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1 Set topology

The first part of the lecture consists of a short introduction to or a

repetition of set topology.

1.1 Topological spaces

Recall that a topological space is a pair (X, O) consisting of a set X and a
system O C P(X) of subsets of X such that

e ), X € O.

e ALBEO = ANB€O,

® Ai€OVjg = U]‘e]Aj e 0.
The system O is called a topology on X and the elements of O are called
open sets.
Examples 1.1.1.

e The trivial topology: O = {0, X}.

e The discrete topology: O = P(X). Here every set is open.

Lemma 1.1.2. Let X be a set and & C P(X). Then there is a coarsest topology
Og, which contains E. This is called the topology generated by &.

There is a way to construct Og as follows: Let S be the set of all finite

intersections of sets from &, together with ) and X, so
S={Ain--nA,1neN, Ay,...A, e ufo, X},

Then Og is the system consisting of all unions of sets in S.
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Proof. Set

Og = ﬂ 0.

0o&
O topology

Then this is a topology, which is contained in every topology which

contains &.

Now for the construction. Let O’ be the system given in the lemma.
Since Og is a topology containing &, it contains S and so it contains O'.
If we can show that O’ is a topology, too, we get O’ D Og and so the two

agree.

The only point, which is not obvious, is stability under intersections. So
let A, B € O, for instance

A:U(]‘/1ﬂ'-'ﬂA]‘,nj):UA]' B:U(Bi,lm'”mBi,ni):UBi'

j€J j€] i€l i€l

with A; ;, B; ; € &. Define A; and B; as in the displayed formula. Then we

have
ANB= UA] ﬂ[UBi): UUAJHBZ
j€J i€l jej i€l
Since A; N B;is in S for all i, j, the claim follows. O

Examples 1.1.3.

e The standard topology on RR is generated by the system of open

intervals.

e The topology of a metric space is generated by the system of all
open balls.

e The discrete topology on any set X is generated by the system of
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singletons & = {{x} (X € X}

Definition 1.1.4. Let X be a topological space and A C X a subset. On A

we instal the subspace topology:
Oy = {U NA:Uopenin X}

Example 1.1.5. The topology on R is the subspace topology of R C C.

Definition 1.1.6. Let X, Y be topological spaces. The product topology
on X X Y is the topology generated by all open products, i.e. all sets of
the form U X V, where U € X and V' C Y are open sets.

Lemma 1.1.7. The open sets in X X Y are exactly the unions of open products.

Proof. This follows from Lemma 1.1.2 and the fact that an intersection of

two open products is an open product itself. O

Definition 1.1.8. A map f: X — Y between topological spaces is called
continuous, if for every open set U C Y the pre-image f~}(U) Cc X is an

open set.

Example 1.1.9. For amap f: R — IR this definition coincides with the
definition of Analysis 1, as one sees using the ¢ — 6-definition of

continuity.

If f: X— Yand g: Y — Z are continuous, then sois g o f.

Lemma 1.1.10. (a) Let Y be a space with a topology generated by a system
E CP(Y). Thenamap f: X — Y from a topological space X is
continuous if and only if f~(E) is open for every E € &,

(b) Let p1: X XY — Xand py: X XY — Y denote the projections. A map
f:Z — X XY from a topological space Z to a product space is continuous

if and only if the maps p1o f: Z — Xand py o f: Z — Y are continuous.
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(c) Let X be a topological space and A C X a subspace. Amap f: Z — A from
a topological space Z is continuous if and only if the composition

7z 1AL Xis continuous, where i: A — X is the inclusion map.

Proof. Analysis Book. O

Definition 1.1.11. A bijective map f: X — Y between topological
spaces such that f and f~!: Y — X are continuous, is called a
homeomorphism. If a homeomorphism exists between X and Y, then

the spaces X and Y are called homeomorphic.

Definition 1.1.12. Let X be a topological space. An open

neighbourhood of a point x is an open set U C X, containing the point x.

A neighbourhood of x is an arbitrary subset A C X, which contains an

open neighbourhood.

A neighbourhood basis U is a set of neighbourhoods U, such that for
every neighbourhood V of x there is some U € U, such that U C V
holds. An open neighbourhood basis is one, which consists of open

sets only.

Example 1.1.13. For x € R the set of all intervals of the form

(x -1 x+ %), n € N is an open neighbourhood basis.

Definition 1.1.14. A subset C C X of a topological space is called closed,

if its complement C° = X \ Cis open. For an arbitrary set A C X the

A = ﬂ S
SDA
S closed

closure;

is the smallest closed set containing A.

A subset D C X of a space X is called dense, if D = X.
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Definition 1.1.15. Let S C X be a subset of a topological space X. An
open set U C X, containing S is called an open neighbourhood of S. A

neighbourhood of S is a set which contains an open neighbourhood of
S.

Lemma 1.1.16. Let A C X. A given x € X lies in A, if and only if for every
open neighbourhood U of x one has U N A # (.

Proof. Let x € A and let V be an open set with V N A = 0. Then
S = X \ Vs a closed set containing A, so A C Sand thus x € S, which
means that V is not a neighbourhood of x. Therefore, U N A # 0 for

every open neighbourhood U of x.

The other way round, let x ¢ A. Then V = X \ A is an open
neighbourhood of x which does not meet A. So, if every open

neighbourhood of x meets A, we get x € A. O

* X X

1.2 Hausdorff spaces and compactness

Definition 1.2.1. A topological space X is called a Hausdorff space, if
any two points in X can be separated by disjoint open neighbourhoods,
ie., if

x # Yy = dyvcx open with ;2%,1 and UNV =0.
Examples 1.2.2. (a) A metric space is a Hausdorff space, since for x # y

in X one has r = d(x,y) > 0, so U = B,2(x) and V = B,/»(y) are

disjoint open neighbourhoods of x and y.

(b) If X has at least 2 elements, then the trivial topology on X is not
hausdorff.
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Compactness

Definition 1.2.3. Let X be a topological space and let K C X be a subset.
A family (U;)er of subsets of X is called a cover of K, if K C [,y U;. Itis

called an open cover, if every U; is open in X.

Here the case K = X is included.

Example 1.2.4. The family of all open intervals (k, k + 2), k € Z is an

open cover of R.

Definition 1.2.5. A subcover of (U;)cr is a cover (U})e;, where Jis a
subset of I. The set K is called compact, if every open cover has a finite

subcover.

Example 1.2.6. A subset K C R" is compact if and only if it is bounded

and closed.

Definition 1.2.7. A family (A;)c is said to have the finite intersection

property, if for every finite subset E C I one has (. Ai # 0.

Lemma 1.2.8. A topological space X is compact if and only if for every family

(Aj)ier of closed subsets with the finite intersection property one has

ﬂAi # 0.

Proof. Take the definition of compactness and take complements

everywhere. You end up with this lemma. O
Lemma 1.2.9. (a) A closed subset of a compact space is compact itself.

(b) If X is hausdorff, then every compact subset is closed.

Proof. (a) Let X be compact and A C X a closed subset. Let (U;);c; be an

open cover of A. Then X = (| ;¢ U;) U A is an open cover of X, hence
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has a finite subcover, so There is a finite set of indices E C [ with
X = A°U ;g Uj, which implies that A C ;g U

(b) Let X be hausdorff and K ¢ X compact. Let 2 € X \ K. By the
Hausdorff property, for any x € K there are two open sets U,, V, with

x € Uy, a € Vyand U, NV, = 0. The family (U,)xek is a cover of K, so
there is a finite subcover, i.e., there are x1, ..., x,, € K such that
KclU,U---Uly, =U. Let V=V, Nn---NV,. Then V is an open
neighbourhood of a such that KNV = (. Therefore, a does not lie in the
closure K of K. Since this holds for any a ¢ K, we have K = K, so K is
indeed closed. O

Proposition 1.2.10. Continuous images of compact sets are compact.
More precisely, let f: X — Y be a continuous map. If K C X is compact, then
the image f(K) C Y is compact, too.

Proof. Let (U;);c; be an open cover of f(K). Then ( f _1(Ui)) is a cover of

i€l

K. As K is compact, there is a finite set E C I such that K C {J;cg fH(U).
Applying f yields f(K) C ;g Ui O

1.3 Final topologies, collapsing and glueing

Lemma 1.3.1. Let X be a set and (f;)ic; a family of maps fi: Ti — X, where
each (T;, T7) is a topological space. Then there is a finest topology O on X,

making all the maps f; continuous. This is called the final topology induced
by the f;, i € L.

A subset U of X is open in the final topology if and only if all pre-images
1) are open.

1
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Proof. Define
O = {LI cX: fl._l(U) is open in T; Viel}.
Then O is a topology on X, since

° @:ﬂ—l((b)eﬂ,so@eO,
) Ti:fl.‘l(X)eTi,szEO,

¢« ALBEO = fYANB)=f(A)N f(B) € Tihence AN B € O.

1

The case of unions is treated in the same way.

Let O’ be a topology on X, such that all f; are continuous, so f;'(U) € 7;
holds for every U € O" and every i € I, then it follows O’ C O. O

Proposition 1.3.2. Equip X with the final topology induced by f;: T; — X.
Foramap ¢: X — Y one has:

¢ is continuous & for every i € I the map ¢ o f;: T; — Y is continuous.

Proof. Clear by the last lemma. O

Definition 1.3.3. An important example of final topologies is given by
quotients, i.e., sets of equivalence classes. Let T be a topological space
and let ~ be an equivalence relation on T. Let X = T/ ~ be the set of

equivalence classes, so
X={[t]:teT},

where [t] = {s €T:s~ t} is the equivalence class of t € T. One equips X
with the final topology of the projection p: T — X, p(t) = [t] and calls
this the quotient topology.
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Collapsing
Example 1.3.4. On the disk

D? = {xe R?: x| < 1
one defines the equivalence relation

X =yor
X~y ©
el = iyl = 1.

Then there are the equivalence classes [x] = {x} if ||x|| < 1 and the class
Sl = {x cR?: x| = 1}. The space ID?/ ~ then is homeomorphic to the
2-sphere § = {x eR3: x| = 1}.

Definition 1.3.5. Let more generally A C X be a subset of a topological

space and define an equivalence relation on X by
X~y & x=yorxy€A.
Write X/A for the quotient space X/ ~. One says that the subspace A is

collapsed to a point in X/A.

Glueing

Definition 1.3.6. Let A € X and f : A — Y continuous. The glueing of
X and Y along f is defined to be

X|_|Y/~,

where ~ is the equivalence relation generated by a ~ f(a) for every
a € A.
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Examples 1.3.7. (a) Let Z be a pointand let X = Y = S, then X Uz Y'is

an eight-shaped figure, i.e., two circles with a common point.

(b) Let X = [0,1] x S! be a cylinder, A = ({0} x S') U ({1} x S!) the union
of the two ends, i.e., A is the disjoint union of two circles. Let
Y=C\ (D U E), where

D={zeC:|z| <1}
E={zeC:|z-2|<1}.

Define f : A — Y by sending the first circle homeomorphically to
the boundary of D and the second to the boundary of E. Then
X U¢ Y is the plane with a handle attached.



Algebraic topology 12

2 Fundamental groups and coverings

2.1 Fundamental groups

Definition 2.1.1. We shall write

I=1[0,1]
for the unit interval. A path in a topological space X is a continuous
map y: I — X.

Definition 2.1.2. (Composition of paths) Let y: I — X and n: I — X be
paths with y(1) = 1(0), then the composition y.1: I — X is defined by

This means that the path y is run along first, then 7. Further, the reverse

path to y: I — X is defined by

7t = y(1-1)
this path runs through y, only backwards.

Definition 2.1.3. Let X, Y be topological spaces. Two continuous maps
f,g: X — Y are called freely homotopic, if there is a continuous map
h: I X X — Y, such that for every x € X one has (0, x) = f(x) and

h(1, x) = g(x).

This means that two maps are freely homotopic if one can be deformed
continuously into the other. Every map h as above is called homotopy

from f to g.

We also write hs(x) = h(s, x), thus we consider s - h; as a path in the



Algebraic topology 13

space of continuous maps.

Definition 2.1.4. Two paths y,7n: I — X in a topological space X are
called homotopic with fixed ends or just homotopic, if no confusion
arises, if there is a homotopy & from y to 1, such that it fixes the ends,

i.e., for every s € I one has
h(t,0) = y(0), h(t1) = y(D).
This in particular implies that y and 1 share the same endpoints.

homotopy of paths
Y

If a path y in X is homotopic to a constant path n(t) = p, then one says
that y is nullhomotopic.

Proposition 2.1.5. Let X be a topological space.

(a) Homotopy with fixed ends is an equivalence relation on the set of paths in

1" 144

X. We write this relation as “~".
(b) If y = y" and n = n’ and further y(1) = 1(0), then we have y.n =~ y'.1’.

(c) If y,n, T are paths in X with y(1) = n(0) and n(1) = 7(0), then one has
(yn).t = y.(n.10).
(d) If c is a constant path c(t) = p, then one has

ne=n und ct=1
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for all paths n and © with n(1) = p = 7(0).

(e) If y is an arbitrary path in X, then .y is nullhomotopic.

Proof. (a) Every path y is homotopic to itself via h(t,s) = y(s). If his a
homotopy from y to 1, then k(t,s) = h(1 — t,s) is a homotopy from 7 to y.
Finally, let 1; be a homotopy from y to n and h, one from 7 to 7, then

hi (24, s 0<t<i,
h(t,S) _ 1( ) 2
h(2t—-1,5) 3<t<1,

IA

is a homotopy from y to .

(b) Let h; and h; be the respective homotopies. Then

hi(t,2s) 0<s
h(t,s) =
hz(t, 25 — 1)

IA
—_ NI

4

<S§

IA

1
2
is a homotopy from y.n to y'.17’.

(c) The path (y.n).7 runs through y in the first quarter of the unit

interval, in the second, it runs through 7 and in the second half through

7. These intervals have to be moved. So one defines a homotopy & from

(y-n).7 to y.(n.7) by

y(ﬁ—sl) 0<s<il
ht,s)={n@s—t-1) 2l<s<t2
T(%) B2 <5<,

The following picture shows the domain of h.
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(d) The path 1.c is constant in the second half of the interval I. Then

2s t+1
h(t, s) = 1(E5) 0sss<

p Hl<s<i

is a homotopy from 7.c to 1. The other case is treated in the same

fashion.

(e) In this case one gets a homotopy by running through y not
completely to the end, but reversing earlier. More precisely we get a

homotopy by

IA
IA

L
. ~N

s

y(2(1 — t)s) 0

h(t,s) =
(s y(Z(l—t)S—l) 1<s

IA

Definition 2.1.6. If xj is a point in X and G(x) is the set of all closed
paths in X with end-point x(. Further let

11(X, x0) = G(xo)/ =

be the set of homotopy-classes (with fixed ends) in the endpoint x. The

proposition implies, that the composition

[¥1[n] = [y.1]
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on 111(X, x¢) is well-defined and turns 71(X, xp) into a group. The neutral
element is the class of the constant path and the inverse of a class [y] is

[’]. This group is called the fundamental group of X.

Definition 2.1.7. A space X is called path-connected, if any two points
can be connected by a path, i.e., for any two x, y € X there exists a path

y with y(0) = xand (1) = y.
Lemma 2.1.8. A path-connected space is connected, i.e., If X = U LIV for
two open sets U, V, then either U = @ or V = 0.

Proof. Analysis 2. O

Lemma 2.1.9. Let X be a path-connected space. Then for any two xg, x1 € X,

the groups 11(X, xo) and 11(X, x1) are isomorphic.

Proof. Let y be a path from x( to x;. Then the map
¢y : (X, x0) = (X, x1), given by

Oy ([n]) = [y.n.y]

is a group homomorphism. The inverse map is ¢y. O

Notation. If the base-point xy is fixed, or if X is path-connected, we

shall often write 7t1(X) instead of m1(X, xp).

Note that in the path-connected case, the group does not depend upon
the choice of a base point. So, as long as assertions about the group
structure are concerned, like 711(X) = Z, the base-point doesn’t play a

role anyway, so it can very well be left out of the notation.

Lemma 2.1.10. Let the spaces X, Y be homeomorphic. If X is path connected,

then so is Y and the fundamental groups of X and Y are isomorphic.
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Proof. Let ¢p: X — Y be a homeomorphism and let y, " € Y. Let y be a
path connecting x = ¢~'(y) and x’ = ¢~ 1(1’). Then the path p o
connects y and y’. Further, y = ¢ o y induces an isomorphism

m1(X, x0) = 11(Y, yo), when 1y = p(xo). O

Example 2.1.11. Consider the space X =T = {z eC:lz| = 1} ~ S!. Then
we have
711(X) = Z.

For z = 1 an isomorphism Z — m1(X, 1) is given by

k = [yl

where y(t) = €™,

We will only sketch a proof, as this assertion follows easily from coming
sections. Consider the map 7t: R — T; t — €™, A continuous map

y: I — T with y(0) = (1) = 1 can, in a unique way, be lifted to a
continuous map 7: I — R with 7(0) = 0, such that y = m o y. The map

y = 7(1) is an inverse to k — [y«].

Definition 2.1.12. A space X # 0 is called simply-connected, if

e X is path connected and
e the fundamental group m;(X) is trivial.

Definition 2.1.13. A subset S C IR" is called star shaped if there exists a

point sg € S such that for any point s € S the line segment
{(1—t)50+ts:tel}

is contained in S. Any such sy is called a central point of S. This in

particular means that S is path connected.
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Lemma 2.1.14. Let n € IN. Any star shaped subset of R" is simply-connected.
Ifn > 2, then S" = {x c R : x| = 1} is simply-connected.

Proof. Let S C IR" be star shaped. Translating S we can assume that

so = 0 is a central point. Let y : I — S be continuous with

y(0) = (1) = 0. Then k(s, t) = (1 — s)y(t) is a homotopy with fixed ends
from y to the constant path 0.

For §", let N be the north pole N = (1,0,...,0)" in S". WLOG we assume
p # N. Every closed path y with endpoint p is homotopic to a path
avoiding N: To see this, let B be a small open ball around N, such that

p ¢ B. Then y~1(B) is an open subset of the interval (0, 1). Hence it is a
disjoint union of its connected components, which are open intervals.
Let | = (a,b) be one such component. This means that y(t) enters B at

t = a and leaves it at t = b. The closure B is simply connected, hence
V|[a,p] can be homotoped with fixed ends to a path avoiding N. This
construction can be done simultaneously with all connected
components of y~!(B) to end up with a path homotopic to y, avoiding

N. So we can replace y with that graph and assume that y avoids N.

The stereographic projection maps 5" \ {N} homeomorphically to R".
In the latter, y is homotopic to a constant path, so the same holds in
s". O

Lemma 2.1.15. Let X be simply-connected and let p,q € X. Then any two
paths y and T from p to q are homotopic with fixed ends.

Proof. One has
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2.2 Coverings

Definition 2.2.1. A covering of a space X is a continuous map
p:E— X,

such that for every point x € X there exists an open neighbourhood U

with the property that
p _1(u) = I_I Vd/

deD
where D is a fixed index set and each V; is mapped homeomorphically
to U.

A neighbourhood U of x with this property is called a trivialising
neighbourhood.

An example of a covering of the circle S! is depicted here:

Locally, a covering looks like this:
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I

Definition 2.2.2. Let p : E — X be a covering and x € X. The cardinality
of p~1(x) is called the local degree at x. If the degree is the same for all
x € X, we call it the degree of the covering p.

Examples 2.2.3. (a) The trivial covering p; : X XD — X.

(b) The map p : T — T given by p(z) = z* is a non-trivial covering of
degree 2.

27it

(c) Themap p: R — T, given by t = ¢”™ is a non-trivial covering of

degree co.

Remark 2.2.4. A covering p : E — X is a local homeomorphism, i.e., for
every e € E there exists an open neighborhood V such that p(V) is open

in X and Ply : V — p(V) is a homeomorphism.

Definition 2.2.5. A homomorphism of coverings from E — X to F — X

is a continuous map ¢ : E — F such that the diagram
E—Y F
X
commutes. If no confusion occurs, we call such a map a continuous map

over X, or an X-map. An isomorphism is a homomorphism ¢ : E — F

which is bijective, such that the inverse map is a homomorphism, too.
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Definition 2.2.6 (Lift). Let p : E —» X be a covering and let f : S — X be
a continuous map. A continuous map f : S — E such that f = po fis

called a lift of f to E. A lift does not necessarily exist.

Lemma 2.2.7 (Lifting of paths). Let p : E — X be a covering. Let y : I — X
be a continuous map and let x = y(0). Then to every e € p~1(x) there is exactly
one lift y, : I = E of v, such that 7,(0) = e.

Proof. y maps some small enough interval [0, ¢y) into a trivialising
neighbourhood U of xy. The homeomorphism U = V,; with the
component containing e allows for a lift of |+, that maps 0 to e. This
lift is unique, as the connected set [0, fy) can only be mapped into one
component of the trivial covering p~'(U). Let s be the supremum of all ¢
such that there exists a unique lift n of y|j0,q with 17(0) = e. Then on [0, s)
there exists a unique lift. On a trivialising neighbourhood of y(s) this
unique lift can be uniqgely prolonged to [0, s] and beyond s if s < 1, the
latter case contradicting the maximality of s, whence s = 1 and the claim

is proved. O

Lemma 2.2.8 (Lifting of homotopies). Let h : I* — X be continuous, let
x = h(0,0) and p : E — X a covering. Then for each e € p~1(x) there exists a
unique lift h of h with h(0,0) = e.

Proof. By the last lemma, there is a unique lift of t - h(0, t). Let s; be the
supremum of all s € [ such that there is a unique lift on [0, s] X I. We
want to show that s; = 1, so we assume the contrary. Then there is a

unique lift on [0, s1) X [0, 1].xxx For each 0 < t < 1 there exists an open
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ball V; c [0, 1]? around the point (s1,t), which maps into a trivialising
neighbourhood of h(sy, t), so that the lift can be extended to

[0,51) X [0,1] U V,. The intersections of the V; with the line {s1} X [0, 1]
form an open cover of the compact line, hence finitely many V,...,V,
suffice. The union V; U --- U V, contains a small strip around the line,
and we can extend the unique lift to that strip and we get a
contradiction to the maxilamity of s;. Hence s; = 1 and the lemma is

proven. a

2.3 The universal covering, uniqueness

Theorem 2.3.1. (a) Let p : E — X be a coveringand let f : S — X a
continuous map, where S is simply-connected. Let sy € S and let
xo = f(so) € X. Choose a point e € E, with p(e) = xo. Then there exists
exactly one lift f of f to E with f(so) = e. If f is a covering, then the

map f is a homomorphism of coverings.

(b) If X has a simply-connected covering, then it is uniquely determined up
to isomorphy. We call it the universal covering and write it as
X - X
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Proof. (a) Let s € S and fix a path y, in S from s to s. Define

£(5) = (f o 7),(1)-

That means, we first map ;s to X, then lift it to E and then we evaluate at
1. We need to show that the value f~ (s) does not depend on the choice of
the path y. Let n be another path from sy to s. As S is simply connected,
there is a homotopy with fixed ends / between the two. This homotopy
can uniquely be lifted and the lift gives a homotopy with fixed ends
between the lifts 7 and 7}, so the endpoints of the lifts coincide.

Since p is a local homeomorphism, the map f is continuous. The lifting
property follows by construction. The uniqueness is clear as a given lift

from S to E must map the path y; to the unique lift of f o y,.

(b) Let pr : E — X and pr : F — X be two simply-connected coverings,
lete € Eand f € F. By part (a), there are uniquely determined
X-homomorphisms i : E = Fand ¢ : F — E with i(e) = f and ¢(f) =e.
Then ¢ o ¢ is the uniquely determined continuous X-map E — E

mapping e to e. Therefore ¢ o ¢ = Id. Similarly we get 1y o ¢ = Id. O

Corollary 2.3.2. If X is simply-connected, then every covering is trivial.

Proof. Let X be simply-connected and p : E — X be a covering. Let
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eo € E and xp = p(ep). By the theorem, the identity map X — X has a
unique lift to a continuous map f,, : X — E with f, (xo) = ep. Let
D = p~(xp) and define

¢:XXD—E, o¢xd) = fax).

This map is surjective, since for e; € E we can apply the same
construction and obtain a unique continuous map f,, : X — E with
fe,(x1) = €1, where x1 = p(e1). For dq = f,,(x0) the uniqueness implies that
fe, = fa, and so

P(x1,dr) = fa,(x1) = fe,(x1) = er.

Similarly, one sees that ¢ is injective. For each d € D the map ¢(-,d) is a
homeomorphism onto its image, as p is an inverse. Since the topology
on X x D is generated by the open sets in each sheet, the map ¢! is

continuous. Therefore, ¢ is an isomorphism of coverings. O

Definition 2.3.3. A space X is called locally path-connected, if every

point possesses a path-connected neighbourhood.

Remark 2.3.4. Some authors would call a space locally path-connected,
if every point possesses a neighbourhood base consisting of

path-connected open neighbourhoods.

Lemma 2.3.5. A connected space X, which is locally path-connected, is

path-connected.

Proof. Let x € X. Let W(x) be the path-component of x, i.e. the set of all

y € X such that there exist a path from x to y. If y € W(x), then

W(x) = W(y). We claim that W(x) is open. So let y € W(x) and let U be a
path-connected neighbourhood of y. Then U C W(y) = W(x) and hence

W(x) is open. Now X decomposes into its pairwise disjoint
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path-components, which are open. As X is connected, there is only one

path-component. O

2.4 The universal covering, existence

Definition 2.4.1. A space X is called locally simply-connected, if every
point has a simply-connected open neighbourhood.

Example 2.4.2. An example of a non-locally simply-connected space X
is the Hawaiian Earring. Let K, C C be the circle of radius 1 around the
point 1 and let X = [J;_; K,.. Then no open neighbourhood on the point

0 is simply-connected.

Theorem 2.4.3. Let X be connected and locally simply-connected. Then X
has a universal coveringp : X — X.

The fundamental group T = 111(X) acts by homeomorphisms on X, such
that X = T'\X. For every connected covering E — X there is a subgroup T
of T, such that E = £\X.

Proof. The construction of X is simple: choose a base point xy € X and

define X as the set of all paths 7 with start point xp modulo homotopy
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with fixed ends. The projection p : X — X is given by

p([]) = =(1).

The fundamental group I' = 711(X, xo) acts on X by

[yllz] = [y.7]

for [y] € T and [1] € X. We give a topology on X as follows: Let [t] € X
and x = 7(1). Choose a simply-connected open neighbourhood U c X
of x. For every y € U choose a path o, from x to y, which runs inside U.

Then o, is uniquely determined up to homotopy with fixed ends. Let

~ ~

U=Uy = {[T.Gy] Ty € U}

X0

Then p|; is a bijection I — U. On U we instal the topology induced by
this bijection. Then we equip X with the topology generated by all open
sets in all U found in this way. Then p|; is a homeomorphism. We claim
that

For this let [n] € p~1(U) and write u = 1(1), then [.5,] € p~1(x) and the
above construction applied to [1.5,] yields copy Uy, s,] which is mapped
to U homeomorphically. It remains to see that any two Uj,; are disjoint.
For this let [v] € Uy N Uy = 0. Then u = v(1) € U and v.0;,(1) = x.
Thenv.o;!is homotopic to T and also to a, hence [a] = [7]. Therefore p

is a covering.



Algebraic topology 27

It remains to show that X is simply-connected. For this let o be a closed
path in X with start point %, where ¥ is the class of a constant path in X
with endpoint xg € X. Then o is the unique lift of the path p o o starting
at Xp. On the other hand, the class of p o ¢ is an element of X projecting
onto xy. Let 7; be the path s = p o o(st). Then t  [1,] is a path,
connecting ¥ to [p o o]. This path T : t + [7,] is a lift of p o 0 with

T(0) = Xy, so uniqueness implies T = o. Therefore

%o = 0(1) = T(1) = [11] = [p o o]. This means that p o ¢ is homotopic to
the constant path and the corresponding homotopy lifts to a homotopy
of o to the constant path in X. O

27t

Examples 2.4.4. (a) The map R — T given by t — ™ is the universal

covering of T = S'.
(b) R" — R"/Z" is the universal covering.

(c) We write R* for R \ {0} Let n > 2 and let P*(IR) be the n-

dimensional projective space, i.e.:
P"(R) = (R™ \ {0}) /1Rx ="/ +1,

Then p : S" — IP*(IR) is a double covering and since S" is

simply-connected, it is the universal covering.

* X X

2.5 Computation of the universal covering

Definition 2.5.1. A group action of a group I' on a set M is free, if for

every m € M and every y € I' one has

ym=m = y=1,
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This means that all stabiliser groups are trivial.

Definition 2.5.2. Let Y be a topological space. A group I' acts
discontinuously on Y, if every point y € Y has an open neighbourhood
U such that

yunu+0 = y=1L

If T" acts discontinuously, then it acts freely.

Remark 2.5.3. Other sources use different definitions. Our definition of
discontinuous action would, at most places, correspond to properly

discontinuous and free.

Definition 2.5.4. We say that a group I acts by continuous maps on a

space X, if for every y € I' the map x — yx is continuous.

Lemma 2.5.5. Let G be a finite group acting by continuous maps and freely on

a metric space (X, d). Then it also acts discontinuously.

Proof. Assume not. Then there exists a point x € X, such that for every
U, = By/u(x), n € IN there is a g, € G with g, # 1 and g, U, N U, # 0.
Since G is finite, one can assume g, = g for a fixed ¢ € G. This means
that for every n there are x,,, y, € U, with x,, = gy,. The sequences x,
and y, both converge to x, so by continuity we get gx = x.

Contradiction! m|

Definition 2.5.6. A group I acts transitively on a set M, if the set M
consists of one orbit only, i.e., if

mneM = dyel :ym=n.

Definition 2.5.7. Let X be path connected and p : E — X a covering. A

deck transformation is a homeomorphism d : E — E, such that the
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diagram
r— 4 .
P\, %
X

commutes. Let D(p) denote the group of all deck transformations.

Theorem 2.5.8. (a) Let X be path-connected and p : E — X a covering. If
E is path-connected and d a deck transformation with d(e) = e for one
e € E, then d = Idg. In particular we get: If p is the universal covering,
then D(p) = m1(X).

(b) If a group I acts discontinuously by continuous maps on a space Y,
then the map 7 : Y — I'\Y is a covering and the action induces an

isomorphism I' = D(m).

If moreover, Y is simply connected, then Y is the universal covering of
T\Y, ie., we have Y = X with X = T\Y, as well as T = 111(X).

Proof. (a) Let d(e) = eand let f € E. Then there is a path a from e to f in
E. Lety = p o a. Then «a is the unique lift of y to E with a(0) = ¢, so

a = V,. On the other hand, d o a also is a lift of y with

d o a(0) = d(a(0) = d(e) = e. Therefore, d o @ = @ and thus

d(f) =doa(l) = a(l) = f, this means that d = Id.

If p is universal, then I' = 71 (X, xp), with xo = m(e), acts discontinuously
on X by deck transformations, so I' < D(p). The group I acts
transitively on the fibre F = p~(x)). So let d be a deck transformation
and e € F. Then there is y € T with d(e) = y(e), so y1d(e) = e and thus
yld=1dory=d.

(b) Let I act discontinuously on Y. We show that the projection
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n:Y — X :=T\Yis a covering. For thislet x e I'\Y, say x =I'y. Let V be
an open neighbourhood of y withyVNV #0 = y =1. Then U = n(V)

is an open neighbourhood of x and the diagram

' (U) = L, yV——"——VxI =UXT

\ /
u
commutes. This means that 7 is a covering. As the action of I' is free, it
induces an injective group homomorphism I' = D(m). Let iy € Y and
let xp = m(yo) in X. The D(mt)-orbit D(n)yy is a subset of the fibre t1(xy),
which equals the I'-orbit I'yy. For given d € D(mt), one thus gets y € I’
with dyo = yyo, hence d1yy, = yo, so d = y by part (a). This means that

I' equals the group of deck transformations D(r). O

2.6 The Seifert-Van Kampen Theorem

Proposition 2.6.1. The fundamental groups of C*, T and
D* ={z € C: 0 < |z| < 1} are isomorphic to Z.

Proof. Let y be a closed path in C* with endpoint 1. Then (s, ) = ; ;((tt))ls is
a homotopy with fixed ends to a path in T. We get isomorphisms

11 (C*) =2 711(T) = 711 (ID*). One has T = R/Z, and since Z. acts
discontinuously on the simply-connected space R, the fundamental

group is Z. O

Definition 2.6.2. Let G,H,L be groupsandlet¢ :L - G,y : L - H

group homomorphisms. Then the amalgam

Gx  H
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is defined as the set of all finite tuples or words of the form

(x1,x2,...,x,) with x; € G U H modulo the following reduction rules:

@ (..,xy,...)=(..,xy,...),
if x, y both lie in G or both lie in H, and

b (...x,Ly...)=(C..,.x,y,...)
where 1 is the neutral element of either G or H. Likewise

(1,x,...)=(x,...), (..,x,H)=(..,x).
Finally,
@ (..,0(x),...)=(..,¥(x),...)

for every x € L.

More precisely, we have

G*. H= (O(GUH)"]/~,
k=1

where ~ is the equivalence relation generated by (a),(b) and (c) above.

31

In the special case L = {1} one writes this group as G x H and calls it the

free product of G and H.

Remark 2.6.3. (i) The composition

(x1/°°°/xm)(y1/--°/yn) = (xl/“-/xTrI/yl/*"/yn)

turns G %1, H into a group. The (class of) the tuple (1) is the neutral

element.

(ii) The map x + (x) is a group homomorphism s¢ : G — G %, H and

likewise for H. The group G % H is generated by the images if
these two homomorphisms.
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These homomorphisms are not necessarily injective. For instance,
it G=Land ¢ =1d, as well as H = {1}, then G x; H = {1}.

Examples 2.6.4. (a) Z x Z = F, is called the free group in two
generators. More gerenally, there is an obvious group-isomorphism
(G x H) % L = G % (H % L) for arbitrary groups G, H, L and the group
F,=Z % Z % --- % Z with n copies of Z is called the free group in n

generators.
(b) If L = H and ¢ = Id, then G *y H = G, no matter, what ¢ looks like.

Proposition 2.6.5 (Universal property of the amalgam). The diagram

Gx. H
N
G H
'X /
L

is commutative and for every commutative diagram of group homomorphisms

GVZYH
N
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there is exactly one homomorphism 1 : G % H — Z, such that the diagram

o B
H

G /
X /
L
commutes.

Proof. Let n(g1, M, ..., §n, hn) = a(g1)B(h1) - - - a(gn)B(hy). The

well-definedness and the universal property are easy to check.

Theorem 2.6.6 (Seifert-van Kampen). Let X = U U V with open sets
U, V, such that X, U, V,U NV # 0 are path connected. Then

11(X) = i (U) *m,unvy (V).

Proof. Choose a base point xo € U N V. The maps in the diagram

711(X) .
P
i1 (U) 11 (V)

S~ A

ﬂl(u N V)

are induced by inclusions. By the universal property of the amalgam

there is a homomorphism 7 : 771 (U) *,wnvy T1(V) — 71(X) such that



Algebraic topology 34

and p factors through . We want to show, that 1 is an isomorphism.

Surjectivity: We need to show, that every closed path y in X is homotopic

to a composition of paths lying entirely inside U or V respectively.

The following picture shows the idea.

),

We cover the unit-interval [0, 1] with the connected components of

y~1(U) and y71(V). As [0, 1] is compact, finitely many suffice. This
means, that there are numbers 0 =ty < --- < t, = 1, such that, say,
V([tak, tak+1]) € U and y([t2x+1, tax+2]) € V holds for all k. This means that
y is homotopic to a path y = y1.y2.- -+ .Yy, such that y; Cc U, y» C V and
so on, where all endpoints liein UN V. Let; beapathinU NV,

connecting xo to y1(1). Then

Y = 7/1.1];1.1]1.)/2 ..... Vn

and y1.17! is a closed path with endpoint x, which lies in U entirely.

Next let 1, be a path connecting x( to y,(1) inside U N V. Then

Y = 7/1.171_1.1)1.)/2.1751.172.7/3 ..... Vn

and 1.y,.1171 is a closed path in V. One repeats this construction to get

Yy =07..... 0, with closed paths o}, each of which lies in U or in V.

Injectivity: We write G = my(U), H = my(V)and L = my(U N V). We
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further write G and H for the images in 71(X). Let f = [(fi, ..., f,)] be in
G %1 H and let [y] be its image in 71(X). We need to show that

y=1l = f=1

So let’s suppose that y is nullhomotopic in X. Leth : [0,1] X [0,1] — X

be a homotopy from y to the constant path x.

Covering the compact square [0, 1] X [0, 1] by connected components of
h=Y(U) and h='(V), one sees that there are 0 = sy <s; <--- <5, = 1 and

0=ty <t <---<t, =1, such that every product
Rij = [si1,8i] X [tj-1, ti]

for1 <i<mand1 < j<neither lies in h1(U) or in K~ 1(V).

9 11011112
51678
112 (3] 4

We number these products as indicated in the picture, where we
assume that # maps the right and the left side of the square to xy, which
means that the paths run from the left to the right. If ¢ is any path
inside [0, 1] X [0, 1], running from the left side to the right, then h oo is a
closed path in X with endpoint xy. The path y is given by h restricted to
the bottom of the square and the top of the square gives the constant
path. Note thaty = (ho ay)..... (h o a,), where the «; are the lower sides

of the boxes in the bottom row. Each h o & j lies in G or in H.

Let 0, be the path in [0, 1] X [0, 1], which divides the first r rectangles
from the others. In the picture you see o¢ in red. Then oy is the ground

line and o, the top line. We have h o 0y =y and h o 0, = X9. Now
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h o 0,41 differs from h o o, by a homotopy on a sub-path which lies
entirely in U or entirely in V, which accordingly means a corresponding
relation in G or H. We extend this homotpy by constants to X to get
hoy, ~hoy, and the theorem follows. O

Theorem 2.6.7. Let ay, . .., a, be distinct points in R2. Then
nl(Rz N {all s /an}) = Fl’l/

the free group in n generators.

Proof. The space R? has a covering by open sets Uj, ..., U, such that
every U; contains exactly one of the points 4y, ..., a,, the set U; is
simply-connected and (U; U - - - U Ug) N Ugy is simply-connected. Let
Vi=U;j~\{ay,...,a,}. Then we have (V) = Z and

(ViU U Vi) =2 (Vi U--- U Vi) x 11(Vis1) and so, by induction

771(IRZ\{al,...,an}) =xm(Vy) % *m(Vy)=2Z x---xZ =F,. O

2.7 Homotopy Equivalence

Definition 2.7.1. Two continuous maps f, g : X — Y are called freely

homotopic or just homotopic, if there is a continuous map
h:[0,1]XxX—>Y

with
h0,x) = f(x), h(1,x)=gx)
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for every x € X. Wie write this as f ~ g.

For any two spaces X and Y write [X, Y] for the set of homotopy classes

of continuous maps f : X — Y.

Examples 2.7.2. (a) Every path is freely homotopic to the constant path.

To see this, let y : [0,1] — X be a path. Then h(s,t) = y((1 —s)t) is a
homotopy to the constant path with value y(0).

b) The inclusion ma : 1 — C* is not homotopic to a constant map.
P P P

Definition 2.7.3. A continuous map f : X — Y is called a homotopy

equivalence, if there exists a continuous map g : Y — X with
fog ~Idy und gof ~ Idx.

If there exists a homotopy equivalence between two spaces X and Y,

then X and Y are called homotopy equivalent and we write X ~ Y.

Examples 2.7.4. (a) If X and Y are homeomorphic, then they are

homotopy equivalent.

(b) R" is homotopy equivalent to the point, as the map ¢ : R" — R",
x + 0 is homotopic to the identity map by the homotopy

h(s, x) = sx.

Definition 2.7.5. A space X, which is homotopy equivalent to a point is
called contractible. This means, there exists a pointp € X and a
homotopy & : [0,1] X X — X such that

h(0,x) = x and h(l,x)=p

for every x € X. This homotopy / is called a contraction.
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Let f : X — Y be a continuous map of path connected spaces. We define

the map
fe r (X, x0) — (Y, f(x0))

by
flyl=1[foyl

This map is well-defined, since y ¥ 7 = f oy = f o 1. Further one has

[fo(y-DI=1(fop).(for)]
so that the map f. is a group homomorphism.

Recall that every path 1 from yy to y; in a path-connected space Y

induces an isomorphism

617 : nl(yll Y) i) nl(y()/ Y),
[yl [n.yal

Lemma 2.7.6. Let X, Y be path-connected and f, g : X — Y be homotopic.
Then there exists a path 1 from f(xo) to g(xo) such that

f*zenog*,

In particular, it g. is an isomorphism, then so is f.. The path 1 can be chosen as

n(t) = h(t, xo) for any homotopy h from f to g.

Proof. Let h be a homtopy from f to ¢ and define n(t) = h(t,xp) € Y. Let
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y € G(xp) be a closed path in X with endpoint x. Define

H:[0,1?->Y,
(35, ) 0<s<%
H(t,s) = 1h(t,y(33)) 4<s<1-4
h(3-3s,x) 1-f{<s<1

One checks that H homotopes f o y to 0.(¢ o ).6 with fixed ends.

Below is a picture, that shows how H moves f oy to 1.(g o y).1}.

= 303»

1
//[\ai Lot £

Here’s a sketch of the domain of H(s, t):

39
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s hit,y)

U
\
/

n

Theorem 2.7.7. If two path-connected spaces X and Y are homotopy
equivalent, then
7T1(X) = 7T1(Y).

Proof. Let f : X — Y be a homotopy equivalence with homotopy
inverse ¢ : Y — X. Then (g o f). = g. o f. is homotopic to the identity.
Since Id. is the identity on the fundamental group, hence an

isomorphism, the claim follows from the lemma. O

Definition 2.7.8. Let A C X be a closed subset of a topological space X.
The set A is called a deformation retract of X, if there exists a

continuous map h : [0,1] X X — X, called a deformation, such that

h(0,x) = x x € X,
h(l,x) e A x € X,
h(t,a) =a ac€A.
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Note that the map g: X — A, g(x) = h(1, x) has the property g|a = Ida.
Such a map is called a retraction.

Examples 2.7.9. (a) S!is a deformation retract of C \ {0}. A

Z

deformation is given by h(s, z) = B

(b) The Sphere S" is not a deformation retract of the closed unit Ball

Bn+1 C ]Rn+1.

Proof. We use Brouwer’s Fixed Point Theorem (Analysis): Every
continuous map f : B"™*1 — B"*! has a fixed point. So assume there is a

retraction map ¢ : B"*1 — S§". Let
f : Bn+1 — Bn+1’ f(X) — _g(x)

Then f has a fixed point xo. As f(B"*) c S", we get xo € S".
Therefore

xo = f(x0) = —g(x0) = —xo,

which is a contradiction! m|

Proposition 2.7.10. If A is a deformation retract of X, then the inclusion map
f + A — Xis a homotopy equivalence. A homotopy inverse is any retraction

map g(x) = h(1, x), where h is a deformation.

In particular, if X is path-connected, then so is A and we have
7'(1(X) = ﬂl(A).

Proof. Let h be a deformation and set ¢ : X — A, g(x) = h(1, x). Then
go f=1Idsand f o g = g is homotopic to Idx via h. O
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3 Manifolds and cell complexes

3.1 Manifolds

Definition 3.1.1. A space X is called locally euclidean of dimension 7,
if every point x € X has an open neighbourhood U, which is
homeomorphic to R". A manifold is a locally euclidean Hausdorff

space whose topology is countably generated.

Examples 3.1.2. (a) R", §", R"/Z".

(b) Mobius band.

Definition 3.1.3. A surface is a 2-dimensional connected manifold.

Examples 3.1.4. (a) The torus R?/Z>.

(b) The projective plane P?(R) = §?/+1.

(c) There are locally euclidean spaces which are connected, but the
topology is not countably generated.
The famous example is the long line. The construction uses

transfinite induction and needs a bit of preparation.

Definition 3.1.5. A well-ordering on a set M is a partial order <
such that every subset ) # S C M possesses a smallest element, i.e.,

there exists sy € S with sy < s for every s € S.

The natural numbers with there natural order are well ordered, the

set Z. is not.

With Zorn’s lemma one shows that every set X possesses a

well-ordering.

A well ordering is always linear. For any two linearly ordered sets
A, B let A.B be the disjoint union A LI B, which is linearly ordered by
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extending the orderings on A and B and insisting that a < b for all
a€AbeB.

So let < be a well ordering on some set € of the cardinality of P(IR).
For w € Qlet T, = {n > w} and let A be the set of all w € ) such that
T, is finite. Then A has a smallest element 4y and by linearity of the
ordering it follows that A = T, is finite. We remove this finite set

from Q) and thus we can assume that (Q has no maximal element.

Let wo be the smallest element of (). For every w € Q there is a
smallest 1 € QQ with 1 > w. In this case we write w + 1 = 1 and we
call 17 the successor of w. We also write w +2 = w + 1+ 1 and so on.
Then the set N = {w + n : n € N} is a copy of IN with the natural
order inside Q. This copy N divides € in three parts (2 = A.N.B.

If A € Q) is not the successor of any other element, we call A a limit
number. Note that if A is a limit number and w € Q with w < A,
thenw +1,w +2,--- < A as well. We say that w € () is a countable
element, if the set S, = {y € QO : y < w} is countable. There is a

smallest uncountable element A, which must be a limit number.

We construct a family of linearly ordered sets as follows. Let L, be
the open unit interval. For every w < A4, for which L,, is already

defined, let L,,+1 be L,,.[0, 1). For every limit number A < A; one sets

L= ULw.

w<A

Then the long line is defined to be L = L,,. We equip L with the
order topology, i.e., each open set is a union of open intervals (w, 7)
with w < tin L. We can view S,, as a subset of L by identifying w
with the element 0 in L, 41 = L,.[0,1). Then I, = (v, w + 1) is
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homeomorphic to (0, 1) and

L=$yu| | L.

w<Aq

We now claim:

(a) Lis locally euclidean.

(b) L is connected.

(c) The topology of L is not countably generated.
(d) L is not separable.

A topological space is called separable if it contains a countable

dense subset.

Proof. (a) For this we claim that for every countable w the set L, is
order-isomorphic (and hence homeomorphic) to (0, 1). For this,
assume the contrary. Then let w be the smallest countable element
such that L, is not order-isomorphic to (0, 1). If w is a limit number,
then L, = (., L is an increasing countable union of open intervals
isomorphic to (0, 1), and thus it is isomorphic to (0, 1) itself,
contradiction!. If otherwise w =+ 1, we have L, = L,.[0, 1) and
this is order-isomorphic to (0, 1), too. Contradiction! Now letx € L,
then there is a smallest w such that x € L,,. This w cannot be a limit
number, because then w would have appeared earlier. Hence w # A4
and so w is countable. But then L,, = (0,1) and so L is locally

euclidean.

(b) We have that L = | ., L, is an increasing union of spaces L,
each of wich is homeomorphic to (0, 1) and thus connected. This

implies that L is connected.

(c) and (d) Let & be any generating set for the topology on L. Then

we show that & is uncountable. For this we can replace & by the set
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of finite intersections of elements of & and thus assume that & is
closed under finite intersections. Then every open set is a union of
elements of &. So in particular, every interval of the form (w, w + 1),
@ < Ay contains a non-empty element E,, of &. Since the intervals
(w,w + 1), w € S), are pairwise disjoint, we get an injective map

Sy, — & w - E,. Since Sy, is uncountable, hence so is &.

Next, any dense subset D must contain an element d,, of (v, w + 1)
and then w - d,, is an injection S,, < D and thus D is

uncountable. 0

Definition 3.1.6. Let S be a surface. You can attach a crosscap to S in the
following way: You cut out an open disk and then you identify

opposite points on the boundary:.

Theorem 3.1.7. Every compact surface S is exactly one of the following:

(a) A sphere S*> with g handles attached. The number ¢ > 0 is called the
genus of S.

(b) A sphere with h crosscaps. The number h > 1 is called the

(non-orientable) genus of S.

the ones under (a) are the orientable surfaces, where the ones under (b) are

non-orientable.
One can replace (b) with

(b’) () If hisodd: A real projective plane P with (h — 1)/2 handles

attached to it, or

(ii) If his even: A Klein bottle with (h — 2)/2 handles attached to it.
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Proof. Omitted. O

3.2 Cell complexes

Definition 3.2.1. Let X be a topological space and let f : S"1 — X be a
continuous map. Let D" = {x eR": x| < 1}. Then S" ! is a subset of
D". Let Y = X Ugw1 ID" the glueing of X and D" along S"~1.

In this case we say, that Y is obtained from X by glueing on an n-cell.

This cell is the interior of ID”.

O

Attaching a 2-cell is a bit like putting a lid on a hole, with the difference
that there needn’t be a hole.

Likewise, one can extend X by a family of n-cells simultaneously. For
this let () be an index set and for every w € Q let D’ be a copy of ID".
Further, let S”~! be the boundary of D”. Let f,, : S71 — X be
continuous maps and let D = | |, D" and S = | | St Then X Lis D
is the extension of X by the n-cells D

A cell complex is a topological space X together with a sequence of
closed subsets (X},),>0 such that

o X = UnZO X,
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e X, is discrete.
e X, is an extension of X,,_; by a family of n-cells.

e X has the final topology of the embeddings of the X,, — X.

It follows that a map X — Y to a space Y is continuous if and only if the
induced map X,, — Y is continuous for every n. Further, U C X is

open/closed if and only if U N X,, is open/closed for every .

If X = X,, for some n and if n is minimal with this property, then we say

that X has dimension #.

Examples 3.2.2.

(a) Manifolds are cell complexes.

(b) A 1-dimensional cell complex is a multigraph.

(=

Definition 3.2.3. A cell complex X is called regular, if for every cell the
glueing map f : S"! — X,,_; is a homeomorphism onto its image.

Example: a multigraph without loops.

~

The set X, is called the n-dimensional skeleton of X.

Proposition 3.2.4. Every cell complex is a Hausdorff space.

Proof. Let X = [, X,, be a cell complex and let x # y in X. Let n be the
smallest index with x, y € X,,. So at least one of them is “new”. Let’s
assume that x € X, \ Xj,_1. If x, y are in the same cell ¢, then there are

open neighbourhoods in e, which separate x and y. If x € e and
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y € X, \ e, then there are open neighbourhoods, which separate x and
X, \ e. In any case there are open subsets U,, V,, of X,, with x € U,

y € V,and U, NV, = 0. We show that, when one attaches an (n + 1)-cell
e, then there are open sets U,(e), V,(e) C X, U e with U,(e) N X,, = U,
V.e)N X, =V, and U,(e) N V,(e) = 0. These sets are obtained as
follows: Identify e with the interior of D", and let f : /D" — X, be the
glueing map. Then set

Un(e):unu{xee:xio f("z—”)eu}

We call U, (e) N e the pizza piece attached to U,.

Uy

Taking the union of these sets for all (n + 1)-cells one gets open sets
Uyt1, Vi1 C X1, which separate x and y and satisfy U,,.1 N X, = U, as

well as V.41 N X,, = V,.. Inductively, one gets a sequence of such sets

u:Uun, V:UVn.

By the definition of the topology on X, theses are open sets which

and one defines

separate x and y. O

Definition 3.2.5. A continuous map f : X — Y between cell complexes
is called cellular, if f(X,) C Y, holds for every n > 0.

Note that a cellular map f does not need to send cells to cells. An

example is given in the picture. Here, f is the orthogonal projection.
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A subcomplex of a cell complex is a closed subset, which is a union of

cells. Any subcomplex is a cell complex itself by the inherited structure.

Lemma 3.2.6. Let A C X, where X is a cell complex, with |A Ne| < 1 for every

cell e. Then A is closed and discrete.

Proof. Let U =X\ Aand U, =UNX,. Foreachcellelet A, =AnNe
which is empty or one point. Then U is open in Xy. Next suppose we
have shown that U, is open in X,,. Then U, equals U, U [J,(e \ A,).
Now e \ A, is open on X,,+1 and its boundary equals the boundary of
the whole cell e. Therefore, U, is open in X,,,+1. Therefore U is open,

i.e., A is closed.

For each a € A, let ¢, be the unique cell containing 2 and let n = dime,.
Then e, U U gimesn(e \ A) is an open neighbourhood of 2 which does not

contain any other element of A, so A is discrete. O

Theorem 3.2.7. A closed subset K C X of a cell complex X is compact if
and only if it only meets finitely many cells.

Proof. Let K C X be compact. For every cell e, which meets K, choose a

point 2, in KN e. Let A be the set of all these points. By the lemma, A is
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closed and discrete. As K is compact, so is A and so A is compact and

discrete, hence finite.

The other way around assume that K is closed and meets only finitely
many cellsey,...,e,. Then K Ce; U---Ueg, and the latter is compact,
hence K is. O

Theorem 3.2.8. A cell complex X is locally simply-connected.

More sharply, to any open neighbourhood V of a point x € X there exists an
open neighbourhood U C V which is simply-connected.

Proof. Let X = | J,, X, be a cell complex. Let x € V C X as in the theorem.
Let ng be the smallest index with x € X,,,. Then x lies in an ny-cell e and

V N e contains a simply-connected neighbourhood U, in X, of x.

Inductively, let U, be a simply-connected open neighbourhood of x in
V N X,,. We show that there is a simply-connected open neighbourhood
U, of xin V N X,41, with U1 N X,, = U,,. For this let e be an

(n + 1)-cell and let f : S* — X,, be the corresponding glueing map. Let

., = {y D™\ Sy 20, f(ﬁ) e un}.
Y
There exists 0 < € < 1, such that

.. = U ﬁ{x:||x||>1—e} cV

n+l ° n+1

Set
Uy = U lel+1 uu,,
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where the union runs over all (1 + 1)-cells e. Every closed path in U,,4+1
with ends in U, is homotopic with fixed ends to a path in U,,. Since U,
is simply-connected and U,,;; path-connected, the set U, is
simply-connected. Any path y in U = [, U, meets only finitely many
cells, as the image of y is compact. So y lies in U,, for some n and thus is

null-homotopic. So U is simply-connected. O

Example 3.2.9. The Hawaiian Earring, see Example 2.4.2,

is not a cell complex, since the point 0 has no simply-connected

neighbourhood.

With a different topology, however, it becomes a cell complex. For this,

one has to draw all circles at an equal size.

3.3 Simplicial complexes

Definition 3.3.1. A simplicial complex over a set V is a system

S C P(V) of non-empty finite subsets, such that

(a) For every v € V one has {v} € S.

(b) E€ Sand 0 # F C Eimplies F € S. In this case, F is called a face of E.
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Every element E € S is called a simplex of the complex S. An element

of V is called a vertex of the complex.

If E is a simplex, then the dimension of E is by definition

dimE = |E| - 1.

In the following picture, we find two maximal simplices {a, b, c} and

{b, d}.

a b d

Definition 3.3.2. Let (V, S) be a simplicial complex. For every
E = {vg, cel, vn} € S with (n + 1) elements choose an n-simplex A C R"

and use vy, ..., v, to label the vertices of the simplex Ag. Set

X(V,8) = [|_| AE) [~

EeS

where ~ is the equivalence relation, which for F C E identifies the
simplex Ar with the corresponding face of Ag. Then X(V,S) is a cell

complex with vertex set V and for a finite set E C V one has
EeS & thereexistsacell ¢, such that E is the set of vertices of e.

The cell complex X(V,S) is called the geometric realisation of the
simplicial complex (V, S).

Remark 3.3.3. The geometric realisation X of a simplicial complex (V,S)

has the following properties:

e it is regular, i.e., each glueing map f : S" — X is a homeomorphism
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onto its image.
e every n-cell has exactly n + 1 vertices and

e two cells with the same set of vertices coincide, i.e.:

vert(e) = vert(f) = e = f.

When speaking of simplicial complexes, we shall often identify the

simplicial complex with its geometric realisation.

Definition 3.3.4. If X is a simplicial complex and e a cell of X, then its
closure e is called a simplex of the complex X. It consists of the cell

together with its faces.

Example 3.3.5. Let V be a set. The full simplicial complex over V is the
set S of all finite subsets of V.

Definition 3.3.6. A simplicial complex X is called star-shaped, if there
exists a vertex vy such that X is the union of all simplicies which contain

vo. Such a vertex vy is called a central vertex.

The full complex over a set V is always star-shaped. In the following

picture, the first triangle is star shaped, the second is not.

VAN

Proposition 3.3.7. A star-shaped simplicial complex X is contractible.

Proof. Let vy € V be a central vertex. For every simplex A, there is a

canonical homotopy h, : [0,1] X A = A, which contracts A to vg:

hA(t, x) =tog+ (1 - t)x.
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In particular one has: If A’ is a face of A containing vy, then
ha = halp,11xa’- This means that one can put these homotopies together

to a homotopy, which contracts the space X to vy. O

* X X

3.4 Classifying spaces

Definition 3.4.1. Let I' be a group. A connected cell complex BI is

called a classifying space of I, if

e 11(BI') =T and

e the universal covering EI" of BI is contractible.

Theorem 3.4.2. For every group I there exists a classifying space.

Proof. Let T be a group. Let V =Ny X I" and let S be the system of all
finite subsets E of V with the property that

[En (=) <1

for every n € Ny. Then (V,S) is a simplicial complex over V. Let
Vo = {0} xT.

The group I' acts on (V, S) by left translations, i.e., as
Pl y1), - Gyl = (e yya), - Gy
By construction, for every y # 1 we have

yENE =0.
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Let X be the geometric realisation. Then I" acts on X by cellular

homeomorphisms. The elements of X can be written in the form

Y G,
j=0

where A; > 0 only finitely many are # 0 and }, 2y A; = 1.
We claim that X is contractible and that I' acts discontinuously on X.

For every n € INy, let f, : X — X be the map

00 n—1 00
fn [Z Ay Vj)) = Z A yi) + Z AiG+1,7))-
j=0 j=0 j=n

Note that in f(x) there is no summand of the form A(n, y,,). Then f, is
homotpic to f,+1 by a homotopy &, as follows

hy [s Z AiGi m]

n-1
= Y Gy + (1= )l y) + s(Aa(n +1,7) + Z A +1,7).
j=0

j=n+1

We apply hy on the interval [O, =], then h; on [5, 5+ ] and so on. These
fit together to give a homotopy on all of [0, 1] from fy to Id, since for

each element of X, only finitely many j matter.

Finally, the map f; is homotopic to the point map x +— (0, 1) via the
homotopy
h(s,x) = (1 —5s)fo(x) +s(0,1).

Hence X is contractible.

In order to show that I" acts discontinuously, we first note that for given
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n the group I acts freely on the set of all n-simplices. Let x € X and let
no be the smallest index with x € X,,,. For every n > ny we construct an

open neighbourhood U, of x in X, such that
yU,NU, =0fory #1, and U, NX, =U,.

For n = ng let U,, = e the ny-cell, in which x lies. Since I acts freely on the
set of all ny-cells, the property follows. Let now n > ny and U, already
constructed. For every (n + 1)-simplex A choose a fixed point x, in the

interior of A and set
Va={ta+(1-Hy:0<t<1, ye AN,

Then set U1 = U, U [J, VA, where the union runs over all

(n + 1)-simplices. The desired properties are clear. Finally set

u=Uun.
n

Then U is an open neighbourhood of x in X with
yunu+0 = y=1

Hence I' acts discontinuously and, since X is contractible, hence

simply-connected, it follows that
I = mI\X),

and X is the universal covering of BI' := I'\ X. O
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3.5 The fundamental group of a graph

Definition 3.5.1. A graph is a simplicial complex of dimension 1. The

simplices of dimension 1 are called edges.

One usually draws a graph by indicating vertices by points and edges

by line segments like this:

For any set of vertices, the full graph is the graph with E being the set

of all subsets or two elements:

Definition 3.5.2. A simply connected graph is called a tree. In the
following, let T = (V, E) be a tree.

Definition 3.5.3. By a path we understand a sequence of vertices

Xo, - - -, X such that x;_; is neighboured to x; for each j = 1,...,n. For any
two vertices x, y let d(x, y) be the length of the shortest path from x to y.

This path is unique, as otherwise there would exist a loop in T. We call

this path the geodesic from x to y. Then d(x, y) defines a metric on V.

Definition 3.5.4. For two nonempty sets A, B € V we define the distance

d(A,B) = ag{}ib]gB d(a,b).
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Definition 3.5.5. Let y be an automorphism of a tree T, which has no
fixed points. Let
D(y) = min {d(x, VX)X € V}.

Let Min(y) be the set of all vertices x, at which this minimum is taken.

Lemma 3.5.6. Let y be an automorphism of a tree T, which has no fixed
points. Then the set Min(y) is a straight line and y acts by translating along
this line. The line is also called the axis of y.

\y‘/ W
7 ® ® ® ®
X X1

yx o ra

Proof. Let x € Min(y) and let x = xy, ..., x, = yx be the path realising it.
Then x1,xy,...,x, = yx0,yx1 is another path realising D(y). Hence the
points ..., ¥ 1x,x, yx,7?x, ... all lie on a single line L and, since the other
vertices, like y in the picture, all have a bigger distance to their

y-translate and so Min(y) = L. O

Theorem 3.5.7. (a) A group acting freely by simplicial homomorphisms
on a tree, is a free group.

(b) The fundamental group of a graph is a free group.

(c) If the graph is finite, its fundamental group is finitely generated.

Proof. (a): Let T = (V(T), E(T)) be a tree and I' a group acting freely and
cellularly on T. Note first that y € I' \ {1} cannot fix an edge (4, b) for if it
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would, there would be a fixed point in this edge, but y acts fixed point
freely. Fix a base point xy € V and let

D = D(x) = {x € V :d(x,xp) < d(yx, xo) vyEF}

be the Dirichlet-domain at xy. Then D(yxp) = yD(xy) for y € I'. We also
observe that

yxo ¢ D for every y € I' \ {1},

for otherwise d(yxo, x9) < d(1 xo, x9) = d(x0, x0) = 0, s0 yxo = xop which

contradicts the fixed point freeness. We claim that

v={JyD, (%)
yel
yD=nD=y=n1. (%)

(x): Let v € V. Then in the orbit I'v there is a vertex vy = yv closest to xy.
This then lies in D, so v = y~ vy € y71D.

(%x): If yD = 11D, then 171yD = D, so 17 'yxy € D, hence 171y = 1 and

(% %) follows.

Let
S=S(D)={yer:dyD,D)<1}.

We claim that S generates the group I'. Let s € §, then, as I acts by
isometries, we get d(s™'D, D) = d(D,sD) = d(sD, D) < 1. Hence s lies in
S again,so S = S7L.

So let X be the subgroup generated by S and let W = [,y 0D. We claim
that W = V. For this call two domains yD and 1D neighboured, if
d(yD,nD) < 1. Now if yD c W and 1D is neighboured to yD, then

nD C W, because 0~1yD is neighboured to D, hence belongs to W, and
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so does a(o~yD) = yD. Finally, let v € V and assume v ¢ W. Then the
path from v to xy at one stage enters W for the first time, but then
through a domain 7D, which is not in W, yet neighboured to one in W,

which cannot be true.

We now conclude that S generates I', i.e.,, I' = X: As W =V, for given
y €I there exists 0 € X with 0D = yD, hence y = 0. So S generates I'.

IfseS, thens™ €8S, too. Of each set {s,s71}in S, pick one element and
let F denote the set of all those. Then we have S = F U F~! and F still
generates the group I'. We claim that it is a free generator set.

A reduced word in the generator Sis a tuple fif,- - - f, in which f; = 1 or
fifix1 = 1 do not occur. Assume, two reduced words are equal in T, i.e,,
vy =t fu= 81" gm- Then the path from xj to yx( leaves D at a unique
neighbour sD. As s is unique, it follows f; = s = g1. Replacing y with
s1y, this reasoning repeats, ending in the quality of the words, i.e., T is
freely generated by F. This proves (a) and hence (b). For (c) assume X

finite. Then D is finite, hence D has only finitely many neighbours. O



Algebraic topology 61

4 Higher Homotopy groups

4.1 Commutativity

Definition 4.1.1. Let I denote the unit interval and letk € IN, k > 1. Let
X a topological space and x( € X a point. A k-spheroid at the point x; is
a continuous map y : I¥ — X such that y(dI¥) = {xo}. Here dI* is the
boundary of I¥ in IR, i.e., the set of all t € I¥ such that at least one

coordinate is either O or 1.
A 1-spheroid is the same thing as a closed path.

Note that, if we collapse JI* to a point, we get the sphere, i.e.
§* = I¥/al*.

Therefore, a spheroid may be viewed as a pointed continuous map
from S* to X. Here pointed means that the special point of the sphere
(say N = (1,0,...,0)) is mapped to the special point xy of X.

Definition 4.1.2. Two k-spheroids y, ] at x¢ are called homotopic, if
there exists a continuous map & : I x I¥ — X with (0, x) = y(x),
h(1,x) = n(x) and (I x (I1)) = {xo}.

Definition 4.1.3. Let y, i be two spheroids at the point xj. Define their

composition to be the spheroid

Y2t b, . t) 0<th <3

yn() = :
T](2t1—1,t2,...,tk) s<t; <1

We basically compose them at the first variable. For k = 2 we can draw

a picture of the domain of definition I?.



Algebraic topology 62

We also define the reverse spheroid along the first coordinate as

7(t) = V(l - tl/ tZ/ ceey tn)

Theorem 4.1.4. For n € IN, the set 1,,(X, xo) of all closed n-spheroids
modulo homotopy with fixed boundary is a group with group law

Vil =0nl, 1 =Dl

This group is called n-th homotopy group of the pointed space (X, xo).

This group is commutative for n > 2.

Proof. The only surprising part is the commutativity for n > 2 which is
completely false for n = 1. All other assertions are proven similarly to

the case n = 1 in Section 2.1.

We indicate the proof of the commutativity by some pictures for n = 2.
The reader will then be able to fill in the details. We start with the
definition of y.77. we then shrink the domain of definition of y to the

domain ¢, > %:

In the grey area, the value is constant equal to xp. We next shrink the

domain of 1) to t, < 1 getting this picture
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where again, the grey area is constant. We next move 7 left and y right,

so they can pass each other.

leading to

Finally, extend the domains to get 1.y and the commutativity is

proven. O

Definition 4.1.5. For any two spaces X, Y let
[X, Y] = C(X, Y)/homotopy

A pointed space is a pair (X, x() consisting of a topological space X and
a point xy € X. A map of pointed spaces f : (X, xp) — (Y, o) is a

continuous map with f(xp) = yo.

Two pointed maps f, g : (X, x0) — (Y, o) are pointed homotopic if there
exists a homotopy h fixing the points, i.e., h(s, x9) = yo for all s € I. The

set of pointed homotopy classes is denoted by

[X, Y]..
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Here the marked points are left out in the notation as they are
considered fixed.

The space I"/JI" is homeomorphic to S” and it has a marked point, say
N =(1,0,...,0). So we have a natural identification

ﬂn(X, Xo) = [Sn, X]*.

Proposition 4.1.6. If X is path-connected, then for any two x, x1 € X the

groups 1,(X, xo) and 1,(X, x1) are isomorphic.

Proof. Fix a path y from x, to x;. Given an n-spheroid f at xo, shrink the
area of definition of f to a smaller cube inside I" and connect this

smaller cube to the boundary by copies of y, which is followed outward:

This new spheroid is centered at x;. Call it f”. Then f + f” induces a
group homomorphism from 7,(X, x¢) to 7,(X, x1) and y induces the

inverse homomorphism. O

In the last proposition, we have seen that a path y from x, to x; induces
an isomorphism ¢,, : 71,(X, xp) — 7,(X, x1). It is easy to see that
Oy = Oy, 80, for xg = x1 we get an action of the group m1(X, xp) on the

group 1,(X, x9). For n =1, this is the action of m;(X, x1) by conjugation.

Proposition 4.1.7. A covering space projection p : E — X for every n > 2

induces an isomorphism

nn(Er 6) = 7TTI()Q .X'O),
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where xy = p(e).

Proof. Since §" is simply-connected, every continuous map f : " — X
with f(N) = x lifts to a map fr : S" — E with fg(N) = e. This gives
surjectivity. As for injectivity, let f : " — E be continuous with f(N) =e
such that p(f) is nullhomotopic with homotopy & : I X S* — X. Then the
homotopy & can be lifted to a homotopy hg : I X S" — E, so f itself is

nullhomotopic already. O

Corollary 4.1.8. If the universal covering space X of X is contractible, then
(X) =0

for every n > 2. This holds in particular for the 1-sphere S'.

* % %

4.2 The long exact sequence of homotopy groups

We continue to write I = [0, 1].

Definition 4.2.1. In the following, let A be a closed subset of a space X
and let ag € A be a base point. In that case, we call (X, A, a9) a triplet.
Consider "1 as the face of I" with the last coordinate t, equals zero. Let
J"~! be the union of the remaining faces. Let G,(X, A, ap) denote the set
of all continuous maps (I, dI", " 1) — (X, A, ap), i.e., the set of all
f:I" - X with

feryca, g = fao).

Define
nn(X/ A) = T(n(X/ A/ aO) = Gn(X/ A/ aO)/ ~

where ~ is homotopy in the class G,(X, A, ag). This means that f ~ g iff

there exists a continuous map h : I X I — X such that
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(a) h(0,) = f(B),  h(1,) = g(t) and

(b) h(s,.) € Gu(X, A, ap) holds for every s € I.

Then in particular nn(X, {ao},ao) = nn(X, ao).

Remark 4.2.2. One can compose elements of G,(X, A, ) along the last
coordinate t,,. Note that this does not work forn = 1. If n > 2, then
1.(X, A, ap) is a group and is abelian for n > 3, which is seen in the same
way as for m,(X, xp). The set 111(X, A, ap) still has a marked point given

by the constant map ay.

If one collapses J"! to a point, one gets ["/]"! = D", where D" is the
closed n-ball {x eR": x| < 1}. We write sy for the point in ["/]""! = D"
given by J"~1. Then I""! becomes the boundary S"~!. Hence G,(X, A, ao)
can also be described as the set of continuous maps

(D", S"1,50) — (X, A, ap). Note that this also works for n = 1, where

D! = [-1,1] and thus S° = {-1,1}.

Lemma 4.2.3. A continuous map f : (ID", S" 1 s0) = (X, A, a9) represents the
trivial element in 1,(X, A) if and only if it is G(X, A, ap)-homotopic to a map
with values in A through a homotopy with h(s,z) = f(z) for every z € "1,

Proof. If f represents the trivial element, then there is a homotopy
h:1xID"— X with

h(0,x) = f(x),

h(1,x) = ay,
WIxS™ ) cA,
h(I X {so}) = {ao}.
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We define 1’ : I x D" — X by

h(s, ) Ixl<1-3

(s, &) Id=1-3.

W (s, x) =

Then

1(0,%) = h(0,x) = f(x),
W11} x D) C A,

———
{ao}

WIxS"™ Y cA,
W (I X {so}) = {ao}.

so this is the desired homotopy.

The other way round, assume f can be homotoped in G(X, A, a9) to a
map g with values in A. As ID" is contractible, g can, inside A, with

tixed sy + a9 be homotoped to the constant map ay. O

Definition 4.2.4. A continuous map f : (X, A,a9) = (Y, B, bp) to another
triplet induces, by post-composing, a map f. : m,(X, A, a9) = 1.(Y, B, by).

Restricting a map (ID", 5"1,s09) = (X, A, 49) to S"~! induces a map
d 1 1y(X, A) = 1,-1(A).

This map is called the boundary map. It is a group homomorphism, if
nz2.

Definition 4.2.5. Let 119(X) denote the set of all path-connected
components of a space X. If X is pointed with base-point x,, then my(X)

is a pointed setwith base-point being the class of x.
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A sequence of maps of pointed sets
f 8
(X, x0) — (Y, yo0) — (£, 20)

is called exact at (Y, o) if the kernel of g, i.e., the set g‘l(zo) equals the

image of f.

Theorem 4.2.6. Let (X, A, ag) be a triplet. and leti: A — X,

j: (X a0,a0) = (X, A, ao) be the inclusion maps. Then the sequence

o> 1(A) LN Tt(X) LN Ttu(X, A)

N T-1(A) LN T0-1(X) LN -1(X, A) — ...

oo (X A) N 110(A) LN 110(X)

is exact, where all homotopy groups are taken with respect to the same

base-point ay € A.

Proof. We show j.i. = 0. So let f : D" — A with f(so) = a9. The map
joio fisjust f followed by the inclusion A C X. As f takes valuesin A,

Lemma 4.2.3 shows that it represents the trivial element in 7,(X, A).

Let [f] € 1,(X) lie in the kernel of j.. Then Lemma 4.2.3 implies that [f]

lies in the image of i..

Recall that 71,(X) = ,(X, {ao}). This implies that dj. = 0. Let [¢] be in the
kernel of d. This means that on A it is nullhomotopic. Therefore, it lies

in 1,(X), i.e., in the image of j..

Next if [f] € 1,-1(A) lies in the image of J, then it is the restriction of a

map from D", hence nullhomotopic in X, so it lies in the kernel of i..
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The other way round, if [f] lies in the kernel of i., it becomes

nullhomotopic in X, but a given homotopy then extends f to ID". O

Proposition 4.2.7. For every group I, there exists a triplet (X, A, ap), such
that ﬂz(X, A) =3

Proof. For a space X, define the cone over X as the space

CX=(1IxX)/{1} x X.

X

The space CX is contractible via h(s, x) = (s, x) and it contains X as a
subspace X = {0} X X. Let x( be the collapsed point {1} X X. The long
exact sequence for the triplet (CX, X, x¢) yields an isomorphism
12(CX, X) = m1(X) (more generally 7,(CX, X) = m,-1(X)) and since any

group occurs as fundamental group, we are done. O

4.3 Whitehead’s theorem

Definition 4.3.1. Let f : X — Y be a continuous map. The mapping
cylinder of f is the space

My = (IxX)UY)[(1,x)~ f(x).
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It contains both X and Y as subspaces and Y is a deformation retract.

We fix a deformation given by h(s, y) = y and

h(s, (t, x)) = (s + (1 —s)t, x),

fors € I'and (¢, x) € [0,1) X X C My. Then the map f is the composition of

the inclusion X < M/ and the corresponding retraction map My — Y.

fX)

My

X

Lemma 4.3.2. Let X be a connected cell complex and let A # 0 be a connected

subcomplex.

(a) Let (Y, B) be a pair such that for every n > 0 one has 1,(Y, B, by) = 0 for
every by € B, where 1io(Y, B, by) = 0 means that B meets every
path-component of Y. Then every continuous map f : (X, A) — (Y, B) is

A-pointwise-fixed homotopic to a continuous map X — B.

(b) If (X, A) = 0 for every n € IN, then A is a deformation retract of X.

Proof the lemma. Part (b) follows from (a) applied to the identity map
(X, 4) = (X, A).
So we prove part (a). We will show that for each k € INj there exists a

homotopy k. : I X Xi — Y such that

M lixx, = hi
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and

h(0, x) = f(x),
hk(l, x) € B,

hi(s,a) = f(a)

holds for all x € Xj and all a € A;. For k = 0 we can connect every f(x),
x € Xp \ Ag by a path y,, to some element of B and we set

ho(S, Xo) = on(s)- For ay € Ay we set ho(S, ﬂo) = day.

Next assume that k > 0 and hy is constructed. Let z € X1 \ Xi. Then z
lies in the interior of a cell e which is the image of a map ¢ : D1 - X,
Set

(202 - 2-9), () >1-35.

Set hj . = hy on I X Xi. Then I, is a homotopy from fx,,, to a map f’
which maps X to B. Since mx11(Y, B, bp) = 0, Lemma 4.2.3 implies that
the composition f! o ¢ : (D!, S¥) — (Y, B) is homotopic to a map with

values in B through a homotopy h with k(s, z) = f(¢(z)) if z € Sk. Call

2
k+1°

this homotopy h = h
We do this for all cells of dimension k + 1 in X \ A, perform the
homotopy ki , after h,_, to get the homotopy K1 with the claimed

properties.

Finally we define a homotopy h : I X X — Y by h(s, x) = hi(s, x) if x € Xj.
This is the desired homotopy. O

Theorem 4.3.3 (Whitehead). Let f : X — Y be a continuous cellular map
between connected cell complexes. We say that f has property (H), if
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fo : u(X) = m,(Y) is an isomorphism for every n € IN.

(a) If the inclusion i, : A — X of a sub-complex has property (H), then A

is a deformation retract of X.

(b) If f has property (H), then f is a homotopy equivalence.

Proof. (a) Consider the long exact sequence of homotopy groups for the
pair (X, A).

o T (A) =5 1, (X) 2 7,(XA)

sty 1(A) =5 1, 1(X) 2L (X A) =

Since i, is an isomorphism, the maps j. and J are zero, and therefore all
relative homotopy groups 7,(X, A) are zero. Then (a) follows by the
lemma (4.3.2).

(b) Let M¢ be the mapping cylinder of f. The retractionmap r: My — Y
is a homotopy equivalence. Let i denote the inclusion X < M. As
f=X M f — Y is an isomorphism of homotopy groups, then so is
i. By part (a), X is a deformation retract, so i is a homotopy equivalence
and f is a composition of homotopy equivalences, hence a homotopy

equivalence. O

4.4 Fibre bundles

Definition 4.4.1. A fibre bundle is a continuous map p : E — B, for

which there exists a topological space F, such that every point b € B has
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an open neighbourhood U C B and a commutative diagram

p () —=—— UXF

N,

B

where the horizontal arrow is a homeomorphism and U X F has the
product topology. The space F is called the fibre and B is called the base

space.

Fixing a base-point by € B, one can identify F with p~1(by), this is why F
is called the fibre. We use this identification and write i : F < E for the

inclusion map. A fibre bundle is often denoted in the form F — E 5 B.

Examples 4.4.2.

e A covering is a fibre bundle with discrete fibre.
e The trivial fibre bundle B x [ > B.

e The Moebius band: The base space B is S' = IR/Z and the fibre is
F =[-1,1]. The space E is defined as

E=2Z\(Rx[-1,1]),
where Z acts on the product via
k(x,t) = (x + k, (=1)Ft).

The quotient space can be obtained from I X [-1,1] modulo the

equivalence relation generated by
(O/ t) ~ (1/ _t)

The map p is derived from the projection to the first coordinate.
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e The Hopf bundle is a fibre bundle S! — S®> — S? that comes about

as follows:
$ > RN (0} = €\ {0} > (€N {0))/C* =P{(C) =C =S

Definition 4.4.3. For a homotopy h: [ X X — Y we also write
hs(x) = h(s,x) and say that & is a homotopy from h to h;.

Theorem 4.4.4 (Homotopy lifting property). Let F — E 45 Bbea
fibre bundle and let h : I x I'" — B be a homotopy. Let i : {0} x I'" — E be a
lift of h, i.e., p(ht) = hljojxr. Then h can be extended to a homotopy

I x I" — E lifting h.

More generally, let S C II"*! be a union of faces containing the face {0} X I"
but not the face {1} X I". Let h : S — E be a lift of h, i.e., p(ht) = h|s. Then h
can be extended to a homotopy I X I" — E lifting h.

A map, having the homotopy lifting property is als called a Serre

fibration.

Proof. To show this, note that the condition on S implies that S is a
deformation retract of I"*1. We first consider the case of a trivial bundle
E=BxF. Themaph:S — B x F has h as first coordinate. We write /1,

for the second coordinate. Let f : I"*! — S be a retraction.

For x € "' \ S we define i(x) by

h(x) = (h(x), ha(f (x)))-

This does the job.

For the general case we cover I["*! by closed cubes C which are disjoint
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up to the boundary and are so small that iz maps each C into a
trivialising open subset of B. We then apply the previous argument

successively to these cubes. O

Theorem 4.4.5. Given a fibre bundle p : E — B, let ey € E be a base point
and let by = p(eo) as well as F = p~Y(by). Then there is an exact sequence of

homotopy groups

o T0W(F) =5 71,(E) -5 11,(B) - 11, 1(F) — ...

++ 5 m1(B) = 1o(F) =5 mo(E).

Proof. Consider the exact sequence of Theorem 4.2.6.

70y (F) =5 704(E) = (B, F) =5 7, 1(F) = ...

The projection map p yields a homomorphism
]5 : nn(E/F) — nn(B/ {bO}) = 7Zn(B)-

This map is injective: Let f : (ID",S",x0) — (E, E, ep) be a continuous
map, such that p o f is nullhomotopic in B. Then there is a homotopy
h:1xID" — B such that k(I x ") = {by} = h({1} x D") and

h(0,x) = p(f(x)). By Theorem 4.4.4 there exists a homotopy

h:1xD"— E with

() poh=h,

(b) h(0,x) = f(x),
(c) h(s,x) = f(x), xeS"
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By Lemma 4.2.3 we can conclude that f represents the trivial element in
1tu(E, F).

The map is also surjective: For this represent a given element of (B, by)
by a map f : (I",dI") — (B, bp). Considering the constant map ey as a lift
and I" as [ x I""1, we can use Theorem 4.4.4 with n replaced by n — 1 and
the last coordinate t, of I" by 1 — t,, to get a lift

f:a,or, Y — (E, F x). O

4.5 Homotopy groups of spheres

Definition 4.5.1. A space X is called n-connected, if 71;(X) = 0 for all
k < n.

Likewise, a pair (X, A) is called n-connected if (X, A) is trivial for k < n.

Definition 4.5.2. Let X be a topological space. The suspension of X is
the space

£X = ([-1,1] x X) / |(-Lx) ~ (-Ly), @Lx)~ Ly

Example: £S" is homeomorphic to $"*! for n > 0 (Exercise).
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The suspension is like the space lying in a hammock.

If (X, xp) is a pointed space, then X becomes one with the marked

point (0, xg). There is a natural continuous map X — XX, x = (0, x).

If f: X — Y is a continuous map, there is a natural induced continuous
map
f:ZX - XY

given by Xf(t,x) = (¢, f(x)).

Proposition 4.5.3. Let k € IN, then the natural map
m(X) = [SF, X], = [ZSF, £X]. =[S, £X]. = m1s1(2X)
is a group homomorphism.
Proof. Simply follow the definition. O
In particular, we get a group homomorphism
T(S") = T (S™).
Lemma 4.5.4. 715(S?) = Z with the identity map as generator.

Proof. = The long exact sequence of a fibre bundle in Theorem 4.4.5

applied to the Hopf bundle S' — S® — $? gives an exact sequence

112(S%) — 15(58?) - 11(S) = 71(S3).
N—— N—— N——
=0 =y/4 =0

The claim follows.
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Theorem 4.5.5 (Freudenthal). The group homomorphism
(S") = Ts1(S"™)

is an isomorphism for k < 2n — 1 and is surjective for k = 2n — 1.

The Freudenthal Theorem will follow from

Theorem 4.5.6. Let X be a CW-complex with sub-complexes A, B such
that X = A U B and write C = A N B. Suppose that (A, C) is r-connected
and (B, C) is s-connected for some r,s € Ny. Then the map

ni(A, C) — m;(X, B) induced by inclusion is an isomorphism for j < r +s

and surjective for j = r +s.

Proof of Freundenthal’s theorem using Theorem 4.5.6. Decompose the
suspension XX as a union of two cones C,X and C_X intersecting in X.
Since C, X is contractible, the long exact sequence implies that the
boundary map 0 : mi(C. X, X) — mi-1(X) is an isomorphism. The

suspension is the same as
(X)) = T1341(C1 X, X) — T1(EX, C-X) = 141 (ZX).

Since C. X is contractible, all its homotopy groups vanish, so the long
exact sequence tells us that the pair (C.X, X) is n-connected if X is

(n — 1)-connected.

At this point, we could infer Freudenthal’s Theorem from 4.5.6, if we

knew, that the sphere S" is (n — 1) connected. Unfortunately, we cannot
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prove this (n-1)-connectivity without using Freudenthal. We solve this

dilemma by an induction which proves both.

n = 1: Then 2n — 1 = 1, so we only have to show that 711(S!) — m,(5?) is
surjective. We apply Theorem 4.5.6 with X = §? = £S' and A, B = C.S?,

so C = S!. Further we consider r = s = 1. It follows that «a is surjective.

n — n+1: We apply Theorem 4.5.6 with C = 5", A,B = C.5" and
X = 8" = §"*1. By induction, we know that C = S" is (n — 1)-connected,

therefore, (C.S",S") is n-connected. Hence Theorem 4.5.6 implies that
mi1(S") = mi(C.S", S") — 1;(S",C_§") = wy(S™)

is an isomorphism, if j < 2n and surjective for j = 2n. In particular, as 5"
is (n — 1)-connected, it follows that S"*! is n-connected and the

induction is finished. m|

Proof of Theorem 4.5.6. Omitted. (The proof uses an intricate induction
on the cells of A and B.) O

Corollary 4.5.7. (a) One has ni(S") = 0 if k < n. This explains the zeros in
the table below the diagonal.

(b) One has m,(S") = Z with the identity map as a generator. This explains
the diagonal.

Proof. (a) Induction on k for k = 1 we know that 711(5") = 0 for n > 2.
Next for k < n we have by Freudenthal’s theorem, that
Tk+1(S") = 114(S") and the latter vanishes by induction hypothesis.

(b) From Freudenthal’s theorem we get that in the suspension sequence
111(SY) — 15(8?) - 13(S%) — ...

the first map is surjective and all others are isomorphisms. Now
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11(S') = Z and this group is generated by the identity map. Hence
1,(S") is generated by the identity map for all n. In order to apply
Freudenthal’s theorem, it remains to show that 71,(S%) = Z. The long
exact sequence of a fibre bundle in Theorem 4.4.5 applied to the Hopf

bundle S! — $3 — §2 gives an exact sequence

m(S%) - m(S%) - T (SY) - T(SY).
~—— ~—— ~——
=0 =7Z. =0

The claim follows. |

Theorem 4.5.8 (Fixed point theorem of Brouwer).

Every continuous map f : ID" — D" has a fixed point.

Proof. For n =1 this follows from the intermediate value theorem, since
from -1 < f(x) < 1weget -1 —x < f(x) — x <1 - x and therefore the
continuous function h(x) = f(x) — x satisfies h(—1) < 0 and k(1) > 0,

therefore has to have a zero.

Soletn > 2. Assume, f has no fixed point, i.e., f(x) # x for every x € ID".
For x € D" let h(x) be the point of $"!, at which the ray from f(x) to x
hits the boundary S"~!. The map & : D" — S"~! is continuous and one
has hlgi1 = Id. Leti: S"! < D" be the inclusion map. Then hoi =1d,

so h, o i, = Id|,, ,(g~1). For p = n — 1 we have a commutative diagram

M,_1(S"Y) = Z—— 11, ,(ID") = 0

T

Ttn—1 (Sn_l) = Z/

which means that the identity map on Z factors over zero, a

contradiction! O
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The following table lists some 7;(S"), where we have written Z,, for
Z.|m.

k=1 2 3 4 5 6 7 8 9 10 11 12

n=1 22 0 0 0 0 0 0 0 0 0 0

2 0 Z 72 Zo, Zp Zi Z; Zy Zs Z15 Zy, ZypXZp

3 0 0 Z 7, Z, Zip Zy Zy Zs Z15 Zy ZoXZy

4 0 0 0 Z Z, Zy ZXZyy ZoXZly ZoXZLy ZoyXZs Zis Z>

5 0 o 0 0 Z 7, Zy Zoy 7y Z; 7z, Z30

6 0 0o 0 0 0 Z 7y Zy Loy 0 Z Z;

7 0 0 0 0 0 O 7 7 VN 0 0

8 0 0O 0 0 0 O 0 Z 7y 7y Zoy

* X X
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5 Homology

5.1 Simplicial homology

Definition 5.1.1. Let S be a set. The free abelian group in the

generating set S is the group of all formal linear combinations

E CsS,

seS

where ¢; € Z and almost all ¢; are zero. The sum is defined by

(ZSES CSS) + (ZSGS dSS) = ZSES(CS + dS)S'

Let (Xo, S) be a simplicial complex with geometric realisation X. We

choose a linear ordering < on the set Xj.

(This is a bit artificial, however, this trick helps to avoid introducing

orientations.)

Let S,, be the set of all cells of dimension 7, so the set of all ¢ € S with
lel = n + 1. Let C,,(X) be the free abelian group over S,. We write an

element of S, as [vy, ..., v,] with vy < --- < v,. Define a Z-linear map
d, : C(X) - C,_1(X),
called the boundary operator, by

dulvo, ..., vn] = Z(—l)i[vo,---@i ol
=0

For instance, d,,([a, b, c]) = [b,c] — [a,c] + [a, b].
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/N

a b

The ordering of the vertices induces an orientation on the simplices and

the minus sign occurs, where the orientations don’t match.

Lemma 5.1.2. One has 0,,-19,, = 0.

Proof. We compute

0n10ul00, - -+, O] = Fns Z(—ni[. O]
i=0

=Y (-D)*L..05. 0]

j<i

+Z(_1)i+f+1[...@i...z}j...]=0- H

j>i

This lemma implies

imd,.; C kerd,.

Definition 5.1.3. We define the simplicial homology of X as
H,(X) := kerd,,/im d, 1.

Here 0 is the zero map.

Definition 5.1.4. More generally, a sequence of abelian groups and

group homomorphisms (A, d)rez
ak+1 ak
o A 2 A A >

with the property that

Ji0k+1 = 0, keZ,
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or equivalently im(dy1) C ker(dy), is called a chain complex. Its

homology is defined to be the quotient group
Hi = ker(dx)/ im(dk+1).

Lemma 5.1.5. The simplicial homology does not depend on the choice of the
linear ordering on the set Xy. If <" is another linear ordering and if H;,(X) it

its homology, then there exists a canonical isomorphism of abelian groups
Ho(X) = H,(X).

Proof. For the time being, we shall forget the ordering of the vertices.
An n-simplex {vy, ..., v,} can now come in any ordering of its vertices.
We call tow such orderings equivalent, if the ensuing permutation that
changes one ordering to the other, has sign 1. An equivalence class of
orderings is called an orientation of a the simplex 0. Thus every
simplex of dimension > 1 has exactly two orientations, whereas there’s
only one orientation on a point. We remedy this by artificially attaching
a sign w to a point and call it orientation. (The artificiality goes a way
when you think of +1 being interchangeable generators of the cyclic
group Z.) A pair (0, w) of a simplex ¢ and an orientation w on o is called
an oriented simplex. For a given orientation w, we write w for its
opposite orientation. Let O,(X) be the free group generated by all

oriented n-simplices modulo the subgroup generated by all
(0,w) + (0, w),

where (0, w) runs through all oriented simplices.

To a given oriented (1 + 1)-simplex o and an oriented n-face n we attach
a sign I(1, 0) as follows: Write n = {vy, ..., v,}, where the ordering

belongs to the orientation of 1. Let a be the missing vertex of 0. we



Algebraic topology 85

define I(n, 0) = 1 if the ordering (a, vy, . .., v,) belongs to w and

I(n, 0) = =1 otherwise.
We now define a boundary operator 0 : O, — O,_; as follows:
3(0) = Y I(n,0)n,
nco

where the sum runs over all (n — 1)-faces 1 of 0. This operator is

well-defined and one realises that 9% = 0.

Let ¢ : C,y(X) — Oy(X) be the map that sends [vy, ..., v,] to {vy, ..., U}

with the indicated orientation. One easily checks that

—_

I([vo, R T [vo,...,vn]) = (—1)j.

Therefore, ¢pd = d¢ and since ¢ is a linear bijection, it induces an

isomorphism on homology of the two chain complexes. O

Examples 5.1.6. (a) If X = {x¢} is a one-point-space, then

n=20
Hn(X):
0 n>1.

(b) If X is a triangle graph, i.e., a simplicial complex of dimension 1

with vertices vy, v1, 2, and all three possible edges (=1-cells), then

n=0,1
0 n>2.

H,(X) =

Proof. The assertion (a) is trivial. We show (b). One has C,(X) = 0 for



Algebraic topology 86
n >2,s0 H,(X) = 0 for n > 2. Further one has

Co = Z[vo] & Z[v1] ® Z[v,]
Cy = Z[vy, v1] ® Z[vo, v2] ® Z[v1, 7]

and
91[7)1', U]'] = [U]'] —[vi], for i< ]
This implies
im0y = Z([v1] - [vo]) ® Z([v2] - [v0)).

This is exactly the kernel of the map 6 : Co(X) — Z, given by
o(alvo] + b[v1] + c[vz]) = a + b + c. Hence 6 induces an Isomorphism
Hy(X) = Co(X)/im(d1) = Z. Finally,

H1(X) = ker &1 = Z([Ul, 2)2] — [U(), Uz] + [Uo, 01]) = Z. O

Proposition 5.1.7. Let X = (V, S) be a connected simplicial complex. (This

means that the geometric realisation is connected.) Then Hy(X) = Z.

Proof. First note that, as a simplicial complex is glued of path-connected
spaces, every connected component is path-connected, hence X is
path-connected. Then, as simplices are simply connected, any path in X

can be homotoped to a path inside X;. Hence X; is path-connected.

Let aug : Co(X) — Z be the group homomorphism defined by
aug([v]) = 1 for every v € V. This is called the augmentation map. For

every 1-simplex [vg, v1] we have

aug(d([vo, v1]) = aug([v1] - [vo]) = 0.

So we have im(d;) C ker(aug). Therefore, aug is trivial on the image of
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d1, so it factors through Hy(X). We want to show that it yields an
isomorphism Hy(X) — Z. It is clearly surjective. It remains to show
that im(d;) = ker(aug). Fix a vertex vy € V. As X; is path-connected, for
any given vertex v € V, there exist vertices vy, ...,v, such that v, = v
and for every j = 0,...,n — 1 the set {v;,v;;1}isin §, i.e,, is an edge in X.

That means that [v;] — [v41] lies in the image of d1, hence so does

[v0] = [o] = ([vo] = [01]) + ([01] = [02]) + - - - + ([Vp-1] = [wa]).

Now suppose that a € ker(aug). Then a = }.7_; k;[w;] for some w; € V
and k; € Z with 0 = aug(a) = L7, k. Then

a= ij[wj] = Z kilw] - ij[vo Z ki ([w;] - [0))
j=1 j=1 j=1 =1 S
~—— € im(dq)
=0
lies in the image of d;, whence the claim. O

Definition 5.1.8. A chain complex is a sequence of homomorphisms of

abelian groups

Ot 0
—)Ck+1£>Ck—k)Ck1—>

indexed over Z, such that for all k € Z we have
Ik © dk1 = 0.
In that case we define the homology of the chain complex as

Hy(C) = ker(dy)/ im(d+1).
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5.2 Singular homology

Definition 5.2.1. A subset C C RN, N € N is called convey, if for any

two x, y € C the line segment from x to y lies in C, i.e.,
xy={1-t)x+ty:0<t<1} c C

The convex hull of vectors vy, ...,v; € RN, d, N € N, is the smallest

convex set containing all v;. It can be described as
conv(vy,...,04) = {/\ovo teoF Aot A 20, Ag+ -+ Ay = 1}.
Definition 5.2.2. Let n € INy. The standard n-simplex is the set
A" = conv(ey, ...,e,) € R"™1,

where ey, ..., e, is the standard basis on R"*!.

X

Let X be a topological space. A singular n-simplex is a continuous map

o:A\N"—> X
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If vy, ..., v, are any linearly independent vectors in RN for N > n+1, we
write [vy, ..., v,] for their convex hull. There is a unique affine bijection

f:leo,...,eqn] = [vo,...,v,] mapping each ¢; to v;. It is given by

f Z/\jej ZZA]'U]'.
j=0 j=0

We use f to identify [ey, ..., e,] with [oy, ..., v,], where we keep track of

the order. So we are quite happy to write down formulas like

Gl[eo,...,en] = a|[vo,...,v,,] + ,Bl[wo,...,w,,]

where a : [vy,...,0,] = Xand B : [wy, ..., w,] = X. Insuch an
expression, we use the canonical affine map to identity [ey, ..., e,]
with[vy, ..., v,] and with [wy, ..., w,]. This notation gives us some

flexibility in writing down calculations.

Let C,,(X) be the free abelian group generated by the set of all singular
n-simplices in X. Since a 0-simplex is a map of the one-point space to X,

one can view Cy(X) as the free group generated by X.

We can identify A; with the unit interval by t = (1 — t)eg + te; and so a

1-simplex is the same as a path.

We want to identify A, = [e, ..., e,] with a subsimplex of
A1 =Tey, ..., e,1] in different ways. We consider the uniquely

determined affine bijection as above
S;.l =Si: A" =Jep,...ex] = [eo, ..., 8, ... enul.

This map is called the j-th face map. In the following notation, we use

S;j to identify [e, ..., e,] with [ey,...,&;,...,e,]. For a singular simplex
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0 € Cp+1(X) we thus have

G © Sjl[eOI"'/en] = U|[€0/'"/ej—1/ é]/ ej+1---/en/€n+1]°

Let dy41 : Cri1n(X) — Cu(X) be the group homomorphism given by
n+1 '
9u(0) = ) (-Does,
i=0

or

n+1
an(a)l[eo,...,en] = Z Gl[eo,...,éj,...,e,,+1]-

The map J, is called the boundary operator.

Lemma 5.2.3. One has 0,,0,,41 = 0.

Proof. We compute

n
01O eos) = ) (1010100
j=0
n n
j+k j+k
= Z Z(_l)]+ Gl[60...,ék,...,éj+1,...€;1+1] + Z Z(_l)]+ Gl[60...,éj,...,ék,...,€n+1]
j=0 k<j =0 k>j
n n
i+k+1 +k
- Z Z(_l)]+ * U|[eo...,ék,...,éj,...,en+1] + Z Z(_l)]+ Gl[(30...,@j,...,ék,...,€n+1]
j=0 k<j j=0 k>j
=0 O

Definition 5.2.4. The singular homology of the space X is defined as
H,(X) = kerd,/imd,1.

Here dy is supposed to be the zero map.

Proposition 5.2.5. (a) Let X = [ |, X, be the decomposition in path
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connected components. Then one has

Hy(X) = EBHn(Xa)~

(b) If X # 0 is path-connected, then Hy(X) = Z. This means that
Ho(X) = €D, Z, where the direct sum runs over the set of all

path-connected components of X.

(c)
Z n=0,

0 n>1.

b (f) -

Proof. (a) A singular simplex is always contained in one
path-component. Therefore C,(X) = @ Cu(X,). The map 9, sends the
space Cp(X,) to C,—1(X,). Whence the claim.

(b) Consider the augmentation map aug : Co(X) — Z given by

aug (Z k,-xi] - Z ki.

Since X # (), the map aug is surjective. We show, that for a
path-connected space X the kernel of aug coincides with the image of
d1. For this let 0 : [0, 1] — X be a singular 1-simplex. Let xo = ¢(0) and
x1 = 0(1). Then one gets d10 = x1 — xp € Cyp(X). Therefore

aug(di0) =1 -1 =0, and thus im d; C keraug. Conversely let

f e keraug. Then f = Y, kix; with ¥; k; = 0. One can write f in the

form
M
f=) (aj-b)
i=1

for suitable elements a;,b; of X. Let 0; be a path from 4; to b;. Then o is
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a singular 1-simplex. So we get

f:Z81(oj):81[Zgj] € imd;.
j j

(c) Let X be a one-point space. Then for every n there is exactly one

singular n-simplex 0, and one has

O,-1 N even,

n
anan = (_1)i0n—1 =
zz=(; 0 n odd.
So the C,,(X) form the complex

Yz Sz %7z 57 %750

The claim follows. O

k=0,n
Examples 5.2.6. (a) Let n > 1. Then Hy(S") =
0 otherwise.

z®) 0<k<n
(b) H(R"/Z"") =
0 otherwise.

Proof: later.

5.3 Chain homotopy

Recall that a sequence of homomorphisms of abelian groups

E 9
0= G = G — G —
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indexed by k € Z is called a chain complex, if
IiIk+1 =0

holds for every k € Z. The operator Jy is called the k-th boundary

operator of the complex. The homology of the complex is defined to be

Hk(C) = ker 3k/ 1m &k+1-

The elements of ker d; are called k-cycles. The elements of im dy,1 are

called k-boundaries.

The complex is called exact, or an exact sequence, if Hi(C) = 0 for every
k.

Definition 5.3.1. A homomorphism of chain complexes
¢e : Ae — B

is given by a family of group homomorphisms ¢y : Ay — By such that
the diagram

Ik
Ax— Ay

lﬁbk ) l‘i’k—l

By — By

commutes for every k. Strictly speaking we should have written J¢' and

85, but we will reduce notation whenever possible.

A homomorphism ¢ : A, — B, maps the kernel of ¢4 into the kernel 9°
and the same for the images. Therefore, it induces a homomorphism on
the homology:

¢. : Hi(A) — Hi(B).

Definition 5.3.2. A homomorphism of chain complexes ¢, : Ae — B, is

called chain nullhomotopic, if for every k there is a group
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homomorphism hy : Ay — Bgy1, such that
(Pk = 8hk + hk_18

for every k € Z.
Two homomorphisms of complexes ¢., e : Ae — B, are called chain

homotopic, if the difference ¢ — 1 is chain nullhomotopic.

We illustrate this situation with the following (non-commutative!)
diagram

A1 2 A —2 A

¢k+ll 4 ld)k s l(pk—l

Bi+1 > By Y By-1.

Lemma 5.3.3. Let ¢, : Aq — B, be a homomorphism of chain complexes. If ¢

is nullhomotopic, then . is the zero map on the homology.
Proof. Suppose that ¢ = Jhy + hx_1d and let a € Ay with da = 0. Then

Pr(a) = d(hxa) + 1 ( da ) = d(hyax).
=0

Therefore ¢i() is in the image of d, so it is zero in the homology. O

* X X

54 Homotopy

Definition 5.4.1. Let X and Y be topological spacesand f : X — Y a
continuous map. Let fy : C,(X) — C,(Y) defined by

falo) = foo.



Algebraic topology 95

Lemma 5.4.2. One has
f#8 - 8f#

This means that fy is a homomorphism of chain complexes and hence induces

group homomorphisms
fo : Hy(X) = Hy(Y).

Proof. Look at d : Cpi1 — Cp,

n+1

f(9()) f#Z( 1Yol
= Z( 1) faloly....1)
= Z(—l) fool.s.
= i(—l)ff#w)n...@i...]

= d(f»0). O
The trivial observation (fg)s = fsg# implies that

(f8) = fo8x-

We also have
Id. = 1d.

Theorem 5.4.3. If the continuous maps f, g : X — Y are homotopic, then

fe= 8

In particular, a homotopy equivalence induces an isomorphism on the

homology.
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Proof. We shall show that f4 — g is chain-nullhomotopic. Let A be a
k-simplex. The space I X A is called a prism. The case n = 2 gives the

idea:

0 @ w»

'Z]l .. ..................................... wl

Vo &=

Wo

We generally write v; and w; for the vertices, in the following way:

{O}XA = [vo,...,v,] and
{1}><A = [wy, ..., w,].

So the prism I X A is the convex hull of vy, ..., v, wy, ..., w,. Now let
h:Ix X — Y be ahomotopy from f to g, so

h(0,x) = f(x). h(1, x) = g(x).

Definition 5.4.4. Define the prism operator

P: Cy(X) = Cysa(Y)

by
P(O) = Z(_l)lh © (1 X O)|[vo,...,v,-,wi,...,wn]/
i=0

where /1 o (1 X 0) denotes the map

IXxAZS Ix XSy
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We have the following (non-commutative) diagram:

Cprr1(X) 2= Cu(X) —% C1(X)
P P

Crr1(Y) < Cu(Y) —2, Cr1(Y)

We want to show, that
g#—f# = dP + Po.

For this we compute
dP(0) =d (Z(_l)ih o(1x G)|[UOI---/Ui/wi/---/wn]]
i=0

= Z(_l)lﬂh ° (1 X 0)|[Uo,...,z?]-,...,vi,wi,...,wn]

j<i
+ Z(_l)i+j+1h o (1 X O)l[vo,...,v,-,wi,...zbj...,wn]
j=i
and
n
PO(0) = P| Y (~1)0l,.5,. 01
j=0
— Z(_l)ﬁ']h O (1 X G)|[Uo,...,U{,wi,...ZT)j...,wn]
j>i
+ Z(_]‘)l+]+1h o (1 X U)|[UO,...@j...,vi,wi,...,wn]-
j<i
It follows, that

97

(&P + P(?)(U) = Z ho (1 X G)l[vo,...,ﬁj,wj,...,wn] - Z ho (1 X 0)|[Uo,...,vj,zbj,...,wn]-
j j

These terms cancel out, except for
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We have shown that the homomorphism of chain complexes gx — f# is
chain-nullhomotopic. By Lemma 5.3.3 the map g. — f. on the homology

is zero, so f. = g. as desired. O

Corollary 5.4.5. If two spaces X and Y are homotopy-equivalent, then their

homologies are isomorphic.

Proof. Let ¢ : X — Y be a homotopy equivalence with homotopy inverse
Y : Y — X. Then ¢ o ¢ is homotopic to the identity map, therefore

¢. o 1, is the identity map. The same goes the other way round. O
Example 5.4.6.
; k=0
Hi(R") =
0 k>1.

This follows, as IR" is homotopy-equivalent to the point 0.

5.5 The Snake Lemma

Definition 5.5.1. A commutative diagram of abelian groups of the form

with exact rows is called a snake diagram.

Lemma 5.5.2 (Snake lemma). Let there be given a snake diagram. We add
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the kernels and cokernels so that now rows and columns are exact:

k k'
At p 8 .C 0
d d d’
0 XY —— 7
0 v

coker d’ —— coker d — coker d”’

Then the map
6:(]50(f/)_10d0g_10k”

is well-defined and induces an exact sequence

kerd’ — kerd — kerd” LN cokerd’ — cokerd — cokerd”

0
kerd’ kerd kerd”
A B C — 0
0 — X Y Z
cokerd” —— cokerd coker d”

99

Proof. We use diagram chasing. In the claim the term (f’)~! means that

one chooses a pre-image. In order to be able to do that, the respective

element must lie in the image of f’ in the first place. This can be seen
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nicely in the diagram. So let a € kerd”. Map it with k" to C and get
some ¢ = k’'(a). Choose a pre-image b € B. Map it to Y to get a

y = d(b) € Y. The commutativity of the diagram implies

g'(y) = g b)) =d"(c) =d"” (k" (a)) = 0. Because of exactness, y has a
pre-image x € X and one defines 6(a) = ¢(x).

Now for well-definedness. Let b’ € B another pre-image of c. By
exactness, there is « € A with b’ = b + f(a). Since ¢(d’(a)) = 0, adding a
does not change 6(a). The pre-image under f’ is uniquely determined,

so 0 is well-defined.

Finally for the exactness of the sequence: First we show that 6t = 0. For
this let z € kerd and a = 7(z). Then one can choose the element k(z) as

pre-image of c in B. But this element goes to zero under d.

Next we show €6 = 0. Leta € kerd” and b, y, x as before. Then

€(6(a)) = e(p(x) = P(y) = P(d(b)) = 0.

Now let a € ker(6). Then ¢(x) = 0, so there is @ € A with x = d’(«a), or

y = f'(d'(a)) = d(f(«)). This implies b = f(a) + O for some O € kerd.
Then c = g(f(a) + 0) = g(f(a)) + g(0) = g(0) = k”’(1(0)), hence a = ©(0).

Now let z € ker €. Choose a pre-image x € X and set y = f’(x). Then
Y(y) = P(f'(x)) = e(y’(x)) = €(z) = 0 and therefore there is b € B with

y =d(b). Let c = g(b). Then it follows that

4"(c) = d"(3(b)) = §'(d(®)) = §'(v) = &'(f(x)) = 0, and s0 there is

a € kerd” with ¢ = k”(a). Pursuing the chain backwards, one sees that

z = 6(a). O

Theorem 5.5.3. Let

0EFELF2650
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be an exact sequence of chain complexes. Then for every k € Z the maps

induced by f and g give an exact sequence
Hy(E) — Hi(F) — Hi(G).

There is a natural connection homomorphism 6 : Hy(G) — Hy_1(E)

which makes the sequence
4 Hk(E) i) Hk(F) i) Hk(G)
=5 Hea(E) -5 Ha(F) =55 Hea(G) — -

exact.

Proof. We have commutative diagrams

0 Ek+1 Fk+1 N Gk+1 —0
dlgrl d};ﬂ dlg—l

0 EX F* GF 0
de dt &

0 Ek—l Fk—l N Gk—l —0
g e e

0 Ek—2 Fk—2 N Gk—2 —0
42 42 42

The rows with indices k and k — 1 form a snake diagram. The snake
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lemma yields a homomorphism
0: kerd’é — Ek_l/imdlé.

By construction of the snake homomorphism 6, this factors through
Hi(G) = kerdt/ imd&! and maps to kerd . The exactness of the

resulting sequence is easy to see. O

Corollary 5.5.4 (Functoriality of the long exact sequence). The long exact
sequence is functorial in the following sense. Suppose there is a commutative

diagram of the form

0 E F G 0

Lok

0 E’ F G’ 0

where the rows are exact sequences of chain complexes and e, f, g are

homomorphisms of chain complexes.

Then the induced morphisms e., f. and g. commute with the long exact

sequence, i.e., for each k, the ensuing diagram

Hy(E) — Hy(F) — H(G) —% Hy_(E)

S A

Hy(E’) — Hy(F") — Hi(G’) —> Hy1(E’)

commutes.

Proof. The commutativity is clear for the first three squares by the
commutativity of the diagram of the chain complexes above. The
commutativity of the last square hinges on the construction of 6. This
map is canonically constructed out of the morphisms in a snake
diagram. Assume there is a second snake diagram and morphisms

between snake diagrams, i.e., morphisms on each entry which
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commute with the morphisms of the two diagrams. Then it follows that
the snake morphism also commutes with the morphism between the

diagrams. This yields the claim. O

5.6 Barycentric decomposition

We shall show that a given simplex can be decomposed into smaller

subsimplices without changing the homology.

Definition 5.6.1. (Barycentric subdivison) For a simplex A = [vy, ..., v,]

let
1

""" n+1

@0+ +0y)
be the barycenter.

We shall give A the structure of a simplicial complex with (n + 1)!

maximal simplices, called the barycentric subsimplices as follows.

o If n = 0 then A is a point and A is the only subsimplex.

o LetFy,..., F,bethe (n — 1)-dimensional faces of A. Inductively,
assume each F; has been given a simplicial structure with a number
of n! maximal simplices S;1, ..., S; Let T; ; denote the convex hull
of 5;; and the barycenter bs. Then these subsimplices make up the

decomposition of A and we have (n + 1)! of them.

Definition 5.6.2. Let A = [vy, ..., v,] be equipped with this simplicial
structure. To every subsimplex S C A we attach a sign ¢(S) = +1 in the
following way: ¢([v;]) = 1 forevery 0 < j <n. Let 1 <k < n be given
and let ¢(T) be defined for all subsimplices of A of dimension < k. Let

now S be a subsimplex of dimension k. Then there is a unique face
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F =[vj,...,v;] of A containing S, where we assume iy < --- < it. Then
S = [br, T] for some subsimplex T of F of dimension k — 1. The simplex

T lies in a unique face [v;,, ..., 0;,...,7;] and we set

e(S) == (=1)"e(T).

Let’s look at these signs in dimension 1. For i < jlet b = by, ;] be the

barycenter of the line [v;, v;]. Then we have
e(b, o) =-1 and e(b,v]) =1

— +
L | ]
L 1

0; b 0j

In the picture, you see the sign distributions of the simplices and the

faces in dimension 2.

Definition 5.6.3. We define a sequence of maps u, : C,(X) — C,(X) by

(o) = ) €(S)als,

ScA

where the sum runs over all subsimplices S of dimension #.

Lemma 5.6.4. Let T, T’ C A = [vy, ..., v,] be two barycentric subsimplices of
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dimension n, which share a common face of dimension n — 1. Then
e(T)+e(T’) = 0.

Proof. We know this for n = 1. So lets assume 1 > 2 and we know the
claim for n — 1. Then T = [ba, S] and T’ = [b,, S’] for some barycentric

subsimplices S, S’ of codimension 1 faces F, F’ of A.

1. Case. F=F =F;=[oy,... ?J; ..., Uy]. Inductively, we can assume
£(S) = —¢(8’). Then we have

e(T) = e([ba, S]) = (~1)e(S) = ~(=1)/e(§") = —&(T").

2. Case. We can assume F = F;and F’ = F; fori < j. Then S = [bf, R] for
some barycentric subcomplex R of FNF’ and S” = [br, R]. One has

—

FNF =Fij=[vy,...0i...0j...,0,]. It follows

e(T) = &([ba, S1) = (-1)'e(S)
= (-1)e([br, R]) = (-1)"*7*'¢(R)
= —(-1)"e(R)
= —(=1)e(S) = —e(T"). O

Lemma 5.6.5. The maps u, form a chain complex homomorphism, i.e., one has
ou, = u,_10.

Proof. We write a given subsimplex S of a face F; in the form
S =[s1,...,5:]. We have

duy(0) =0 [Z(—l)j Z e(S)o |[bA,S]}
j=0

SCF]'

— i(_w’ Z e(S) (G|s + i(—1)"0‘|[bA,sl,...,éz,...,sn]]
=0 k=1

SCF]‘
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and

n
un—la(a) = Up-1 Z(_l)] G'[vo,...z’)}...,vn]
]':0 \—'ﬁ/—"‘—/

G|F,

= i(—l)]‘ Y &(S)als
j=0

SCF]'

Therefore the difference du,, — u,_10 is
Y 1Y &) (Z(—1>ko|[bA,sl,...,g;,...,sn]]
=0 SCF; k=1

For a given S = [sy,...,s,] C F; and given k there exists exactly one
S’ C F; sharing the face [sy, .. Sk, By Lemma 5.6.4, S and S’ occur

witg opposite signs, hence the sum above is zero.

Here is a picture of the sign distribution in the case n = 2.

The ordering of the verticesis 1 <a <b < ¢ < vy < v; < vy, the signs are

given by the rule above. O

Definition 5.6.6. Let A = [vy,...,v,] and 0 < j < n. We define a
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projection pj : A = F; = [0y, ...7;...,0v,] as the uniquely determined

affine map with
pi)=br,  piw) =1 fork#].

For an (n + 1)-simplex A" = [oy, ..., v,41] we write
Fi=[vo,...7j...,vs1] and we define P : C,(X) — Cni1(X) by

n+1
— _1YV/ ,
Po = Z( 1) Z £(S)o o p]|p;1(s).
]=0 SCF]

Lemma 5.6.7. One has
Po + dP = u, — 1d.

So (uy) is chain-homotopic to the identity.

Proof. This is an involved computation. As this proof is neither

entertaining nor of educational value, we omit it. O

5.7 The Mayer-Vietoris sequence

The Mayer-Vietoris Theorem is similar to the Seifert-van Kampen
Theorem, since a space X is considered, which is the union of two open
subsets U and V. One then compares the homology groups nof X with
theonesof U, Vand UNV.

Lemma 5.7.1. Let v, ..., v, € R™! pe linearly independent whith ||v]|| <1
for each j. Consider the simplex A = [vy, ..., v,]. Let b = ®2=2% be its
barycenter. Then there is a constant 0 < 0 < 1 only depending on the

dimension n such that for every simplex S occurring in the barycentric
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subdivision of A we have
diam(S) < 6 diam(A).

Proof. We call a simplex symmetric if all edges have the same length.
Let e denote an edge of A of maximal length £(e). Then this length is the
diameter of A. Let A" be a symmetric simplex having e for an edge and
containing A. Inflate A inside A" by keeping e pointwise fixed, until A
fills out &’. During this process, all edge lengths and distances to the
barycenter have been increased. As we have diam(A) = {(e) = diam(A’)
we see that diam(S) < diam(S’) for some simplex S’ in the barycentric

subdivision of A’.

diam(S) < diam(S’)
diam(A) — diam(A’)’

claim for a symmetric simplex, hence the standard simplex A,,. We have
diam(A,) = V2 and because of

which means that it suffices to show the

Therefore

) 2
leo = ball” =

€O—n+1(€0+'“+€n)
—(1— ! )2+n L
B n+1 (n+1)2

2

n n _h

= + = .
m+1)2 @nm+12% n+1

diam(S) __ Vnn?

diam(A) — 42
Lemma 5.7.2. Suppose X = U UV for two open sets U, V. Let C,(U + V)
denote the image of C,,(U) & C,,(V) in C,(X).

< 1. O

we get
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Then C,(U + V), n € Z, forms a subcomplex of C,(X) The inclusion
Cn(U + V) = Cu(X) induces an isomorphism

N Hy(Co(U + V) = Hy(X).

Proof. Since J(C,(U)) € C,-1(U) we get a sub-complex. By Lemma 5.7.1
we infer that every subsimplex S of u*A satisfies diam(S) < 6% diam(0)
for some O < 1, so these diameters tend to zero, as k — co. From this it
follows that for every a € C,(X) there exists r € IN such that
uwaeCy,(U+V).

Now we show that 7 is surjective. So let a € C,,(X) with da = 0 and let
[a] denote its homology class in ker d/im d. Let r € IN be so large that
u'(a) € C,(U + V). Since u is chain-homotopic to the identity, it induces
the identity on the homology, hence [u"(a)] = [a] and so the map 77 is

surjective.

For injectivity let [B] be in its kernel. Then g € C,,(U + V) with d = 0
and there exists y € C,41(X) such that dy = . There is r € IN such that
uy € Cppa(U + V). Then du"y = u"dy = u’p Therefore,

[B] = [WB] = [du"y] = 0. O

Let ¢ : Cr(U N V) — Ci(U) ® C (V) be defined by ¢p(a) = a ® a, where a
is considered an element of Ci(U) or Ci(V) respectively. Let

P : C(U) & Ci(V) = Cr(X) be defined by ¢(a ® f) = o — . Then ¢ and p
are chain maps, i.e., one has d¢p = ¢d and likewise for 1, so they induce

maps ¢. and 1. on the homology.

Theorem 5.7.3 (Mayer-Vietoris). Let U, V C X open sets such that
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X = UU V. Then there is an exact sequence

o H(U N V) 25 H(U) @ Hy(V) 255 Hy(X)
S HLUNY) S B (U) @ H o (V) 25 H y(X) = ...

o Ho(U N VY 25 Hy(U) @ Ho(V) 25 Hy(X) = 0.

Proof. Consider the sequence
0 CUNV) - Cul) @ Cu(V) -5 G+ V) = 0,

where ¢(a) = a®a and Y(a® ) = a — . One has ¢d = dp and Y = o,
so this is an exact sequence of chain complexes and therefore Theorem

5.5.3 together with Lemma 5.7.2 implies the claim. O

Proposition 5.7.4. As an application, we get the proof of the result announced

earlier. For n > 1 we have

, k=0,n
Hi(S") =

0 otherwise.

The case of dimension zero is

0 7> k=0,
Hi(S") =
0 otherwise.

Proof. The zero-sphere is a two-point space, hence the last assertion

follows by Proposition 5.2.5.

The n-dimensional sphere S" is the union of two contractible open sets
|y P
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U,V such that U N V retracts to S"~!. We start an induction using the
Mayer-Vietoris sequence.

Let n = 1. The Mayer-Vietoris sequence yields

Hy(U) @ Hy(V) — Hy(S') — Ho(U N V) — Hy(U) ® Hy(V) — Hy(S") — 0
——
0 7 7 z

The map « is injective, hence Hy(S') is either 0, Z or Z?. In a finite exact
sequence, which ends in zeros on both ends and all groups are finitely
generated, the alternating sum of the ranks of the groups add up to
zero, as one sees from the corresponding base change to Q, where all

groups are finite-dimensional Q-vector spaces. Hence we get
rank(H1(SY)) = rank(Z?) — rank(Z?) + rank(Z) = 1.

Hence H;(S!) = Z. The rest of the proof is left as an exercise to the

reader. O

Lemma 5.7.5. (a) Let X be a space and x, € X. Viewing a curve in X as a

simplex yields a group homomorphism 11(X, x9) — H1(X).
(b) The map o : [0,1] — S!, t > e*™ is a generator of H1(SY).
Proof. (a) Homotopic paths y and 7 yield the same element, since the
homotopy induces a chain in C, the boundary of which is y — 7. To see
this, let i : I X I — S! be a homotopy with fixed ends between y and 7.

Then & is constant on A = [ X {0} and on B = I X {1}. Let X be the space

you get, when you collapse A to a point and collapse B to a point, so
X = (/A)[B

Then h factors through X in a unique way and X is the union of the
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closed sets A and X which intersect in a face:

A:{[(s,t)]eX:tS %}
Z:{[(s,t)]eX:tZ%}.

The sets A and ¥ are canonically homeomorphic to triangles with one

common face. For instance, in the case of A the map

n: (s, )] = [(2st, )]

is a homeomorphism from A to the triangle in R* with vertices
(0,0),(0,3), (1, 3).

03

0o (%) 0

In the given ordering of the vertices the chain A — X has boundary

y—1=y+T.

As a special case one gets that for any path y the chain y + 7 is the
boundary of a 2-chain. Similarly, one sees that a composition of paths
y.1 yields the element y + 17 in C;(S!) up to boundaries. Hence we get a
group homomorphism 71 (X, xo) — H;(X).

(b) Let a = Z?ﬂ kio; be an arbitrary element of ker(d). We can replace
any o; with k; < 0 by ¢; and thus write a = }.7.; y; for paths ;. Since
d(a) = 0, the endpoints of the y; fit together in a way that the paths can
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be composed to form a single closed path y, which shows that the
group homomorphism ¢ : 111(S') — H;(S') is surjective. Hence a

generator of 711(S') maps to a generator of H;(S'). O
Lemma 5.7.6. (a) If the sequence () splits, then B = A ® C.

(b) If C is a free abelian group, then the sequence (+) splits.

Proof. (a) Let ¢ : A® C — B be defined by ¢(a, c) = a(a) + s(c). Then ¢ is
an injective group homomorphism since if (g, ¢) is the kernel, then
a(a) = s(—c), also —c = Bs(—c) = p(a(a)) = 0. Since « is injective, we then

also geta = 0.

The map ¢ is also surjective, since for b € B one has
B(b — s(BD))) = B(b) - sp(b) = B(b) — B(b) = 0, s0
b —s(B(b)) € ker(p) = im(a).

(b) Let C = EBgeG Z.g for some generator set G. As {3 is surjective, for
each ¢ € G one can pick some s(g) € B with 5(s(g)) = ¢- Then the map
s : G — B extends to a uniquely determined group homomorphism

C — B which splits the sequence. O

The following lemma is not part of the lecture.It explains the wording

“split sequence”.

Definition 5.7.7. We call an exact sequence 0 - A — B — C — 0 trivial, if A or C is zero. In that
case the sequence is just one isomorphism.

Lemma 5.7.8. For an exact sequence 0 — A — B — C L5 0 the following are equivalent:

(a) Thereexistst: B — A such that ta = Id4.
(b) The sequence is isomorphic to a direct sum of trivial sequences.

(c) There exists s : C — B such that fs = Idc.
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Proof. (a)=(b): We need an isomorphism ¢ : B — A& C = A X C, such that the diagram

0 A——5AaC

commutes, where ((a) = (4,0) and p is the projection to the second coordinate. The choice is
obvious: P(b) := (H(b), p(b))-

Injectivity: If ¢(b) = 0, then b € ker § = im a, so b = a(a) for some a € A, and then

a = ta(a) = t(b) = 0, hence b = 0.

Surjectivity: For given (4, c) € A ® B choose some b’ € Bwith f(b') =c. Letb =" — at(lt’) + a(a).
Then B(b) = B(V') = c and #(b) = t(t') — (V') + ta(a) = a.

Commutativity: We have ¢(a(a)) = (ta(a),ﬁa(a)) = (a,0) = 1(a) and p(¢p(b)) = B(b) by definition.

(b)=(c): Let ¢ be given. Thensets:C — B, s = gb‘lL’, where ’(c) = (0,¢). Then s = Idc by
definition.

(c)=(a): For b € B, the element b — 5B(b) lies in ker § = im a and so there is a unique #(b) € A with
at(b) = b —spb. It is easy to see that t is a homomorphism. For given a € A we have have

a(ta(@)) = aa) - asp(a(@)) = a(a)

and as a is injective, we get fa(a) = a. o
Proposition 5.7.9. (a) For any space X and k > 0 there is an exact sequence
0 — Hi(X) = Hi(S' x X) = Hi_1(X) = 0.
If Hi_1(X) is a free abelian group, it follows

Hi(S' x X) = Hi(X) ® He_1(X).

(b) For n € N and k € INg we have
H(R"/Z") = 7).

Proof. (a) View S! as the unit circle in C and consider the open subsets
A= {z € S' 1 Re(z) < %} and B = {z € S' : Re(z) > —%} Then A, B and the
two components of A N B are contractible and S' = AUB. Let U = A X X
and V = B X X. Then X is a retract of U and of V. Further, U N V retracts
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to a disjoint union of two copies of X. The canonical map
a : H{(X)* = HY(U N V) — HYU) ® HY(V) = H(X)? can then be
described as (a,b) = (a + b,a + b). The kernel of this map, its image, and

its cokernel are all isomorphic to Hi(X).

This map appears in the exact Mayer-Vietoris sequence

S H(UN V) % H(U) @ Hy(V) -5 Hy(S!' x X)
s H (U N V) 25 Hey(U) ® Heeq (V) > He (ST X X) —

The cokernel of ay is isomorphic to the image of , so you get the exact
sequence 0 — Hy(X) — Hy(S! x X). Further, the cokernel of f is the
image of y is the kernel of aj_;. This completes the claimed exact

sequence. The second statement follows by Lemma 5.7.6.

(b) The case n = 1 is the case of S! which has been dealt with above. For
the induction step, we apply part (a) with X = (S§!)". By induction
hypothesis, all homology groups of X are free. Therefore, again using

the induction hypothesis, we get

Hi((S"y"") = Hi((S")") ® Hi-1 ((S")")
=~ 7() @ 7()
~ Z(IIZ)-’-(kﬁl) = Z(nztl). O

Proposition 5.7.10. For n € IN let P" = P*(IR) denote the n-dimensional real
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projective space. Then we have

Z k=0,
Z k =nandnisodd,
Z/2 kodd 0<k<n,

Hk(]Pn = <

0 otherwise.

Proof. For n = 1 we have P" = S! and so we know the assertion already.

For n > 2, the space IP" can be understood as the closed half-sphere
modulo crosswise identification of the boundary points. Then

P" = U U V with open sets U and V, where U retracts to the boundary,
i.e., toP" 1, the set Vis simply connected and U N V retracts to a sphere
sl

Letn =2. Themap f: S' =UNV — U — P! = §is a double covering
of the circle. But as the fundamental group Z has only one subgroup of
index 2, namely 2Z, there is only one double covering of the circle. This
map induces the multiplication by two on H'(S') = Z as one sees from
the fact that the generator of H'(S') (see Lemma 5.7.5) given by

2mit 4t which winds around the circle

o:1— S, t e is mapped to e
twice, hence can be written as the sum of two copies of 0. The

Mayer-Vietoris sequence therefore yields the exact sequence

0 — Hy(P?) -5 Hy(S') = Hy(S') — Hy(P?)

~—— ~——
=7 =Y/
— Hy(S") = Ho(U) @ Ho(V) — HolP?) — 0.
~—— S~
=7 7?2 Z

Since multiplication by 2 is injective, it follows H,(IP?) = 0. Comparing
the ranks in the last rows yields 6 = 0 and therefore H(IP?) = Z/2.
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Next suppose n > 3 and the claim is proven up to n — 1, we want to
show it for n. We start with the case when n is odd. The Mayer-Vietoris

sequence then reads

... = Hl(S"™") = Hy(P"™') — Hi(P")
— Hi 1 (8" = Hiq(P"1) > Hiq (P) —

For k > n we conclude that Hi(IP") is zero. For k = n we get the exact

sequence

cee Hn(Sn_l) - Hn(]Pn_l) — H,(IP")

0 0
— H,_1(5" ") - H,_1(P"™Y) = H,_1(P") » H,»(S" ) -
N ———
Z. 0 0

Form this we conclude that H,(IP") = Z and H,_1(IP"*) = 0.

Next consider the case when 0 < k < n — 1 is odd. Then the sequence

becomes

... = Hl(S"™1) = Hy(P"™') — Hi(P")

0 z)2
— Hi-1(S"™) = Hi1(P"™) — Hi1(IP") — Hio(S™)
——

0 0 0

which implies that Hy(IP") = Z/2 and Hj_1(IP") = 0. The case of even n

runs similarly. m|
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5.8 Relative homology

Definition 5.8.1. A pair of spaces is a pair (X, A), where X is a
topological space and A # () a subset of X. Let (X, A) be a pair of spaces.
Define

Cu(X, A) = Cu(X)/C(A).

Because of dC,,(A) C C,-1(A) the boundary operator induces a map

91 Co(X, A) = Cyr(X, A).

One has 0* = 0, since this is already true in C,(X). The relative

homology is defined by

Hy(X, A) = ker dlc,x.4)/d(Cus1 (X, A)).

We use the following conventions

o a € Cy(X,A) with da = 0 is called a relative cycle.
o o € Cy(X,A) with @ = dp for some f is called a relative boundary.

An element a € C, (X, A) = C,,(X)/C,(A) is a relative cycle, iff there is a
representative a in C,(X) such that da € C,,_1(A).

Likewise, a is a relative boundary iff there is € C,,11(X) with
dp — a € Cy(A).

Theorem 5.8.2. For a pair (X, A) there is an exact sequence
oo H(A) =5 Hy(X) 25 Hy(X, A) =5 Heq(A) — ...

-+« — Hy(A) = Ho(X) - Ho(X,A) — 0,
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where i : A < X is the inclusion and j is the chain map
C(X) = C(X)/Cr(A) = C(X, A).

Proof. The maps i and j induce an exact sequence of chain complexes:
0— Ci(A) = Cu(X) — Ci(X, A)—0

So the claim follows from Theorem 5.5.3. O

Example 5.8.3. Consider the pair (X, A) = (A,, dA,). Then

k=n
Hi(A,, dA,) =
0 otherwise.

In the case k = n, the identity map on A,, yields a generator. This is clear
from the Theorem, where we note that for k = n the map j. is induced

by the identity map.

Definition 5.8.4. Let (X, A) and (Y, B) pairs of spaces. A pair map
f 1 (X,A) = (Y,B) is a continuous map f : X — Y with f(A) c B. Two
pair maps f, g : (X, A) — (Y, B) are called pair-homotopic, or simply

homotopic, if there is a homotopy h;, where each £, is a pair map.

A pair map f : (X, A) — (Y, B) induces a group homomorphism
fe : Hi(X, A) — Hi(Y,B)

by f.[o] =[f o o]

Proposition 5.8.5. Let f, g : (X, A) — (Y, B) homotopic through pair maps.
Then

fe= 8-
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Proof. The prism operator P maps C,(A) to C,+1(B), so it induces a
relative prism operator P : C,(X, A) — C,11(Y, B). The transition to the
quotient preserves the equation dP + Pd = g. — f., hence g, — f. is the

Zero map. O
Lemma 5.8.6. (a) If X is path-connected, one has for any xg € X,

Hk(X/ X()) = Hk(X)/ k>1
HO(X/ X()) =0.

(b) For a deformation retract A C X one has
Hi (X, A) = 0.

Proof. (a) The long exact sequence of Theorem 5.8.2 yields an exact
sequence
Hi(x0) = Hi(X) — Hi(X, x0) = Hi-1(xo).

For k > 2 the two outer groups are zero, so the middle homomorphism
is an isomorphism. For k = 1 one gets an exact sequence

0 — Hi(X) = Hi(X, %0) = Ho(xo) = Ho(X) == Ho(X, x0) = 0.
The map c is an isomorphism, so b is zero and a is an isomorphism.
Further, d is zero and Hy(X, xy) = 0.

(b) Leth: I X X — X be a deformationto A. Let f : X — X, f(x) = h(1, x).
Then the pair map f : (X, A) — (X, A) is homotopic to the identity.
Therefore f. = Id. On the other hand, f(X) C A and so f. is zero. It
follows Id = 0 on H,(X, A), hence H,(X, A) = 0. O

Lemma 5.8.7. Let X be a topological space and B C A C X. Then there is an
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exact sequence

.-+ — Hy(A, B) = Hy(X, B) = Hi(X, A)
N Hk—l(A/B) I HO(X/A) — 0.

Proof. This sequence results from Theorem 5.5.3 applied to the exact

sequence

0 — Cr(A,B) - C(X,B) = Ci(X,A) — 0. O

Theorem 5.8.8 (Excision). Let X be a space and Z C A C X subsets,
where Z is closed and contained in the open interior A of A. Then the

inclusion (X \ Z, A\ Z) — (X, A) induces isomorphisms

H(X\NZ ANZ) — Hi(X A), k=>0.

Proof. Let Y : C,(X N\ Z, A\ Z) — C,(X, A) be the map induced by
inclusion. Let U= X\ Zand V = A, then UU V = X. For every given
class [a] € H,(X) there exists a power u” of the barycentric division map,
such that u"(a) € C,(U) + C,(V). The barycentric division map # maps

Cu(A) to itself. The inclusion gives a chain map
B (Culll) + Cu(M)[(Cu(A) 0 (Co(U) + Cu(V))) = Cul(X)/Cu(A) = Cul(X, A).

We claim that ¢ induces an isomorphism in homology. Call the
complex on the left A, and the one on the right B,,. So ¢,, : A, — B,,. We
identify A, with its image in B, and view A, as a subcomplex of B,
where ¢ is the inclusion. For injectivity let [a] € H,(A.) be a homology
class with ¢.[a] = 0. By Lemma 5.6.7 we have [u"a] = [a] it suffices to
show that there exists r € IN such that u’a = df for some € A,41. Since
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¢(e) is trivial in homology, there exists 1 € B,+1 such that dn = a. There
exists r € IN such that = u'n lies in A, and then df = Ju'n = u'dn = v'a

as claimed.

For surjectivity let [1] be a class in H,(B.). Then there exists r € IN such
that u't € A, and so [p(u'7)] = [u"7] = [7].

So the inclusion C,,(U) + C,(V) into C,(X) induces an isomorphy in the
homology of the complexes C,(X, A) and

(Culll) + Cu(M))(Ca(A) N (Cu(U) + Cu(V))) = CulW)[(Cu(A) N Cu(LD))
By a definition we have

CuW/(Call) N CaA)) = Co(X N D)[(CulX N 2) N Co(4)
=Cy(XNZAN2).

Therefore, the inclusion maps induce an isomorphism between the

relative homology H, (X, A) and the homology of the complex
Ci(XNZ AN 2Z),

ie., themap ¢. : H,(X \ Z,A\ Z) —» H,(X, A) is an isomorphism. O

5.9 The long exact sequence of a pair

Definition 5.9.1. A subset ) # A C X is called regularly closed, if A is
closed in X and there is an open neighbourhood U of A, such that A is a

deformation retract of U.

Examples 5.9.2. (a) An embedded smooth sub-manifold M in X = RV
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is regularly closed, since there is a neighbourhood, spanned by

normal vector fields. This is called a tubular neighbourhood.
(b) The set {% in € IN} U {0} is closed in R, but not regularly closed.

Lemma 5.9.3. Let A C X be reqularly closed. Then the quotient map
q:(X,A) = (X/A, A/A) induces isomorphisms

g : Hy(X, A) — H,(X/A,AJA).

Proof. Let U be an open neighbourhood of A, such that A is a

deformation retract of U. We have a commutative diagram

Hn (X, A) —*—H,(X, L) L H,(X\AUNA)
: ! k
H,(X/A, AJA)—— H,(X/A, UJA) —2 H,(X/AN AJA, U/A N AJA)
By the Excision theorem of relative homology, Theorem 5.8.8, the map b

is an isomorphism.

The map a is an isomorphism, since then in the exact sequence of
Lemma 5.8.7 for the triple A C U C X all the groups H,(U, A) are zero by

Lemma 5.8.6. By the same reason, the maps b, c and d are isomorphisms.

Since g is an isomorphism on the complement of A, the map f is an
isomorphism. The commutativity of the diagram implies then that e

and finally g. are isomorphisms. The Lemma is proven. O

Theorem 5.9.4. Let X be path-connected and ) + A C X regularly closed.
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Then there is an exact sequence:

. Hi(A) =5 Hu(X) 25 Hy(X/A)
5 Hia(A) =5 Hia(X) £5 He g (X/A).
o Hy(X/A) -5 Hy(A) — Ho(X) — 0.

~——
Z

Here i is the inclusion A < X and p the projection X — X/A.

Proof. The long exact sequence of Theorem 5.8.2 looks like this one with
Hi(X, A) instead of Hi(X/A). By the last Lemma 5.9.3 we have

Hi(X, A) — Hy(X/A, A/A) and Lemma 5.8.6 (a) says that

Hy(X/A,AJA) = H(X/A) for k > 1 and Hy(X, A) = 0. O

Corollary 5.9.5. The exact sequence of the theorem is functorial in the
following way. Let f : (X, A) — (Y, B) be a pair map where A and B are

reqularly closed in X and Y respectively. Then the ensuing diagram

Hi(A) — H(X) — H(X/A) — Hi-1(A)

AN

Hi(B) — Hi(Y) — Hi(Y/B) — H;_1(B)

commutes.

Proof. The map f induces maps between the chain groups and thus the

functoriality of the snake lemma induces this corollary. O

Corollary 5.9.6. Suppose that the reqularly closed subset A C X is
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contractible. Then the projection map j : X — X/A induces isomorphisms
Hi(X) = Hi(X/A)

for every k > 0.

Proof. For k = 0 we have that Hy(X) is a direct sum of copies of Z, the
number of which equals the number of path-components of X, see
Proposition 5.2.5. As A is path-connected, this number does not change
under j. For k > 1 we have Hy,1(A) = 0 = Hi(A) which implies the claim

by the long exact sequence. O

510 Equivalence of simplicial and singular homology

Let X be a simplicial complex with a linear order < on Xj. Let

A = [vy,...,v,] be a simplex of X. For A define a singular Simplex

oa : [vo,...,v,] = X given by the inclusion of A in X. Let Czimp(X) be the
free abelian group generated by the n-simplices of X. The map A = o4

induces a group homomorphism
U C™P(X) - Cu(X).

Lemma 5.10.1. One has dy = 0.
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Proof.

8lub([UO/ <oy Un]) = aO[vo,...,vn]

n
— Z.(_l)Z Oltwo,...01... 0]
i=0

n
— Z:(_l)Z O[00,..-0ivvy05]
i=0

= gb&([vo, ceey Un]). O

So 1 induces a map 1, : Hy ™P(X) — Hu(X).

Theorem 5.10.2. 1. is an isomorphism Hiimp(X) =~ Hi(X).

Proof. For k = 0 the claim is clear. So let k > 1. For a sub-complex A € X
let
CIP(X, A) = CIP(X)/CTP(A).

As in the singular case, one defines the relative homology groups
H, "™ (X, A). The exact sequence

0— C™P(A) - C™P(X) - CMP(X,A) - 0
induces a long exact sequence by Theorem 5.5.3

— HP(X, A) — H;™P(A) — H™(X)
— H™P(X, A) — H"P(A) — ...

We replace X by the n-skeleton X,, and we set A = X,,_;. We get a
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commutative diagram with exact rows:

H™P (X, Xyo1) —— Hy P (X1) —— H P () —— Hy ™ (X, Xo1) —— Hy P (Xo1)
| k | § §
Hye1 (X, Xy1) — Hi(Xo1) = Hi(Xy)) = Hi(X, Xpo1) — Hi1(Xo1)

We show that & and 6 are isomorphisms. One has Ciimp(Xn, X,-1) =0
fork # nand C2™P(X,, X,—1) = C™P(X) is the free abelian group

generated by the n-simplices. Then it follows

C™P(X) k=n

H™ (X, Xp1) =
0 k # n.

For the singular homology groups consider the map
¢ | (AL AL = (X Xum)

given by the inclusion map of the n-simplices A],. The map ¢ induces a

| |ar/| Joar = XX

Since X, is regularly closed in X,,, we can apply excision twice to get

homeomorphism

Hk(Xn/ Xn—l) = Hk(Xn/Xn—l/ Xn—l /Xn—l)

=H|| |/ |oan| |oaz/] | aAg)

~ Hy |_| A", |_| aAg)
~ @ka IA™).

For k # n, this is zero and for k = n, it is the free abelian group generated

by the inclusions A}, < X of the n-simplices, see Example 5.8.3. Hence
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« and 6 are isomorphisms.

By induction on n we can assume that  and ¢ are isomorphisms, too.
This is clear for n = 0, since then X,,_; is the empty set. From there on,

the induction works.

Lemma 5.10.3 (Five-Lemma). Let there be given a commutative diagram of
abelian groups with exact rows:

If a, B, 6 and ¢ are isomorphisms, then y is an isomorphism, too.

Proof. Let c € C with y(c) = 0. Then 6(dc(c)) = 0 and since 06 is injective,
we have dc(c) = 0. By the exactness of the top row, there is b € B with
¢ = dp(b), hence 0 = y(c) = d3(B(D)). By the exactness of the lower row,
there is a’ € A" such that f(b) = d/,(a’). As a is surjective, thereisa € A
with a’ = a(a). Then f(da(a)) = (b) and since f is injective, we get

b =da(a) and so ¢ = dp(b) = dp(da(a)) = 0 by exactness of the first row.

The surjectivity of y is left to the reader. O

The five-lemma now implies that 1. : H;imp(Xn) — Hi(X},) is an
isomorphism for every n. It remains to show this assertion for X instead
of X,,. For this let [a] € Hi(X) be a homology class with representative

a € Cx(X). Then «a is a linear combination of singular simplices, each of
which has a compact image. So any simplex only meets finally many
cells in X, it follows that « already lies in Ci(X,,) for some n € IN. As 1.
is surjective X, there is § € Ciimp(Xn) C Cliimp(X) with

YB — a € I(Ck(X,)) € I(Ci(X)). It follows 1.[B] = [@], hence 1. is

surjective.
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For injectivity note that for n > k + 1 the inclusion X,, < X induces an
isomorphism Hiimp(Xn) = H;imp (X). Let [a] € Hiimp(X) lie in the kernel
of ¢.. Then [a] already lies in H " (X,,) for some n > k + 1 and so

[a] = 0 holds in Hiimp(Xn) = Hiimp(X). The theorem is proven. m

511 Applications

Theorem 5.11.1. Let U C R" and V C IR™ be open subsets. If U and V are

homeomorphic then we have m = n.

Proof. Let h : U — V be a homeomorphism. If n = 1, then one can
assume that U is an interval. Then for x € U the set U \ {x} Has two
connected components. The same holds true for V \ {h(x)}, so that also
m = 1 must hold since otherwise a connected open set remains

connected if one removes one point.

Soletm,n >2and letx € U. Let W C U be a chart neighborhood of x
and let Z = U \ W. By the theorem on excision for relative homology

we have
He (U U N {x}) = H(UNZ, (UN)NZ) = Ho(W, WA (x}) = Hi (R", R" \ {x}).

Since IR" is contractible, the long exact sequence of the pair
(IR”, R" \ {x}) yields isomorphisms for k > 2

Z k=mn,

H, (an, R” {x}) = = (]R” \ {x}) = Hy1(5"") = 0 ntk>2
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In the middle step we used that R” \ {1} retracts to the sphere S"~!. The

same holds fo V and so m = n. O

Definition 5.11.2. We call a d-dimensional simplicial complex X is
called a manifold complex, if the X us the closure of all d-dimensional
cells and for every (d — 1)-dimensional face f of a cell a there is exactly
one cell p with f = o N 5. We then call 5 a neighbour of a.

Let a, 8 be two d-cells. Then we have d(a + ) = ), k.z, where the sum
runs over all d — 1 cells and k; is in {-2,-1,0,1,2}. We call &« and f8

equally oriented if k, = 0, where z is is the common face of a and .

c

In the picture: if for instance 2 < b < ¢ < d, Then the two cells are
equally oriented. If however, say, a < b <d < ¢, then they are not. The
complex X is called orientable if there exists an ordering on the

vertices, such that any two neighoured cells are equally oriented.

A triangulation of a smooth manifold is orientable iff the manifold is.
(Take that as a definition of an orientable manifold if you are not

familiar with the analytic notion.)

Theorem 5.11.3. Let M be a connected compact differentiable manifold.
Then for every n > 0 the group H,(M) is finitely generated. One has
Hy(M) = Z and for d = dim M,

Z. M orientable,

Hy(M) = {

\0 otherwise.
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In the first case, there is a generator of the form o = 27:1 kioj, where the o
are positively oriented simplices and all k; are positive. We call ¢ a

positive generator.

Proof. Since M is path-connected, we already know that Hy(M) = Z.

A compact differentiable manifold possesses a finite triangulation. The
corresponding simplicial homology is finally generated and so is the

singular homology.

Let M be orientable. We fix a compatible ordering of the vertices. Then
let A =) ,ae Cy(M), Where the sum runs over all d-cells in M.
Therefore, dJA = 0 and we claim that A generates the group H;(M). So
let B € ker d|c, ). Then B = )., m,z, where the sum runs over all d-cells.
Consider two neighboured d-cells a and p. Then they have exactly one
d — 1-cell c in common and the other way round to any d — 1-cell there
are exactly two d-cells containing it. Therefore the equationd ), m,z = 0
implies that m, = m,, if z and w are neighboured. Since M is connected
it follows that all m, are equal. We can choose them equal to 1 to get a

special generator.

For the result on the non-orientable case we show that if H;(M) # 0,
then M is orientable. So let B = ), m,z be in the kernel of d|c,x1. Since
neighbour cells have to cancel in the common 4 — 1-cell, it follows that
m, = +my, if z and w are neighboured. Let ¢, = sign(m), then the family

(e,2), defines an orientation on M. O

Definition 5.11.4. Let f : M — N be a continuous map between compact
orientable manifolds of the same dimension n. Then f induces a map
f.: Z = H,(M) - H,(N) = Z and by choosing positive generators, we
get a group homomorphism f, : Z — Z, which then must be of the



Algebraic topology 132

form f.(k) = df for some d € Z, called the mapping degree deg(f) of f.

Example 5.11.5. If f is an d-fold covering of an orientable manifold,
then deg(f) = d.

Proof. f. maps the positive generator a to nf for the positive generator

on N as each cell in N has n preimages in M. O

Proposition 5.11.6. (a) If f is homotopic to g, then deg(f) = deg(g).

(b) One has deg(f o g) = deg(f) deg(g).
(c) If f : S" — S"is a reflection at a hyperplane, then we have deg(f) = —1.
(d) The antipode map S* — S", x v —x has degree (—1)"*1.

(e) If the map f : S™ — S™ has no fixed point, then deg(f) = (-1)"*.

Proof. (a) follows from f. = g. if f and g are homotopic.
(b) follows from (fg). = f. g

(c) The hyperplane divides S" into two hemi-spheres A and B, each
being the cone over §"~! We give §"~! a simplicial structure and on each
hemisphere, we take the one given above. Take w € C,_1(S"™!) such that
dw = 0 and @ induces a non-trivial element in H""1(5"!). Let Cqyw and
Cpw be the respective cone constructions on the two hemispheres A and
B and let n = Cpw — Cpw, then by Lemma 5.12.2 we get dn = 0, s0 1)
defines a homology class in HZimp(S”). It is non-trivial in C,Sqimp(S”) and
therefore, as Ciifip (8") = 0, it defines a non-zero homology class. Now
the reflection f swaps A and B and thus maps Caw to Cpw and thus f
induces multiplication by (—1) on H,(S").

(d) The antipode is a product of n + 1 reflections.
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(e) Let f : S" — S" have no fixed point. Then the line through f(x) and
—x does not contain zero. In particular, (1 — t) f(x) — tx is not zero for
0 <t <1 Hence

(A =-Df(x) - tx
11 = £)f(x) —

defines a homotopy from f to the antipode. O

h(t, %)

5.12 Hairy ball theorem

Definition 5.12.1. Let S be a finite simplicial complex of dimension .
The cone CS has a natural simplicial structure as follows. Add a new
vertex vy to the vertex set and for each simplex {v, ..., v} add the
simplex {vy, ..., vx}. Finally, extend the ordering of the vertices in such a
way that vy < v for every vertex v of S. For a given simplex
A=1v1,...,0441]In S let CA = [0y, ..., v,41] and extend the map A — CA
linearly to the chain group CImP(S)

(%)

. S
Lemma 5.12.2. Let w € Czimp(S). If daw(S) = 0, then

JCw = w.
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Proof. Letw = Y,)_ ¢y[vy1, - .., vyx]. Writing v, 9 = vy we have

n

m
dCw = Z ¢ ) (=1)[vy0,... 00 ... Oyl
v=1 j=0
m n
=0+ Y &) (Do, 05 0]
v=1 j=1
=w+ Clw = w O

Definition 5.12.3. A vector field on S" is a continuous map

f: 8" - R"! such that f(x) is perpendicular to x, i.e., we have

(fx),x)=0

for every x € 5.

Theorem 5.12.4 (Hairy Ball Theorem). If n is even, then every vector

field on S™ has a zero.

“Every hairy ball has a whirl.”

Here is an example of a zero-less field in the case n = 1.

Proof. Let f : S* — R"*! be a vector field without zero. Replace f(x) by

fL)” to get f(x) € §". Since f(x) L x, the line from f(x) to x does not pass

[I£(x)
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through zero, hence

(1 -Hf(x) +tx
11— £)f(x) + tx
is a homotopy from f : S" — S" to the identity. This implies that

deg(f) = 1. On the other hand, f has no fixed point, so
1 = deg(f) = (-1)"*! and therefore n is odd. O

h(t, x)

5.13 Homology and fundamental group

For a group G let [G, G] be the commutator group, i.e., the subgroup of

G generated by all commutators
[a,b] = aba™'b7!

with a,b € G. Since c[a, blc™! = [cac™!, cbc™!] the group [G, G] is a normal

subgroup of G.

Proposition 5.13.1. The quotient Gy, = G/[G, G] the maximal abelian
quotient of G. More precisely, the group Ggyp is abelian and for every
homomorphism ¢ : G — A to an abelian group A there exists exactly one
homomorphism ¢ap : Gap — A with ¢ = Pap, © p, where

p: G — Gap = G/[G, G] is the natural projection.

Proof. For a,b € G we have

[p(a), p(b)] = p([a, b]) = 1.

So G, is abelian.
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Let ¢ : G » A be a homomorphism to an abelian group. As A is

abelian, one has fora, b € G:

¢([a, b]) = [P(a), p(b)] = 1.
So ¢ factors in a unique way through Ggp. -

Let y : I = X be a closed path with endpoint xo. Then one can view y as
a singular 1-simplex. This is a k, since dy = y(1) — y(0) = 0. So y defines
a homology class in H; (X).

Theorem 5.13.2 (Hurewicz). Considering closed paths as simplices yields
a group homomorphism 1\ : I' = mt1(X, x0) = H1(X). The kernel of Y is the

commutator subgroup [I',T'].

If X is path-connected, then 1) is surjective, hence gives an isomorphism

M (X)ap = Hi(X).

Proof. In Lemma 5.7.5 we have shown that 1 is a group
homomorphism. As H;(X) is abelian, it follows [I',I'] C ker iy. One has
to show that [I,I'] D ker ¢. Let [y] be in the kernel of 1. Then y is the
boundary of some 2-chain ) ; n;0;. By writing simplices several times if
necessary, we can assume n; = £1. Let 7;0, 71, Ti» be the three boundary

simplices of 0;. Then one has do; = Tjp — i1 + 7. and so

Y = (92 n,o; = Z i(—l)jni’fi]‘.
i 0

i =
As y is just one simplex, this means that the 7;; can be ordered in pairs

which cancel each other plus one 7;;, which equals y. Consider an edge
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T = 1;, which has xp for an endpoint, but not both ends equal to xg. One
can deform this to a constant path xy and this deformation extends to
the 2-simplices o;, in which 7 occurs in the boundary. One repeats this
procedure until all edges 7;; have both ends in xg, hence can be viewed
as elements of I'. Note that  was not changed in this procedure. The
equation y = Zi,]-(—l)fni’ci]- in C;(X) implies that in 71;(X), y is a product
of the T;—f].l in some order (by a homotopy given via the simplices o;).
Since the 7; ; cancel pairwise in C;(X), modulo [T, I'l we can move each
7;,; in 711(X) next to its inverse, so it cancels. This goes for all 7; j, hence y

is trivial in 771(X),p.

Finally let X be path-connected. We need to show that ¢ is surjective.
Let )., n;7; be a 1-cycle, representing an element /1 of H1(X). Again we
can assume #; = 1. Since t; = —71; in H1(X), one can even assume

n; = 1. If some 7; is not a closed path, then, since d(}_; ;) = 0 there must
exist some j, such that 7;.7; is defined. We collect these two and iterate
this until all paths are closed. As X is path-connected, there is a path y;,
that runs from x, to the end point of ;. Because of 7; ~ 7;.7;.7;, we can
assume, that all paths start and end in xp. By composing, these can be
turned into one single path 7. It follows that i = 1(7) and therefore 1 is

surjective. 0
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