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Abstract

Quantum dynamics using waves is not new, but neither is using just trajectories, as can be found in
the 2006 handbook by Wyatt [2]. What is still to be explored is the full potentiality of mixing both
things in the time evolution of a quantum system. That would mean treating a subsystem as a fluid
with its constituent trajectories and treating the rest of the system in terms of a wavefunction. We
can readily find many references in the literature to the so called conditional wavefunctions [5], [6],
but there is no proper guide towards them. How can one situate them in the landscape of the main
quantum dynamics equations?

Objectives

The present document is a review of the panorama we face when talking about quantum dynamics
involving trajectories and waves in a same standing. It is intended to be an essay that situates the
conditional function approach in a pedagogical narrative, in terms of degrees of freedom treated in the
Lagrangian or the Eulerian frames. Its main objective is to provide a global view of the panorama that
could light possible paths for the development of new algorithms that could exemplify the potentiality
of the mixed wave-trajectory approach.

Guideline

It is highly recommended to have the index of contents beside while reading the document in order to
have a schematic view of the description, since at some points the details can get a bit technical and
the reader may loose the perspective.

The document is divided in two blocks.

In the first block, we will first give a brief qualitative insight to the terms employed throughout the
work, concerning the different interpretations of quantum mechanics and concepts in fluid mechanics.
After that, we will present a heuristic view of the possible approaches in terms of degrees of freedom,
that one can take when dealing with a quantum system. Then, we will have a quick tour over the
different computational methods with which we can attack each of them.

In the second block, we will dig into the quantitative equations of quantum dynamics within each
degree of freedom treatment. We will divide this exposition in three main sections. We will first
visit the fully Eulerian picture, which is the typical pure wave view. We will then explore the fully
Lagrangian picture, which is the one manifesting the quantum system in terms of trajectories in all
of its glory. Finally, we will arrive to the mixed description, where we will have part of the system
described in the Eulerian and part in the Lagrangian frame. It is there where the conditional function
burden will be finally exposed. In the three of them, the same equations will be reviewed but in their
corresponding approaches. That is, the section (I.b) will be the equivalent to the sections (II.b) and
(III.b) but each one will describe them through their own perspective, as we will see. It is this why it
is convenient to have the schematic index at hand at all moment.
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On the Employed Notation and Vocabulary

On the Employed Notation and Vocabulary

Throughout the document concepts of the Orthodox, Bohmian, Hydrodynamic and Tangent Universe
interpretations will be employed altogether in order to give names to the mathematical tools we will
employ. Let us thus, have a brief brainstorm on them to set things in place.

Given a system whose possible ontological configurations can be labelled by a set of N coordinates
or degrees of freedom1 (x1, ..., xN ) ≡ ~x, which can take continuous values in a certain subset of RN ,
say Ωt ⊆ RN , we call the set of possible values of ~x, the configuration-space of the system. We
introduce an additional labelling axis, called time, t, together with the concept of dynamics, which is
the evolution in time of the quantitative properties of the points in configuration-space. Note that the
subset of RN that we consider may vary continuously in time, thus the subindex t in Ωt ⊆ RN . In order
to describe a set of quantitative properties of this continuous contingent extension in configuration-
space and time, we shall use a set of scalar functions that map points in configuration-space ~x and
time t to numbers {fk(~x, t)}k. These properties shall be called the state variables or properties of
the system, and should be enough as to be able to predict the time evolution of themselves.

There are two ways in which we could understand these state variables, described by fk(~x, t). On
the one hand, they could be interpreted as inherent properties of configuration-space points ~x. Such
that each, scalar value for a point ~x in configuration-space is an “intrinsic” time dependent property
of that point. Alternatively, we could understand these scalar functions as properties of a fluid, an
underlying movement of points filling the configuration-space Ωt, where each point carries with it its
values of the quantitative properties. Among the properties of those points moving in configuration-
space, as an additional state variable, there is their position ~x ∈ Ωt. This means that according to
this fluid vision, we will observe a certain value for a state variable at a configuration-space point ~x,
not because the value is telling us something inherent about that point ~x, but because it describes a
property of the fluid element that happens to be crossing that point at that time.

Before talking about anything else, we see thus a necessity to formalize this continuum of un-
countably infinite point like “particles” moving in configuration-space. An RN point is a possible
static configuration of the whole system, assuming that a possible system is always observed in space
as point-like in all its degrees of freedom. This turns out to be our case, since we always observe
fundamental particles to be point-like in in space. As we will see later, if for example, N are all the
degrees of freedom in the Universe, a point in RN is a possible position for all the 3D particles in
it (where there would be N/3 particles). Thus, a moving point in RN or an element of that fluid,
could be seen as a possible Universe, and its time evolution as the discrete Universe we observe to
be. The trajectory of one of these points would mean tracking the change of the positions of all the
3D particles in the Universe. We could call it, the trajectory of a possible Universe. In general,
let us call these constituent elements or moving points of the RN fluid, fluid elements, possible
experiments or possible Universes. Since we are talking about an uncountably infinite amount of
moving points in configuration-space, but we assume that each fluid element occupies a unique point
like position ~x at each time, we could label each of these fluid elements by their position at a reference
time t0 (which we shall call the initial time). We will then label for all times, the fluid element that
is in the position ~ξ ∈ Ω0 ⊆ RN at time t = t0, simply as, the fluid element ~ξ. Since we assume that
these elements never cross each other (never collide and occupy the same configuration-space point
at the same time) and they move to the nearby configurations crossing all the intermediate ones, we
will assume there is a continuous function ~x(~ξ, t) ≡ ~x ξ(t) that tells us where in Ωt each fluid element
~ξ ∈ Ω0 is at each time t.2 This is what we call the trajectory of the ~ξ-th fluid element. Now, since
each fluid element ~ξ has a continuously varying different position in Ωt at each time, we see that the
function ~x(~ξ, t) must have an inverse function ~ξ(~x, t) ≡ ~x−1(~ξ, t), telling us which is the label of the
fluid element crossing the configuration-space point ~x in time t. This inverse must be continuous as
well, since the transformation ~x(~ξ, t) is required to be continuous in all its variables. Thus, we are

1They could be N one dimensional particles, N/3 three dimensional particles etc.
2Note that we call Ω0 the subset of RN where we consider there are fluid elements at the reference time t = t0.
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On the Employed Notation and Vocabulary

asking that Ωt is homeomorphic to Ω0 at all times. For now, this seems to be just a convenience, but
we will find it is a necessity within quantum mechanics. Since we will achieve the description of the
time evolution of the positions of the fluid elements through the integration of a continuous velocity
field, by the Picard-Lindelöf theorem, we will have that the transformation ~x(~ξ, t) must be a spatial
homeomorphism. What is more, it will need to be differentiable, meaning it must be a diffeomorphism.

Figure 1: Depiction of the N = 3 case of a diffeomorphism representing the trajectory ensemble of a fluid following the
notation presented in the text.

We can now realize that we will be able to describe a state variable of the system, both by reference
to a specific configuration-space position ~x at a certain time t or by reference to a specific fluid element
(or possible Universe or experiment) ~ξ at a certain time. These will be respectively the Eulerian and
the Lagrangian frames.

In short, if for example, the configuration-space Ωt represents the set of tuples of all the positions
in 3D space of each particle in the Universe, then each point ~x ∈ Ωt ⊆ RN will represent a particular
macroscopically observable configuration of the Universe. Tracking all the fluid elements in Ωt ⊆ RN
and the fields fk(~x, t) would then mean that we can track the time evolution of each particular initial
configuration of the Universe ~ξ in time, along with the properties of the quantitative scalars perceived
from each of them fk(~x(~ξ, t), t) (Lagrangian frame). Alternatively, we could see the value of the
properties at each time from a particular preferred Universe configuration ~x, as f(~x, t) (Eulerian).
The interest on the particular case of N being all the degrees of freedom in the Universe is that in
reality, for a true description of natural phenomena, we require taking into account the interactions
and restrictions between all the possible degrees of freedom. Thus, taking as our system, the biggest
possible system, is roughly an imperative for interpreting a fundamental theory of nature.

In a nutshell, we define the Eulerian frame of the system, as the description of the properties of
the system as seen from each configuration-space point {fk(~x, t)}k. For each ~x ∈ Ωt, we will know
the values of the state variables of the system. This view is compatible with both the non-fluid and
the fluid interpretations. The Lagrangian frame of the system on the other hand, will be knowing
about the values of the state properties by knowing them as observed by each fluid element along their
trajectories fk(~x(~ξ, t), t) = fk(~ξ, t) (note the abuse of notation).

As we will mathematically formalize in the following section, according to non-relativistic quantum
mechanics, a single complex state variable, or equivalently, two real state variables, are enough for the
full description of the time evolution of an isolated system (say, the whole Universe). This complex
quantity is the so called wave-function, which we will denote by ψ. The real fields are then its
magnitude squared and its polar phase. These are the so called density, ρ (which can be interpreted
as the density of fluid elements and will be responsible for the observable results at each time), and
action S (the gradient of which in configuration-space yields the velocity field for the displacement
of the fluid elements).

1



On the Employed Notation and Vocabulary

The wavefunction is the basic ontology within the Orthodox interpretation of Quantum Mechan-
ics. Here, each fluid element is just a mathematically valid tool for obtaining equations, but has no
interpretative representation. Only the overall density and relative phases of the action field (velocity
field variations) have physical significance. The density gives the probability density to find the system
in each configuration-space point ~x at each time, while the relative action changes will be responsi-
ble for its wave-like interferences. This is the most pragmatic interpretation of the mathematical
model, since it just provides an interpretation for the observable results, with all its corresponding
interpretative paradoxes due to its philosophical vagueness.

The Bohmian interpretation understands the fluid elements driven by the velocity field given
by the configuration-space gradient of the action S, to be the possible trajectories of the system,
the time evolution of possible observable experiments, from which only happens to exist one: the so
called Bohmian trajectory of the system. The rest of fluid elements composes the so called pilot
wave, that should be understood as an aura or wave driving the Bohmian trajectory, even if each
fluid element mathematically composing the wave is also a possible Bohmian trajectory for another
experiment. That is, the bundle of possible (but not simultaneously existing) Bohmian trajectories
composing the pilot wave has no special significance. This pilot wave drives the (single) existing
Bohmian Universe (in RN ), by a repulsive interaction in configuration space, just like a leaf in a
current (in an RN current), in a way that the Bohmian trajectory itself has a separate ontology from
the pilot wave (just like the leaf and the water current). The possible trajectory that is said to exist
is the one we observe when physically observing the quantum system, which happens to be a sample
statistically obeying the probability density given by the density field of the pilot wave. This is how
Bohmian Mechanics ultimately matches orthodox predictions. It is because of that that in a Bohmian
perspective, the fluid elements could also be seen as the time evolution of “possible experimental
outcomes”. But note that this means that possible experiments (that do not simultaneously occur)
interfere between them, even if only one of them is truly existing (this is in the author’s opinion the
point that makes Bohmian still uncomfortable). That is, the rest of possible experiments that do not
exist, which form the pilot wave, which turns out to be directly unobservable, influence what reality
is. What is the nature of this pilot wave, its arkhe? No body seems to know it.

Finally, there is the Tangent Universe interpretation, which understands that all of these fluid
elements or Universes exist on a same ontologically contingent basis, as a swarm of possible Universes
that interact repulsively whenever one of them approaches all of its degrees of freedom to another one
(whenever two Universes become similar in all of their degrees), such that they always avoid crossing
each other. Thus, instead of parallel Universes, which suggests that there is no influence between
them, it is more convenient to call them, tangent Universes: they never cross, but they never stop to
push each other. That is, each “possible experiment”, each possible Bohmian trajectory composing
the pilot wave, that interacts with the actually observed Bohmian trajectory, is here understood as a
physically contingent Universe that physically “pushes” the one we happen to be in. We never see these
other tangent Universes, and we always see a single point like trajectory of the whole system, that is,
one definite position for each particle in the universe, because we, as observers, are trapped in one of
these trajectories. Or have you ever experienced a superposition? Has there ever been any experiment
finding that the electron is not point-like? The answer is no. And as fluid elements never cross, we
will always be “trapped” in this Universal trajectory, and will only perceive the rest of “Universes”
through the tangent force they exert on each degree of freedom of ours. Our lack of knowledge of the
position of all the particles in the Universe, makes us thus, be in one of the possible Universes with
equal probability, which means that our Universe will be a sample of the relative density they follow.
Thus allowing the same predictions as Orthodox or Bohmian Mechanics. This interpretation gives
the same material basis to both the density and the velocity field. No need for an unobservable pilot
wave. Just like dark matter or dark energy, we feel a physical influence of them, their information is
implicit on our Universe, they are necessary to predict its behaviour and the rules of its motion, but
we cannot observe their origin directly. We can still measure clearly their contingent effect on every
single quantum experiment we perform! How many years more are we ready to close our eyes in front
of this?

2



On the Possible Approaches and Methods

There is finally a discrete version of the last interpretation, suggesting that in fact, it is not
necessary that these tangent Universes are infinitely uncountable. If we have a large enough amount
of Universes only interacting between them through a repulsive force acting in proportion of their
distance in configuration space, we can recover in the limit the quantum potential and quantum
dynamics. This however, if the number of tangent Universes is not big enough, could result in different
predictions to the quantum case. It is yet interesting to consider it for potential numerical methods!

Approaches with Respect to the Degrees of Freedom

Let us list the main four approaches we can adopt in the context of quantum dynamics involving tra-
jectories and wavefunctions. Approach I gives predominance to waves, while II gives it to trajectories.
Approach III gives a weighted predominance to both, while IV forgets about continuous waves.

( I ) Mainly a Wave: We could consider a fully wave-like picture, where the properties of the
fields are intrinsic to configuration-space points, we just forget about the underlying fluid el-
ements. This implies considering just the dynamics of an N+1 dimensional wavefunction in
configuration-space ψ(~x, t). We will call this approach the Fully Eulerian Picture. If we
present trajectories in this description, these will only be computed a posteriori and will not be
required to be known for the time evolution of the system. This approach is the typical one
within Orthodox Quantum Mechanics (if only considering the wavefunction) and can be under-
stood within Bohmian Mechanics (BM) or Tangent Universe Mechanics (TUM) (by considering
also the a posteriori trajectories).

( II ) Mainly Trajectories: We could view the quantum system as a fluid of moving fluid elements in
configuration-space. The values of the field will now be relevant at the positions of Lagrangian
frame trajectories {~x ξ(t)}ξ. These last will be computed a priori together with the other state
variables perceived by the fluid elements. This is what we will call the Fully Lagrangian
Picture. This approach is easiest to be interpreted through TUM. It is also the most consistent
one with BM even if there is no explicit pilot wave. BM would understand these elements as
possible Bohmian trajectories (or as a granulation of the pilot wave).

( III ) Waves and Trajectories in Equal footing: We could consider a scheme where part of the
quantum system (the degrees ~y = (xm+1, ..., xN )) is considered to be described by fluid elements
in RN−m, in the Lagrangian-frame and part of the system (the degrees ~x = (x1, ..., xm)) is a
field in the Eulerian-frame. This will imply considering several waves {f(~x, ~y(~ξy, t), t)}~ξy which

will describe the state variables in a Lagrangian frame for each fluid element ~ξy describing the
N − m axes ~y, together with a description of the state properties in an Eulerian frame for
the other m degrees ~x. These are the so called conditional functions. Note that we will need
to compute the trajectories ~y(~ξy, t) that will describe the motion of the Lagrangian frame
elements a priori, together with the conditional waves.

( IV ) Only Trajectories: We could view the quantum system not as a continuum, not as a contin-
uous distribution of RN point like fluid elements, but instead as an ensemble of many discrete
particles in RN that feel a repulsive force among them acting on configuration-space. Except
for this configuration-space interaction, the system would behave fully classically. In the limit
of many discrete Universes, typical Quantum Mechanics predictions should be recovered. The
density would then be computed as the agglomeration of trajectories employing a histogram or
by computing the Jacobian of the system and the velocity field as a nearest neighbour aver-
age. Here the wavefunction would only be computed a posteriori if required and the trajectories
would be the only a priori elements. This approach can be understood under the prism of the
“Discrete Tangent Universe Interpretation”.

Very importantly, note that for all the interpretations all these approaches are mathematically equally
valid. However, some interpretations consider some of the approaches as mere mathematical tools,
useful for calculations but nothing else.

3



On the Possible Approaches and Methods

Panorama of the Methods We Can Study

Quantum Mechanics is well known for its many body problem, where the number of operations
needed to simulate its dynamics grows exponentially with the number of degrees of freedom N . This
wall is unbreakable in terms of operations. However, we can rather deliver these operations in sequen-
tial time or deliver them in parallel processes that can share information, in order to make the
problem faster in terms of effective sequential time. In particular, as we will prove in the last section,
we can obtain a polynomial scaling in sequential time, at the cost of using exponentially more parallel
processes3. In this line, trajectory based methods are naturally parallelizable (even if we we will see
some technical ways to parallelize fully Eulerian equations as well). The philosophical argument that
weights the tread-off is that we cannot wait years for a computation, but we can always build bigger
supercomputers with more parallel processors.

It turns out that there are some techniques that try to make the exponential operation problem be
polynomial, but those are based on rather applying approximations to the equations (the Hermitian
approximation, density functional theory etc.) or on having a priori knowledge about the system
(knowing the eigenstates of the Hamiltonian of the system, knowing the expected quantum correlations
etc.)4. These methods are also useful, even if they are not really arbitrarily generalizable.

In the second block of the treatise, we will formalize the exact equations employed within each de-
gree of freedom approach, and we will have the option to suggest numerical methods thereof. However,
for an initial brainstorm, let us overfly now some of the main numerical methods employed within
each approach:

( I ) Mainly a Wave - Eulerian Picture:

To solve these equations, there are lots of fixed grid methods, ranging from using naive finite
differences, Runge-Kutta Methods, to matrix methods like Crank Nicolson. Also, expressing the
wavefunction in a certain function basis and then evolving the coefficients could be considered
a kind of method (we will see this one in detail). Then there are the Spectral and Pseudo-
Spectral methods based on changing the Schrödinger Equation to other representations, like the
momentum representation, involving the Fourier transform, related conceptually with the basis
representation methods.

Except in the case where we know analytically the Hamiltonian eigenstates or some sub-system
Hamiltonian eigenstates, in general the approach to the Eulerian wavefunction allows no escape
from the exponential sequential-time barrier and are methods hard to be parallelized. Even
though we will see that understanding the system in terms of fluid elements will allow a paral-
lelizable framework also within a fixed grid.

( II ) Mainly Trajectories - Lagrangian Picture :

This approach basically consists on a dynamical grid of points or fluid elements that move
according to some velocity field. Each fluid element will know the evaluation of the relevant
fields, like the polar phase and magnitude of the wavefunction, along the trajectory it traces.
Thus, fluid elements encode the field at the points they are on. The ensemble of these values
over several trajectories can serve as feedback for each fluid element to individually know the
next values and positions they will take, as we will see in a moment. It is known in general
as the family of Quantum Trajectory Methods (QTM), which was boosted by Wyatt et al. at
the beginning of this century. A very good reference, in which the present work was partially
inspired is his handbook [2]. According to the law of motion for the fluid elements that we
choose, QTM-s can be classified in two ways:

3Assuming always that the overhead of the process messaging does not grow exponentially with dimensions N
4Or both things at once, as we did in the Truncated Born-Huang Expansion of the tensor product of conditional

wavefunctions for a particle in a channel.
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On the Possible Approaches and Methods

(a) An option is to define the velocity field driving the fluid elements of the dynamical grid
according to the configuration-spatial gradient of the action. If done so, the trajectories
are driven by the probability density flow lines, so they shape Bohmian trajectories. This
assumption makes some dynamical equations and correlation terms simpler. However,
Bohmian trajectories avoid nodal regions of the pilot wave, so the grid of points can get
under-sampled or over-sampled for different regions in an uncontrolled manner. At the
same time this can be an interesting property, since the mesh as a whole will roughly follow
the densest parts of the wavefunction. The second problem that Bohmian trajectories have
(as many others will) is that the grid of elements gets very unstructured, which can be
problematic to compute the spatial gradient of the action among other essential terms.

(b) Using adaptive grids. Choosing the velocity field of the fluid elements so as to trace custom
trajectories designed by the user. For instance it can be chosen such that the fluid elements
preserve certain monitor functions in each path, so the grid distorts itself to become denser
around high fluctuation regions. We will dig into these methods in detail. Many additional
methods, like adding a viscosity or friction term, are very useful here in order to avoid
unstabilizing the evolution due to spiky fluctuations of the quantum potential.

Both kinds of choices for the velocity field have the problem that in order to compute the
time evolution of the properties carried by the fluid elements, configuration-spatial derivatives
∂
∂xk

are required along the trajectories. This means that the single value of the field each
element drives is not enough to know its spatial variation. This problem, sometimes called the
Quantum Wholeness, can in general be faced in two different ways: by evolving an ensemble of
fluid elements that can serve as a moving grid to reconstruct the full function and then allow
numerical derivatives, or rather by treating the derivatives as additional fields of interest over
the trajectories. In general, the first ones of these, allow us to compute the derivatives in one of
the following two ways:

(a) Using the values of the field over the ensemble of trajectories as an unstructured grid, one
can fit a linear sum of analytic functions (by maximum likelihood, least squares, gradient
descent etc.), at each locality of each trajectory. This sum can be symbolically derivated
and integrated. Alternatively a K nearest-neighbour interpolation could also be useful,
avoiding parametric function fitting. Both of these have an additional complexity that
must be taken into account.

(b) Employing the chain rule, one can convert the derivatives with respect to configuration-
space ~x variables to derivatives with respect to label space ~ξ. If we choose the initial grid
to be a regular Cartesian grid, then these last derivatives will be in a regular grid at all
times and will be simple to compute using finite differences. To do this change however,
we will require the knowledge of the Jacobian matrix for the transformation ~x(~ξ, t) and its
determinants. The time evolution will still get more costly than what initially looked like.

All of these methods are in general very parallelizable if we allow messaging between the processes
in each time step, but non of them is clearly a miracle. Finally, if we treat the derivatives
themselves as well, as state variables to be computed along the trajectories, one can avoid
computing a whole ensemble of fluid elements (with its consequences) by, among others:

(a) Finding dynamical equations for the derivatives of the required field quantities, one can
evolve the derivatives themselves along each trajectory, allowing the individual fluid ele-
ment evolution. The cost of this will be that the number of partial differential equations in
play will be increased, actually, as we will see, an infinite number of them will appear. To
face this, truncating the series at some point will be necessary, with all its consequences.

(b) By deeply knowing the problem and employing ad hoc shapes for the derivatives of the
fields (for the quantum potential, the correlation terms etc.), one can get by without the
need for an ensemble. However, this way lacks generalizability and one could argue that
we are somewhat unfairly, externally introducing part of the solution.

5



On the Possible Approaches and Methods

( III ) Waves and Trajectories in Equal Footing - Part Lagrangian, Part Eulerian Picture:

We will have that part of the problem to be solved (the Eulerian one) is similar to case (I) and
part (the Lagrangian one) similar to case (II). Therefore, we will have the freedom to use one
of the methods mentioned in (I) to solve the partial differential equations of the Eulerian parts,
mixed with the approaches used for (III) in order to account for derivatives in the axes where
we only consider Lagrangian elements. We will have control over the degree at which we place
more or less weight into one or the other problem. Thus, we could arrive at a compromise that
has all the main advantages of both methods but ideally less of their problems.

Following the discussion in the previous section, the trajectories could be chosen to be Bohmian,
if they follow the fluid flow, but could also be chosen to be otherwise, in order to achieve an
adaptive grid that explores the regions of configuration space we are most interested on.

Following the same ideas, we will be able to solve the derivative problem in several ways:

(a) Evolve many of these conditional functions with coupled trajectories in order to be able to
rebuild the full function and then get the derivatives in xk for the Lagrangian axes. This
could be done by fitting functions or using nearest neighbour approaches. Exponentially less
conditional functions will be required to be computed for increasing dimensionality of their
Eulerian part, since the reconstruction will require less conditional functions. However, they
will also be each time more complex to compute. Conversely, exponentially more conditional
functions will be needed for decreasing dimensionality of their Eulerian degrees, but each
one will be simpler to be evolved.

(b) Convert the derivatives with respect to undesired Eulerian degrees xk into derivatives with
respect to label space or Lagrangian degrees ξj . If we choose the Lagrangian elements to
shape a regular grid at the initial time, then we will always have the option to compute
derivatives in a regular grid using the information of the different conditional functions.
We will also need to evolve several conditional functions for this.

(c) Generate dynamical equations of the derivatives in the Lagrangian axes, that can be evolved
as well along the trajectories. This would allow to evolve a single conditional wavefunction
“exactly”. It turns out that an infinite chain of equations will emerge here too.

(d) Knowing the problem, approximate the problematic terms at the theoretical level, ad hoc,
for the given system.

Clearly, approach III is the generalization of approach I and II, those last being the two extreme
cases. Condition it all or condition nothing.

( IV ) Only Trajectories:

In this approach, we can choose a large enough number of configuration space trajectories and
evolve them using classical mechanics, introducing the necessary repulsive potential between all
the trajectories so as to replicate Quantum Dynamics. If the number is large enough, then the
theory will be a good enough approximation of continuum Quantum Mechanics. The point is
that there will be no need for the trajectories to “carry” any information about any wave. They
are ontologically sufficient to describe quantum phenomena. If we need information of quantum
nature, we will just see the wavefunction (the density and action) as the ensemble limit of the
trajectories. From the moving histogram we can fit a density function, or else use the Jacobian
determinant of the trajectory mapping function to approximate it. The velocities will provide
the action field likewise.

It is worth noting, that this method is also highly parallelizable if we allow messaging between
processes.
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I . Fully Eulerian Equations

Given a closed quantum system of N degrees of freedom evolving in time, where its possible configu-
rations in space are given by a vector ~x ∈ Ωt ⊆ RN , let us assume we know the potential field U(~x, t)
imposing the interactions between the degrees of freedom. Given the dynamics of the system are fully
described by a complex wavefunction with real support ψ(~x, t), the time evolution of the system is
governed by the Schrödinger Equation:

(I.a) The Schrödinger Equation

i~
∂ψ(~x, t)

∂t
=

− N∑
j=1

~2

2mj

∂2

∂x2
j

+ U(~x, t)

ψ(~x, t) (1)

where i =
√
−1 and ~ is the so called Planck constant.

We define the following operator as the Hamiltonian operator:

Ĥ(~x, y, t) :=

− N∑
j=1

~2

2mj

∂2

∂x2
j

+ U(~x, t)

 (2)

Due to the unitary nature of the Schrödinger Equation’s time evolution, the norm of the wavefunction
is preserved in time, such that if at a certain known time t0,

∫∞
−∞ ψ

†(~x, t0)ψ(~x, t0)dx = 1, then the

norm is a constant of motion
∫∞
−∞ ψ

†(~x, t)ψ(~x, t)dx = 1 ∀t > t0. We will prove this assertion later on.

By the Born Rule axiom of Orthodox QM, the quantity ψ†ψ = |ψ|2 =: ρ(~x, t) is the probability
density function that a spatial observation of the degrees of freedom ~x follows.

(I.b) The Continuity and The Hamilton-Jacobi Equations

Writing the wavefunction in polar form ψ(~x, t) = R(~x, t)exp(iS(~x, t)/~) with R(~x, t) and S(~x, t) real
fields (note that |ψ|2 = R2 =: ρ(~x, t)), it is easy to see that the Schrödinger Equation is simply coupling
in a single complex equation the following pair of real partial differential equations:

∂

∂t
ρ(~x, t) = −

N∑
k=1

∂

∂xk

(
ρ(~x, t)

1

mk

∂

∂xk
S(~x, t)

)
(3)

− ∂

∂t
S(~x, t) =

N∑
j=1

1

2mj

(
∂

∂xj
S(~x, t)

)2

+ V (~x, t) +Q(~x, t) (4)

where:

Q(~x, t) :=

N∑
j=1

Qj(~x, t) := −
N∑
j=1

~2

2mj

1

R(~x, t)

∂2

∂x2
j

R(~x, t) (5)

The unknown real fields R(~x, t) and S(~x, t) have a straight-forward interpretation if we realize that
S(~x, t) can be identified with Hamilton’s principal action function of classical mechanics. If so, equation
(4) can immediately be identified with the Hamilton-Jacobi Equation of classical mechanics, where we
will be able to define the velocity field:

vk(~x, t) :=
1

mk

∂

∂xk
S(~x, t) (6)

8
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This is a velocity field for the possible configurations of the system, the so called Bohmian velocity.
If we now look at equation (3), we realize that it is a continuity equation for a fluid of density
R2(~x, t) =: ρ(~x, t), driven by the Bohmian velocity field. This continuity equation (as we will later
derive) simply rules the motion of the density ρ according to the velocity field vk, avoiding any
source of sink of density. The velocity field just dissolves or concentrates density from a point to its
immediate vicinity in a conservative way, meaning that the density in the whole configuration space
must be conserved. This is why the Schrödinger Equation is said to be unitary and the norm of the
wavefunction (which is the density) is a constant of motion.

The fundamental relevance of these two equations hidden inside the Schrödinger Equation is that
they provide us naturally with a velocity field that drives the probability density ρ. This immediately
suggests a fluid interpretation of the system, where we can think of trajectories for the elements of that
fluid moving in configuration-space, shaping the flow lines of that velocity field. But then, since the
density is interpreted by the Born rule as the probability density function of the possible observable
configurations of the system, it is suggestive to think of each trajectory of the fluid as the time
evolution of possible systems in time. This would produce the “spooky paradox” (in the Orthodox
interpretation), that each possible reality of the system, each possible experiment, repulsively interacts
with the rest, even if only one of them is observed in the end. We say that we observe only one, because
so far, in all experiments, we have only observed point like positions for quantum particles.

These trajectories, are given by the solutions of the ordinary differential equation:

vk(x
ξ(t), t) =

d

dt
xξk(t) (7)

such that we define the label of each fluid element ~ξ as the position it had at a reference time t0:

~x(ξ, t = t0) = ~ξ (8)

Now, given (54) is an ordinary differential equation, and the velocity field is the derivative of the
action S, which must at least be twice differentiable (to be the solution of equation (3)), making the
velocity field differentiable, the Picard-Lindelöf existence and uniqueness theorem for the initial value
problem, will ensure that these fluid element trajectories never cross each other in configuration space
RN and that the function ~x(ξ, t) is a homeomorphism defined at all times. Each of these trajectories
is a possible Bohmian trajectory in BM (weighted by the density ρ, which is a property of the pilot
wave). In TUM, each of these trajectories is a “Universe”, the relative frequency of which (and thus
the probability for it to be our Universe) is weighted by ρ. All this simply reduces to the pragmatism
of the Born Rule from a purely observational standpoint.

We now note that in this quantum version of the Hamilton-Jacobi equation (4), apart from the
classical potential U(~x, t) relating the degrees of freedom, this fluid also presents a potential energy-like
term (5), which is the so called quantum potential. It can be understood as a pressure exerted by
regions of peaked density on the regions of relaxed density, exactly as if there was a mutually exclusive
repulsive interaction between the fluid elements. See the box bellow for a detailed understanding.

The Intuition Behind the Quantum Potential

We can intuitively understand the effect of the quantum potential (5) if we re-express it as:

Q(~x, t) = −
n∑
k=1

~2

2mkR

∂2R(~x, t)

∂x2
k

= −
n∑
k=1

~2

4mk

(
1

ρ

∂2ρ

∂x2
k

− 1

2ρ2

(
∂ρ

∂xk

)2
)

By defining the operator nabla ∇x ≡
(

∂
∂x1

, ..., ∂
∂xn

)
it takes the following look:

Q(~x, t) = − ~2

4mk

(
∇2
xρ

ρ
− 1

2

(∇xρ)2

ρ2

)
(9)
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I . Fully Eulerian Equations The Equations of Quantum Dynamics

The first term in Q is the Laplacian (∇2
x = ∂2

∂x21
+ ... + ∂2

∂x2n
) of ρ(~x, t) in each point, normalized

by the value of ρ in that point of configuration-space. The Laplacian of a scalar field in a certain
point gives the difference between the value of the function in that point and the mean value in
its locality. Interpreting this value as a potential, means that the higher the local variation of ρ
(the higher the difference between the value in the point and its mean value in the surrounding),
the bigger the modulus of the potential will be. In particular, if the Laplacian of ρ is positive,
it means that the value in the point is smaller than the mean surrounding density. That is, the
density is more convex-like there. This makes the potential at that point be negative -attractive-
(noting the minus sign in front of the Laplacian). The fluid element will be more stable there
than in points where the variation of the density is more concave-like (where the value of the
density is higher than in its local surrounding: ∇2

xρ < 0), as these make a positive -repulsive-
contribution to the total potential in their locality.

Interpreting ρ as the density of all the possible configurations of the system, this means that the
probability of observing each configurationa is repelled by the configurations where there is a
locally high agglomeration of probability. If we understand ρ as the density of a continuum of
possible tangent “Universes”, then this simply means that the local agglomeration of possible
Universes tends to diverge.

The second term in Q is more straight-forward: it is the modulus of the gradient of the density
in each point normalized by the magnitude of the density. This fraction is always a positive
value, which means the contribution to the potential will always be positive: it is a destabilizing
factor (repels trajectories). That is, the higher the local steepness of the density, the more
unstable this zone will be for the fluid element. Understanding ρ as the density of a continuum
of possible tangent “Universes”, this means that the further the locality of a Universe is from the
homogeneous density, the more unstable its configuration will be.

a The density R2 and the Bohmian trajectories of the system are evolved using the same velocity field

Finally, it is interesting to rewrite the two equations we obtained from the Schrödinger Equa-
tion in terms of the so called C-amplitude, which comes from the following parametrization of the
wavefunction:

ψ(~x, t) = eC(~x,t)e
iS(~x,t)

~ =⇒ R(~x, t) = eC(~x,t) ⇔ C(~x, t) = log(R(~x, t)) (10)

If we evaluate R(~x, t) = eC(~x,t) and ρ(~x, t) = e2C(~x,t) in equations (3) and (4), we get the following
equivalent shape for them:

∂C(~x, t)

∂t
= −

N∑
k=1

1

2mk

[
∂2S(~x, t)

∂x2
k

+ 2
∂C(~x, t)

∂xk

∂S(~x, t)

∂xk

]
(11)

− ∂

∂t
S(~x, t) =

N∑
j=1

~2

2mj

(
∂

∂xj
S(~x, t)

)2

+ V (~x, t) +Q(~x, t) (12)

where:

Q(~x, t) := −
N∑
j=1

~2

2mj

[(
∂C(~x, t)

∂xj

)2

+
∂2C(~x, t)

∂x2
j

]
(13)

The advantage relative to the previously derived versions is that the quantum potential no longer
depends on 1/R(~x, t), which leads to big numerical errors in the regions where the density gets small
(which is typically almost everywhere in configuration space). This makes the C-amplitude version of
the equations more numerically stable.

10
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(I.c) Basis Set Expansions

(I.c.1) Hamiltonian and Sub-Hamiltonian Eigenstate Expansion

Let us denote m of the N degrees of freedom as “main” degrees using ~x ≡ (x1, .., xm) and the rest as
“transverse” degrees using ~y ≡ (xm+1, ...xN ). Then we can decompose the full Hamiltonian as:

Ĥ(~x, y, t) := −
N∑
j=1

~2

2mj

∂2

∂x2
j

+U (~x, ~y, t) =
N∑

j=m+1

− ~2

2mj

∂2

∂x2
j

+U(~x, ~y, t)+
m∑
j=1

− ~2

2mj

∂2

∂x2
j

+V (~x, t) (14)

Where we can define the transversal section Hamiltonian:

Ĥx(~y, t) =
N∑

j=m+1

− ~2

2mj

∂2

∂x2
j

+ U(~x, ~y, t) (15)

We then define the set of eigenstates {Φj
x(~y, t)}∞j=0 with eigenvalues {εjx(t)}j to be the solution of:

Ĥx(~y, t)Φj
x(~y, t) = εjx(t)Φj

x(~y, t) (16)

That is, for each possible value of ~x, we can get a set of energy eigenstates in ~y for the potential
U(~y, t; ~x). We call these Φj

x(~y, t), the transversal section eigenstates. As we know that the
hermiticity of the operator Ĥx(~y, t) implies its eigenstates form a complete basis of the space ~y for all
times, we could write any wavefunction in ~y as a linear combination of them. Then, we will expand
each slice of ~x using them as:

Ψ(~x, ~y, t) =

∞∑
j=0

Λj(~x, t)Φj
x(~y, t) (17)

with Λj(~x, t) :=
∫∞
−∞Φj †

x (~y, t)Ψ(~x, ~y, t)dy the projection coefficients to the j-th section-eigenstates.

If we introduce this ansatz into the Schrödinger Equation (1), we can obtain the differential
equations ruling the shape of the coefficients Λj(~x, t) by rearranging and multiplying both sides
by Φk †(~y, t), then integrating them over all the domain for ~y. Using the orthonormality condition∫∞
−∞Φk †(~y, t)Φj(~y, t)dy = δkj , this leaves with (17), the equivalent to the Schrödinger Equation:

i~
∂

∂t
Λk(~x, t) =

(
εk(~x, t) +

m∑
s=1

~2

2ms

∂2

∂x2
s

+ V (~x, t)

)
Λk(~x, t)+ (18)

+
∑
j

{
W kj(~x, t) +

m∑
s=1

Skjs (~x, t) + F kjs (~x, t)
∂

∂xs

}
Λj(~x, t)

where we have defined the coupling terms between the transversal section eigenstates:

W kj(~x, t) = −i~
∫ ∞
−∞

Φk†
x (~y, t)

∂Φj
x(~y, t)

∂t
dy (19)

Skjs (~x, t) = − ~2

2ms

∫ ∞
−∞

Φk†
x (~y, t)

∂2

∂x2
s

[Φj
x(~y, t)]dy (20)

F kjs (~x, t) = − ~2

ms

∫ ∞
−∞

Φk†
x (~y, t)

∂

∂xs
Φj
x(~y, t)dy (21)

These coupling terms can be simplified if the potential U(~x, ~y, t) varies very gently in ~x and/or t (so
called adiabatically), since this will make the eigenstates vary gently as well.

Equation (18) is a coupled linear partial differential equation system for the m space-dimensional
Λj(~x, t) coefficients. It requires the knowledge of the N−m dimensional transversal section eigenstates

Φk
x(~y, t) and their coupling integrals W kj , Skjs , F

kj
s . If the eigenstates are known a priori, then the

problem has a complexity only due to the m spatial dimension coefficients Λj(~x, t), instead of the
N dimensions of the Schrödinger Equation. We can thus swing the computational complexity from
differential equations to eigenstate problems. If m = 0 we have an ordinary differential equation for
the coefficients, but need eigenstates of the full Hamiltonian. If m = N on the other hand, we recover
the full Schrödinger Equation.

11
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(I.c.1.2) A linear coupled system of equations for Λj(~x, t)Φj
x(~y, t)

Remember we considered that ~x ≡ (x1, ..., xm) and ~y ≡ (ym+1, ..., yN ). Now, if we note the following
identity that comes from developing the coupling term definitions (20) and (21):[

Skjs (~x, t) + F kjs

]
Λj(~x, t) =

∫ ∞
−∞

Φk†
x (~y, t)

−~
2ms

(
Λj(~x, t)

∂2Φj
x(~y, t)

∂x2
s

+ 2
∂

∂xs
Φj
x(~y, t)

∂

∂xs
Λj(~x, t)

)
dy

(22)

and the identity that we can get using that 1 =
∫∞
−∞Φk†

x (~y, t)Φk
x(~y, t)dy:[

− ~2

2ms

∂2

∂x2
s

+ Skks (~x, t) + F kks

]
Λk(~x, t) =

∫ ∞
−∞

Φk†
x (~y, t)

−~
2ms

∂2

∂x2
s

(
Λk(~x, t)Φk

x(~y, t)
)
dy (23)

We get an alternative shape for (18):

i~
∂

∂t
Λk(~x, t) =

(
εk(~x, t) + V (~x, t)

)
Λk(~x, t)−

∫ ∞
−∞

Φk†
x (~y, t)

m∑
s=1

~2

2ms

∂2

∂x2
s

[
Λk(~x, t)Φk

x(~y, t)
]
dy+ (24)

+
∑
j

{
− i~Λj(~x, t)

∫ ∞
−∞

Φk†
x (~y, t)

∂Φj
x(~y, t)

∂t
dy+

m∑
s=1

∫ ∞
−∞

Φk†
x (~y, t)

−~
2ms

(
Λj(~x, t)

∂2Φj
x(~y, t)

∂x2
s

+ 2
∂

∂xs
Φj
x(~y, t)

∂

∂xs
Λj(~x, t)

)
dy

}

If we note that in the terms that do not have an integral, we can freely introduce 1 =
∫∞
−∞Φk†

x (~y, t)Φk
x(~y, t)dy,

we can take out the common factor
∫∞
−∞Φk†

x dy to get:

0 =

∫ ∞
−∞

Φk†
x (~y, t)

{
−i~Φk

x(~y, t)
∂

∂t
Λk(~x, t)+

(
εk(~x, t) + V (~x, t)

)
Λk(~x, t)Φk

x(~y, t)−
m∑
s=1

~2

2ms

∂2

∂x2
s

[
Λk(~x, t)Φk

x(~y, t)
]
+

(25)

+
∑
j

[
−i~∂Φj

x(~y, t)

∂t
Λj(~x, t) +

m∑
s=1

−~
2ms

(
Λj(~x, t)

∂2Φj
x(~y, t)

∂x2
s

+ 2
∂

∂xs
Φj
x(~y, t)

∂

∂xs
Λj(~x, t)

)]}
dy

Which can only be satisfied for an arbitrary set of transversal section eigenstates if:

i~Φk
x(~y, t)

∂

∂t
Λk(~x, t) =

(
εk(~x, t) + V (~x, t)

)
Λk(~x, t)Φk

x(~y, t)−
m∑
s=1

~2

2ms

∂2

∂x2
s

[
Λk(~x, t)Φk

x(~y, t)
]
+ (26)

+
∑
j

[
−i~∂Φj

x(~y, t)

∂t
Λj(~x, t) +

m∑
s=1

−~
2ms

(
Λj(~x, t)

∂2Φj
x(~y, t)

∂x2
s

+ 2
∂

∂xs
Φj
x(~y, t)

∂

∂xs
Λj(~x, t)

)]
Noting that by the chain rule:

∂

∂t

[
Λk(~x, t)Φk

x(~y, t)
]

= Φk
x(~y, t)

∂

∂t
Λk(~x, t) + Λk(~x, t)

∂

∂t
Φk
x(~y, t) (27)

by inserting it in (26) and taking out some common factors, we are left with an equivalent system of
equations to equation (18), which was equivalent to the Schrödinger Equation:

i~
∂

∂t

[
Φk
x(~y, t)Λk(~x, t)

]
=

[
εk(~x, t) + V (~x, t)−

m∑
s=1

~2

2ms

∂2

∂x2
s

]
Λk(~x, t)Φk

x(~y, t)+ (28)

+
∞∑
j=0

m∑
s=1

−~
2ms

(
∂2Φj

x(~y, t)

∂x2
s

+ 2
∂

∂xs
Φj
x(~y, t)

∂

∂xs

)
Λj(~x, t)

12
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We can achieve a really suggestive shape if we use that 1 = Φjx(~y,t)

Φjx(~y,t)
and note the identity:

1

Φj
x(~y, t)

∂

∂xs

[
Φj
x(~y, t)

]
· Φj

x(~y, t)
∂

∂xs
Λj(~x, t) =

∂

∂xs
log
(
Φj
x(~y, t)

)
·
(

∂

∂xs

[
Λj(~x, t)Φj

x(~y, t)
]
− Λj(~x, t)

∂

∂xs
Φj
x(~y, t)

)
=

(29)
∂

∂xs
log
(
Φj
x(~y, t)

)
·
(

∂

∂xs
− ∂

∂xs
log(Φj

x(~y, t))

)
Λj(~x, t)Φj

x(~y, t)

Then, equation (28) becomes into the following coupled linear system of equations:

i~
∂

∂t

[
Φk
x(~y, t)Λk(~x, t)

]
=

[
εk(~x, t) + V (~x, t)−

m∑
s=1

~2

2ms

∂2

∂x2
s

]
Λk(~x, t)Φk

x(~y, t)+ (30)

+

∞∑
j=0

m∑
s=1

−~
2ms

(
1

Φj
x(~y, t)

∂2Φj
x(~y, t)

∂x2
s

+ 2
∂

∂xs
log(Φj

x(~y, t))

[
∂

∂xs
− ∂

∂xs
log(Φj

x(~y, t))

])
Λj(~x, t)Φj

x(~y, t)

If we define the summands of the expansion for the full wavefunction as ϕj(~x, ~y, t) := Λj(~x, t)Φj
x(~y, t),

such that ψ(~x, ~y, t) =
∑

j ϕ
j(~x, ~y, t), then equation (30), an equivalent to the Schrödinger Equation,

can be seen to be a system of linear equations coupling them:

i~
∂

∂t
ϕk(~x, ~y, t) =

[
εk(~x, t) + V (~x, t)−

m∑
s=1

~2

2ms

∂2

∂x2
s

]
ϕk(~x, ~y, t)+ (31)

+

∞∑
j=0

m∑
s=1

−~
2ms

(
1

Φj
x(~y, t)

∂2Φj
x(~y, t)

∂x2
s

+ 2
∂

∂xs
log(Φj

x(~y, t))

[
∂

∂xs
− ∂

∂xs
log(Φj

x(~y, t))

])
ϕj(~x, ~y, t)

Equation (18) was also a linear system of equations that were actually way simpler. However, the
usefulness of this last coupled system will become evident when we treat the transversal degrees of
freedom ~y in a Lagrangian frame, since it will allow us to compute a single conditional wavefunction
using a linear system of equations (in principle infinite, but legitimately truncate-able at some low J)!

(I.c.2) Arbitrary Orthonormal Base Expansion

We will build here an analogue of the generalized method (18) of section (I.c.1). Using the notation
~x = (x1, .., xm) and ~y = (xm+1, ..., xN ), we will assume we know an arbitrary orthonormal set of
functions {f j(~y, t)}j spanning the space ~y. They need not depend on time, but for generality we will
consider so (the difference will be that the coupling terms would simplify). Due to the completeness
of the basis for the ~y subspace, we could find coefficients Λj(~x, t) such that expand the sections of ψ
as:

ψ(~x, ~y, t) =

∞∑
j=0

Λj(~x, t)f j(~y, t) (32)

Note that unlike the transversal section eigenstates, these basis functions do not depend on ~x!
Then introducing this ansatz into the full TDSE, we can get the dynamic equations for the coeffi-

cients Λj(~x, t). By using the orthonormality condition
∫∞
−∞ f

k†(~y, t)fk(~y, t)dy = 1 we can get:

i~
∂

∂t
Λj(~x, t) =

m∑
s=1

T̂mΛj(~x, t) +
∑
k

(
W jk(t) +

N∑
r=m

Sjkr (t) +Djk(~x, t)

)
Λk(~x, t) (33)

with:
W jk(t) :=

∫ ∞
−∞

f j†(~y, t)
∂fk(~y, t)

∂t
dy (34)

Sjkr (t) :=

∫ ∞
−∞

f j†(~y, t)T̂xs [f
k(~y, t)]dy (35)

Djk(~x, t) :=

∫ ∞
−∞

f j†(~y, t)U(~x, ~y, t)fk(~y, t)dy (36)

13
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Note that if the orthonormal vectors were chosen to be time independent then W jk(t) would vanish
and Sjk(t) would be time independent.

We have achieved a similar linear equation system to (18), where the only task we would need
would be to compute the coupling integrals and then evolve the coupled linear system of equations for
the coefficients Λj(~x, t). The integrals would be N −m dimensional, while the coupled system would
evolve fields with m spatial dimensions. If we knew analytically the orthonormal functions, we could
be able to compute the integrals symbolically, which would allow us to safe the numerical integration
and the complexity would be left to the equation system’s, which is the m we fix from {0, 1, 2, ..., N}.

In this case though, we will have lost the possibility to study the adiabaticity and to approximate
the coupling terms in consequence. Perhaps, the number of required J will also increase relative to
the case in which we used eigenstates of transversal sections, which were a more natural basis of the
problem.

(I.d) Dynamic Equations for Partial Derivatives

In the Eulerian frame it will not make that much sense, but as soon as we have Lagrangian degrees of
freedom, we will find the advantage of having dynamic equations not only for the main waves ψ or S
and R, but also for their derivatives in space.

(I.d.1) For the Wavefunction

If we take the Schrödinger Equation (1) and partially derivate it in xk at each side and we assume
the wavefunction is regular enough in all its variables t, ~x in order to use Schwartz’s Law for crossed
partial derivatives, we get:

i~
∂

∂t

[
∂

∂xk
ψ(~x, t)

]
=

N∑
j=1

−~2

2mj

∂2

∂x2
j

[
∂

∂xk
ψ(~x, t)

]
+ U(~x, t)

∂

∂xk
ψ(~x, t) + ψ(~x, t)

∂

∂xk
U(~x, t) (37)

Meaning that the function ψ
(1)
k (~x, t) := ∂

∂xk
ψ(~x, t) evolves in time just as a Schrödinger Equation, but

with an added non-linearity involving its primitive in xk. That is, we can evolve the dynamics of the
first partial derivatives if we couple them with the evolution of the same wavefunction.

If we repeat the trick, we can get a dynamical equation for the second partial derivative of the

wavefunction in space. Defining ψ
(j)
k (~x, t) := ∂j

∂xjk
ψ(~x, t), we get:

i~
∂

∂t
ψ

(2)
k (~x, t) =

 N∑
j=1

−~2

2mj

∂2

∂x2
j

+ U(~x, t)

ψ(2)
k (~x, t)+ψ(~x, t)

∂2

∂x2
k

U(~x, t)+2ψ
(1)
k (~x, t)

∂

∂xk
U(~x, t) (38)

Which could be easily generalized to get the dynamical equation for any superior spatial derivative. It

is evident that the dynamic equation for ψ
(j)
k (~x, t) would also involve in the same equation all ψ

(s)
j (~x, t)

with s < k. However, it will also include always a second spatial derivative of ψ
(s)
j (~x, t) due to the

kinetic energy term. Meaning the term ψ
(s+2)
j (~x, t) will always be coupled to ψ

(s)
j (~x, t) and at the same

time ψ
(s+4)
j (~x, t) will be coupled to the first. Thus, an infinite number of partial differential equations

in time should be solved in order to avoid explicitly derivating any function in space.

Let us expose the general equation of this infinite chain. First of all, note that the general formula
for the J − th derivative of a product of functions is:

dJ

dxJ
(f(x)g(x)) =

J∑
k=0

b(J, k)
dJ−k

dxJ−k
f(x)

dJ

dxJ
g(x) (39)

with b(J, k) := J !
k!(J−k)! the binomial coefficients.

14



I . Fully Eulerian Equations The Equations of Quantum Dynamics

Then, if we define the most general partial derivative of a function f (assuming always enough
regularity for being able to apply Schwarz’s Theorem) as the function:

f(j1,...,jN)(~x, t) :=
∂j1

∂xj11
· · · ∂

jN

∂xjNN
f(~x, t) with j1, ..., jN ∈ N ∪ {0} (40)

We can get the recurrent formula for the time evolution of an arbitrary ψ(j1,...,jN )(~x, t) by iteratively
derivating the Schrödinger Equation (1) as we did in the beginning. In general we will get that:

i~
∂

∂t
ψ(j1,...,jN )(~x, t) = −

N∑
s=1

~2

2ms
ψ(j1,...,2+js,...,jN )(~x, t)+ (41)

+

j1∑
k1=0

· · ·
jN∑

kN=0

b(j1, k1) · · · b(jN , kN )U(j1−k1,...,jN−kN )(~x, t)ψ(k1,...,kN )(~x, t)

We can now clearly see that in order to evolve ψ(j1,...,jN )(~x, t), we need to evolve as well all the functions
with smaller degree, but also functions with 2 degrees more. Thus the coupled chain of equations is
infinite.

A thing we could do, in order to avoid having to solve an endless sequence of partial differential
equations, is to assume that at some point ∂J

∂xJa
ψ(~x, t) ' 0 ∀a, which seems reasonable for a big

enough J . If we assumed so, then we would be left with a finite linear system of equations ruling
the dynamics of the functions ψ(j1,...,jN ) with jk < J . These would add up to JN linear differential
equations. Exponentially more with dimensions.

Clearly, in the Eulerian frame using these equations makes almost no sense, since each of the
ψ(j1,...,jN ) has actually N degrees of freedom, making them as difficult to be solved as the Schrödinger
Equation itself. Yet their use will become suggestive when we go into the Lagrangian frame, just as
will happen with (I.c.1.2).

(I.d.2) For the Density and Action

Doing the same for the Hamilton-Jacobi and the Continuity Equations (4) and (3), will turn out to
be more dramatic due to their non-linear nature. In order to have a general equation, we will use
the continuity and Hamilton-Jacobi equations in their C-amplitude shapes (11) and (12). Using the
definition (40) and iteratively derivating at each side, we can get that the derivatives of the field
C(~x, t) evolve as:

∂

∂t
C(j1,...,jN)(~x, t) = −

N∑
s=1

1

ms

[
S(j1,...,2+js,...,jN)(~x, t) (42)

+2

j1∑
k1=0

· · ·
jN∑

kN=0

b(j1, k1) · · · b(jN , kN )C(j1−k1,...,1+js−ks,...,jN−kN )S(k1,...,1+ks,...,kN )

]
While the field S(~x, t) and its derivatives evolve as:

− ∂

∂t
S(j1,...,jN)(~x, t) = V(j1,...,jN) −

N∑
s=1

~2

2ms

[
C(j1,...,2+js,...,jN)(~x, t)+ (43)

+

j1∑
k1=0

· · ·
jN∑

kN=0

b(j1, k1) · · · b(jN , kN )

(
C(j1−k1,...,1+js−ks,...,jN−kN )C(k1,...,1+ks,...,kN )

−S(j1−k1,...,1+js−ks,...,jN−kN )S(k1,...,1+ks,...,kN )

)]

We obtain again an infinite partial differential equation chain (just that, this time they are non-
linear). The time evolution of each function is coupled to functions with two orders more and with all
of the smaller degree ones.

Again, the usefulness of this will become clear in the Lagrangian frame.
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II . Fully Lagrangian Equations

Given we parametrize the fluid elements with labels ~ξ ∈ Ω0 ⊆ RN referring to their initial position
~ξ := ~x(~ξ, t = t0), as described in Block A, assuming the velocity field evolving them is continuous,
we will have their set of trajectories as the diffeomorphism ~x(~ξ, t) ≡ ~x ξ(t). Then, let us denote by
~xb = (x1, ..., xa−1, xa+1, ..., xN ) the tuple of degrees of freedom excluding the a− th one xa. It will be
a useful notation.

(II.a) The Schrödinger Equation

Under this section, we will find several ways to evolve the wavefunction over the trajectories of the
fluid elements. This wavefunction value along a certain trajectory will be coupled to the values of
the rest of fluid elements through the correlation terms that will show up. It is there where the
quantum many body problem scaling exponentially in dimensions will reside.

(II.a.1) Kinetic and Advective Correlation Terms

If in the Schrödinger Equation (1), we evaluate the Eulerian position to be the position of the fluid

element ~ξ, that is, ~x = ~x(~ξ, t), we get by denoting ~xb(ξ, t) ≡ ~x ξb (t):

i~
∂

∂t
ψ(~x ξ(t), t) = −

N∑
a=1

~2

2ma

∂2

∂x2
a

ψ(xa, ~x
ξ
b (t), t)

∣∣∣
xa=xξa(t)

+ U(~x ξb (t), t)ψ(~x ξ(t), t) (44)

Using that by the chain rule, in general, for a differentiable f :

d

dt
f(~x ξ(t), t) =

∂

∂t
f(~x ξ(t), t) +

N∑
a=1

∂

∂xa
f(xa, ~x

ξ
b (t), t)

∣∣∣
xa=xξa(t)

· d

dt
xξa(t) (45)

We arrive at:

i~
d

dt
ψ(~x ξ(t), t) = −

N∑
a=1

~2

2ma

∂2

∂x2
a

ψ(xa, ~x
ξ
b (t), t)

∣∣∣
xξa(t)

+U(~x ξ(t), t)ψ(~x ξ(t), t)+i~
N∑
a=1

∂

∂xa
ψ(xa, ~x

ξ
b (t), t)

∣∣∣
xξa(t)
· d
dt
xξa(t)

(46)
This equation describes the motion in time of the wavefunction in the Lagrangian frame: the value of
the wavefunction that each fluid element ~ξ observes in time, since ψ(~x ξ(t), t) = ψ(t, ~ξ).

If we now define the Kinetic and Advective Correlation Terms as:

K(~x, t) :=

N∑
a=1

~2

2ma

∂2

∂x2
a

ψ(~x, t) (47)

A(~x ξ(t), t) := i~
N∑
a=1

∂

∂xa
ψ(xa, ~x

ξ
b (t), t)

∣∣∣
xξa(t)

· d

dt
xξa(t) (48)

Equation (46) can neatly be rewritten as:

i~
d

dt
ψ(~x ξ(t), t) = U(~x ξ(t), t)ψ(~x ξ(t), t) +A(~x ξ(t), t) +K(~x ξ(t), t) (49)

Following equation (46), when we wish to evolve numerically the value of the wavefunction ψ(t, ~ξ)
as seen by a fluid element ~ξ, we notice that we need to compute the partial derivatives in Eulerian

configuration-space for the wavefunction at each time: ∂
∂xa

ψ(xa, ~x
ξ
b (t), t)

∣∣∣
xa=xξa(t)

. That is, we need to

know the curvature of the wavefunction around the fluid element, meaning we also need to know the
value of the wavefunction, not only in the position ~x(~ξ, t), but also in a close enough neighbourhood.
This implies that we will not be able to evolve a single fluid element ~ξ and its wavefunction alone.
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A possible option for the obtention of the wavefunction values carried by nearby fluid elements, is
precisely to evolve several fluid elements {~ξk}Mk=1 at the same time. The values of the wavefunction
they carry over their trajectories ~x ξ(t), allow us to have a reconstruction of the full wavefunction
{ψ(~x(ξk, t), t)}Mk=1. With this, we will be able to get the derivatives in ~x.

Another possibility is to find dynamical equations for the Eulerian space derivatives over the
trajectories and evolve them as well. This would technically allow us to evolve a single trajectory. As
we will find in section (II.d) this approach will have its own price.

Note that we called (47) and (48), correlation terms, since all the terms correlating the different
fluid elements were encapsulated within them.

Notice that if we choose to evolve several fluid elements in order to get first order information in
each neighbourhood, we will get the value of the wavefunction at the points {~x(~ξk, t)}Mk=1 which are
not required to preserve a regular grid structure. They might form a structured Cartesian grid at
t = t0 if we choose {~ξk}Mk=1 to be so, but in general the mesh will get unstructured very fast, because
in general, each fluid element will have a different velocity in each time. This implies that we would
need to compute the derivatives for the correlation terms in an unstructured grid, which is not as
convenient numerically. See Figure 2. For this, among others, we could fit an analytical function sum
to the unstructured wavefunction, and then derivate it symbolically. Alternatively, we could move
the grid points in some convenient way (remember we have not fixed any rule for the motion of the
trajectories) as we will see in Section (II.g). Else, we could bypass the unstructured grid problem by
writing down the partial derivatives in Eulerian space in terms of partial derivatives in the label space
(initial positions) ~ξ. We can make sure that the label space will be a regular Cartesian mesh, so we
will be able to employ simple finite differences there. We will explore this option in section (II.e).

Figure 2: Above left, the grid of fluid elements (in red) at the reference time t0. Below, their positions at time t, note
how the grid gets irregular. The partial derivatives require the knowledge of the points in the blue lines, but as it can
be seen, in the unstructured grid, rarely will two fluid elements be aligned this way. In the right, we can see in blue the
full function and in green the value that each fluid element carries over it. Clearly, with enough fluid elements we could
reconstruct the full function.

Finally, note that we have still not defined a velocity field ruling the trajectories ~x(~ξ, t). We could
choose any continuous velocity field. A deeper exposition of some convenient ones will be provided in
section (II.g), but in general an interesting choice will be the Bohmian velocity field we found when
interpreting equation (3). If we choose it, the transformation ~x(~ξ, t) will describe Bohmian trajectories:

d

dt
xξa(t) =

1

ma

∂

∂xa
S(xa, ~x

ξ
b (t), t)

∣∣∣
xξa(t)

=
~2

ma
Im
(
ψ−1(~x ξ(t), t)

∂

∂xa
ψ(xa, ~x

ξ
b (t), t)

∣∣∣
xξa(t)

)
(50)
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(II.b) The Continuity and The Hamilton-Jacobi Equations

If we take equations (4) and (3), which are the Hamilton-Jacobi equation and the Continuity Equation
for the fluid, and we evaluate them along the trajectory ~xξ(t) = ~x(~ξ, t), we get the following dynamical
equations for the action and density over the fluid element ~ξ:

dρ(~x ξ(t), t)

dt
=

2

~
J(~x ξ(t), t) ρ(~x ξ(t), t) (51)

− dS(~x ξ(t), t)

dt
= G(~x ξ(t), t) + U(~x ξ(t), t) (52)

where we defined the correlation terms G and J as:

J(~x ξ(t), t) :=
~
2ρ

N∑
a=1

{
− 1

ma

∂

∂xa

(
ρ(xa, ~x

ξ
b (t), t) S(xa, ~x

ξ
b (t), t)

)∣∣∣
xξa(t)

+
∂ρ(xa, ~x

ξ
b (t), t)

∂xa

∣∣∣
xξa(t)

∂xa(~ξ, t)

∂t

}
(53)

G(~x ξ(t), t) :=
N∑
a=1

 1

2ma

(
∂S(xa, ~x

ξ
b (t), t)

∂xa

)2∣∣∣
xξa(t)

−
∂S(xa, ~x

ξ
b (t), t)

∂xa

∣∣∣
xξa(t)

∂xa(~ξ, t)

∂t
+Qa(xa, ~x

ξ
b (t), t)

∣∣∣
xξa(t)


(54)

We used the definition of the quantum potential for the degree xa given in (5).

As it can be seen, all the terms in both G and J depend on derivatives of the action and density
in the Eulerian positions ∂

∂xa
, meaning they depend on the values of the action and density carried by

fluid elements nearby. That is why we call them correlation terms: they are the ones introducing the
coupling between the different fluid elements.

Before we jump to the interpretation of these terms, note that we can write equations (52) and
(51) in integral form and get the value they should have along each trajectory as:

ρ(~x ξ(t), t) = e
∫ t
t=t0

2
~J(~x ξ(t),t)dt

ρ(~x ξ(t0), t0) (55)

S(~x ξ(t), t) =

∫ t

t=t0

−
[
G(~x ξ(t), t) + U(~x ξ(t), t)

]
dt+ S(~x ξ(t0), t0) (56)

These two equations allow the coupled evolution of the fields S and ρ along the trajectories, as
long as we know the correlation terms G and J along them. If we manage to be able to evolve
S(~ξ, t) and ρ(~ξ, t), we could immediately get the full wavefunction over the trajectory as ψ(~x ξ(t), t) =
ρ(~x ξ(t), t)1/2exp(iS(~x ξ(t), t)/~). In fact, we can ensemble equations (55) and (56) to get the time
evolution of the wavefunction in an alternative way:

ψ(~x ξ(t), t) = e
∫ t
t=t0

(−i
~ [G(~x ξ(t),t)+U(~x ξ(t),t)]− 2

~J(~x ξ(t),t))dt ψ(~x ξ(t0), t0) (57)

This is sometimes called the hydrodynamical wave-function propagator.

Now, note that we will face the same trouble that we had in the Schrödinger Equation (46), when

we try to evolve any of the present equations. In order to evaluate the quantities ∂
∂xa

S(xa, ~x
ξ
b (t), t),

∂2

∂x2a
ρ1/2(xa, ~x

ξ
b (t), t) on the trajectory spots (the components of the correlation terms), we need knowl-

edge in points surrounding the fluid elements. The potential solutions will be the same:

1. Evolve simultaneously several fluid elements so as to numerically compute the derivatives in the
unstructured grid they suppose. For this,

(a) Reconstruct each locality by fitting a sum of analytic functions locally to get the derivative
symbolically or some alternative fitting technique.

(b) Convert the partial derivatives with respect to space ∂
∂xk

into derivatives with respect to

the labels ∂
∂ξj

, with the extra cost of computing the Jacobian and its determinants. We

will explore the resulting equations in section (II.e).

2. Evolve more differential equations describing the dynamics in time for the partial derivatives,
conditioned along the trajectories. This will be drafted in section (II.d).
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II . Fully Lagrangian Equations The Equations of Quantum Dynamics

Understanding the G and J correlation terms

Now, these equations and the terms correlating the fluid elements can more easily be understood if
we assume the trajectories are governed by the Bohmian velocity field defined as:

d

dt
xξa(t) =

1

ma

∂

∂xa
S(xa, ~x

ξ
b (t), t)

∣∣∣
xξa(t)

=: va(~x
ξ(t), t) (58)

After a pair of simplifications and re-orderings, we get that the correlation term G takes the following
shape:

G(~x ξ(t), t) =

N∑
a=1

1

2
ma

(
va(~x

ξ(t), t)
)2

+Q(~x ξ(t), t) (59)

where we can recognize the difference between the kinetic energy of the fluid element and its quantum
potential. The only thing in G that depends on the rest of fluid elements is the quantum potential.
Also, note that G+U will yield the difference between the total kinetic energy of the fluid element and
the total potential energy: it will be the Lagrangian of the system over this particular trajectory.
With this, the time evolution for the action over the fluid element would be left as:

d

dt
S(~x ξ(t), t) =

N∑
a=1

1

2
ma

(
vk(~x

ξ(t), t)
)2
−
(
V (~x ξ(t), t) +Q(~x ξ(t), t)

)
=: L (~x ξ(t), t) (60)

which is the classical time evolution of a system of N particles, just that here the particles are subject
to a potential (the quantum potential) that depends explicitly on the density carried by other nearby
possible trajectories of the system. It is purely there where the quantum effect appears, in the fact
that each possible (Bohmian) trajectory of the system carries a density value that gets repelled by big
density values of close trajectories in configuration space. But how does this density carried by each
trajectory evolve? By doing the same assumption (58) for the velocity field, we get the convenient
shape for J given by:

J(~x ξ(t), t) = −
N∑
a=1

∂va(xa, ~x
ξ
b (t), t)

∂xa

∣∣∣
xξa(t)

(61)

which can be seen to be the negative divergence in Eulerian space for the fluid element ensemble along
the trajectory of interest. We will analyse in the following section why this is a way to express that
the total number of tangent Universes (or the total density) is preserved. The time evolution for the
density as seen by the fluid element ~ξ is then:

d

dt
ρ(~x ξ(t), t) = −ρ(~x ξ(t), t)

N∑
a=1

∂

∂xa
va(xa, ~x

ξ
b (t), t)

∣∣∣
xξa(t)

(62)

which just expresses the fact that the divergence of Bohmian trajectories is the unique factor that can
dilute or concentrate the density in the neighbourhood of a fluid element.

We can rewrite equations (60) and (62) in integral form to get the value they should have along
each Bohmian trajectory:

ρ(~x ξ(t), t) = e
−

∫ t
t=t0

~∇x·~v(~x,t)|
~x ξ(t)

dt
ρ(~x ξ(t0), t0) (63)

S(~x ξ(t), t) =

∫ t

t=t0

L (~x ξ(t), t)dt+ S(~x ξ(t0), t0) (64)

Together with (58), these two equations allow the coupled evolution along Bohmian trajectories for
the fields ~v, S and ρ.
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(II.a.2) G and J Correlation Potentials

It turns out that we can get a dynamical equation for the value of the wavefunction along the trajectory
using the equations of motion for the density and the action. If we note that the the action and density
were obtained from the polar form of the wavefunction ψ(~x ξ(t), t) = ρ1/2(~x ξ(t), t)exp(iS(~x ξ(t), t)/~),
by the product derivative rule we get that:

dψ(~x ξ(t), t)

dt
=

1

2ρ1/2(~x ξ(t), t)

dρ(~x ξ(t), t)

dt
eiS(~x ξ(t),t)/~ + ρ1/2(~x ξ(t), t)eiS(~x ξ(t),t)/~dS(~x ξ(t), t)

dt

i

~
(65)

where we can introduce equations (51) and (52) and reidentify the wavefunction to get:

i~
dψ(~x ξ(t), t)

dt
=
(
U(~x ξ(t), t) +G(~x ξ(t), t) + iJ(~x ξ(t), t)

)
ψ(~x ξ(t), t) (66)

which is an equation describing the time evolution of the wavefunction along the trajectory in a
linear way. Note that the equation is in reality non-linear since the correlation terms depend on the
magnitude and phase of the unknown. Also, we now see that we could call G and J correlation
potentials, since they can be interpreted as a (complex) potential energy driving the wavefunction
over the trajectory.

Finally, note the functional relationship between the two kinds of correlation terms seen so far:(
G(~x ξ(t), t) + iJ(~x ξ(t), t)

)
ψ(~x ξ(t), t) = K(~x ξ(t), t) +A(~x ξ(t), t) (67)

(II.f) The Bohmian Newton’s Second Law

If we take the Hamilton-Jacobi Equation in the fully Eulerian frame (4) and do the partial derivative
∂
∂xk

at both sides, by assuming the particular Bohmian velocity field for the trajectories, given by
(58), and assuming enough regularity for S, we arrive at:

∂

∂t

∂

∂xk
S(~x, t) +

N∑
j=1

∂

∂xj

∂

∂xk
S(~x, t) · vj(~x, t) = − ∂

∂xk
(V (~x, t) +Q(~x, t)) (68)

If we evaluate ~x in the Lagrangian frame ~x(~ξ, t), we immediately find (assuming (58)):

mk
d

dt
vk(~x

ξ(t), t) = mk
d2

dt2
xξk(t) = − ∂

∂xk

[
V (~x ξ(t), t) +Q(~x ξ(t), t)

]
(69)

This is Newton’s Second Law for each fluid element ~ξ. This equation can be evolved coupled with the
continuity equation (51) in order to know the evolution of the density ρ and the Bohmian velocity
field. In this representation however, we will require to compute the spatial derivative of the quantum
potential Q, which was already a problematic term due to the ∂2

∂x2j
R(~x, t) it contains. Therefore, even

if the equation is very insightful in a theoretical basis, legitimising Bohmian trajectories, for numerical
purposes it is more stable to use the equations of motion of (II.a) or (II.b).

(II.d) Dynamic Equations for Partial Derivatives

(II.d.a) Dynamics of Partial Derivatives For the Wavefunction

If we go back to the coupled system of (infinite) linear differential equations (41), we will notice that
there is no partial derivative with respect to space xk in any place. This means that we can actually
evolve a single fluid element by directly evaluating ~x = ~x(~ξ, t). For this, we must first note the chain
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rule (45) in order to get the time derivative as seen by the fluid element ~ξ. Then, retaking the definition
(40), this would leave (41) in the Lagrangian frame as:

i~
∂

∂t
ψ(j1,...,jN )(ξ, t) =

N∑
s=1

[
− ~2

2ms
ψ(j1,...,2+js,...,jN ) + i~ψ(j1,...,1+js,...,jN )

∂xs(~ξ, t)

∂t

]
+ (70)

+

j1∑
k1=0

· · ·
jN∑

kN=0

b(j1, k1) · · · b(jN , kN )U(j1−k1,...,jN−kN )ψ(k1,...,kN )

where all the functions have arguments (~ξ, t).

A priori, this is an infinite system of coupled linear differential equations. However, if we assume

that at a certain J , ∂Jψ(~x,t)

∂xJk

∣∣∣
x(ξ,t)

' 0 ∀k, we are left with JN coupled linear equations. Doing this

approximation, we are assuming that the wavefunction in the immediate locality of the fluid element
has a roughly constant derivative of J-th order. Contrary to the Eulerian case, we are not assuming
this for the whole configuration space. Thus depending on the chosen trajectory, a low J may not be a
problematic assumption. The best point about this mehtod is that this equation system would allow
us to compute the wavefunction and trajectory of a single fluid element ~ξ. With no need to know the
partial derivatives in configuration-space xk, there is no need to couple other trajectories to this one.

Certainly, the main problem of this method is that we will need to choose the truncation J , which
if chosen to be too small, would make the trajectory blind to nodal points and fluctuating regions that
are not in its immediate vicinity but should influence the trajectory.

(II.d.b) Dynamics of Partial Derivatives For the Density and Action

If we now go back to equations (42) and (43), we will see that it is possible to evaluate ~x = ~x(~ξ, t)
directly in the partial differential equations ruling the dynamics of the spatial derivatives of C and S
as well (where C(~x, t) = log(ρ(~x, t))/2). Noting back (45), we can see that the time evolution of the
field C (thus ρ) and all of its derivatives in configuration space xk, over any single fluid element ~ξ
follows:

∂

∂t
C(j1,...,jN )(ξ, t) = −

N∑
s=1

(
i~C(j1,...,1+js,...,jN )

∂xs(~ξ, t)

∂t
+

1

ms

[
S(j1,...,2+js,...,jN)(~x, t)+ (71)

+2

j1∑
k1=0

· · ·
jN∑

kN=0

b(j1, k1) · · · b(jN , kN )C(j1−k1,...,1+js−ks,...,jN−kN )S(k1,...,1+ks,...,kN )

])
While the field S and all its derivatives in configuration space, follow over any single fluid element ~ξ:

− ∂

∂t
S(j1,...,jN )(ξ, t) = V(j1,...,jN) +

N∑
s=1

{
i~S(j1,...,1+js,...,jN )

∂xs(~ξ, t)

∂t
− ~2

2ms

[
C(j1,...,2+js,...,jN)+ (72)

+

j1∑
k1=0

· · ·
jN∑

kN=0

b(j1, k1) · · · b(jN , kN )

(
C(j1−k1,...,1+js−ks,...,jN−kN )C(k1,...,1+ks,...,kN )

−S(j1−k1,...,1+js−ks,...,jN−kN )S(k1,...,1+ks,...,kN )

)]}
Again, these equations allow us the computation of the wavefunction and the trajectory of a single
fluid element at any time. For a numerical implementation however, we will need to assume that at a

certain J , ∂Jf(~x,t)

∂xJk

∣∣∣
~x(~ξ,t)

' 0 for f ∈ {C, S}. This means we will need to assume that in the locality of

the trajectory the C amplitude’s (and the density’s) and the action’s curvatures get close to zero.

Unlike equation (70), these systems of equations are not linear.
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Parenthesis: Fundamental Intuitions about the Diffeomorphism ~x(~ξ, t)

Before continuing to the next sections, we will open a little parenthesis to review the relevant concepts
that one must have clear when talking about the trajectory bundle of a fluid. These trajectories are
given by a transformation ~x(~ξ, t) that maps each fluid element in the label space ~ξ, which we decided
to identify with the initial position (in configuration-space) of each fluid element (~x(~ξ, t = t0) = ~ξ),
to the position of the fluid element at time t. For the reasons we have already seen, it must be a
diffeomorphism, a continuous, differentiable and invertible map.

Covariant Tangent Vectors

Let us first realize what the vectors ∂~x(~ξ,t)
∂ξk

are. For this, lets define a iso-label curve or iso-curve.
It is the image of the straight line corresponding to the ξk axis in the original label space, as can
be seen in Figure 3. It is the curve that shows where the fluid elements that were initially in that
straight line are at time t. It is thus the curve defined by fixing all spatial variables of ~ξ except for
ξk, which if varied, shapes the parametric curve ~x(ξk; ξ1, ..., ξk−1, ξk+1, ..., ξN , t). Since, ~x(~ξ, t) must be
continuous to be a valid diffeomorphism, the fluid elements that were initially close in configuration
space, must remain close, but can now be distributed in a curved manner instead of a straight line.
This means that, the “distance” between these close points can be contracted or dilated as we will see
in a moment.

Figure 3: Depiction of the iso-label curves. They are the set of points that have one of the label space coordinates fixed
at a same number. Considering that the label space represents the initial positions for the fluid elements, the iso-curve
at any time t represents the set of positions where the fluid elements that were once aligned have moved to. Since their
displacement is given by a diffeomorphism, the iso-label curves will be continuous curves at all times. The angles between
the iso-curves do not need to be preserved however.

Then, the vectors ∂~x(~ξ,t)
∂ξk

, following the definition of partial derivative:

∂~x(~ξ, t)

∂ξk
= lim

∆ξ→∞

~x(ξ1, ..., ξk + ∆ξ, ..., ξN , t)− ~x(ξ1, ..., ξk, ..., ξN , t, t)

∆ξ
(73)

are locally tangent to the iso-label curves at each time, as can be graphically intuited from Figure 4.
This is why we call them, covariant tangent vectors.

Then, note that set of N vectors {∂~x(~ξ,t)
∂ξ1

, ..., ∂~x(~ξ,t)
∂ξN

} at each point ~x(~ξ, t), shapes locally the vector

basis to which the initial orthogonal grid surrounding ~ξ has been morphed.
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Figure 4: (a) The two red dots depict the label space positions (initial positions) for two elements with the same ξ2, ξ3
coordinates but a distance in ξ3 of ∆ξ. Notice the yellow iso-line γ1 that passes crossing them both.
(b) The same two points but in their configuration space positions after a time t has passed. Note that the iso-
line γ1 has been curved with their motion. Note however that in any time, the vector linking the two trajectories
~x(ξ1 + ∆ξ, ξ2, ξ3) − ~x(ξ1, ξ2, ξ3), if ∆ξ is made sufficiently small, will be tangent to the yellow iso-ξ1 label curve at the
point ~x(ξ1, ξ2, ξ3). If we take this difference, divide it by ∆ξ and make it tend to zero ∆ξ → 0, in the limit we will get
the locally tangent vector to the iso-curve ξ1 the magnitude of which expresses the rate of change of the arc-length of
the iso-curve at that point. This is a covariant tangent vector.
(c) Note that we could do the same for the three directions in label space, to get the three covariant tangent vectors,
tangent to each of the iso-label curves crossing the point. Since the Jacobian determinant for a diffeomorphism must be
non zero, these vectors must be linearly independent, forming a basis of the vector space.

The Jacobian Matrix

We define the Jacobian matrix of ~x(~ξ, t) with respect to the label space ~ξ as the matrix that has the
covariant tangent vectors as columns (or the matrix of all the first order partial derivatives of ~x(~ξ, t)):

Dξ~x(~ξ, t) :=


∂x1(~ξ,t)
∂ξ1

· · · ∂x1(~ξ,t)
∂ξN

...
. . .

...
∂xN (~ξ,t)
∂ξ1

· · · ∂xN (~ξ,t)
∂ξN

 =

 | |
∂~x(~ξ,t)
∂ξ1

· · · ∂~x(~ξ,t)
∂ξN

| |

 (74)

Note that since the transformation ~x(~ξ, t) must be a diffeomorphism, the Jacobian matrix is well
defined. This is why we know that the covariant tangent vectors were defined in the first place. In
fact, we will see from its interpretation that the matrix must be non-singular, meaning the covariant
tangent vectors shape a vector basis in any point ~ξ and time t.

We can interpret this matrix, which will be different at each point (~ξ, t), as the matrix of a linear
application that takes vectors in an initial canonical basis and sends them to the basis of covariant
tangent vectors at the position ~x(~ξ, t). To see what this really means, let us write the Taylor expansion
of ~x(~ξ, t) around a certain fluid element of interest ~ξ∗:

~x(~ξ, t) = ~x(~ξ∗, t) +Dξ~x(~ξ∗, t) · (~ξ − ~ξ∗) + o(||~ξ − ~ξ∗||2) (75)

For ~ξ → ~ξ∗ (that is, for all fluid elements close enough to ~ξ∗ at the initial time), neglecting second
order terms, we find that:

~x(~ξ, t)− ~x(~ξ∗, t) ' Dξ~x(~ξ∗, t) · (~ξ − ~ξ∗) (76)

As it can be seen in Figure 5, this means the Jacobian matrix is the linear application that best
approximates in each neighbourhood ~ξ the effect of the transformation ~x(~ξ, t) at each time. Interpreting
the Jacobian matrix as the matrix of this linear application, we see that it sends the unit orthogonal
vectors around each ~ξ to the covariant tangent vectors in ~x(~ξ, t). See this depicted in Figure 6. Then
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it must also encode the conversion of a local unit cube of fluid elements in ~ξ at t = t0, to the local
parallelogram that the elements of the cube shape at time t. If we knew the volume increase factor
of this conversion, we would know the amount by which the fluid elements that were initially close to
~ξ∗ are dilated or contracted. In fact, with this linear application matrix idea, we can now understand

that the magnitude of each covariant tangent vector ||∂~x(~ξ,t)
∂ξk
|| gives us the separation increase factor

at time t of the distance between the fluid element ~ξ∗ and the elements ~ξ that were aligned with it in
the ξk axis at time t0.

Figure 5: Up left a depiction of the label space vector ~ξ− ~ξ∗, which is the position vector of the fluid element ~ξ relative
to the fluid element ~ξ∗ at time t0. Below the depiction of the relative position vector at time t: ~x(~ξ, t) − ~x(~ξ∗, t). If
~ξ → ~ξ∗, this relative position vector at time t should be roughly the same vector as the one to which the linear application
matrix Dξ~x(~ξ, t) sends the initial relative vector ~ξ − ~ξ∗. The closer the fluid elements the less erroneous it should be,

until in the immediate locality of ~ξ∗, the Jacobian matrix exactly determines the transformation of the fluid as a linear
application (centred at the point ~ξ∗).

Figure 6: A depiction of how at each time t and each point of label space ~ξ, there is a linear application Dξ~x(~ξ, t),
which locally gives the transformation that best fits the distortion of the fluid mesh. In particular, the linear application
sends the canonical unit vectors (centred at each ~ξ), in green in the left, to the basis of covariant tangent vectors, green
in the right. This is nothing but a restatement that the covariant basis vectors must be locally tangent to the iso-label
curves, in yellow. These curves are directed by the canonical basis vectors in the label space (where they are straight
orthogonal lines) and are directed by the continuity of covariant tangent vectors in the general configuration space at
time t. We can see in pink how the Jacobian matrix of each point, as a linear application, is precise in the immediate
vicinity of the points (there its effect matches the yellow curves), but get more and more wrong as we get further away
from the point in which we computed the matrix (the pink dotted lines deviate from the iso-label curves).
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The Jacobian Determinant

The magnitude of the determinant of an N×N matrix gives the N -volume of the parallelotope formed
by its column vectors. To see why this is true, we can do the following heuristic explanation. Assume
first that we have a non-zero determinant. Now, the determinant of a matrix does not change if we
take a column of the matrix multiplied by any number and sum it to another one. Then, we could,
in a finite amount of operations, convert the matrix into a diagonal matrix by only taking columns of
itself, multiplied by necessary factors and adding them to other ones. Just like the typical Gaussian
method to solve linear equation systems. The determinant of this diagonal matrix will be the same
as the one for the initial matrix. Now, the column vectors of the diagonal matrix, form an orthogonal
parallelotope. Its volume is immediately given by the product of the height, width, length etc., which
is also the determinant of the diagonal matrix. Then, we realize that given a set of N vectors that form
an N -parallelotope, if we add one vector to another one, even multiplied by any factor, the volume of
the resulting parallelotope is the same (since it is a shear transformation). See Figure 7.a. Thus, we
will have that the volume of the parallelotope formed by the column vectors of the diagonal matrix
and the original matrix must be the same. This would mean that the determinant of the original
matrix gave in magnitude, the volume of the parallelotope shaped by its column vectors. o.ε.δ.

Figure 7: (a) A visual proof that a parallelogram does not change its area if we take any of the vectors delimiting its
edges, multiply it by any real α > 0 and sum it to the other vector. If α ∈ (0, 1], as it can be seen in the drawing, we
can identify the area of the new parallelogram that is not over the old parallelogram to be the area of the old that is
not under the new one (blue). Thus their areas must be the same. For any α > 1, we could find some βi ∈ (0, 1] such
that α =

∑
i βi, and apply recursively the rule that the area does not change for each of the additions, relative to the

previous parallelogram. The proof then is also valid for any parallelepiped, since its faces are parallelograms; to any
4-parallelotope since its 4-faces are parallelepipeds and so on, to any N -parallelotope.
(b) Heuristic algebraic/geometric argument following the written heuristic proof.

Now, regard a matrix as a linear application sending the canonical unit vectors to its column
vectors. Then, since the volume of the canonical unit vector cube is 1, the determinant of the matrix,
the volume of the parallelotope in which we transform the unit cube, must be the factor by which the
N -volume is scaled by the linear transformation. Therefore, the determinant of the Jacobian matrix
of the trajectories of the fluid elements ~x(~ξ, t), will give in magnitude, the local factor by which the
volume between nearby fluid elements is scaled (dilated or contracted). Let us denote this quantity
as the Jacobian determinant:

J(~ξ, t) := |det(Dξ~x(~ξ, t))| > 0 (77)

If J(~ξ, t) > 1, in the locality of ~ξ, the fluid is dilated. This means that given a fluid element labelled
~ξ∗, the fluid elements that were closest to it at the time we made the labels: those in the ball
{~ξ ∈ Ω0 : ||~ξ∗ − ~ξ|| = ε} for a small enough ε > 0, are now getting further in configuration-space:
||~x(~ξ0, t)− ~x(~ξ1, t)|| > ε for this t > t0. Conversely, if J(~ξ, t) < 1, the distance will get smaller.
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The Change of Variables in an Integral

This interpretation of the Jacobian is why it is used in the variable changes of integrals. Say we
wish to compute the N -volume in configuration-space that occupy at time t the fluid elements that
at t0 were in the domain Ω0. They will now be in a domain Ωt = ~x(Ω0, t), so we seek the integral:∫∫
~x(Ω,t) dx1 · · · dxN . If we discretize the space around the point ~ξ, in the limit of small discrete steps

∆xj ,∆ξj → 0, we will have for each point ~ξ that ∆x1 · · ·∆xN = J(~ξ, t)∆ξ1 · · ·∆ξN , since the Jacobian
gives the volume increase factor in the immediate neighbourhood of the point. If we made a continuous
sum of these elements over all the volume Ω0 in label space, by the definition of the integral as the
limit of Riemann sums, we would find the volume we were looking for to be:∫∫

~x(Ω,t)
dx1 · · · dxN =

∫∫
Ω
J(~ξ, t)dξ1 · · · dξN (78)

More formally, since ∀~ξ ∈ Bε(~ξ∗) with ε→ 0 we have that ~x(~ξ, t)−~x(~ξ∗, t) = D~ξ
~x(~ξ∗, t) · (~ξ− ~ξ∗), then

for ε→ 0:
V ol

(
~x(Ω, t) ∩Bε(~x(~ξ, t))

)
= J(~ξ, t)V ol

(
Ω ∩Bε(~ξ)

)
(79)

V ol(~x(Ω)) = lim
ε→0

∑
~ξ∈Ω

V ol
(
~x(Ω, t) ∩Bε(~x(~ξ, t))

)
= lim

ε→0

∑
~ξ∈Ω

J(~ξ, t)V ol
(

Ω ∩Bε(~ξ)
)

(80)

with Bε(x) ⊂ RN a ball of center x ∈ RN and radious ε > 0. Using the definition of integral, this last
equation leads to equation (78).

More in general, if what we wanted was a weighted sum of the volume elements, where each
element in configuration space has a scalar value f(~x, t), then we would have enough in the preceding
development with multiplying each volume contribution by the value of its corresponding scalar. This
would yield: ∫∫

~x(Ω,t)
f(~x, t)dx1 · · · dxN =

∫∫
Ω
f(~x, t)

∣∣∣
~x(~ξ,t)

J(~ξ, t)dξ1 · · · dξN (81)

The Inverse Transformation and its Jacobian

Note that all of this development is equally valid for the inverse transformation, that gives the label of
the trajectory that passes from each configuration space point at each time ~ξ(~x, t). It turns out there
is a very convenient connection: the Jacobian matrix of ~ξ(~x, t) is the inverse of the Jacobian of ~x(~ξ, t).
Since one is the inverse map of the other this could have already been suspected. A more formal prove
however comes from the following: since we impose that ~x(~ξ(~x, t), t) = ~x, taking each k-th component
of the vectors and derivating them by xj we get applying the chain rule that:

∂

∂xj
xk(~ξ(~x, t), t) =

∂

∂xj
xk ⇒

N∑
l=1

∂xk(~ξ, t)

∂ξl

∣∣∣
~ξ(~x,t)

∂ξl(~x, t)

∂xj
= δjk (82)

which can be written in matrix form as:
∂x1
∂ξ1

· · · ∂x1
∂ξN

...
. . .

...
∂xN
∂ξ1

· · · ∂xN
∂ξN

 ·


∂ξ1
∂x1

· · · ∂ξ1
∂xN

...
. . .

...
∂ξN
∂x1

· · · ∂ξN
∂xN

 =

1 · · · 0
... 1

...
0 · · · 1

⇒ (83)

⇒ Dξ~x(~ξ, t) ·Dx
~ξ(~x, t) = IdNxN

Which means by the uniqueness of the inverse matrix that the Jacobian matrix of ξ(~x, t) is the inverse
of the Jacobian matrix of x(ξ, t). Namely, Dx

~ξ(~x, t) = Dξ~x(~ξ, t)−1.

In particular this means that in order to compute the determinant of any of them it is enough
to compute the determinant for the other one, since for any invertible matrix A with inverse A−1 we
have that det(A) = 1/det(A−1). This will be relevant, because computing Dξ~x(~ξ, t) will be easy at all

times if we choose the label space to be a regular discretized grid, while Dx
~ξ(~x, t) will hardly ever be

so.

26



II . Fully Lagrangian Equations The Equations of Quantum Dynamics

Deriving the Continuity Equation from a simple Assumption

Let us see how useful the Jacobian is, in that we will be able to derive the continuity equation of a
fluid from simple considerations. We will arrive at equation (63) by identifying a vital relationship
between the velocity field driving the fluid elements and the Jacobian. In fact, we will arrive to find
which is the conserved quantity along any given Bohmian trajectory, which leads to an alternative
way to compute the time evolution of the density.

For this, let us first see what the continuity equation in the Eulerian frame (3) is telling us, so
that we can then derive it in the converse way. Integrating both sides of the equation on a bounded
configuration space volume V ⊂ RN , with boundary ∂V , applying the divergence theorem we get:

∂

∂t

∫
V
ρ(~x, t)dx1 · · · dxN = −

∫
∂V
ρ(~x, t)~v(~x, t) · d~S(~x) = −

∫
∂V
ρ(~x, t)vnormal(~x, t) · dS (84)

The quantity in the left-hand side is the variation in time of the amount of Universes/Bohmian-
trajectories inside the configuration space volume V (in units of fluid-elements/time). The one in the
right is the outward flux of Universes/Bohmian-trajectories across the surface (in fluid-elements/time).
Thus, the continuity equation is equivalent to imposing that there is no source or sink for the number
of Universes. The variation of its number can only be due to their displacement to adjacent points of
space. Universes cannot be destroyed nor created.

Now, let us derive the continuity equation in the converse way: we impose that the amount
of Universes in any initial configuration space N -volume V0 ⊆ Ω0 ⊆ RN , should be the same as the
amount of Universes in the volume at which those Universes extend at time t: ~x(V0, t). Mathematically
this conservation of fluid-elements would mean:∫∫

V0

ρ(~ξ, t = t0)dξ1 · · · dξN =

∫∫
~x(V0,t)

ρ(~x, t)dx1 · · · dxN ∀t (85)

If we use equation (81) we can rewrite it as:∫∫
V0

ρ(~ξ, t = t0)dξ1 · · · dξN =

∫∫
V0

ρ(~ξ, t)J(~ξ, t)dξ1 · · · dξN ∀t (86)

And manipulate it to get: ∫∫
V0

[
ρ(~ξ, t = t0)− ρ(~ξ, t)J(~ξ, t)

]
dξ1 · · · dξN = 0 (87)

Since this must be true for any possible V0, it must be that:

ρ(~ξ, t0) = ρ(~ξ, t)J(~ξ, t)⇐⇒ ρ(~ξ, t) =
ρ(~ξ, t0)

J(~ξ, t)
⇐⇒ ρ(~ξ, t0)

ρ(~ξ, t)
= J(~ξ, t) (88)

Or equivalently if we evaluate ~ξ = ~ξ(~x, t):

ρ(~x, t0) = ρ(~x, t)J(~x, t)⇐⇒ ρ(~x, t) =
ρ(~ξ, t0)

J(~x, t)
⇐⇒ ρ(~x, t0)

ρ(~x, t)
= J(~x, t) (89)

On the one hand, this gives us a way to compute the density in any time by just knowing the density
at the initial time ρ(~ξ, t0) and ~x(~ξ, t), since this last lets us compute the derivatives ∂xk

∂ξj
and thus

the Jacobian determinant J . On the other hand, it lets us interpret the Jacobian in fluid terms:

J(~ξ, t) = ρ(~ξ,t0)

ρ(~ξ,t)
. The Jacobian determinant of ~x(~ξ, t) is the (positive) ratio of the density perceived

by the fluid element ~ξ in its local surrounding relative to the one perceived at the beginning. This
can be smaller than one or greater than one. If the ratio is greater than one, then ρ(~ξ, t0) > ρ(~ξ, t),
meaning that the fluid of configuration-space “Universes” has been diluted around ~ξ, the density has
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been decreased, which is in accordance with the fact that a positive Jacobian meant the trajectories
in that locality get more spaced between them. If on the other hand the ratio is smaller than one,
then ρ(~ξ, t0) > ρ(~ξ, t), the density gets concentrated locally, in accordance with the convergence of
trajectories in the surrounding. Note though that there is no source of Universes, since the Jacobian,
accounting only for the movement of trajectories, is the only factor influencing the density change.
This is precisely what we imposed with the integral above.

Now, let us finish deriving from here the continuity equation in the shape we get from the
Schrödinger Equation. Let us take ρ(~ξ, t0) = ρ(~ξ, t)J(~ξ, t) and derivate it at each side in time. Since
the left hand side is time independent, we get:

0 =
∂

∂t

(
ρ(~ξ, t)J(~ξ, t)

)
(90)

which implies that along any given Bohmian trajectory ~ξ, the quantity ρ(~ξ, t)J(~ξ, t) is a constant of
motion! Further expanding the expression we get:

J(~ξ, t)
∂ρ(~ξ, t)

∂t
+ ρ(~ξ, t)

∂J(~ξ, t)

∂t
= 0 (91)

Then note that:
∂

∂t
J(~ξ, t) = J(~ξ, t)~∇x · ~v(~x, t)

∣∣∣
~x(~ξ,t)

(92)

We will prove this, in the following gray box, after we get to the Continuity Equation, to avoid loosing
the objective. By evaluating this identity in equation (91) we get:

J(~ξ, t)

(
∂ρ(~ξ, t)

∂t
+ ρ(~ξ, t)~∇x · ~v(~x, t)

∣∣∣
~x(~ξ,t)

)
= 0 (93)

Since we assumed that the Jacobian of the trajectories was never zero to allow its invertibility, we will
have that the differential equation multiplying it in the last equation, must be zero:

∂ρ(~ξ, t)

∂t
+ ρ(~ξ, t)~∇x · ~v(~x, t)

∣∣∣
~x(~ξ,t)

= 0 (94)

which is the Continuity Equation in the Lagrangian frame (62). If we now evaluate ~ξ = ~ξ(~x, t) and
note:

∂ρ(~ξ, t)

∂t

∣∣∣
~ξ(~x,t)

=
dρ(~x(~ξ, t), t)

dt

∣∣∣
~ξ(~x,t)

=
∂ρ(~x, t)

∂t
+

N∑
k=1

∂ρ(~x, t)

∂xk

∂xk(~ξ, t)

∂t

∣∣∣
~ξ(~x,t)

=
∂ρ(~x, t)

∂t
+

N∑
k=1

∂ρ(~x, t)

∂xk
vk(~x, t)

(95)
We have that:

∂ρ(~x, t)

∂t
+

N∑
k=1

∂ρ(~x, t)

∂xk
vk(~x, t) + ρ(~x, t)

∂vk(~x, t)

∂xk
= 0 (96)

which reverting the derivative of a product, yields the Continuity Equation in the Eulerian frame (3).

What is ∂
∂t
J(~ξ, t)?

Let us prove the identity (92), since it has its very big relevance. For this, we can start from the
definition of determinant in all of its glory:

J(~ξ, t) =
∣∣∣det(Dξ~x(~ξ, t)

)∣∣∣ =
∑
p

sgn(p)
∂x1

∂ξp1
· · · ∂xN

∂ξpN
(97)

with the sum running over all the N ! possible permutation tuples p = (p1, ..., pN ) for {1, ..., N}
and sgn(p) the sign of the permutation. Then, using the Leibniz derivation rule for products:
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∂

∂t
J(~ξ, t) =

∑
p

sgn(p)

([
∂

∂t

∂x1

∂ξp1

]
∂x2

∂ξp2
· · · ∂xN

∂ξpN
+
∂x1

∂ξp1

[
∂

∂t

∂x2

∂ξp2

]
· · · ∂xN

∂ξpN
+ · · · (98)

+
∂x1

∂ξp1
· · · ∂xN−1

∂ξpN−1

[
∂

∂t

∂xN
∂ξpN

])

Note that since
∂xj(~ξ,t)
∂t =: vj(~ξ, t) = vk(~x(~ξ, t), t):

∂

∂t

∂xi(~ξ, t)

∂ξj
=

∂

∂ξj

∂xi(~ξ, t)

∂t
=

∂

∂ξj
vi(~x(~ξ, t), t) =

N∑
k=1

∂vi(~x, t)

∂xk

∣∣∣
~x(~ξ,t)

∂xk(~ξ, t)

∂ξj
(99)

This leaves equation (98) as:

∂

∂t
J(~ξ, t) =

∑
p

sgn(p)

([
N∑
k=1

∂v1(~x, t)

∂xk

∣∣∣
~x(~ξ,t)

∂xk(~ξ, t)

∂ξp1

]
∂x2

∂ξp2
· · · ∂xN

∂ξpN
+ · · · (100)

+
∂x1

∂ξp1
· · · ∂xN−1

∂ξpN−1

[
N∑
k=1

∂vN (~x, t)

∂xk

∣∣∣
~x(~ξ,t)

∂xk(~ξ, t)

∂ξpN

])
=

=

N∑
k=1

∑
p

sgn(p)
∂v1(~x, t)

∂xk

∣∣∣
~x(~ξ,t)

∂xk(~ξ, t)

∂ξp1

∂x2

∂ξp2
· · · ∂xN

∂ξpN
+ · · ·

+

N∑
k=1

∑
p

sgn(p)
∂x1

∂ξp1
· · · ∂xN−1

∂ξpN−1

∂vN (~x, t)

∂xk

∣∣∣
~x(~ξ,t)

∂xk(~ξ, t)

∂ξpN
=

=
N∑
k=1

∂v1(~x, t)

∂xk

∣∣∣
~x(~ξ,t)

∑
p

sgn(p)
∂xk
∂ξp1

∂x2

∂ξp2
· · · ∂xN

∂ξpN
+ · · ·

+
N∑
k=1

∂vN (~x, t)

∂xk

∣∣∣
~x(~ξ,t)

∑
p

sgn(p)
∂x1

∂ξp1
· · · ∂xN−1

∂ξpN−1

∂xk
∂ξpN

where recalling the definition of determinant, we can see that it is a sum of many determinants,
many of which will be zero since they will have rows with the same elements (thus the N -volume
of the parallelotopes that form their rows will be null). We can see clearly from the last equation
that:

∂

∂t
J(~ξ, t) =

N∑
k=1

∂v1(~x, t)

∂xk

∣∣∣
~x(~ξ,t)

∣∣∣∣∣∣∣∣∣∣

∂xk
∂ξ1

∂xk
∂ξ2

· · · ∂xk
∂ξN

∂x2
∂ξ1

∂x2
∂ξ2

· · · ∂x2
∂ξN

...
. . .

...
∂xN
∂ξ1

∂xN
∂ξ2

· · · ∂xN
∂ξN

∣∣∣∣∣∣∣∣∣∣
+ · · ·+ ∂vN (~x, t)

∂xk

∣∣∣
~x(~ξ,t)

∣∣∣∣∣∣∣∣∣∣

∂x1
∂ξ1

∂x1
∂ξ2

· · · ∂x1
∂ξN

∂x2
∂ξ1

∂x2
∂ξ2

· · · ∂x2
∂ξN

...
. . .

...
∂xk
∂ξ1

∂xk
∂ξ2

· · · ∂xk
∂ξN

∣∣∣∣∣∣∣∣∣∣
(101)

In each determinant, if the index k is in row j, for all the k 6= j, the determinant will have two
equal rows, leaving only those determinants with k = j, which turn out to be the Jacobian matrix
determinants! Thus, we can take them as common factors to get that:

∂

∂t
J(~ξ, t) =

(
∂v1(~x, t)

∂xk

∣∣∣
~x(~ξ,t)

+ · · ·+ ∂vN (~x, t)

∂xk

∣∣∣
~x(~ξ,t)

)
J(~ξ, t))⇔ (102)

∂

∂t
J(~ξ, t) = J(~ξ, t)~∇x · ~v(~x, t)

∣∣∣
~x(~ξ,t)

(103)

which is what we wanted to prove. o.ε.δ.
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Equation (103) is a differential equation stating how the Jacobian of a certain fluid element
evolves in time, given we know the velocity field moving those fluid elements. In particular, this
means that:

J(~ξ, t) = J(~ξ, t0)e

∫ t
t0
~∇x·~v(~x,t)

∣∣∣
~x(~ξ,t)

dt

(104)

where as J(~ξ, t0) = 1 by definition, we have that:

1

J(~ξ, t)
=

ρ(~ξ, t)

ρ(~ξ, t0)
= e
−

∫ t
t0
~∇x·~v(~x,t)

∣∣∣
~x(~ξ,t)

dt

(105)

which is the propagator equation we found in equation (63) from the continuity equation in the
Lagrangian frame. This equation has a very big relevance, since it allows the computation of the
Jacobian, the density and the Bohmian velocity field, just by knowing two of them. Also, it is
the expression where all the interpretations we were dealing with are summarized.

(II.e) Partial Derivatives relative to the Labels

As we already commented in (II.a), one of the main problems with the Lagrangian frame is that the
fluid-elements move in directions that end up unstructuring the initial mesh, which could have been
a regular Cartesian mesh at the beginning, but will not in the next time iterations. To solve this,
what we could do is to convert the partial derivatives in the configuration-space Eulerian positions xk
into partial derivatives in the label configuration-space positions ξj , using the fact that since we are

evolving trajectories we have knowledge of the function ~x(~ξ, t). As an example, lets analyse how we

could compute ∂f(~x,t)
∂xk

∣∣∣
~x(~ξ,t)

. By the chain rule:

∂f(~x, t)

∂xk
=

df(~ξ(~x, t), t)

dxk
=

N∑
j=1

∂f(~ξ, t)

∂ξj

∣∣∣
~ξ(~x,t)

∂ξj(~x, t)

∂xk
(106)

which can be evaluated at ~x = ~x(~ξ, t) to get:

∂f(~x, t)

∂xk

∣∣∣
~x(~ξ,t)

=

N∑
j=1

∂f(~ξ, t)

∂ξj

∂ξj(~x, t)

∂xk

∣∣∣
~x(~ξ,t)

(107)

We see that we can freely change the derivative in xk by derivatives in ξj , as long as we also know

how to compute
∂ξj(~x,t)
∂xk

, which are the elements of the Jacobian matrix of ~ξ(~x, t). If we attempt to
directly compute them, we immediately acknowledge that these derivatives are still in an unstructured
grid. However, as we proved in equation (83), we have that the Jacobian matrix Dx

~ξ(~x, t) where the

element in row j and column k is
∂ξj(~x,t)
∂xk

, is the inverse of the Jacobian matrix Dξ~x(~ξ, t), the entries

of which are of the shape
∂xj(~ξ,t)
∂ξk

. Observe that the entries of this last Jacobian matrix can actually
be computed in a regular grid if we chose the label space to be so, by just knowing the trajectories

of the fluid elements! Therefore, if we first compute the elements
∂xj(~ξ,t)
∂ξk

of the matrix Dξ~x(~ξ, t) and

then compute the inverse matrix with any possible method, we will have computed the values
∂ξj(~x,t)
∂xk

in a structured grid.

A possible way to compute the entries of the inverse matrix would be by using the inverse matrix
theorem. This theorem can be summarized as follows. Let A be an N ×N invertible (non-singular)
matrix. Then:

• Its i, j minor, which we will note by Min(A)ij , is the (N − 1) × (N − 1) matrix obtained by
deleting row i and column j.
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• Its i, j cofactor, which we will note by Cof(A)ij , is: (−1)i+jdet(Min(A)ij).

• Its inverse matrix is then:

A−1 =
1

det(A)


Cof(A)11 Cof(A)21 · · · Cof(A)N1

Cof(A)12 Cof(A)22 · · · Cof(A)N2
...

...
. . .

...
Cof(A)1N Cof(A)2N · · · Cof(A)NN

 (108)

Thus, if we denote the i, j element of A−1 as (A−1)ij , we have that:

(A−1)ij = (−1)j+i det(Min(A)ji) (109)

Therefore, we have that:

∂ξi(~x, t)

∂xj

∣∣∣
~x(~ξ,t)

=
(−1)i+j

det
(
Dξ~x(~ξ, t)

) · det(Dξ~x(~ξ, t) erasing the row and column of
∂xj(~ξ, t)

∂ξi

)
(110)

For example in N = 1 this means that:

∂ξ(~x, t)

∂x

∣∣∣
~x(~ξ,t)

=
1

∂x(ξ,t)
∂ξ

(111)

In N = 2: (
∂ξ1
∂x1

∂ξ1
∂x2

∂ξ2
∂x1

∂ξ1
∂x2

)∣∣∣
~x(~ξ,t)

=
1

J

(
∂x2
∂ξ2

−∂x1
∂ξ2

−∂x2
∂ξ1

∂x1
∂ξ1

)
(112)

In N = 3:
∂ξ1
∂x1

∂ξ1
∂x2

∂ξ1
∂x3

∂ξ2
∂x1

∂ξ1
∂x2

∂ξ2
∂ξ3

∂ξ3
∂x1

∂ξ3
∂x2

∂ξ3
∂ξ3

∣∣∣~x(~ξ,t)
=

1

J


∂x2
∂ξ2

∂x3
∂ξ3
− ∂x2

∂ξ3
∂x3
∂ξ2

∂x1
∂ξ3

∂x3
∂ξ2
− ∂x1

∂ξ2
∂x3
∂ξ3

∂x1
∂ξ2

∂x2
∂ξ3
− ∂x1

∂ξ3
∂x2
∂ξ2

∂x2
∂ξ3

∂x3
∂ξ1
− ∂x2

∂ξ1
∂x3
∂ξ3

∂x1
∂ξ1

∂x3
∂ξ3
− ∂x1

∂ξ3
∂x3
∂ξ1

∂x1
∂ξ3

∂x2
∂ξ1
− ∂x1

∂ξ1
∂x2
∂ξ3

∂x2
∂ξ1

∂x3
∂ξ2
− ∂x2

∂ξ2
∂x3
∂ξ1

∂x1
∂ξ2

∂x3
∂ξ1
− ∂x1

∂ξ1
∂x3
∂ξ2

∂x1
∂ξ1

∂x2
∂ξ2
− ∂x1

∂ξ2
∂x2
∂ξ1

 (113)

where by J , we mean in this case, the signed Jacobian determinant of ~x(~ξ, t), J(~ξ, t) := det(Dξ~x(~ξ, t)).

Then, in any of the differential equations we develop that contain Lagrangian degrees of freedom
we will be able to do the following change for the partial derivatives in Eulerian positions:

N∑
a=1

∂f(~x, t)

∂xa

∣∣∣
~x(~ξ,t)

=

N∑
j=1

∂f(~ξ, t)

∂ξj

N∑
a=1

∂ξj(~x, t)

∂xa

∣∣∣
~x(~ξ,t)

(114)

where we now know how to compute all the terms. For the Laplacian we could proceed much in the
same way iteratively, to get:

N∑
a=1

∂2f(~x, t)

∂x2
a

∣∣∣
~x(~ξ,t)

=
1

J

N∑
j=1

∂

∂ξj

[
J

N∑
k=1

∂f

∂ξk

N∑
a=1

∂ξk
∂xa

∂ξj
∂xa

∣∣∣
~x(~ξ,t)

]
(115)

Taking into account that for each fluid element at each time we will need to compute all those partial
derivatives (even if they will be in a regular grid) and the inverse of an N ×N matrix, it is clear that
the approach of changing the differential equations to label space is not a miracle at all. Yet, it is
a possible option that can be used at least for computing some of the derivatives avoiding function
fitting, which in high dimensions could be more costly than proceeding with these operations. We
could still be forced to simultaneously evolve many fluid elements, but now the derivatives could be
done in a regular grid. Note that we have not assumed any motion rule for the trajectories, so this is
a valid approach also for the arbitrary dynamic grids we will explore in Section (II.g).
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(II.g) Adaptive Grid Equations

If for a moment we forget about evolving Bohmian trajectories, because we are interested on the values
of the state variables S,R or ψ alone, we could force the fluid elements to trace custom trajectories
over which we would know their values. For example, we could make them get more agglomerated
around very spiky or nodal regions (which are typically avoided by Bohmian trajectories and thus get
undersampled) and to run away from very smooth regions (where we are not that interested to have
a big representation).

This is possible since the decision to define the velocity field for the fluid element trajectories was
left open both in the Schrödinger and the Hamilton-Jacobi pictures. We said that following the analogy
with classical mechanics, the derivatives of the phase S were an interesting choice for the velocity fields.
However, this might look quite arbitrary from the numerical standpoint. Alternatively, we could have
forced the velocity field to follow any other rule as a function of the state of the wavefunction. In fact,
once the fields are evolved along these custom trajectories, we can still compute Bohmian trajectories
a posteriori by using the phase values of the moving mesh.

In order to avoid confusion, in this section we will use the term “mesh element” to designate fluid
elements, the trajectories of which are evolved using laws other than the Bohmian one (50). We will
reserve the term “fluid element” to designate the ones that are evolved following Bohmian trajectories.
Also, instead of using the term “fluid”, we will employ the terms “adaptive grid” or “moving mesh”
to denote the ensemble of trajectories since these fluid elements, away from having a clear ontological
nature, are just pragmatical components of a mesh that evolves in time adapting itself to the state of
the system.

Let us suggest three ways in which we could proceed, inspired by the ones exposed in Reference [2].

(II.g.1) Leave the trajectories still

We could directly fix ~x(t; ~ξ) = ~ξ ∀t, meaning that the velocity field for the mesh elements would be
null ∂

∂t~x(~ξ, t) = 0 ∀t. This would make the Advective correlation term (48) null, and since the grid of
fluid elements would preserve its initial regularity, the approach would be identical to a fully Eulerian
one. That is, solving the Lagrangian Schrödinger Equation (46) would be the same as trying to solve
the Eulerian Schrödinger Equation (1). Perhaps an advantage of acknowledging each mesh element
can be seen as an independent entity is that it could suggest a Schrödinger Equation solver that could
be way more parallelizable. One could evolve the value of the quantum fields at each mesh position
in parallel, then allow a cross talk to compute the partial derivatives in configuration-space and then
again a parallel time step. This is why we said that in reality, fully Eulerian equations can also be
parallelized if we suggest an implicit fluid-like treatment.

(II.g.2) Make a moving mesh preserving grid spacing

By initially defining a regular grid of mesh elements, regular in the sense that there is an equal spacing
between the grid points and its boundary is an N -orthotope, we could allow the mesh to move with
the state variable but preserving the equal spacing between the points. This would allow an efficient
and straightforward computation of the spatial derivatives ∂

∂xk
at any time.

Here is a possible implementation of this in N = 1. At each time step, after computing the value
of the state variables at each grid point:

1. Take the two vertices of the mesh, treat them like Bohmian trajectories and evolve them to their
following position.

2. Compute an equispaced grid inside this domain with the same number of mesh points as the
previous grid. Knowing the positions where the mesh points should be in the next time, compute
the velocity of each old mesh point to arrive there. If for example, we are using a simple Euler

method to evolve the trajectories, use: ∂
∂tx(ξ, tj) =

x(ξ,tj+1)−x(ξ,tj)
tj+1−tj .
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3. Compute the spatial derivatives ∂
∂x of the quantum fields at each old grid point, using standard

equispaced mesh methods.

4. Employing the computed velocity and spatial derivatives, compute the value of the state variables
on each new mesh point using the time evolution equations described earlier for them.

Note how this would allow the mesh to dynamically move wherever most of the probability density
goes, avoiding the need to fix a giant grid as a fixed scenario where the wavefunction is restricted to
stay. It does not only reduce the number of necessary points to map a scenario (the grid is always
more or less dense wherever the wavefunction is most probable), but it also allows the mesh to avoid
getting to small or too big when the wave-packet contracts or expands (Bohmian trajectories inflate
or deflate).

In N > 1 the method is not as straightforward as it might seem, since the mesh looses the straight
angles between the edges of the mesh domain if we allow each vertex to move as Bohmian trajectories:
say, in 2D, an initial rectangle mesh will become an irregular quadrangle. This is a problem in that
now there are more “grid boundaries” for the computation of partial derivatives in space and that
the generation of a mesh with the same number of points inside might not be trivial. However, we
could make slight modifications to the method in order to make the mesh move, contract and dilate
with the probability density, but also preserve the angles at the vertices. For this, the vertices would
not exactly follow the density in the Bohmian sense, but could track the expectation of the fluid.
For example, the following method would preserve a regular initial N -hypercube grid and allow its
evolution with the fluid. Once for an initial grid we compute the values of the state variables in the
following time:

1. Numerically compute the new center of mass (the expectation) of the probability density.

2. Taking the center of mass, compute the numerical integral of the density around it in hypercubes
of each time a bigger grid element width, until you find the hypercube surrounding the center
of mass with, say, 99% of the normalized density inside (or another custom value).

3. Define the 2N corners of this hypercube as the vertices of the grid in the next time and compute
the new regular grid inside it with the same number of points. Knowing the positions where
the mesh points should be in the next time, compute the velocity of each old mesh point to
arrive there. If for example, we are using a simple Euler method to evolve the trajectories, use:
∂
∂txk(ξ, tj) =

xk(ξ,tj+1)−xk(ξ,tj)
tj+1−tj .

Figure 8: An intuition of how the orthotope mesh would evolve to the next time step, preserving the orthogonality of
the edges of the domain but adapting itself in size (and even aspect-ratio) to the state of the evolved function.

4. Compute the spatial derivatives ∂
∂xk

of the quantum fields at each old grid point, using standard
equispaced mesh methods.

5. Employing the computed velocity and spatial derivatives, compute the value of the state variables
on each new mesh point using the time evolution equations described earlier for them.
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As a side-note, if we really achieved a dynamical mesh maintaining its regularity, we would not need
to use a method like the QTM. Instead we could use any regular grid method (like matrix methods)
typical of the Eulerian picture, by just changing the boundary conditions at each time.

This method solves the problem of the unstructuring grid (for computing partial derivatives) that
Bohmian mesh elements had, with the advantage that the grid still moves along the regions of interest.
However, as we have seen, it is not as flexible as it could be.

(II.g.3) Move the mesh using arbitrary monitor functions

Regions of high curvature for the action, density or the wavefunction, nodal points etc. (avoided
by Bohmian trajectories), are not only interesting for their theoretical implications, but because the
time evolution of the fluid elements depends on spatial derivatives in all directions, and those regions
can highly influence them: if we have no representatives from those regions, we will not have enough
information to allow a proper time evolution. In order to face this problem, we could force the
trajectories to be attracted by regions with high curvature, among others.

(II.g.3.1) The equidistribution principle

For doing this, a standard approach is to force the mesh elements to get into positions that equalize
the integral of a positive monitor function M(~x, t) > 0 in each grid-cell: the so called equidistribution
principle. In N = 1 the intuition is immediate. It is to find at each time t, the grid points {xj}nj=1

that satisfy: ∫ xj+1

xj
M(x, t)dx = C ∀j (116)

for a fixed constant C. If we discretize the integral, we get:

Mj(t) · (xj+1 − xj) = C ∀j (117)

where Mj(t) could be the average of the monitor function evaluated at the edges of the grid-cell, or

rather the mid-point interpolation. If for example, the monitor M is chosen to be M(x, t) = |∂ρ(x,t)
∂x |,

then the bigger the curvature of the density around a grid cell, the denser the grid will become, since
equation (117) would require a smaller step between nodes xj . If on the other hand, the curvature gets
flatter (and thus M smaller), the grid will try to space more the nodes. See Figure 9 to get a visual

intuition. Note that in reality, we should choose the monitor function to be M(x, t) = ε+ |∂ρ(x,t)
∂x | for

some ε > 0, in order to avoid an infinite separation wherever the density is exactly flat.

Figure 9: Visual intuition of the equidistribution principle. Above the function at an initial reference time in which we
define equispaced labels of the mesh elements (in yellow). Below left, we see the representation of where the same mesh
elements should be in x space in order to make the sum of the curvature of the function f times their inter-distance
be constant. The result (below right) is that the function at time t, as seen from the mesh element frame, is still well
behaved, with no big variations.
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Additionally, we could also adapt the grid to any other positive monitor of the system likeM(~x, t) =

ε + |∂S(x,t)
∂x |, M(x, t) = ε + |∂

2S(x,t)
∂x2

|, M(x, t) = ε + c1|∂S(x,t)
∂x | + c2|∂ρ(x,t)

∂x | etc. Each would make the
grid satisfy a different requirement.

Equation (117) are in reality n − 1 equations with n − 2 unknowns, since the boundaries of the
grid x1, xn are fixed by us (rather being still or following a certain trajectory, for instance a Bohmian
one5). This means, we can solve this in two ways:

• With an interpolation of the monitor by a sum of analytic functions, we can find the exact
best grid. This would make the system of equations non-linear however, and would add the
complication of the interpolation.

• If we grossly approximate the values Mj(t) as the value of the monitor function at say, the
left corner of the interval, we could iteratively find the right corners of each grid cell, since the
constant C would be fixed.

Any of the two would define the positions of the grid elements such that they allow the equidis-
tribution of the monitor function in each cell. The velocities are essential for the computation of
the Lagrangian frame dynamical equations, so it is not enough with the values of the trajectory.
We would then need to compute the grid element velocities necessary for this, using for instance

vj(t) = xj(t+∆t)−xj(t)
∆t , where xj(t) is the position of the mesh element at the last known time and

xj(t+ ∆t) is the position of the mesh element in the following time.

This approach seems good so far, however, as we try to generalize it to an arbitrary N we will
notice that it is actually a rather too complicated numerical problem to solve.

A grid-cell for an arbitrary N is the unit discretized volume element that partition the whole mesh
volume. At the beginning, each of them will be an orthotope, but as we move around their vertices,
the cells will loose their regular shape, just as we explained previously. In this case, this would make
the discretization of the volume integral in each grid-cell non trivial, so an equation system like (117)
would be hard to be explicitly found. To face this, we could restrict ourselves to the case in which
we force the grid to be made of orthotopes. With this assumption, we could try to generalize the
equidistribution idea, by first fixing the boundary grid points (leaving them just fixed or moving them
according to some other criterium) and then looking for the inside grid points that allow the following
integral to be constant: ∫ xj+1

1

xj1

· · ·
∫ xk+1

N

xkN

M(~x, t)dx1 · · · dxN = C ∀j · · · ∀k (118)

If we discretize the integral we get:

Mj,...,k(t) · (xj+1
1 − xj1) · · · (xk+1

N − xkN ) = C ∀j · · · ∀k (119)

Where Mj,...,k(t) is the local average of the monitor function evaluated at the vertices of the orthotope-
cells. Forcing the cells to be orthotopes is equivalent to partitioning each axis in, say, n points, meaning
we will have nN mesh elements. We have about (n−1)N volume elements, so by fixing the boundaries
of the region as we did in N = 1, we can get the solution for the position of the new grid-elements
as before: just by interpolating the monitor function with analytic functions and then solving the
equation system, or by doing some gross approximation and solving in chain the equation system.

It is clear however, that this approach is not the one generating the most suitable grid, since we
do not allow each mesh element to move in arbitrary directions.6 There is however a very interesting
alternative way to generalize the grid generation we described in N = 1, that requires finding the
continuum version of the discretized grid.

5This would allow the grid as a whole to follow the region of interest of the wave-function like in (II.g.2).
6 A good thing about this grid would be that it would be regular even if not equispaced.
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(II.g.3.2) The continuum version of the dynamical mesh

Note first that we are not really looking for independent nodes of a particular discrete grid, instead, we
are looking for a diffeomorphism ~x(~ξ, t), or an ensemble of continuous non-crossing trajectories that
map the mesh at the initial time to a suitable mesh that allows us to have the field values evaluated
at the points of interest. We will use vectors ~ξ ∈ Ω0 ⊂ RN to tag the mesh elements, vectors reflecting
their position in the initial grid. We will assume hereafter that this initial grid is chosen to be a regular
Cartesian grid.

Now, note that, as we use unique ~ξj for the labelling of each mesh element, if we have that
||~xj+1(t)− ~xj(t)|| → 0, this must only be if ||~ξj+1 − ~ξj || → 0, since trajectories cannot cross and thus
share a same position in configuration space at the same time. Then, this means that in equation
(117), the equalizer C should get small in consonance with the distance between nodes. There must
exist some K ∈ R such that C = K(ξj+1 − ξj), else the left hand side of (117) would go to zero while
the right would not. If so, equation (117) becomes into:

Mj(t) ·
x(ξj+1, t)− x(ξj , t)

ξj+1 − ξj
= K ∀j (120)

Taking the limit of ξj+1 − ξj → 0, by definition this means that we are looking for:

M(ξ, t) · ∂x(ξ, t)

∂ξ
= K ∀ξ ∈ Ω0 ⊂ R (121)

If we recall that the signed Jacobian of the N = 1 transformation is: J(ξ, t) ≡ det(Dξx(ξ, t)) = ∂x(ξ,t)
∂ξ ,

then the above equation is equivalent to:

M(ξ, t) · J(ξ, t) = K ∀ξ ∈ Ω0 ⊂ R (122)

which is the continuum version of the equidistribution idea in equation (117). Namely, the value of the
monitor in each mesh element must be inversely proportional to the local divergence or convergence
of trajectories, the local expansion or contraction of the grid. So we have found the continuum version
of the equidistribution principle, which will be simpler to be generalized.

Alternatively, we can get rid of the constant K in this last equation, if we make a further derivative:

∂

∂ξ

(
M(ξ, t) · ∂x(ξ, t)

∂ξ

)
= 0 ∀ξ ∈ Ω0 ⊂ R (123)

which can be manipulated to get:

∂2x(ξ, t)

∂ξ2
+

∂

∂ξ
log(M(ξ, t))

∂x(ξ, t)

∂ξ
= 0 (124)

with boundary conditions x(ξ1, t) = a(t) and x(ξn, t) = b(t). These conditions are the moving bound-
aries of the grid, that we are free to choose (even to follow Bohmian trajectories).

In particular, we can get the value of K if we integrate equation (121) in ξ, in its domain Ω0 =
{ξ ∈ (ξ1, ξn)}:∫ ξn

ξ1
M(ξ, t)

∂x(ξ, t)

∂ξ
dξ =

∫ ξn

ξ1
Kdξ ⇔

∫ x(ξn,t)

x(ξ1,t)
M(x(ξ, t), t)dx(ξ, t) = K(ξn − ξ1) (125)

K(t) =
1

(ξm − ξ1)

∫ b(t)

a(t)
M(x, t)dx (126)

Using that M(ξ, t) > 0 ∀ξ, t, we could also integrate a little manipulation of equation (121) to get
an expression for the grid we are looking for:∫ ξn

ξ1

∂x(ξ, t)

∂ξ
dξ =

∫ ξn

ξ1

1

M(ξ, t)
Kdξ ⇔ x(ξ, t)− x(ξ1, t) = K(t)

∫ ξn

ξ1

1

M(ξ, t)
dξ (127)
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x(ξ, t) = a(t) +K(t)

∫ ξ

ξ1

1

M(ξ, t)
dξ (128)

This would allow us the straightforward computation of the dynamic grid. In fact, we get an alterna-
tive, perhaps computationally more tasty formula for K(t) if we use ξ = ξm:

K(t) = (b(t)− a(t))
1∫ ξm

ξ1
1

M(ξ,t)dξ
(129)

(II.g.3.3) Using a variational/optimization approach

We will now show, closely following the brilliant exposition of Reference [3], that this could have equiv-
alently been derived from an optimization problem (a variational one). Together with the preceding,
this will be the way to explain how we can generalize the grid generation to arbitrary N , following
the reference as well.

First let us express a discrete optimization problem, by defining a discrete functional the minimum
of which will need to obey equation (117). Suppose we are looking for a set of grid points {xj}nj=1

such that the product of the interval lengths they leave and the average value of the monitor M(x, t)
in the interval, Mj(t), is minimum. That is, we are looking for the Rn minimum of:

S(x1, ..., xn; t) =
m−1∑
j=1

1

2
Mj(t)

(
xj+1 − xj

)2
(130)

with the conditions x1 = a(t), xn = b(t). If we seek S to be minimum, we also seek the products

Mj(t)
(
xj+1 − xj

)2
to be minimum, which means that if the monitor M gets big at a certain interval,

the length of the interval
(
xj+1 − xj

)2
will get smaller. Just as we wanted.

If we are looking for the vector/grid (x1, ..., xn) that minimizes S at a certain t, we will require
that the gradient of S at that point is zero. As such:

∂S

∂xj

∣∣∣
optimum

= 0 ∀j ⇐⇒Mj−1(t)(xj − xj−1)−Mj(t)(x
j+1 − xj) = 0 ∀j (131)

This means that we must have the same product for all the adjacent intervals:

Mj−1(t)(xj − xj−1) = Mj(t)(x
j+1 − xj) ∀j (132)

Which is equivalent to ask that all the products are equal to a same number C(t):

Mj(t)(x
j+1 − xj) = C(t) ∀j (133)

which is exactly equation (117). In fact, if one computes the Hessian matrix of the function S, one
can see that the matrix is symmetric and positive semi-definite, meaning S is convex, and has thus a
single minimum at most.

In fact, alternatively using as cost function (or discrete functional) the following one:

Ŝ(x1, ..., xn; t) =

m−1∑
j=1

{[
Mj(t)

(
xj+1 − xj

)]2 − [Mj(t)
(
xj − xj−1

)]2}2
(134)

we get that the minimal is the same grid, meaning the discrete functional interpretation is not unique.

Now, let us obtain from here the continuous optimization problem that will lead us to the con-
tinuous version (121). We will seek to minimize a cost function for possible functions x(ξ, t): we will
seek a functional I[x(ξ, t)], the minimum of which will be required to satisfy the differential equation
(121). We could do this by inspection or by making the continuum limit of the previously described
discrete functional. We will follow this last way.
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If we divide both sides of equation (130) by the increment ∆ξ of the labelling space grid we can
have:

S(x1, ..., xn; t)

∆ξ
=

m−1∑
j=1

1

2
Mj(t)

(
xj+1 − xj

∆ξ

)2

∆ξ (135)

As we let ∆ξ → 0 and n→∞, we get by definition of integral:

I[x(ξ, t)] := lim
∆ξ→0
m→∞

S(x1, ..., xn; t)

∆ξ
= lim

∆ξ→0
m→∞

m−1∑
j=1

1

2
Mj(t)

(
xj+1 − xj

∆ξ

)2

∆ξ =

∫ ξn

ξ1
M(ξ, t)

(
∂x(ξ, t)

∂ξ

)2

dξ

(136)

I[x(ξ, t)] =

∫ ξn

ξ1
M(ξ, t)

(
∂x(ξ, t)

∂ξ

)2

dξ (137)

I is a functional, an operation outputting a number, a score, for each admissible x(ξ, t) we input. In
analogy with the discrete optimization problem, we will seek to find a diffeomorphism that minimizes
the value of I. Note that this functional is nothing more than the Jacobian squared times the monitor
function, summed over all the domain for ξ. Again, the same equidistribution interpretation holds.
The minimization is subject to the requirement that the boundary of the mesh is fixed at x(ξ1, t) = a(t)
and x(ξm, t) = b(t).

The Euler-Lagrange equation for this functional (a necessary condition that x(ξ, t) must obey)
immediately gives us back equation (123), which is what we wanted.

(II.g.3.4) The generalization of the dynamic grids to arbitrary N

Knowing all this, in order to generalize it to an arbitrary N , we will follow the opposite approach than
we tried in the beginning. We will first formulate continuum functionals and then get their related
differential equations, which will rule the dynamics of the mesh. Additionally, we will explain another
way to do so, by defining discrete functionals (cost functions for the grid nodes) and obtain linear
equations to solve their minimization as a means of moving the grid.

(α) A monitor per axis

One possible way to generalize the functional in equation (137) is noting that in N = 1, ∂x(ξ,t)
∂ξ is the

covariant tangent vector of the ξ axis. Its square
(
∂x(ξ,t)
∂ξ

)2
could then be interpreted as the (positive)

modulus of this covariant vector, which is the amount by which the grid spacing increases or decreases
in that axis relative to the spacing of the label space. For each small increment of the label space
coordinate ξ, how much the relative distance of those mesh elements has increased or decreased at
time t. We could build a generalizing functional for arbitrary N by defining first a set of monitor
functions M1( ~ξ, t), ...,MN (~ξ, t) each of which we pretend to equalize with the grid spacing along each
of the N originally orthogonal axes ξk.

I[~x(~ξ, t)] =

∫∫
Ω0

N∑
k=1

Mk(~ξ, t)
∣∣∣∣∣∣∂~x(~ξ, t)

∂ξk

∣∣∣∣∣∣2dξ (138)

In general, the system of N Euler-Lagrange equations that minimizes this axis-wise product of the
monitors times the mesh enlargement along each axis can be easily seen to be:

∂

∂ξ1

(
M1(~ξ, t)

∂~x(~ξ, t)

∂ξ1

)
+ · · ·+ ∂

∂ξN

(
MN (~ξ, t)

∂~x(~ξ, t)

∂ξN

)
= 0 (139)

As we wanted, the N = 1 case gets us back to equation (123).
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In the N = 2 case for example, we would have that we are minimizing:

I[~x(ξ1, ξ2, t)] =

∫∫
Ω0

{
M1(~ξ, t)

[(
∂x1(ξ1, ξ2, t)

∂ξ1

)2

+

(
∂x2(ξ1, ξ2, t)

∂ξ1

)2
]

+ (140)

M2(~ξ, t)

[(
∂x1(ξ1, ξ2, t)

∂ξ2

)2

+

(
∂x2(ξ1, ξ2, t)

∂ξ2

)2
]}

dξ1dξ2

Its minimum, must be the transformation that satisfies the two differential equations:

∂

∂ξ1

(
M1(~ξ, t)

∂xk(~ξ, t)

∂ξ1

)
+

∂

∂ξ2

(
M2(~ξ, t)

∂xk(~ξ, t)

∂ξ2

)
= 0 k ∈ {1, 2} (141)

However, we can see that this is not exactly the equidistribution idea we had in the beginning, by
which all the mesh elements are orchestrated in order to equalize a global monitor. Instead we are
doing it differently for each axis.

(β) The N-volume element functional

In order to arrive to our original idea, we can realize that in equation (137), (∂x(ξ,t)
∂ξ )2 is also the

N = 1 case of the squared determinant of the Jacobian matrix of the transformation, as we already
anticipated. Remember that this gave us the separation increase factor between the trajectories
~x(~ξ, t) of the mesh elements ~ξ. How the grid contracts or expands locally in volume. Then, if we try
to minimize the product of this Jacobian squared with a monitor function M(~ξ, t), we are trying to
find the transformation ~x(~ξ, t) that minimizes the functional:

I[~x(~ξ, t)] =

∫∫
Ω
M(~ξ, t)

(
det(Dξ~x(~ξ, t))

)2
dξ (142)

where note that we choose the square of the Jacobian, because we do not want the sign of the Jacobian
to influence our choice for the transformation (the sign gives information about the local inversion of
the coordinates), and this way the functional can have a minimum.

The system of N Euler-Lagrange equations of this functional and thus the system of differential
equations that the transformation must follow is:

N∑
k=1

∂

∂ξk

(
M(~ξ, t)J

∂J

∂
∂xj
∂ξk

)
= 0 j ∈ {1, ..., N} (143)

where we need to know the explicit shape of the Jacobian matrix determinant J
(
∂xi(~ξ,t)
∂ξj

)
:= det(Dξ~x(~ξ, t))

to complete the expression. Note that the determinant only depends explicitly on terms ∂xi(~ξ,t)
∂ξj

with

i, j ∈ {1, ..., N}.

In N = 1 this leads to equation (137), since (det(Dξ~x(~ξ, t)))2 =
(
∂x(ξ,t)
∂ξ

)2
, and consequently, the

differential equation we would need to solve for getting the positions of the mesh elements would be
equation (123).

In N = 2, the functional we seek to minimize would be:

I[~x(ξ1, ξ2, t)] =

∫∫
Ω
M(ξ1, ξ2, t)

(
∂x1

∂ξ1

∂x2

∂ξ2
− ∂x1

∂ξ2

∂x2

∂ξ1

)2

dξ (144)

the system of two Euler-Lagrange equations of which (the equation that the searched transformation
must obey) is:

∂

∂ξ1

(
M(ξ1, ξ2, t)J(ξ1, ξ2, t)

∂~x

∂ξ2

)
− ∂

∂ξ2

(
M(ξ1, ξ2, t)J(ξ1, ξ2, t)

∂~x

∂ξ1

)
= 0 (145)

with J(ξ1, ξ2, t) := ∂x1
∂ξ1

∂x2
∂ξ2
− ∂x1

∂ξ2
∂x2
∂ξ1

, the Jacobian.

39



II . Fully Lagrangian Equations The Equations of Quantum Dynamics

(γ) Forcing the mesh to be orthogonal

Even if we have already found the generalization we were looking for, note the relevance of this
formalism in that we could actually invent custom functionals. For instance we could ask the mesh
to preserve its orthogonality. A transformation ~x(~ξ, t) will locally preserve the orthogonality if the

covariant tangent vectors are mutually orthogonal: ∂~x(~ξ,t)
∂ξk

• ∂~x(~ξ,t)
∂ξj

= 0 ∀k 6= j. We can try to impose

this by looking for the transformation that minimizes the functional:

I[~x(~ξ, t)] =

∫∫
Ω

∑
k 6=j

(
∂~x(~ξ, t)

∂ξk
• ∂~x(~ξ, t)

∂ξj

)2

dξ (146)

Again, we consider the squared metric, in order to avoid negative projections between the covariant
tangent vectors to make the functional hardly non-convex. The system of N Euler-Lagrange equations
for this is:

N∑
l=1

∂

∂ξl

 N∑
k=1; k 6=l

[
∂~x(~ξ, t)

∂ξk
• ∂~x(~ξ, t)

∂ξl

]
∂~x(~ξ, t)

∂ξj

 = 0 (147)

The N = 2 leaves:

∂

∂ξ1

([
∂~x(~ξ, t)

∂ξ1
• ∂~x(~ξ, t)

∂ξ2

]
∂~x(~ξ, t)

∂ξ2

)
+

∂

∂ξ2

([
∂~x(~ξ, t)

∂ξ1
• ∂~x(~ξ, t)

∂ξ2

]
∂~x(~ξ, t)

∂ξ1

)
= 0 (148)

For the sake of numerical derivative computation, an orthogonal grid is always of good help. The
problem is that there is no valid solution for many possible boundary conditions we could be interested
on.

(δ) Using discretized functionals

Just as we did in the N = 1 case, instead of finding the time evolution of the mesh elements by solving
the differential equations lead by the Euler-Lagrange equations of the continuous functionals, we could
find the discretized versions of these functionals, or even invent some discrete functionals, and find
their minimum by direct optimization, solving non-linear equation systems.

To do this, we formulate the problem in the following way: we seek the set of points {~xj ∈ Ωt}n
N

j=1

such that a cost function S(~x1, .., ~xn
N

) is minimized. Note we assume that we choose to have in the first
iteration n discrete points per axis, such that there are a total of NnN unknowns. This cost function
can be built by discretizing any continuous functional we have considered so far, or alternatively, by
considering combinations of products of monitor functions with unit-cell angles, volumes, areas etc.

Once we decide the cost function, we look for the grid {~xj ∈ Ωt}m
N

j=1 that makes its gradient be
as close to zero as possible. This can be done by writing the equations explicitly, differentiating
explicitly, and thus generating a system of NnN coupled non-linear equations, or rather by using a
gradient-descent like algorithm for local non-linear optimization.

The big advantage of this approach is that introducing the boundary conditions is typically simpler,
since they are just conditions for the vectorial search space and can be trivially introduced. It is not
as simple when we try to impose boundary conditions to a differential equation system.

(ε) Mixing different functionals

Both in the continuous or discrete functional cases, we can build new, perhaps more desirable, func-
tionals, by choosing a weighted sum of the different functionals we have seen so far. For example, we
could try to minimize the non-orthogonality at the same time that we try to force the equalization of
a monitor function with the local N -volume increments.
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III . Part Lagrangian Part Eulerian Equations

In this section, we will explore an intermediate approach between the Lagrangian and Eulerian frames.
For this, we will consider that part of the system is observed in a Lagrangian frame, while the other
part is considered in an Eulerian frame. The degrees of freedom described on the Eulerian frame will be
denoted by ~x = (x1, ..., xm) ∈ Rm while the rest of degrees of freedom denoted by ~y = (xm+1, ..., xN ) ∈
RN−m will be described as seen by Lagrangian frame fluid elements. If we need to refer to both kinds
of variables at once, we will use ~X = (~x, ~y) = (x1, ..., xN ) ∈ RN .

If Only a subsystem is a Lagrangian fluid

The most natural way (but not the one we will typically follow) to consider only a subsystem in the
Lagrangian frame would be considering that only the degrees ~y represent a fluid. If so, we would
label each fluid element using real vectors ~ξy ∈ Γ0 ⊆ RN−m representing their position ~y in the

Lagrangian configuration-space at a reference time t0, thus ~ξx := ~y(~ξy, t0). Since we would assume
each fluid element follows the trajectory given by a continuous velocity field in configuration-space,
by the Picard-Lindelöf theorem, there would exist a diffeomorphism ~y(~ξy, t) ≡ ~y ξ(t) ξy ∈ Γ0 ⊂ RN
giving their trajectories at all times.

Conditional Functions

In order to have a geometric understanding of what having only part of the system in a Lagrangian
frame means, before we dig deeper, consider a field f( ~X , t), where we evaluate its ~y coordinates at
each time along the positions given by the trajectory ~y ξ(t). We would then be considering the so
called conditional function f(~x, ~y ξ(t), t) = f(~x, ~ξy, t) ≡ f ξ(~x, t). Depending on the trajectory ~ξy
we choose, the function f(~x, ~y ξ(t), t) will represent a different moving m dimensional slice of the N
dimensional field f( ~X , t). It is this why we will also call each possible set of degrees of freedom ~y
a “transversal section” or “slice” of the system. You can see in Figure 10 a visual representation
of some conditional fields along different trajectories. Among others, we will deal with conditional
wavefunctions ψ(~x, ~y ξ(t), t) or conditional densities ρ(~x, ~y ξ(t), t) and actions S(~x, ~y ξ(t), t) as defined
in the previous sections.

Figure 10: Conditional functions in N = 2, where the y axis is considered in the Lagrangian frame and x in the Eulerian.
In the center left, two axes represent the initial equidistant distribution of points ξy in y and their (non-equidistant)
positions y(ξy, t) after a time t. Each fluid element in y has its own associated conditional function f(x, y(ξy, t), t). If
these are seen from the full function’s f(x, y, t) perspective, we can acknowledge they are slices, as depicted in the right
(above the initial function and below the function at time t). These slices can give us an intuition of the full function.
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Implicitly the full system is a Lagrangian fluid but explicitly only a subsystem

In principle, considering only ~y as a moving continuum would be enough to describe the complete
function f(~x, ~y, t) employing the conditional functions f(~x, ~y(~ξy, t), t). Taking enough ~ξy we would
have a slice of the full function at almost all the sections of interest. However, there are several
reasons that will lead us to consider the degrees of freedom ~x as part of a fluid as well (as we did in
the fully Lagrangian case), just that we will consider them as seen from an Eulerian frame.

Reason 1: Theoretical Homogeneity. If we want to give physical meaning to the trajectories
~y(~ξy, t) alone, without viewing them as part of a trajectory of the full system, we will have a hard
interpretative dilemma. If for example, ~y describes the degrees of freedom of the environment and
~x describes the degrees of our quantum experiment: for each possible point-like configuration of the
environment, moving along its trajectory ~y(~ξy, t), we will have that our lab system is described by

a continuous wavefunction ψ(~x, ~y(~ξy, t), t). However, we should be able to symmetrically describe
the environment using the Eulerian degrees ~x and our lab in the Lagrangian degrees ~y, since we are
working with physical laws that should not depend on the region of space we are looking at. If we did
so, then our lab would be described by point-like configurations ~y(~ξy, t), while the environment would

be a continuous wavefunction ψ(~x, ~y(~ξy, t), t). It seems clear that rather we describe it all using a
continuity of possibilities (a wavefunction) and/or all using a set of discrete configuration trajectories.
This assertion is especially sustained by the fact that each time we conduct an experiment, we just
find point like particles both in our lab and in the environment, but at the same time, we observe
there is interference between the continuity of possible observed configurations in both the lab and the
environment. Thus we should consider a whole trajectory of the lab and the environment together,
and only then if we prefer it so, regard the lab in an Eulerian frame as a continuous wavefunction.

Figure 11: A cartoon showing the strange Universe in which we would live if depending on our choice of observation,
part of the Universe would behave as a fluid of discrete particles and part as a continuous wavefunction.

Reason 2: Reconciliation with Bohmian Trajectories. If we try to describe the trajectory
~y(~ξy, t) using Bohmian trajectories, the trajectory will be badly defined, because for each possible

~x, we will have a different velocity ∂
∂t~y(~ξy, t) for the ~ξy-th trajectory. This means that an initially

univalued trajectory of the fluid element ~ξy will become multivalued. As a function of ~x. We would

be forced to describe it as ~y(~ξy, ~x, t). But what is the difference between this and considering directly
that each position in ~x is as well part of a fluid element? None. As we will conclude from the following
gray boxes, in order to describe Bohmian trajectories, we rather describe a trajectory for the full N
degree system, or we cannot have Bohmian trajectories. It makes no sense to talk about them for
only a subsystem, without allusion to a trajectory of the whole.
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What if we only considered Bohmian trajectory in ~y?

Let us see what would happen if we insisted on only considering the Lagrangian axes as a fluid
and at the same time, we tried to attribute its fluid elements a Bohmian trajectory.

If we define the velocity field for ~y ξ(t) = (xξm+1(t), ..., xξN (t)) to be the Bohmian velocity field for
those degrees of freedom:

d

dt
xξj(t) =

1

mj

∂S(~x, ~y)

∂xj

∣∣∣
~y ξ(t)

=
~2

mj
Im

(
ψ−1 ∂ψ

∂xj

)∣∣∣
~y ξ(t)

j ∈ {m+ 1, ..., N} (149)

We will see that for each value of ~x = (x1, ..., xm), the Eulerian degrees, we have a different
velocity with which to move the trajectory in ~y. This immediately tells us that the trajectory
of the fluid element ~ξy, that is ~y(~ξy, t), will get multivalued, at each ~x it will move to a different
point in ~y. This means we will need to parametrize the trajectory not only with its initial position
~ξy in ~y, but also with a parameter representing the point ~x we are looking at to get the velocity.

Thus using something like ~y(~ξy, t; ~x). Let us re-define this parameter as ~ξx ≡ ~x (for obvious

reasons). Since each ~ξx (or each ~x), of this trajectory initially labelled by ~ξy, only has a value

of the conditional function over it, the conditional function f(~x, ~y ξ(~ξy, t; ~x), t) is still a proper

function in the Eulerian frame f(~x, ~y ξ(~ξy, t; ~x), t) = f(~x, t; ~ξy). It is univalued for each Eulerian ~x.
However, if we view what is happening from the full function’s perspective, we will have started
with an affine slice of the full function, but in the moment we allow the trajectory position in ~y
to have a different value per ~x, what we know about the full function is a curved slice, as can be
seen in Figure 12.

Figure 12: A conditional function for the fluid element ~ξy. In the left, at time t0, we see it has an m dimensional affine
support, but since each Eulerian degree is allowed to have its own version of the trajectory in ~y, we get the curved slice
in the right at time t. For each ~x there is still a single function value, but are the trajectories ~y(~ξy, t; ~x) Bohmian?

In principle there is no problem, since the conditional function is still univalued per ~x. But the
concern comes when asking what are the trajectories we are obtaining: are we really knowing the
Bohmian trajectories of the sub-system ~y? The answer is no. If we view it from the full system
Bohmian trajectory perspective, we are restricting the movement of the fluid elements to be still
in ~x, but the Bohmian velocity in ~y also depends on ~x. The velocity for the degrees in ~y will be
different if we allow moving in ~x or we restrict it. Thus, the obtained trajectories are not the
subsystem part of the Bohmian trajectories.
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Instead, from the Fully Lagrangian perspective, what we are doing is define the trajectories:
~x(~ξy, ~ξx, t) = ~ξx ∀t ≥ t0
~y(~ξy, ~ξx, t) = ~ξy +

∫ t
t0
~vy(~x = ~ξx, ~y = ~y(~ξy, ~ξx, t), t)dt

vj(~x, ~y, t) = 1
mj

∂S(~x,~y,t)
∂xj

j ∈ {m+ 1, ..., N}

(150)

Falling back to the Fully Lagrangian Picture

Thus, to really get Bohmian trajectories, we should not only allow the trajectory ~ξy in ~y to
branch in a different value per ~x, but we should also keep track of their movement in ~x. Doing
so, we would have that the points over which we consider the conditional function would be:

~x ξ(t) = ~ξx +
∫ t
t0
~vx(~x(t), ~y(t), t)dt ∀t ≥ t0

~y ξ(t) = ~ξy +
∫ t
t0
~vy(~x(t), ~y(t), t)dt

vj(~x, ~y, t) = 1
mj

∂S(~x,~y,t)
∂xj

j ∈ {1, ..., N}

(151)

If we did so, as it can be seen in Figure 13, each element of the initially affine Eulerian support of
the conditional function would move in different directions in the N axes of configuration-space.
We would end up having a varying number of values of the same function f for a same ~x, which is
incompatible with a proper univalued Eulerian function description. The support would still be
an m dimensional manifold, meaning the parametrization given by the initial position would be
one to one for a certain ~ξy. There would be only one point in the wavefunction per each ~ξx in the
initial manifold. Thus, for a correct univalued description, we would require now to parametrize
as well the conditional function support as a function of the initial position in ~x, say using a
parameter ~ξx. However, this is exactly the definition of the Fully Lagrangian Picture, where there
is a value of the function per point in the initial support manifold f(~x(~ξ, t), ~y(~ξ, t), t) = f(~ξ, t).

Figure 13: A conditional function for the initial trajectory position ~y = ~ξy in the left, with an affine support, but where
each considered point will be evolved with a different velocity in RN . The result in a time t > t0 can be seen in the
right, where the support over which we are looking at the full function is a curve that can pass from the same value in ~x
multiple times. To describe this conditional function, we will then require to parametrize the positions in ~x as well. We
essentially fall back to the fully Lagrangian view of the function.
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Solution: Evolve a single RN Bohmian trajectory per conditional function

We have found that even if we are only interested in Bohmian trajectories for the subsystem
in ~y, Bohmian trajectories require the implicit parametrization of the initial support of the
conditional function both in ~x and ~y for a proper time evolution. That is, we need to describe
implicitly the whole system as a fluid even if we will then see some degrees in the Eulerian frame.
However, having each point of the support of the conditional function move according to Bohmian
trajectories resulted in the fully Lagrangian frame. A solution to this impasse is to avoid all the
points of the support to move independently. What if we forced all the points of the support
of the conditional function to move along a single Bohmian trajectory? We would then achieve
our original idea. The wavefunction would remain univalued per each ~x at all times, meaning we
could describe it in Eulerian terms, but at the same time we would get a Bohmian trajectory.
See Figure 14.
Note very importantly that this leaves us a free choice to select for the single trajectory we will
evolve, which will be the initial ~ξx position among the Eulerian degree support. We could choose
it randomly using the Born rule restricted to the section for example.

Figure 14: A conditional function that is evaluated in ~y along a single Bohmian trajectory. In the left at time t0 and
in the right at time t . The velocity with which the slice is moved in ~y is the same for all the Eulerian positions, meaning
the initially affine support will be affine at all times. Note that the slice itself always occupies all the domain in ~x. It
does not move in ~x with the Bohmian trajectory, only in ~y. Yet the track in ~x for the Bohmian trajectory is essential
for its proper univalued evolution in ~y.

Therefore, for both allowing a homogeneous interpretation of physics and allowing the coupled
description of a conditional function with Bohmian trajectories in the full configuration-space (which
seem philosophically the most interesting trajectories we can get), we will consider the whole space
~X ∈ Ωt ⊆ RN to be a fluid composed of N -dimensional point-like fluid elements, just that we will still
consider conditional functions with some Eulerian degrees, for their potential benefits.

For this, we will use ~ξx = (ξ1, ..., ξm) to denote the implicit Lagrangian labels of the degrees of
freedom treated in the Eulerian frame ~x, while ~ξy = (ξm+1, ..., ξN ) will denote the labels of the explicit
Lagrangian degrees of freedom. In general, to uniquely identify a fluid element and its associated
conditional function, we will not have enough with ~ξy, as seen in the boxes, but will require the full

label ~ξ = (~ξx, ~ξy) ∈ Ω0 ⊆ RN . This means that now the velocity field driving the fluid elements can
be dependent on ~x. Since we assume the velocity field will be continuous, by the Picard-Lindelöf
theorem, there will be a diffeomorphism describing the trajectories for the full system, which we will
denote again by ~X (~ξ, t) = (~x(~ξ, t), ~y(~ξ, t)) = (~x ξ(t), ~y ξ(t)).
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Complementary Conditional Functions

Whenever we consider a conditional function f(~x, ~y(~ξ, t), t), since we implicitly assume a trajec-
tory for all the degrees of freedom (~x(~ξ, t), ~y(~ξ, t)), we will also be able to conceive another condi-
tional function “coupled” to the first through the trajectory of the same fluid element ~ξ, namely
f(~x(~ξ, t), ~y, t). In fact, we could consider several conditional functions, until N , each with a differ-
ent dimensionality, all of which are conditioned to parts of the same global trajectory. For exam-
ple, we could consider the three complementary conditional functions {f(x1(~ξ, t), x2(~ξ, t), x3, ..., xN , t),
f(x1, x2, x3(~ξ, t), x4, ..., xN , t), f(x1, x2, x3, x4(~ξ, t), ..., xN (~ξ, t), t)}, where the first one has N − 2 Eule-
rian dimensions, the second one has N − 1 and the third one has three. All of them are orchestrated
by the same trajectory ~xξ(t).

In general, we will call these conditional functions coupled by parts of the same global trajectory,
complementary conditional functions (see Figure 15 for an intuition).

Figure 15: Visual intuition about the complementary conditional functions in N = 2. In the center left, we see the
implicit grid of fluid elements of the whole quantum system. The red dots symbolize each a fluid element we will evolve
in time. Each will have its own conditional functions associated, one in x and one in y. In the right we see how several
of these complementary conditional functions (each set having its trajectory ~X (~ξ, t)) gives us an intuition of the full
function f(x, y, t) (in blue above) in terms of crossed slices moving in RN . Note that in the intersection between the
conditional functions of different trajectories, the value of the conditional function should be exactly the same. This
could be a numerical indicator of the goodness of the time evolution.

Interesting particular cases will be:

• Having N complementary conditional functions. One per each degree xk. Each conditional
function would describe the full function conditioned to the rest of the system being in the given
trajectory f(x1, x

ξ
2(t), ..., xξN (t), t). Meaning that each degree of freedom will be described by a

1D Eulerian function f(xk, t; ~y
ξ(t)) and a point-like position xk(~ξ, t).

• Having N/3 complementary conditional functions, one per triad of degrees of freedom. This way,
we could have a three Eulerian dimension function describing each three dimensional physical
space particle f(xk, xk+1, xk+2, t; ~y

ξ(t)) with support exclusively in the physical space coordi-
nates of the particle, together with the 3D position of the particle (xk(~ξ, t), xk+1(~ξ, t), xk+2(~ξ, )).
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~ξ would reflect the initial position of the particle and the initial position of the rest of the parti-
cles in the system and there would be a global trajectory describing the motion of them all. For
each possible initial position of the system, we would have a different set of 3D functions and
trajectories per particle7.

• Having 2 complementary conditional functions: one for our lab system and one for the rest of the
particles in the Universe (the environment). We would then have a conditional function for the
lab system and a conditional function for the environment, both coupled through the common
global trajectory of the system.

Hereafter, we will assume when describing a conditional function that along with it, we can also
consider the rest of complementary conditional functions associated to its global trajectory.

Note that if we consider a whole set of complementary conditional functions for each fluid element
in a given discretized grid of RN , {~ξj}Mj=1, we will have that for all the fluid elements that at a certain
time turn to be aligned along any xk axis, their conditional functions in that axis will be exactly the
same. See Figure 16 for a visual understanding. This means that we will have an over-representation of
the “slices” of the full function. In the numerical/computational approaches, this will not be something
to really worry about, since the positions being real numbers makes it is hardly impossible to have
more than one trajectory passing from the same xk point at the same time. However, in theory an
infinite amount of trajectories cross the same point in xk at the same time, which is why we rise up
this over-representation warning.

Figure 16: In blue we can see the affine supports of several pairs of complementary functions. In each intersection we
would have enough information as for evolving a Bohmian trajectory. Note that if each intersection represents a Bohmian
trajectory with its complementary x and y conditional functions, then all the trajectories that in a certain time turn out
to be aligned in any of the blue lines (x or y axes), will have an exactly same conditional function in that axis. This
means that their complementary conditional function sets will share a whole function. There is an over-representation
of slices of the full function.

7 This suggests a very interesting philosophical understanding of quantum physics, which we will start to discuss in
the next section and continue later on. Note however that all these possible physical space functions and trajectories
for each particle will influence each other contingently even if only one of them is “really existing physically” (they will
push each other in configuration-space through the correlation potentials).
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Why some Bohmian believe the Complementary Conditional Functions and their
Trajectory are the arkhe of the Quantum world?

There is a very relevant observation from the philosophical standpoint about the complementary
conditional wavefunctions of a certain global trajectory. Following the Bohmian velocity fields (58), the
velocity piloting the movement of the trajectory, in any Eulerian axis xk, only depends on the derivative
of the action in that same direction ∂

∂xk
evaluated at the current position of the trajectory. This means

that we have enough with a set of complementary conditional wavefunctions (say ψ(~x, ~y(~ξ, t), t) and
ψ(~x(~ξ, t), ~y, t)) in order to know the velocity of the trajectory in all the N directions, since these
conditional functions give us the variation of the full function exactly in the directions and positions
we need. We have enough with these slices, as can be seen depicted in Figure 17. This suggests that
if the Bohmian trajectory of the system is the ultimate reality, since the complementary conditional
functions (the wavefunction or the action and density) of a certain trajectory are the only necessary
functions to predict its motion, then there must be some serious weight in those complementary
conditional functions.

Figure 17: Following the same caption of Figure 14, we see that having a pair of complementary functions, where one
of them has as Lagrangian degrees of freedom the Eulerian ones of the other, gives us all the information we need to
evolve the Bohmian trajectory to the next time step. The velocity of the Bohmian trajectory is the partial derivative in
x and in y of the full function, just over the position of the trajectory, which is precisely the information provided by
the complementary slices (in pink).

It is however somewhat fallacious to say this, since as we will see, the equations that predict the
motion of those complementary conditional functions, the only things affecting the trajectory, actually
depend on the rest of (possible) complementary conditional functions. This will be because their time
evolution will require the knowledge of the derivatives ∂

∂xk
on the Lagrangian axes, for all the Eulerian

positions ~x of the slice. Since we are considering with each conditional function a single slice, we
will not have enough information. We will have this information at the exact point of the trajectory
~X ξ(t), thanks to the complementary conditional functions (which is why we can evolve the Bohmian
trajectory), but not in all the rest of Eulerian positions of any of the complementary conditional
functions. And we need this to evolve them as a whole. Thus, while it is true that we do not need
the full function (or equivalently, the rest of slices), to evolve the Bohmian trajectory, we still do need
them to evolve the complementary conditional functions themselves.

We will see in section (II.h) however, a formidable way to hide this dependency and actually make
the complementary conditional functions a possible ontological basis of reality. We will then realize
that this has actually big epistemological importance.
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(III.a) The Schrödinger Equation

The Schrödinger Equation (1) will provide us after some manipulation, some equations to predict
the time evolution of the conditional wavefunctions. The resulting equations will turn out to depend
on variations of the functions in the Lagrangian axes ~y, meaning the evolution of each conditional
function will depend on the rest of adjacent possible conditional functions (the rest of slices of the full
function). In general we will call the terms correlating the conditional functions, correlation terms.

(III.a.1) Kinetic and Advective Correlation Terms

If we evaluate ~y = ~y(t, ~ξ) in the Schrödinger Equation (1), leaving ~x in the Eulerian frame, we get:

i~
∂

∂t
ψ(~x, ~y ξ(t), t) = −

m∑
j=1

~2

2mj

∂2

∂x2
j

ψ(~x, ~y ξ(t), t)+U(~x, ~y ξ(t), t)ψ(~x, ~y ξ(t), t)−
N∑

j=m+1

~2

2mj

∂2

∂x2
j

ψ(~x, ~y, t)
∣∣∣
~y ξ(t)

(152)
Then, since by the chain rule:

d

dt
ψ(~x, ~y ξ(t), t) =

∂

∂t
ψ(~x, ~y ξ(t), t) +

N∑
j=m+1

∂

∂xj
ψ(~x, ~y, t)

∣∣∣
~y ξ(t)

· ∂xj(
~ξ, t)

∂t
(153)

We get the following equation ruling the motion of the conditional wavefunctions:

i~
d

dt
ψ(~x, ~y ξ(t), t) =

− m∑
j=1

~2

2mj

∂2

∂x2
j

+ U(~x, ~y ξ(t), t)

ψ(~x, ~y ξ(t), t) +K(~x, ~y ξ(t), t) +A(~x, ~y ξ(t), t)

(154)

Where we define the so called Kinetic and Advective correlation terms:

K(~x, ~y ξ(t), t) := −
N∑

j=m+1

~2

2mj

∂2

∂x2
j

ψ(~x, ~y, t)
∣∣∣
~y ξ(t)

(155)

A(~x, ~y ξ(t), t) := i~
N∑

j=m+1

∂

∂xj
ψ(~x, ~y, t)

∣∣∣
~y ξ(t)

· ∂xj(
~ξ, t)

∂t
(156)

Equation (154), ruling the motion of the conditional wavefunctions ψ(~x, ~y ξ(t), t) is almost a Schrödinger
Equation for a system of m (instead of N) dimensions. The difference is that we now have two addi-
tional affine terms in the equation, that actually depend on derivatives of the full wavefunction in the
axes that we are considering in the Lagrangian frame. As we already anticipated that would happen,
if we want to evolve a single conditional wavefunction (or the complementary conditional wavefunc-
tion set it is part of), we do not have enough with themselves. We would require the knowledge of
complementary conditional wavefunctions of other nearby trajectories. It is just the same problem
that we faced with the fully Lagrangian picture. As such, to solve this problem we will be able to use
the same strategies:

(α) Evolve several trajectories and their conditional wavefunctions and use them as a discretized
version of the full wavefunction to get the derivatives for each trajectory. We would have the
problem that the grid would become non-equispaced (like in the fully Lagrangian case), even if
the unstructuring in this case would be better behaved, since each single conditional function
already gives us a whole set of structured (Eulerian) points occasionally.

To face the derivatives in the Lagrangian axes in this unstructured grid, among others, we could:
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(a) Change the derivatives in xk to derivatives in the label space ξk, which we could choose to
be equi-spaced.

(b) Fit a sum of analytic functions and compute the derivatives symbolically.

(c) Use a K nearest neighbour approach to predict the full wavefunction and make numerical
derivatives.

(β) Evolve the derivatives of the wavefunction along the trajectories, using a chain of infinite dif-
ferential equations. Similarly, one could evolve the Kinetic and Advective correlation potentials
themselves in time.

(III.a.2) G and J Correlation Potentials

In this section we will develop a Schrödinger-like equation for the conditional wavefunctions that this
time will at least resemble to be linear, unlike the Kinetic and Advective equation (154).

Following the development in Chapter 1 of [1], an arbitrary non-zero and single valued complex
function f(~x, t) : Rm → C can be imposed to be the solution of an m dimensional Schrödinger equation:

i~
∂f(~x, t)

∂t
= −

m∑
k=1

~2

2mk

∂2f(~x, t)

∂x2
k

+W (~x, t)f(~x, t) (157)

if the potential term W (~x, t) is defined as:

W (~x, t) :=

(
i~
∂f(~x, t)

∂t
+

m∑
k=1

~2

2mk

∂2f(~x, t)

∂x2
k

)
1

f(~x, t)
(158)

The proof is immediate. An observation that we must note is that for an arbitrary f(~x, t), the potential
W (~x, t) can be complex, which was not the case in the usual Schrödinger Equation.

If we now take the conditional wavefunction, and write it in polar form: ψ(~x, ~y ξ(t), t) =: ψξ(~x, t) =

r ξ(~x, t)eis
ξ(~x,t)/~, by introducing it in W ξ(~x, t) we will get what the complex potential should be for

the conditional wavefunction to be ruled by a Schrödinger-like equation:

W ξ(~x, t) = −
m∑
k=1

1

2mk

((
∂sξ

∂xk

)2

− ~2

r ξ
∂2r ξ

∂x2
k

)
− ∂sξ

∂t
+ i

~
r ξ 2

(
∂r ξ 2

∂t
+

m∑
k=1

∂

∂xk

(
r ξ 2

mk

∂sξ

∂xk

))
(159)

where we used the Leibniz derivative rule and an inverse chain rule. Note that the potential term
depends on the trajectory we choose. In general we will use := W(~x, ~y ξ(t), t) := W ξ(~x, t).

Using that ψξ(~x, t) := Ψ(~x, ~y ξ(t), t) means that sξ(~x, t) = S(~x, ~y ξ(t), t) and r ξ(~x, t) = R(~x, ~y ξ(t), t),
where we have that the full wavefunction in polar form is Ψ(~x, ~y, t) = R(~x, ~y, t)eiS(~x,~y,t)/~, applying
the chain rule, the real part of W ξ(~x, t) yields:

Re{W(~x, ~y ξ(t), t)} =
m∑
a=1

{
− 1

2ma

(
∂S(~x, ~y ξ(t), t)

∂xa

)2

+
~2

2maR(~x, ~y ξ(t), t)

∂2R(~x, ~y ξ(t), t)

∂x2
a

}
−dS(~x, ~y ξ(t), t)

dt
=

(160)
m∑
a=1

{
− 1

2ma

(
∂sξ(~x, t)
∂xa

)2

+
~2

2mar ξ(~x, t)
∂2r ξ(~x, t)
∂x2

a

}
−

(
∂S(~x, ~y, t)

∂t

∣∣∣
~y ξ(t)

+

N∑
k=m+1

∂S(~x, ~y, t)

∂xk

∣∣∣
xξk(t)

dxξk(t)

dt

)

Now, knowing that the action follows the Quantum Hamilton-Jacobi Equation (4), we can evaluate

it in place of −∂S(~x,~y,t)
∂t to get:
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Re{W(~x, ~y ξ(t), t)} =
m∑
a=1

{
− 1

2ma

(
∂sξ(~x, t)
∂xa

)2

+
~2

2mar ξ(~x, t)
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a

}
− (161)

−
N∑

k=m+1

(
∂S(~x, ~y, t)

∂xk
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xξk(t)

dxξk(t)

dt

)
+
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[
1
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(
∂S
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)2
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2mkR
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∂x2
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∣∣∣
~y ξ(t)

]
+ V (~x, ~y ξ(t), t)

Observe that in the last sum, the k = a terms are equal to the two initial terms, which cancel each
other out and we are left with the final expression:

Re{W(~x, ~y ξ(t), t)} =
N∑

k=m+1

[
1

2mk

(
∂S

∂xk
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~y ξ(t)
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− ~2

2mkR

∂2R

∂x2
k

∣∣∣
~y ξ(t)

− ∂S

∂xk

∣∣∣
xξk(t)

dxξk(t)

dt

]
+U(~x, ~y ξ(t), t)

We now have re-expressed Re(W ξ) without using ψξ(~x, t) to compute it. Instead the dependence on
the derivatives in the Lagrangian axes has explicitly emerged. Essentially we can recognize in this
potential the kinetic energy of the Lagrangian axes and their quantum potentials. The real part of
W ξ also includes the classical conditional potential U ξ, which introduces the geometric constraints
between the Eulerian coordinates as a function of the position of the Lagrangian parts.

Let us define the part introducing the correlations between the different conditional functions as
the correlation potential G:

G(~x, ~y ξ(t), t) :=
N∑

k=m+1

[
1

2mk

(
∂S

∂xk

∣∣∣
~y ξ(t)

)2

− ~2

2mkR

∂2R

∂x2
k

∣∣∣
~y ξ(t)

− ∂S

∂xk

∣∣∣
xξk(t)

∂xk(~ξ, t)

∂t

]
(162)

We could further define each of the summands as Gk(~x, ~y
ξ(t), t), for a matter of organization, since

each summand encapsulates the correlation with the xk Lagrangian degree.

Performing the same development for the imaginary part of W ξ in (159): evaluating the conditional
function in Im{W ξ(~x, t)} and applying the chain rule, we get:

Im{W(~x, ~y ξ(t), t)} =
~

2R2

∣∣∣
~y ξ(t)

(
∂R(~x, ~y, t)2

∂t

∣∣∣
~y ξ(t)

+

N∑
k=m+1

∂R2

∂xk

∣∣∣
~y ξ(t)

dxξk(t)

dt
+

m∑
a=1

{ ∂

∂xa

(
R2

ma

∂S(~x, ~y ξ(t), t)

∂xa

)})
(163)

As the full density must follow the continuity equation of the configuration-space fluid (3), evalu-

ating it at ∂R(~x,~y,t)2

∂t , we will notice there is a cancellation of the k = a terms (as happened with the
real part). We then arrive at an expression of the imaginary part, which we will call the correlation
potential J , that is, J(~x, ~y ξ(t), t) := Im{W(~x, ~y ξ(t), t)}, which is given by:

J(~x, ~y ξ(t), t) :=
~

2R2

∣∣∣
~y ξ(t)

N∑
k=m+1

[
∂R2

∂xk

∣∣∣
~y ξ(t)

∂xk(~ξ, t)

∂t
− 1

mk

∂

∂xk

(
R2 ∂S

∂xk

)∣∣∣
~y ξ(t)

]
(164)

This is a correlation term as well, because it also depends on derivatives of R and S in the directions
of the Lagrangian axes. A complex potential in the Schrödinger Equation makes the evolution be
not necessarily unitary, so this potential will account for the variations of the norm of the conditional
wavefunction. This norm variation is due to the displacement of the Lagrangian part’s trajectory and
the movement of the slice along the overall fluid. Once again, we can encapsulate all the summands
concerning spatial variations of the Lagrangian degree of freedom xk in a sub-potential Jk.

With all, we have that the complex potential ruling the motion of the conditional wavefunction
ψ(~x, ~yxi(t), t) is decomposed in the following terms:

W ξ(~x, t) = W(~x, ~y ξ(t), t) = V (~x, ~y ξ(t), t) +
N∑

k=m+1

{
Gk(~x, ~y

ξ(t), t) + i Jk(~x, ~y
ξ(t), t)

}
(165)
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Then the conditional wavefunction is ruled in time by:

i~
∂ψξ(~x, t)

∂t
=

[
m∑
a=1

~2

2ma

∂2

∂x2
a

+ U(~x, ~y ξ(t), t) +G(~x, ~y ξ(t), t) + i J(~x, ~y ξ(t), t)

]
ψξ(~x, t) (166)

which is an m dimensional Schrödinger-like Equation.

Note that there is a functional relationship between the Kinetic and Advective correlation terms
(155) and (156), and the G and J correlation potentials we just described:(

G(~x, ~y ξ(t), t) + iJ(~x, ~y ξ(t), t)
)
ψ(~x, ~y ξ(t), t) = K(~x, ~y ξ(t), t) +A(~x, ~y ξ(t), t) (167)

How can we interpret the correlation potentials G and J?

In order to interpret them, note that if we assume that the fluid elements follow Bohmian trajectories,
defining their velocity field as (58), we will get a more appealing shape for both G and J . After some
simplifications, we are left with the following for shape G:

G(~x, ~y(~ξ, t), t) =
N∑

j=m+1

{
−1

2
mj

(
vj(~x, ~y

ξ(t), t)
)2

+Qj(~x, ~y
ξ(t), t)

}
(168)

which is the sum of differences along the trajectory, between the kinetic energy of each Lagrangian
degree and the quantum potential of the same degree Qj defined at (5) (all this per Eulerian point ~x
in the conditional function).

More in general, this means that the sum of the conditional potential U and the correlation
potential G (the difference between the Lagrangian kinetic energy and quantum potential) is the
Lagrangian of each transversal section of the system. Since it gives the difference between the total
kinetic energy and total potential energy concerning the Lagrangian degrees of the moving section
~y(~ξ, t) at each Eulerian point:

G(~x, ~y(~ξ, t), t) + U(~x, ~y ξ(t), t) =: −L y(~x, ~y ξ(t), t) (169)

Meanwhile, assuming the Bohmian velocity field, the potential J will take the simpler shape:

J(~x, ~y(~ξ, t), t) = −
N∑

j=m+1

~
2mj

∂2

∂x2
j

S(~x, ~y ξ(t), t) = −~
2

N∑
j=m+1

∂

∂xj
vj(~x, ~y, t)

∣∣∣
~y ξ(t)

(170)

which is the negative divergence (the convergence) of the velocity field in the Lagrangian degrees,
along the trajectory. It gives the convergence of fluid flow lines at each Eulerian point of the slice. We
already saw how the divergence of the velocity was related to the Jacobian of a moving grid. It was
the factor by which the density at each point had to be diluted for the total number of fluid elements
in configuration-space to be preserved. Thus, the role of the J potential in managing the norm of
the conditional wavefunction, aka, the value of the conditional density at each Eulerian point comes
thereof.

G and J Correlation Potentials in terms of the C amplitude

It is computationally more interesting to rewrite the correlation potentials in terms of the so called C
amplitude as we did in the Fully Lagrangian case. If we use the change R(~x, ~y, t) = eC(~x,~y,t), we are
left with the following expressions for them:

G(~x, ~y ξ(t), t) =
N∑

k=m+1

[
1

2mk

(
∂S

∂xk

∣∣∣
~y ξ(t)

)2

− ~2

2mk

(
∂2C

∂x2
k

+

(
∂C

∂xk

)2
)∣∣∣

~y ξ(t)
− ∂S

∂xk

∣∣∣
xξk(t)

∂xk(~ξ, t)

∂t

]
(171)

J(~x, ~y ξ(t), t) = ~
N∑

k=m+1

[
∂C

∂xk

∣∣∣
~y ξ(t)

∂xk(~ξ, t)

∂t
− 1

2mk

∂2S

∂x2
k

∣∣∣
~y ξ(t)

− 1

mk

∂C

∂xk

∣∣∣
~y ξ(t)

∂S

∂xk

∣∣∣
~y ξ(t)

]
(172)
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(III.b) The Continuity and The Hamilton-Jacobi Equations

If we take the Continuity Equation (3) and evaluate ~y along the trajectory ~y(~ξ, t), using the chain rule
for the time derivative we get:

d

dt
ρ(~x, ~y ξ(t), t) = −

m∑
j=1

∂

∂xj

(
ρ(~x, ~y ξ(t), t)

1

mj

∂S(~x, ~y ξ(t), t)

∂xj

)
+ (173)

N∑
j=m+1

{
− 1

mj

∂

∂xj

(
ρ(~x, ~y, t)S(~x, ~y, t)

)∣∣∣
~y ξ(t)

+
∂ρ(~x, ~y, t)

∂xk

∣∣∣
~y ξ(t)

∂xk(~ξ, t)

∂t

}
We can recognise the correlation potential J defined in (164) in the second line of the equation, such
that in the part Lagrangian part Eulerian Picture, the equation ruling the conditional density is:

d

dt
ρ(~x, ~y ξ(t), t) = −

m∑
j=1

∂

∂xj

(
ρ(~x, ~y ξ(t), t)

1

mj

∂S(~x, ~y ξ(t), t)

∂xj

)
+

2ρ(~x, ~y ξ(t), t)

~
J(~x, ~y ξ(t), t) (174)

It is a conservation equation for the conditional density that allows the density to be created or
destroyed at a point ~x in proportion to the product between the density and the correlation potential
J (it is a source/sink term).

If we assume the trajectories are Bohmian trajectories, guided by the velocity field (58), then we
will have that:

d

dt
ρ(~x, ~y ξ(t), t) = −

m∑
j=1

∂

∂xj

(
ρ(~x, ~y ξ(t), t)vj(~x, ~y

ξ(t), t)
)
− ρ(~x, ~y ξ(t), t)

N∑
j+1

∂

∂xj
vj(~x, ~y, t)

∣∣∣
~y ξ(t)

(175)

Here the subtracting sink for the conditional density is the divergence of the velocity of the trajec-
tories in the Lagrangian axes. We already saw that this quantity was related to the Jacobian of the
trajectories, such that it gave the dilution factor for the density necessary for the trajectories to move
preserving their number in the whole configuration space. It is this term that dilutes or injects density
to the conditional density function at each Eulerian point ~x.

Evaluating ~y along the trajectory ~yξ(t) in the Hamilton-Jacobi equation (4) we get the equation:

− d

dt
S(~x, ~y ξ(t), t) =

m∑
j=1

1

2mj

(
∂S(~x, ~y ξ(t), t)

∂xj

)2

−
m∑
j=1

~2

2mjR(~x, ~y ξ(t), t)

∂2R(~x, ~y ξ(t), t)

∂x2
j

+U(~x, ~y ξ(t), t)+

(176)

+
N∑

j=m+1

{
1

2mj

(
∂S(~x, ~y, t)

∂xj

)2∣∣∣
~y ξ(t)

− ~2

2mjR(~x, ~y ξ(t), t)

∂2R(~x, ~y, t)

∂x2
j

∣∣∣
~y ξ(t)

− ∂

∂xj
S(~x, ~y, t)

∣∣∣
~y ξ(t)

∂

∂t
xj(~ξ, t)

}
where we can now identify in the second line the correlation potential G defined in (162), such that
the equation ruling the time evolution of the conditional action is left as:

− d

dt
S(~x, ~y ξ(t), t) =

m∑
j=1

(
1

2mj

(
∂S(~x, ~y ξ(t), t)

∂xj

)2

+Qj(~x, ~y
ξ(t), t)

)
+ U(~x, ~y ξ(t), t) +G(~x, ~y ξ(t), t)

(177)
or if we assume the trajectories are Bohmian trajectories, guided by the velocity field (58):

d

dt
S(~x, ~y ξ(t), t) =

m∑
j=1

(
− 1

2mj

(
∂S(~x, ~y ξ(t), t)

∂xj

)2

−Qj(~x, ~y ξ(t), t)

)
+ L y(~x, ~y(~ξ, t), t) (178)

Which is taking a Hamilton-Jacobi equation for the conditional action, just that we have an additional
Lagrangian term accounting for the difference in kinetic energy and potential energies (quantum and
classical) for each Eulerian position ~x, along the position in ~y of the trajectory. The interpretation is
immediate for the underlying fluid element mesh.

Finally, note that an alternative (simpler) derivation of equation (166) is possible by developing the

chain rule for dψ(~x,~yξ(t),t)
dt = dρ1/2(~x,~yξ(t),t)eS(~x,~y

ξ(t),t)/~

dt and evaluating equations (177) and (174) therein.
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(III.f) The Bohmian Newton’s Second Law

If we take the Hamilton-Jacobi equation (3) and we make a partial derivative ∂
∂xk

for k ∈ {m+1, ..., N}
in both sides of the equation, then assuming that the velocity field of the trajectories is the Bohmian
velocity field (58), we find that some terms are cancelled out. The cancelled terms are the kinetic
energy gradients getting from the chian rule and the inherent one. Then we are left with:

mk
dvk(~x, ~y(~ξ, t), t)

dt
= − ∂

∂xk

U(~x, ~y ξ(t), t) +Q(~x, ~y ξ(t), t) +
m∑
j=1

1

2mj

(
∂

∂xj
S(~x, ~y ξ(t), t)

)2
 (179)

for k ∈ {m+ 1, ..., N}. This is a Newton’s Second Law-like equation ruling the time evolution of the
conditional Bohmian velocity fields for the Lagrangian axes. We can see that there is an additional
potential energy term than expected (apart from the classical and quantum potentials), which is
actually the kinetic energy of the Eulerian axes. This allows accounting the fact that at each Eulerian
position ~x there is implicitly a fluid element representative.

This equation, could be evolved coupled with the continuity equation (175) as an alternative
to the evolution of the Hamilton-Jacobi Equation (178) coupled to the continuity equation (175).
Computationally it does not seem that appealing however, due to the derivative of the quantum
potential it presents, since the quantum potential is already a hard term to be computed.

(III.d) Dynamic Equations for Partial Derivatives

We have seen that the time evolution of the conditional fields requires the knowledge of derivatives in
the Lagrangian axes, which we called correlation terms, since they introduce a dependence between
adjacent conditional functions in those axes.

If we had dynamical equations for the evolution of the Lagrangian axis derivatives themselves,
we could directly compute the correlation terms with them, thus allowing the evolution of individual
conditional functions independently of the rest. In this section we will describe this equations and
find we will have left aside the correlation terms to embrace infinite chains of differential equations.

(III.d.a) Dynamics of Partial Derivatives For the Wavefunction

Following the exact same procedure as (II.d), we can take the coupled system of (infinite) linear
differential equations (41) we developed in the fully Eulerian picture and note there was no spatial
partial derivative ∂

∂xk
in any place. Thus, we could directly evaluate ~y = ~y(~ξ, t). Noting the chain rule

for the time derivative, we get in the partially Lagrangian frame:

i~
d

dt
ψ(j1,...,jN )(~x, ~y

ξ(t), t) = −
N∑
s=1

~2

2ms
ψ(j1,...,2+js,...,jN ) +

N∑
s=m+1

i~ψ(j1,...,1+js,...,jN )
∂xs(~ξ, t)

∂t
+ (180)

+

j1∑
k1=0

· · ·
jN∑

kN=0

b(j1, k1) · · · b(jN , kN )U(j1−k1,...,jN−kN )ψ(k1,...,kN )

where all the functions have arguments (~x, ~y ξ(t), t) and we are using the notation of section (I.d).

We could use this chain of partial differential equations alone to evolve a single conditional
wavefunction by truncating the series at a high enough J . We would not require the computation of
an ensemble of conditional wavefunctions of different adjacent trajectories, since we do not need the
first order local information to compute derivatives in the Lagrangian axes. In addition the equation
system is linear, which makes things way simpler to compute.
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Alternatively, instead of using these equations to compute the conditional wavefunctions them-
selves, we could evolve this way only the derivatives of the wavefunction in the Lagrangian axes and
then use them to compute the Kinetic and Advective correlation terms or the G and J potentials, to
finally evolve the conditional wavefunction using (154) or (166). This would mean we would only be
interested in computing the functions ψ(j1,...,jm,...,jN ) with j1, ..., jm = 0 using this chain of equations.
Then, since at each time we would know ψ in an Eulerian frame for the first m degrees of freedom,
their first and second derivatives, required to compute (180), would be easily computable with finite
differences. This second method as well, would allow us to compute a single conditional wavefunction
using only linear coupled equations (using (166)). The precision of the method would then solely rely
on the truncation J we chose for all j1, ..., jN .

Note that in any of the cases, for increasing N we would require at least JN−m equations more,
exponentially more, meaning that we can evolve single fluid elements, but the many body problem
will still be present.

(II.d.b) Dynamics of Partial Derivatives For the Density and Action

If we now go back to equations (42) and (43), we will see that we can evaluate ~y = ~y(~ξ, t) directly.
This way we will get the partial differential equations ruling the dynamics of the spatial derivatives
of the conditional C and S (where C(~x, t) = log(ρ(~x, t))/2). In particular, we will see that the time
evolution of the field C (thus ρ) and all of its derivatives in configuration space xk follows:

d

dt
C(j1,...,jN )(~x, ~y

ξ(t), t) = −
N∑

s=m+1

C(j1,...,1+js,...,jN )
∂xs(~ξ, t)

∂t
−

N∑
s=1

( 1

ms

[
S(j1,...,2+js,...,jN)+ (181)

+2

j1∑
k1=0

· · ·
jN∑

kN=0

b(j1, k1) · · · b(jN , kN )C(j1−k1,...,1+js−ks,...,jN−kN )S(k1,...,1+ks,...,kN )

])

While the field S and all its derivatives in configuration space xk, follow over any single fluid
element ~ξ:

− d

dt
S(j1,...,jN )(~x, ~y

ξ(t), t) = V(j1,...,jN)+
N∑

s=m+1

S(j1,...,1+js,...,jN )
∂xs(~ξ, t)

∂t
−

N∑
s=1

~2

2ms

[
C(j1,...,2+js,...,jN)(~x, t)+

(182)

+

j1∑
k1=0

· · ·
jN∑

kN=0

b(j1, k1) · · · b(jN , kN )

(
C(j1−k1,...,1+js−ks,...,jN−kN )C(k1,...,1+ks,...,kN )

−S(j1−k1,...,1+js−ks,...,jN−kN )S(k1,...,1+ks,...,kN )

)]
Following the same ideas we just commented for the conditional wavefunction, we could employ this
system of (infinite) equations truncated at a certain reasonable J to evolve the conditional action and
density of a single trajectory without the need to couple an ensemble. We could also use them just
to compute the derivatives in the Lagrangian axes, for which we would only be interested on those
j1, ..., jm = 0. Then we would use that we know the conditional wavefunctions in the Lagrangian
frame for the first m degrees to compute the necessary derivatives for them directly in a regular grid,
or just use methods like (166) or (154) all along.

Note a important thing about evolving conditional functions this way: not only we need not
evolve several different trajectory slices, but we do not even require the evolution of a complementary
conditional function set. A single conditional function has already got the knowledge to evolve the
trajectory in the Eulerian ~x axes, and the knowledge for the evolution in ~y we will get it from the
infinite chain, so we would be done!
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(III.h) Dynamic Equations for Correlation Terms

Let us rewrite the Schrödinger Equation in the part Lagrangian picture (154) in the following terms:

i~
d

dt
ψ(~x, ~y ξ(t), t) =

[
−

m∑
j=1

~2

2mj

∂2

∂x2
j

+ U(~x, ~y ξ(t), t)+ (183)

N∑
s=m+1

{
− ~2

2mj
P (0,...,js=2,...,0) + i~

∂xj(~ξ, t)

∂t
P (0,...,js=1,...,0)

}]
ψ(~x, ~y ξ(t), t)

where we will define the coupled m dimensional P potentials as:

P (j1,...,jN )(~x, ~y ξ(t), t) :=
ψ(j1,...,jN )(~x, ~y

ξ(t), t)

ψ(~x, ~y ξ(t), t)
(184)

Making the total time derivative of the P potentials, if we use the equation ruling the motion of
ψ(j1,...,jN ) given in (180), after recognizing the appearance of additional P potentials, we find that the
P potentials are ruled by the non-linear system of differential equations:

dP (j1,...,jN )(~x, ~y ξ(t), t)

dt
= −

N∑
s=1

~2

2ms
P (j1,...,js+2,...,jN ) +

N∑
s=m+1

i~
∂xs(~ξ, t)

∂t
P (j1,...,js+1,...,jN )+ (185)

+

j1∑
k1=0

· · ·
jN∑

kN=0

b(j1, k1) · · · b(jN , kN )U(j1−k1,...,jN−kN )P
(k1,...,kN )−

−P (j1,...,jN )

{
N∑
s=1

~2

2ms
P (0,...,js=2,...,0) + U + i~

N∑
s=m+1

∂xs(~ξ, t)

∂t
P (0,...,js=1,...,0)

}
The time evolution of each P potential is coupled with potentials of two and one degree more, together
with all the potentials of less degree. This makes it an infinite chain of potential energy terms.

In this shape, equation (183) is a Schrödinger Equation ruling the dynamics of a single condi-
tional wavefunction, which can be used to evolve a Bohmian (or custom) trajectory. This equation
describes the time evolution of the conditional wavefunction as the propagation of an m dimensional
wavefunction in a total potential energy that is the sum of some P potentials, which depend on a
ladder of infinite P potential fields. These potential energies only depend on the trajectory of the
subsystem ~y and the classical potential energy, with no appearance of the rest of possible slices of the
full wavefunction anywhere. Thus, the consequences are two: there is no need to talk about any full
configuration-space function, and the P potentials are inherent to, or self-sustained by, each individ-
ual trajectory of the system. We just have to take into account that, in order to evolve a Bohmian
trajectory in ~y we will require the knowledge of the complementary conditional wavefunctions. But
just those, and not all the wavefunction.

Given the alternatives, this development has no computational appeal at all. It has however a
very big theoretical/philosophical interest. It was an observation initially made by Ref. [4], which
we have here generalized to an arbitrary N dimensional system. What this equations show is that
it is possible to describe the time evolution of a set of complementary conditional wavefunctions and
their associated system trajectory without allusion to any other entity. Just by invoking an
infinite chain of potential energies affecting each conditional function, a chain that only depends on
the particular trajectory of the rest of the system and the classical potential energy. This suggests an
almost classical view of the world in the following way. It means that we are rigorously allowed to
think on physical space (3D space) particles, as just physical space particles, that just interact with
the rest of particles according to their physical space positions.

That is, if we take a Universe made of N/3 physical space particles, then the Bohmian trajectory of
the Universe can be fully determined by a three dimensional (physical space) wave ψξ(xk, xk+1, xk+2)
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and a position in three dimensions (in physical space) (xk(t), xk+1(t), xk+2(t)) for each k-th particle.
By only specifying the classical potential energy describing their physical space interaction, each wave
will be evolved in its three dimensions by an effective potential energy that only depends on the
position of the rest of particles and the classical potential energy. The three dimensional wave is
enough to determine the trajectory of the particle itself following the Bohmian velocity. So effectively,
the physical space particles will only interact between them through physical space, will live in physical
space, will be piloted by a physical space wave, but will each be surrounded by a chain of self-produced
and self-sustained potential energies (the P potentials).

No need to talk about the full wavefunction nor interactions in configuration space.

It is this why some Bohmian experts feel these complementary conditional functions and their
associated system trajectory is the arkhe. They just need to embrace that each physical space particle
is surrounded by an infinite self-produced and self-sustained chain of potential energies. We could call
this interpretation of quantum mechanics: the “Physical Space Pilot Waves” Interpretation.

Perhaps it would be simpler to believe we live in a Universe among a continuity of tangentially
influencing Universes and that we humans happen to perceive the degrees of freedom of the Universe
in triplets, as the Tangent Universe Interpretation suggests. Yet this could be hard to digest as well.

(III.c) Basis Set Expansion

In this section we will develop an additional equation that will allow us the time evolution of a single
conditional wavefunction, without the need of evolving an ensemble. This time it will be at the cost
of knowing the eigenstates of the Lagrangian axes.

If we recover equation (18) and the formalism we employed in its derivation, we had that the full
wavefunction could be decomposed as:

Ψ(~x, ~y, t) =
∞∑
j=0

Λj(~x, t)Φj
x(~y, t) =

∞∑
j=0

ϕj(~x, ~y, t) (186)

where we defined ϕj(~x, ~y, t) := Λj(~x, t)Φj
x(~y, t), Φj

x(~y, t) as the transversal section eigenstates of
the subsystem due to the degrees of freedom ~y = (xm+1, ..., xN ) (which depend on the slice ~x =
(x1, ..., xm) we are looking at) and Λj(~x, t) the projection coefficient to the j-th eigenstate Λj(~x, t) :=∫∞
−∞Φj †

x (~y, t)Ψ(~x, ~y, t)dy.

Now, if we know these eigenstates and we evaluate the wavefunction along a trajectory for the
“transversal” degrees of freedom ~y = ~y ξ(t), we note that equation (31) gets the shape:

i~
∂

∂t
ϕk(~x, ~y ξ(t), t) =

[
εk(~x, t) + V (~x, t)−

m∑
s=1

~2

2ms

∂2

∂x2
s

]
ϕk(~x, ~y ξ(t), t)+ (187)

+
∞∑
j=0

m∑
s=1

−~
2ms

(
1

Φj
x(~y ξ(t), t)

∂2Φj
x(~y ξ(t), t)

∂x2
s

+ 2
∂

∂xs
log(Φj

x(~y ξ(t), t))

[
∂

∂xs
− ∂

∂xs
log(Φj

x(~y ξ(t), t))

])
ϕj(~x, ~y ξ(t), t)

Denoting ϕkξ (~x, t) ≡ ϕk(~x, ~y ξ(t), t), we can write the conditional wavefunction as Ψξ(~x, t) =
∑∞

j=0 ϕ
j
ξ(~x, t).

Then, by using the chain rule for the time derivative we get the equations ruling each ϕkξ (~x, t) summand
composing the conditional wavefunction to be:

i~
∂

∂t
ϕkξ (~x, t) =

[
−

m∑
s=1

~2

2ms

∂2

∂x2
s

+ εk(~x, t) + V (~x, t) + i~
d

dt
log(Φk

x(~y ξ(t), t))

]
ϕkξ (~x, t)+ (188)

+

∞∑
j=0

m∑
s=1

−~
2ms

(
1

Φj
x(~y ξ(t), t)

∂2Φj
x(~y ξ(t), t)

∂x2
s

+ 2
∂

∂xs
log(Φj

x(~y ξ(t), t))

[
∂

∂xs
− ∂

∂xs
log(Φj

x(~y ξ(t), t))

])
ϕjξ(~x, t)
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This is a coupled system of infinite linear equations that allows the exact time evolution of a single m
dimensional conditional wavefunction. For its usage we shall truncate the series Ψξ(~x, t) =

∑
j ϕ

j
ξ(~x, t)

at a convenient point, for instance, at a point where the norm is close enough to unity. The truncated
system would then require the same order of operations as an m dimensional Schrödinger Equation,
and if we left m fixed, would make the problem at most polynomial with dimensions N . Of course,
the trick to overcome the many body problem is in that we know a priori the transversal section
eigenstates Φj

x(~y, t) for the particular potential energy. Obtaining these N−m dimensional eigenstates
numerically, would otherwise present the same exponential nature as the full Schrödinger Equation.

One could argue that the linear system of equations (18) allowed us, with the same order of
computations, the time evolution of not a single conditional wavefunction, but the full wavefunction.
However, this is not true. The system in equation (18) did not have enough with knowing the
eigenstates Φj

x(~y, t) and evolving the adiabatic coefficients (which had the same dimensionality as the
ϕkξ (~x, t)). In addition, one had to compute the integrals in all the domain for ~y per each ~x, to get the
coupling terms between the adiabatic coefficients ((19), (20), (21)). These numerical integrals, together
with the time evolution of the coefficients would require in total the same order of operations as the
N dimensional Schrödinger Equation, even knowing the eigenstates a priori (unless we knew them
symbolically of course). On the contrary, if the eigenstates Φj

x(~y, t) are known, equation (188), would
be enough for the time evolution of a single conditional wavefunction, with the order of computations
of an m dimensional Schrödinger equation, no need for the integrals! This makes conceptual sense
since we just care for the wavefunction over a moving slice in ~y, thus we shall not require to integrate
nothing in the whole ~y domain.

In conclusion:

• If one does not know the eigenstates Φj
x(~y, t)8 a priori and has no way to estimate them a

priori, then obtaining them numerically has no advantage, since the overall computational effort
of solving afterwards rather (18) or (188), will be the same as all the way solving the full N
dimensional Schrödinger Equation (1).

• If one knows the eigenstates Φj
x(~y, t) with an analytic expression, such that one can symbolically

integrate them and derivate them (or if the coupling integrals (19), (20), (21) are known or
estimable a priori), then (18) allows the computation of the full wavefunction in the Eulerian
frame (and therefore the computation of any possible trajectory and conditional function), with
a number of operations in the order of an m dimensional Schrödinger Equation (assuming we
truncate the series at some point). Equation (188) would be resolvable in the same order of
operations, but would only provide us a single conditional function and a single trajectory.
Therefore, in such a case equation (18) would be preferred.

• If one knows the eigenstates Φj
x(~y, t) numerically or with an expression that must be integrated

and derivated numerically, then equation (18) would allow the computation of the full wavefunc-
tion only if we computed the numerical integrals of the coupling terms as well. Overall, this
would require the same number of operations as the full N dimensional Schrödinger Equation.
However, (188) in this case, would allow us the time evolution of a single conditional wave-
function and trajectory in a number of operations in the order of an m dimensional Schrödinger
Equation. We should then use (188) in such a case.

This means that if we somehow got the possibility to have good enough a priori numerical estimates
of the transversal section eigenstates Φj

x(~y, t), equation (18) could be a potential breakthrough in
quantum dynamics algorithms, potentially hacking the exponential nature of the many body problem.
This was not the case for basis set expansions in the Eulerian frame, like equations (18), since they
required the a priori knowledge of the integrals as well, for them to potentially bypass the many body
problem.

8Whenever we say something about the knowledge of the eigenstates Φjx(~y, t), we implicitly also mean the knowledge
of the eigen-energies εj(~x, t).
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(III.e) Partial Derivatives relative to labels

We have seen manifestly clear that the derivatives of the conditional functions in the Lagrangian axes
( ∂
∂xk

for k ∈ {m + 1, ..., N}) are the main problem when evolving in time the conditional functions,
since all the dynamic equations involve them (except the ones that offer additional (infinite) dynamic
equations to implicitly compute them). To surpass it, we said the standard way was to evolve several
conditional functions of different trajectories and use them as an unstructured grid of slices. Then we
could try to fit a function to compute the derivatives, or alternatively, we could change the derivatives
relative to xk to derivatives relative to the label space variables ξk.

To do this, we will need to follow the exact same procedure as the one described in section (II.e),
since we chose the same underlying diffeomorphism ~X (~ξ, t) of the whole RN space. In this case though,
some façade changes will be required. By the chain rule, for k ∈ {m+ 1, ..., N} we will have that:

∂f(~x, ~y, t)

∂xk

∣∣∣
~y(~ξ,t)

=
N∑
j=1

∂f(~x, ~y(~ξ, t), t)

∂ξj

∂ξj( ~X , t)
∂xk

∣∣∣
~X (~ξ,t)

(189)

with
∂ξj(~x,t)
∂xk

∣∣∣
~X (~ξ,t)

obtainable using equation (110).

Then, the main operators appearing in the dynamical equations would adopt the following shapes:

N∑
a=m+1

∂f(~x, ~y, t)

∂xa

∣∣∣
~y(~ξ,t)

=
N∑
j=1

∂f(~x, ~y(~ξ, t), t)

∂ξj

N∑
a=m+1

∂ξj(~x, t)

∂xa

∣∣∣
~X (~ξ,t)

(190)

N∑
a=m+1

∂2f(~x, ~y, t)

∂x2
a

∣∣∣
~X (~ξ,t)

=
1

J

N∑
j=1

∂

∂ξj

[
J

N∑
k=1

∂f

∂ξk

N∑
a=m+1

∂ξk
∂xa

∂ξj
∂xa

∣∣∣
~X (~ξ,t)

]
(191)

Note that if we had really chosen a diffeomorphism ~y(~ξy, t) with ~ξy ∈ RN−m, without considering
implicitly the whole RN as a fluid, the expressions would be analogous, but would require less terms
(the Jacobian matrix would have (N −m)× (N −m) terms instead of N ×N). The only thing that
would then change in the formulas is that the subindices for ξk would run from m + 1 to N alone,
instead of 1 to N .

(III.g) Adaptive Grid Equations

All the theory derived in section (II.g) can freely be used in any partially Lagrangian frame as well,
just by noting the subtlety that we are free to choose rather: considering an underlying whole space
diffeomorphism ~X (~ξ, t) with ~ξ ∈ Ωt ⊆ RN (implicitly assuming that the fluid occupies the whole space),
or considering that only the Lagrangian axes are part of a fluid, with their trajectory diffeomorphism
being ~y(~ξy, t) with ~ξy ∈ Γt ⊆ RN−m. Doing the second should be the natural thing because it is that
way that we can “slice” the full function in unique slices. However we saw that if we wanted to deal
with Bohmian trajectories, the first one was the only way.

Since for the generation of an adaptive grid, we are not willing to get information about Bohmian
trajectories, the most convenient thing is to treat only the subsystem ~y as a fluid, to avoid superfluously
repeating the information of the full function we are trying to describe with the moving mesh. Of
course, this means only the degrees of freedom of the mesh points in ~y will move and that the adaptive
grid equations (and the changes to the label space derivatives if we needed) would be way simpler,
only involving N −m spatial variables. For this, we can then employ all the adaptive grid generating
equations seen in section (II.g) verbatim, just changing ~x for ~y.
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Exponential Time Polynomialized with Exponential Parallelization

In this section we will show how conceptually changing from an Eulerian to a Lagrangian frame
leaves us turn the temporally exponential problem of the quantum many body into a polynomial one,
if in exchange, we parallelize exponentially in parallel processes for which we allow messaging (with
reasonable overhead). As we will also see, this was readily possible with a fixed grid, just that the
explicit fluid treatment makes it evident, that is why we underline that the step is rather “conceptual”.
In this line, the partially Lagrangian picture easily allows us decide whether we put more weight in the
sequential temporal complexity of each process (setting more of the degrees in the Eulerian frame), or
use more processes in exchange of simpler computations for them (relatively more Lagrangian degrees).
In the limit of the Fully Lagrangian frame, we will have maximal parallelizability, and in the limit of
the Fully Eulerian frame we will have a more monolithic computation thread.

The quantum many body problem might not be avoidable using exact equations: the computational
complexity will always be exponential with increasing number of spatial dimensions N . However,
while humans cannot wait exponentially more time for simulations to be completed, we can build
more parallel processors. Thus the trade-off has big philosophical interest.

Remember that in all the equations so far we have seen that unless we evolve the derivatives in
the Lagrangian axes (which had the problem of choosing the truncation point for the infinite series
of equations), it is roughly mandatory that we evolve an ensemble of conditional wavefunctions (or
actions and densities) with their respective different trajectories (or underlying fluid elements). That
said, we have freedom to choose conditional functions with more or less Lagrangian degrees, but what
is the price of each choice?

In what follows we will analyse qualitatively the case where we have a single Lagrangian degree
and then generalize it to an arbitrary number of Lagrangian degrees.

Only one Lagrangian degree

If we left only one of the degrees of freedom as Lagrangian, say xN , we would have that a condi-
tional function f(x1, ..., xN−1, x

ξ
N (t), t) is a slice of the full function whose support is a hyperplane

of RN . To know the variation ∂
∂xN

f(x1, ..., xN−1, xN ) for xN = xξN (t) in each point (x1, ..., xN−1)

of the hyperplanes {xξN (t)}ξ, we will have to pay attention to the variation of the function along
xN per each (x1, ..., xN−1) we consider in the Eulerian grid discretization. This means that, as we
will have a collection of trajectories {~ξj}Mj=1 each of which has its own conditional-hyperplane func-

tion f(x1, ..., xN−1, x
ξ
N (t)) centred at {xN = xN (~ξj , t)}j , we could consult the different contiguous

hyperplanes and numerically compute the derivatives. See Figure 18 for a geometrical understanding.

Then an algorithm to evolve the ensemble of hyperplane-conditional functions could be the follow-
ing. Given we have an initial ensemble of M hyperplane-conditional functions and initial trajectory
positions (rather ~x(~ξ, t) or ~y(~ξy, t) depending on our choice of underlying fluid) labelled by their un-

derlying fluid element ~ξj :

1. Share the information of the conditional functions in the necessary parallel processors.

2. Compute in parallel the derivatives in the Lagrangian axes for each hyperplane-conditional func-
tion ~ξj . For this, access the same (x1, ..., xN−1) point in each adjacent slice. Compute the
necessary derivatives (first and/or second) to get the correlation terms. Consult the formulas.

3. Evaluate the correlation terms of the current time step for each point (x1, ..., xN−1) in each
hyperplane9.

9Note we called them correlation terms, because they introduce the effects of the rest of possible conditional functions.
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Figure 18: In the left we see an intuition of the N = 3 case of the single Lagrangian degree case. Above we see two
axes, representing the equidistant distribution of the Lagrangian axis points in label space, and below a time t afterwards,
how they are distributed in x3, following their trajectory x3(ξ, t). Each of these fluid fluid elements has associated a
conditional function over a plane in x1, x2, discretized in a regular Eulerian grid. All these planes have the same number
of points in x1, x2, and, very importantly, at the same positions. The relevance of them being in the same positions,
can be more clearly seen below, where all these planes as slices of the support of the full function f(x1, x2, x3, t) are
stacked in parallel each in the x3 = x3(ξ, t) position. Since the Eulerian discrete points (in yellow) are in the same x1, x2
points, they are aligned across the planes, meaning that the computation of the partial derivative ∂

∂x3
in the Lagrangian

axis will be computable from plane to plane even if the distance between the planes varies due to the movement of the
coupled fluid element in x3. Each of these lines traversing the planes along the same Eulerian points is what in the text
we call a derivative beam.

In the right, we can see a depiction with the same particularities, just that we represent a N = 4 quantum system,
where the support of each conditional function is a discretized R4 hyperplane, a 3D box. It is filled with Eulerian nodes,
which again have the same positions between the different trajectories to allow the derivatives in the x4 (Lagrangian)
axis. This is aimed to be represented by noting in blue that all the hyperplane-boxes have the same point (a, b, c) just
with x4 equalling their trajectory position.
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4. Gather the correlation terms to time evolve in parallel to the next time step each hyperplane-
conditional function, using one process per ~ξj . This will be done with the necessary algorithm
for an m = N − 1 dimensional function.

5. Go back to 1.

As a little computational detail, if we choose the Lagrangian degrees to move, an initially regular
grid in the xN axis (constituted by the different hyperplanes) will get unstructured. The distances
between the hyperplanes will become irregular. This will make the following derivatives in the La-
grangian axis be more difficult to compute. We could then take one of these solutions to compute the
derivatives:

• Fit an analytical function sum to each locality (each stencil of elements we will use to compute
the derivatives), and get their symbolical derivative. It involves all the fitting burden.

• Use some finite difference method in not equispaced grids (this will only work in the case of a
single Lagrangian axis, since otherwise the fluid elements will not be aligned in t > t0).

• Compute the derivatives relative to the label space, which can be chosen to be regular, as
explained in (III.e). It involves all the Jacobian determinant (or inverse Jacobian) computation
burden.

• We could choose to fix the trajectory xξN (t) = ξ ∀t > t0 (since remember the equations for
conditional functions do not force us to make them be Bohmian trajectories). In such a case,
the derivatives would always be in a regular grid and could be computed easily with advanced
finite differences. This would be a subtle way to turn back to the Eulerian fixed grid though,
where the grid is stationary! It is this why we said in an Eulerian grid all this parallelization
was actually possible as well, just that we needed the fluid view to realize it.

N-m Lagrangian degrees

In order to generalize the algorithm, we will use as an example the 2 Lagrangian degree case, which
will provide us with a visual intuition, allowing us to find a pattern and induce the generalization.
You can find a visual understanding of the 2 Lagrangian degree case in Figure 19.

The algorithm would be left almost the same: given we have an initial ensemble of MN−m
L condi-

tional functions10 and initial trajectory positions (rather ~x(~ξ, t) or ~y(~ξy, t) depending on our choice of

underlying fluid), each labelled by their underlying fluid element ~ξj :

1. Share the information of the conditional functions in the necessary parallel processors.

2. Compute in parallel the derivatives in the Lagrangian axes for each conditional function ~ξj . In
this case, this is a bit more subtle, since we have problematic partial derivatives in the N −m
different Lagrangian directions. We need for each possible point in the m dimensional support
of each conditional function, each (x1, ..., xm) point of each slice, the variation of the function
between the conditional functions whose Lagrangian degrees are aligned in the Lagrangian direc-
tion. There are N −m Lagrangian directions, and we need the derivative in all of them. Then,
compute the necessary derivatives (first and/or second) to get the correlation terms.

3. Evaluate the correlation terms of the current time step for each point (x1, ..., xm) in each m
dimensional affine manifold (each conditional function).

10We will choose to have as many conditional functions as the necessary ones to have a representative per point in
an initial regular grid in the whole Lagrangian axis subspace. We will have ML points in each axis, meaning we will
consider a total of MN−m

L Lagrangian fluid elements and their conditional functions.
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Figure 19: This is a visual intuition of a quantum system with N = 5, where there are two Lagrangian degrees. Above
left we see two axes, representing the equidistant distribution of the Lagrangian axis points in label space, and above right,
a time t afterwards, how they are distributed in the x4, x5 plane, following their trajectories ~y(~ξ, t) = (x4(~ξ, t), x5(~ξ, t)).
Each of these fluid elements has associated a conditional function over a 3D space in x1, x2, x3, discretized in a regular
Eulerian grid as a box. All these Eulerian boxes have the same number of points in x1, x2, x3, and, very importantly, at
the same positions, which is represented in blue as saying that all of them have the corner ~x = (a, b, c) with ~y = ~y(~ξ, t).
The relevance of them being in the same positions is that when we move from a conditional function to the next (to the
one aligned in the Lagrangian space with the first), to compute Lagrangian space derivatives we will need to take care
for the same Eulerian point within each box. These same points in each conditional function define what we called a
derivative beam (depicted in pink lines with arrows joining the boxes). The beam’s description is completed by selecting
a line joining these conditional functions in Lagrangian axis space. This last thing is depicted in blue in the planes above.
We can see that in the label space, any derivative beam contains many representatives, but when the grid gets distorted
the beams only catch some few conditional functions aligned. That is, the grid for derivatives gets unstructured. It
is this why it is way more convenient if we simply change the derivatives in configuration space to derivatives in label
space. The beams in label space are full of representatives for numerical derivative computations.
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4. Gather the correlation terms to time evolve in parallel to the next time step each conditional
function, using one process per ~ξj . This will be done with the necessary algorithm for an m
dimensional conditional function.

5. Go back to 1.

The derivatives this time will be required to be computed in a grid where not only the distance
between the conditional functions in the Lagrangian degrees will get irregular, but where also, the
alignment in the Lagrangian directions for the conditional functions will be distorted (as can be
understood in the Figure 19). That is, we will have a totally unstructured mesh. To solve these
derivatives:

• Fit an analytical function sum to each locality (each stencil of elements we will use to compute
the derivatives), and get their symbolical derivative. It involves all the fitting burden.

• Compute the derivatives relative to the label space, which can be chosen to be regular, as
explained in (III.e). It involves all the Jacobian determinant (or inverse Jacobian) computation
burden.

• We could chose to fix the trajectories ~y(~ξx, ~ξy, t) = ~ξy ∀t > t0. In such a case, the derivatives
would always be in a regular grid and could be computed easily with finite differences. This
would be a subtle way to turn back to the Eulerian fixed grid though, where the grid is stationary!
It is this why we said in an Eulerian grid all this parallelization was actually possible as well,
just that we needed the fluid view to realize it.

In order to have an idea of the complexity of a possible algorithm following these steps, we we will
exemplify it with the G and J correlation potential method (166), where to compute the derivatives,
we will use the conversion to label space derivatives (it would be way simpler if we just left the
trajectories still, but this way we will get a bigger picture).

Consider as we said, that we take MN−m
L trajectories, such that they discretize each Lagrangian

axis in ML different discrete points, making an equidistant regular mesh of the ~y subspace. Then,
consider we discretize each conditional function of m Eulerian dimensions in Mm

E points in Rm, also
as a regular and equispaced mesh with ME points per axis.

Lets now follow the algorithm step by step manifesting a possible complexity of each step if we
allow an arbitrary number of parallel processes. The movement of data and the management of the
processes will not be efficient at all, it is instead just intended to be illustrative:

1. Have all the MN−m
L conditional wavefunctions distributed each in MN−m

L parallel processors.

2. Make each processor compute the conditional action and C amplitudes of each wavefunction,
for which each will require in parallel O(Mm

E ) operations, since they will require to consult each
point of the conditional wavefunction O(1) times.

3. In order to compute the potentials G and J of each one of the MN−m
L conditional func-

tions, we need to compute 4 different derivatives ( ∂S∂xk , ∂2S
∂x2k

, ∂C
∂xk

, ∂2C
∂x2k

) per Lagrangian axis

k ∈ {m + 1, ..., N}. A total of 4(N − m) derivatives of the conditional functions in the La-

grangian axes are required. Since we will change them to the label space using ∂f(~x,~y,t)
∂xk

∣∣∣
~y(~ξ,t)

=∑N
j=m+1

∂f(~x,~y(~ξ,t),t)
∂ξj

∂ξj(~x,t)
∂xk

∣∣∣
~x(~ξ,t)

, we will only compute the ∂f
∂ξk

once, then we will share them for

the computation of all the Lagrangian axis xk derivatives. For the second derivatives we will
compute the derivatives of the first derivatives sequentially. We have the following tasks then:
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(a) Compute for f ∈ {S,C} the N −m derivatives
∂f(~x,~y(~ξy ,t),t)

∂ξj
. For this, notice that if we fix

all the variables except for one ξj , this defines a line in RN where we have all the necessary
function values to compute the derivative ∂

∂ξj
in each value of ξj . Let us call this line a

partial derivative beam. Then, for each value of the rest of labels and each Eulerian posi-
tion ~x, we have a different beam of these. For an intuition look at the Figures 18 and 19.
In total we have MN−m

L Mm
E beams like this one for each of the (N −m) directions ~ξj in

label space. Each beam contains all the information to compute the derivatives in a regular
equispaced grid, for any point along the beam (each point in the beam belongs to a different
conditional function). If we use for example a five point finite difference method, this can
be done by running over each beam of ML elements five times, which means O(5ML) opera-
tions. Thus, we could have in parallel O(2(N −m)MN−m−1

L Mm
E ) processes each computing

O(5ML) operations. Then in O(5ML) linear time, all the derivatives ∂f
∂ξk

at all points would
be computed for f ∈ {S,C}. Of course, to begin with this, each process that in (1) had
its conditional function would need to send all the elements to each processor that will
take care for each beam. Since each conditional function point is part of N − m beams,
2(N−m)Mm

E messages would be required to be sent, taking O(2θ(N−m)Mm
E ) time, where

θ is the average time for each number delivery.

(b) The derivatives
∂ξj(~x,t)
∂xk

would also be required to be computed. To do this, we saw in

(II.e) that we could first compute the Jacobian matrix, composed of derivatives ∂Xk(~ξ,t)
∂ξj

in label space for the trajectories, and then invert the matrix. In order to compute these
derivatives, we can do the same strategy as before (just that now we will only have a single
representative in each Lagrangian position). There are a total of O(MN−m) beams per
Lagrangian ξk, a total of O((N − m)MN−m

L ). Since they are N trajectory positions as
much, we could make one every Mm

E processes of the previous step take N of these beams.
Each would compute the derivatives in O(5NML) operations. Each process that had the
conditional functions has its own trajectory value (composed by maximum N numbers),
each has to be shared with N −m processes, meaning a messaging time of O(Nθ(N −m)).

(c) Once (a) and (b) are done, each process that in (1) had a complete conditional function,
receives the derivatives ∂S

∂ξk
and ∂C

∂ξk
at their Lagrangian position ~ξj together with each of

their Mm
E Eulerian positions ~x from processes that worked in (a). Then they also receive

a maximum of N values of ∂~x
∂ξk

for their trajectory. To receive all of this, they will require
again O(4θ(N −m)Mm

E + Nθ(N −m)) message reception time (the senders only need to
send asynchronously (N + 4)ML messages, which is less time than the reception time).

(d) Each of these MN−m
L processes has now an entire conditional wavefunction and the deriva-

tives of the conditional action and C amplitude in label space along their trajectory position.
They also have the derivative of their trajectory diffeomorphism along their trajectory po-
sition, which are a maximum of N × N numbers. They could now compute the inverse
Jacobain matrix at their trajectory’s position in O(N3) operations using the well known

Gauss-Jordan Elimination algorithm. This inverse, would grant them, the values of
∂ξj
∂xk

in

their trajectory position. With this, they would be able to compute ∂f
∂xk

in their trajectory
position for f ∈ {S,C} for all the Lagrangian xk. To do this, they would require a maximum
of N products and N sums per conditional function point. A total of O(2NMm

E ) operations.

(e) The whole (a) to (d) would be repeated to compute the second derivatives.

This would leave the computation of the derivatives in the Lagrangian spatial axes in a total of:

O(2[6θ(N −m)Mm
E + 5ML + 5NML + 2Nθ(N −m) + 2NMm

E ]) =

= O(Mm
E (N(θ + 1) + θm) +N(ML + θ(m+N)))
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4. Then each process that has a whole conditional function and the computed derivatives for its
trajectory would be able to obtain the correlation potentials G and J for its Eulerian positions.
These are ten products and four sums times (N−m) per Eulerian position. A total of O(14(N−
m)Mm

E ) operations.

5. Finally, each of these MN−m
L processes would only need to evolve one time step of their condi-

tional wavefunctions using the computed correlation potentials. Using a Crank Nicolson algo-
rithm, this would take O(Mm

E ) operations. They would then get the conditional wavefunction
at the next time step. With it, they could evolve their trajectories as well in O(1) operations.

If we consider that in reality, it was not just a conditional wavefunction per trajectory but a set of about
N/m complementary conditional wavefunctions (for instance, to allow the evolution of a Bohmian
trajectory with no further interpolation), we would just need to multiply all the computational time
by N/m and assume wherever we said there was a conditional wavefunction, that there were all its
complementary ones.

Even in this case, the total linear time that all the process would take is:

TN,m := O
(
N
(
Mm
E (N(θ + 1) + θm) +N(ML + θ(m+N)) +Mm

E + 14(N −m)Mm
E +N3

))
= (192)

= O
(
NMm

E [1 +N(θ + 1) +m(θ + 1)] +N2
[
N2 +ML + θ(m+N)

])
For this, the number of parallel processes we have used is O((N − m)MN−m

L Mm
E ), which if ML =

ME = M means O((N −m)MN ) processes.

In a nutshell, we will require exponentially more parallel processes O((N − m)MN ) to simulate
quantum systems with more dimensions N . In exchange, in terms of linear time, the simulation will
only take a polynomial time more, since TN,m only increases as O(N4) for a fixed number of Eulerian
degrees m (and leaving the rest of parameters fixed as well).

Actually, by looking at these results, we clearly see that as we increase the relative number of
Lagrangian degrees of freedom (we reduce m), we will require linearly more parallel processes, but
the effective sequential computation time will be reduced exponentially. In the limit of m = 0, we
will have the minimum effective computational time. This would be the case of the fully Lagrangian
picture. Conversely, as we increase the relative number of Eulerian degrees of freedom (increase m),
we see that the computational time will increase exponentially and we will need less parallel processes.
In the limit of the fully Eulerian Schrödinger Equation with no fluid treatment, we would have that
its computation time is exponential with dimensions O(MN

E ), but we will have enough with a single
process.

An easier algorithm would be to consider the trajectories are stationary. This would make the
Lagrangian grid regular at all times, making the derivatives computable with finite differences, without
the need for the Jacobian matrix endeavour. The conclusions would be even clearer in that case.
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What could the advantage of the Part Lagrangian Part Eulerian approach be?

Apart from theoretical considerations, we might be able to get the best of both worlds at once: the
Eulerian and the Lagrangian. It must be noted however that we would also get the worst of both
worlds at once. We would still need matrix methods like in the Eulerian frame and at the same time
we would need, just like in the Lagrangian frame, function fitting, Jacobian matrices and determinants
or infinite equation chains.

Among the relevant positive points, here are some of the most interesting ones:

• We have simple control over the parallelization-sequential computation tread-off:

– The more Eulerian degrees we consider, the smaller the space for sampling the trajectories
of the Lagrangian part will be. This means that the less conditional functions will be
required to reproduce the full functions or to achieve a certain precision in the derivatives in
Lagrangian directions. However, the more computationally complex will be the conditional
functions to evolve, so the problem gets more complex to be parallelized. In the limit, of
m = N we would recover the linear Schrödinger equation in the Eulerian frame, which
typically scales exponentially in time with dimensions.

– The more Lagrangian degrees we consider, the more trajectories we will need to reconstruct
the full functions and to get the derivatives in the Lagrangian directions. Exponentially
more in fact, since the net Lagrangian space will be a product of subspaces. However, the
conditional functions will be simpler to evolve and as the trajectories can (and must) be
computed coupled but in parallel, the more of exponential complexity we will transfer to
parallel threads. In the limit of m = 0, we recover the fully Lagrangian frame, where we
conceptually achieve the apparently highest parallelizability of the Quantum many body
problem.

• Unlike the fully Lagrangian frame, for m 6= 0, each trajectory will be accompanied by lots of
full function points (proportionally more with the amount of Eulerian degrees). Interpolating
the full function or knowing information about it would therefore be simpler. For instance, a
nearest neighbour approach would be more accurate in the reconstruction task.

• The grid is preserved in a structured manner at all times for the Eulerian degrees, while it gets
unstructured for the Lagrangian axes. If complementary conditional functions are present, there
are parts of the Lagrangian axes for one conditional function that are Eulerian for the other,
so there is always track of the function in all the extent of the simulation domain in variable
precisions.

• Fast and Slow Degrees of Freedom: conditional functions provide a natural way to treat
the slow degrees of freedom separated form the fast ones. This is the case in an atomic nucleus
relative to its orbiting electrons. It is common in molecular dynamics algorithms to consider
classical trajectories for slow parts of the quantum system while quantum wavefunctions for other
parts. The partially Lagrangian approach (which is fully quantum) could be used to improve
these methods and dress them with an ab initio look.

• It is a perfect sandbox for performing ad-hoc approximations to different degrees of freedom
in different ways, allowing us to select a subsystem m of interest and treat it as if it really had
m dimensions, without the need to directly neglect the environment. The correlation terms
separately show the effects and interactions with each Lagrangian degree axis, so we could apply
different approximations or different a priori knowledge about the correlations as a function of
the Lagrangian degree.
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IV . No Continuous Wave, just Discrete Trajectories

Writing in progress...

Meanwhile, note that there seems to be a research line that has already worked on this! One of
the first papers on this line seems to be:

Hall, M. J., Deckert, D. A., & Wiseman, H. M. (2014). Quantum phenomena modeled by interac-
tions between many classical worlds. Physical Review X, 4(4), 041013.
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