M(y)U, that P(B) = U~ *M(xp)U and P(BJy) = [, |[Uy|*(y)dy, for B C W.



~ A POVM is a pair |V, {P(B)}BeW

Recall: Positive Operator Valued Measure

19

A a measurable space, e.g., W = R3 (with Borel sigma algebra) notat. abuse

< A P(B): ¢ —  bounded linear operators, s.th.

et

- “compltns. relat.”

P(W) = Idy

. / Pdw) = Id"
%%

— s.a. ops.

P(B)* = P(B) ‘

= }
Non-negative operators

(|P(B)Y) =2 0Vy €

—strong o-addtvty

for {Bk}ren disjoint in W
o0

P(|_| Bk) =Y P(By)
k=0

kEEN
(strong sense)

* It is the minimal requirement for P(-) := (1), P(-)1)) to be a probability measure!

° PVM — POVM

Most general quantum experiments given by POVMs! [2, §5.1.2]

L_. If there is an experiment determining positions of particles, there is an associated POVM!

We will abuse language to|call a POVM with W = R?® a (1 particle) position “operator”!

.

Not necessarily a s.a. operator or PVM (although collapse tricky then)



e) The Difficulty with Positions for e-/e+ 20

(i) The Standard Dirac-particle Position Operator iﬁ’zlgg
s N — | T2
e T = (&1,40,43) the standard position operator in B .. (2)(7) z3(Z)
zj1a(T)
is self-adjoint in D(z;) = {¢ ¢ L*(R*,CY) | 29|12 < 0} with PVM Pyai(B;) = M(ijij) B; CR

Joint PVM of 7

. B CR? Pyq(B) = M(xB) | s-th. (Pstd(B) w) () = ¥(F) x5(%) = {w(f) if ¥ € B

0 if ©¥¢ B
4
* Yields probability measure P(particle € B) = (1| Pyq(B)Y) = / Z Wk(f)lgdgﬂﬁ
B g=1
. zic'(t) = enHotge 7 Hot d - : Assctd. velocity
, T L0 = L #0) = ek Pteqet0t = (1) — |operator 0
L(w(t)|A¢(t)> = (¥(0)[A(t)¥(0)) y
&) = {—c, +c} Vi * Recall, Dirac-Bohm velocity is its local expectation! (in Lorentz frame)
d)f( t) wT cal By equivariance, in std. pos. repr., |
<, | - (t ?X(t)) ropagates finite speed -
|Expected velocity| < c dt Wi propag peed —, | Propagation

pure discrete spectrum! Locality!




e) The Difficulty with Positions for e-/e+ 21

(i) The Standard Dirac-particle Position Operator

« For us Dirac-Bohm law is perfect, but historically, velocity op ca was surprising

In relativistic kinematics § — 27/F ——— naive quantum guess would have been ?pH !
p 0

free particle

CQ}%'H()_l bded op. with [—c,c] pure a.c. spectrum & commutes with Hj >
const. of mot.

A
—

« But for ca : [Hy, cd] = 2HoF — NOT free particle const. of mot.
A, R . n : % ) .
F :=ca — czﬁ'HO_1 diffce. betw. std <. ca(t) = *pH; ' + 62%H0tF(t) Schrédinger
and naive vel. op. 0 > called it
Expected velocity will oscillate Zitterbewegung
o |Likewise 2, & 221 1 e 5, around conserved mean value of
T(t) =T+ cpHy "t + m(e T -1F classically expected *pH; !
N v J | y ) D
Classical free particle traj. Oscillation - For us no problem, except
ﬁpi _ ijﬁ that Zitterb. is symptom of
|f w c Hj: ——— no Zitterb. E>O0 & E<0 mixing!
' Fmaps H+ — Hx |~ g:

W()|Z (1)) = (Y|T ) + (Y| PHG ) t



e) The Difficulty with Positions for e-/e+ 22

« More explicitly: Zitterbebew F is symptom of H_,H_ mixing by std. position op 7

2, i~ I =
PixP_+P 2P, = 5 7 F' —— evenif %€My, ingeneral T¥ ¢ Ho
(2210
(i) The Projected e-/e+ Position Operator C v Siill s in D3
. |f not want posit. operator mixing subspaces, force it A
o Canonical commutat. with P
> 5, X ) | 5 5 S
Tproj = PyxPy + P_2P_|= 7 — QiHOF 3 « Ofc. no zitterbeweg.  ¥proj (t) =7+ *pHy 't
—

* Then to consider H4,H_ (or CH_) ;s independent e-/e+ Hilbert spaces , need operators that

map H — H. so the obvious single e-/e+ position operators are restrictions of Zoro

TprojlHy = PrZPr  —— :%'ei cH+ — Hy Totr = PLT inclusy
BUT: Immediately
. The different directions do not commute! 2 discarded! Else
So no joint measure on Il subsets! [proj b Tprojik] = —igz” '< finding particle
. 0 . 3
in QCcR
meaningless!
" g

For most By x By x B3 C R®: localize in one dir. z; € Bj —— not in others



e) The Difficulty with Positions for e-/e+ 23

(iii) The Distinguished e-/e+ Position Operator
General Characterization of a s.a. position operator (with commuting directions) [1, p.29]
 If{P(B)}pcrs is
1. a PVM on R? subsets
2. s.th., for any B C R3,@ € R3, R € SO(3),
P(RB+ad)=U(a,R)P(B)U(a,R)"
for some unitary representation of the Euclidean group in the Hilbert space of the particle.

Then, {P(B)}pcrs is the PVM of the unique ”position” operator 7= (q1, G2, q3), defined by

q;j ::/ )\PQ'j (d)\)
with P, (A) := P({Z € R’[z; < A}).

o Conversely, for any position operator with commuting directions we can define P(B) via spectral
theorem (joint diagonalization) as M(xp) in the Hilbert space of its ”position” representation.



: Recall FW representation was ,,

| Upw i=F 'W =F 'uF sth

|\ UpwﬂoUF_I}V = B\/—C2A + m2ct
Theorem 1.5 in [1] N

Let ¢ = (41,42, G3) be s.a. commuting ops. in H = L?(R3 C*) with joint spectral PVM {P(B)}gcgs
satisfying 1,2 of characterization. There is a unique such ¢ also satisfying

e) The Difficulty with Positions for e-/e+

(iii) The Distinguished e-/e+ Position Operator

3. P(B) leaves H and H_ invariant, i.e., P(B)H+ C H.

A~ 5 R o
It is called the Newton-Wigner(-Wightman) position operator Zyyw and it is | TNW = UpwTUpw.

(i.e., std. pos. op. of Foldy-Wouthuysen (FW) space brought to Dirac space)

* No Zitterb. « ¥ € Hx localized in NW position in (i.e., not localized

.C:E’NW(t) = Q%NW + c215'H0_1t can be B C R? W(Z) #0in T ¢ B in std. pos. op)
BUT:
Theorem 1.6 in [1]: |V (0) € H & for all open B C R? and ¢ > 0, 3t € (0,¢), s.th. (¢ (¢)|Pyw (B)(t)) # 0.

~ ~

so, if bded By C R® & o € range Pyw(Bo) — at t=0 all prob. localized in B,
In NW posit. repr.

< For arbitrarily far B CR® there is prob. at arbitrarily small t>0 > Hb propagt. speed!
No Propagt. locality!

L_, there is prob. that particle goes from || to B arbitrarily fast!




e) The Difficulty with Positions for e-/e+ 25

(iv) The Obvious e-/e+ Position “Operator’ (POVM)

Same as using std.
o If start from pdf not opt. obvious demand: post. op's PVM

I
given 1 € H4 we want prob. to find e-/e+ in B c R3is / Z [V (Z))2dPz | 2 Psia(B) = M(xB)
| B k

L_. Ensures a joint i probability, PL and meaningful for H.y,H_ (or C’H_) alone!

» This is the obvious position measure not mixing H_,H_ (or CH_): Ps4(-) projected to H . " associatd. prob.
measure
Popy(B) := Py M(xB)Py + P-M(xB)P- Py, e:l:(B) cHe — Ho <w|Pob'v (BW>
_ , yields exactly
so  Popo(B)Y = PLM(xB)Y for ¥ € Ht Popy.er(B) = PLM(xp) inclusy <\ ,

Almost a But:

: o
. No longer are a PVM : P,y (B)? # Pyo(B) — No s.a. posit. op. behind! (also by thm.)

N | Vali !
The true But: But yes a POVM! Valid too! (Although collapse unclear)

* Corollary 1.7 in [1]: | Vi € He  supp(y)) := closure of {Z € Ry (T) # 0} = R”.

So not possible to localize to any compact set!!l W € Hye with prob 1in B # R3 <>
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(iv) The Obvious e-/e+ Position “Operator’ (POVM) Following [11]
- [ vanishing in open set —» vanishes everywhere [1, Cor. 1.7.] = pobv never compact support!

o No localized post-measurement state — Violation of Interaction Locality

e Let e €2 only Tin (1,0) sector —according to NN -
é; if detector finds particle in compact 4 C R’ att=0: collapse must happen ¥pre — Vpost
But post-meas %post can’t be localized in any compact = has tails arbitrarily far from A! 0 1t

é.) non-zero probab. to immediately find particle arbitrarily far away!

N

But according to il wavefunctions (and Bohmian trajs) propagate at v<c!

Conclusion: With positive prob. particle was not in A at t=0 — detector triggered by spacelike away particle

Violation of interaction locality! <—>
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(i) Z, {Pya(B)}pcrs Standard position operator in H = L*(R®,C*) — s.a., M joint-PVM and PL,
» Perfect for Dirac-particles (not caring if E>0 & E<O0 superpositions)
» Perfect for Dirac Sea particles...but unless we formalize it..."res de rien”

« Bad for e-/e+ picture, since mixes H,,H_ (Zitterbeweg.)

A no meas.
(1) Zprojs {Pproj,j(Bj)}B,cr project. of std. op. to H,H_ —> s.a. ops but no joint diagonalizt.— , 4 |

(iii) Zyw.{Pyw(B)}5.crs unique posit. op. presving. H_,H_ (i.e., safely restrictable) & with
a measure on

But Hb Propagation Speed for prob.! Violates propagation locality! a |

(iv) {Poro(B)}pcre  projection of Pyy(-) to Hy, H_ Conclusion: e-/e+ picture

doomed in 1 particle pict

o Familiar [¢|*(z) pdf

* |t is POVM, so no associated operator nor collapse rule they say posit. localization need so

much E that pair creation involved:

o w € H ; i itv: al ibl fi : :
But, W + with localized density: always possible to find N(t) picture needed for e-/e+ again

particle anywhere
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a) Anti-symmetrized States

Let 1-partricle HS be H1 = L?(R3, C*)
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T; = (fj,Sj) . fj < RS,

s; €{1,2,3,4} Vj

. 1
Ant’é(% Q- ® SON)(%, o TN) 1= \/—717 Z sgn(a) e1(Tq(1)) - on (Zo(n))

oESN

It is the part of the tensor product of the states that yields a t if we permute two variables.

The symmetrization map "Y® (i) is the same but changing O Q)™ p

It is normalized in the IP of 2/&N ——— it #i ON <Antz’(901 R @ pn), Anti(p1 @+ ® SON)> =1

We denote it by wedge product: | o, A ... A @y = Anti (¢1 Q- ® (PN)

“Trick” to compute it: oi1(z)  pi(z2) - @i(zn) o
(102(391) (102(3;2) QOQ(Q;N) so-calle
(§01/\QON)($1,,ZCN)E vV N . . . Slater
: determinant
on(z1) ©n(12) en(TN)
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. Key property: CILA AP AN@jpI N NN =—@1 A NP1t Apj A~ ANpN
L L

L-» If at least two ¢;, ¥k are linearly dependent: ¢ A---Apny =0

* Hence, a non-zero wedge product of N-vectors must define an N dim subspace of Il

o In fact, given an N dim closed subspace V C H4, for any two ONB of V,

for some

{wlv"'uwN}CV & {¢1>;@N}CV—> /(’Dl/\/\wNze?’ggpl/\/\(pN N uh‘

The Pauli Exclusion Principle
Naive interpretation:

. OLA--Non =0 if Y=, forj#j “Two fermions cannot occupy the same state”

. . 66 _J° "I
This is very loose talk! A particle does NOT Although true th. antisymzd. state always 0 in “diagonals’!

—p
“possess a state” in a multiparticle entangled Vip € range(Antiy)
Wavefu.nction! (say, an anti-symmetrized one) V(@1 nzn) =0 if t; = 1, for some j # k
It is NOT a tensor product of states! <
: . : : -
(Moreover, they are indistinguishable particles...) 0 prob. density of 2 fermions in same space&spin point!
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o This is what chemistry Electron diagrams meant! Given {fj }jeN C H1 “eigen-basis” of some operator

(e.g., Hamiltonian of the Hydrogen atom)
Spectrum of

some op — _ _ N )
t fr. f8 Jos f10 fi1, fi2
e — AAFAfAfLA
fa, fa f5, f6 > H-_T_ el S RVANY AN EWANS VIVANY >
fio fo H
4

The N Fermion Hilbert Space

o Anti(-) : HP" — HP™ is an orthogonal projector, so its image, the space of anti-symmetrized N particle

WFs is a Hilbert space ~. _ _
FM) = Antz(?—[?n) == the N particle fermionic Hilbert space

© Then given {f;}jen C H1 ONB (for bosonic use "Y & &

{fs A A fin | gk €Nand ji < - < jn} C Anti(HY) s an ONB of .F("




b) Usual N Dirac-Particle treatment

32

M = L*(R°,C) —— 7 N) .= Anti(HPY ) —

N free Dirac Particles

particle state
Y :R— F0

o If Hamiltonian for 1-free particle Hy = ca - (—ihV) + Bmc?

N
H(()N) L ZId@...@Id@H()@[d@...[d:Z{C&j
J=1 < > j=1
J -
a> =Id® ---

N Dirac Particles in an External/Internal Potential

H™ .= H(()n) +V  with

As a PDE

Obvious Born Rule:

N 3
i0pp =Y | cal(—ihda, ) + Bim;c®

4
6@ | 60 = 3 oo P4, 71, s B
k=1

(single time) N 4 ruled by

<

de(2)
dt
ODE on g;(N)

1h

= H™y(t)

. (—’Lhﬁj) + /GjijQ}

Qo ®---®Id etc

(Vw)(t, Ty enes a:N) — V(t’ T, ... J;N)w(t’ T1, ..., $N) a (matrix valued)

multiplication op.

Y+V



c) The Dirac Sea

33

e Recall that 1-particle H; is not lower bounded! —> Even less H((,N)! —

spectrum( H,) i =Hy OH- A
w, {lencH,
+mc L
+mc L
< >
L -mc +
-Mmc
y {9k ken C H- 2y
Take actual
_Energy ONB with
eigenstates same
“contjnuous splitting
ONB'"...meh

Apparently, we could talk about states
relative to the sea-level! So + rigorous to
use the net balance via:

FWNM) = Anti(HEN) @ Anti(CHEM)
N e- and M e+ Hilbert Space

Can we already “rigorify”
the Dirac Sea?

* Recall, we conceptualized it as negative energy subspace
|  fully “occupied”, so consider formally the H> wedge prodct

| Q)= grANga AN ANgp ...

+4 4 It would be independent of chosen basis
+44 (up to phase)
444 e Then heuristically we see an identificat.:
: J g N[y =0 «<—  “No more E<O0 allowed in sea”
hi Ahy A|Q2) <—— "Two E>0e-'sin hi A hs  state”
N\~
/'

<

~

“Lack of E<0 e- in g1 state” =
“a charge>0 particle in state C'g1"
(a positron!)

g VIQ) =g ANgsA--r —>

GV (ha V| :=hao Agi AGo Agg A+ «——s €/t inthe
¢ state ha A Cga "
etc.



the the -

Dirac Sea contains Hb particles (countably or not):

.,

even if states described wrt sea-level and we thought of the sea having a “fixed
infinite number” of particles, by Hilbert’s Hotel, the number of fermions
(say N e- and M e+) over the surface can change in the time evolution!

°* That is, additional E<O0 electrons can flow to E>0 states —— B

— -

* Indeed, although Ho preserves splitting H1 = H4+ © H_ and hence conserves N,M,

I —



