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IHARA ZETA FUNCTIONS OF INFINITE WEIGHTED GRAPHS∗

ANTON DEITMAR†

Abstract. The theory of Ihara zeta functions is extended to infinite graphs which are weighted
and of finite total weight. In this case one gets meromorphic instead of rational functions and the
classical determinant formulas of Bass and Ihara hold true with Fredholm determinants.
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Introduction. The Ihara zeta function, introduced by Ihara in the 1960s [Iha66a,
Iha66b] is a zeta function counting prime elements in discrete subgroups of rank one
p-adic groups. It can be interpreted as a geometric zeta function for the corresponding
finite graph, which is a quotient of the Bruhat–Tits building attached to the p-adic
group [Ser03]. Over time it has been generalized in stages by Sunada, Hashimoto, and
Bass [Sun86, Sun88, HH89, Has89, Has90, Has92, Has93, Bas92, KS00]. Comparisons
with number theory can be found in the papers of Stark and Terras [ST96, ST00,
TS07]. This zeta function is defined as the product

Z(u) =
∏
p

(1− ul(p))−1,

where p runs through the set of prime cycles in a finite graph X . The product,
being infinite in general, converges to a rational function, actually the inverse of a
polynomial, and satisfies the famous Ihara determinant formula

Z(u)−1 = det(1 − uA+ u2Q)(1− u2)−χ,

where A is the adjacency operator of the graph, Q+1 is the valency operator, and χ
is the Euler number of the graph. One of the most remarkable features of the Ihara
formula is that in the case of X = Γ\Y , where Y is the Bruhat–Tits building of a
p-adic group G and Γ is a cocompact arithmetic subgroup of G of split rank 1, the
right-hand side of the Ihara formula equals the nontrivial part of the Hasse–Weil zeta
function of the Shimura curve attached to Γ, thus establishing the only known link
between geometric and arithmetic zeta- or L-functions.

In recent years, several authors have asked for a generalization of these zeta
functions to infinite graphs. The paper [Sch99] considers the arithmetic situation,
where the graph is the union of a compact part and finitely many cusps. The zeta
function is defined by plainly ignoring the cusps, so indeed, it is a zeta function of a
finite graph. In [CMS01] and [Cla09], the zeta function of a finite graph is generalized
to an L2-zeta function where a finite trace on a group von Neumann algebra is used
to define a determinant. In [GŻ04], an infinite graph is approximated by finite ones
and the zeta function is defined as a suitable limit. In [GIL08a, GIL08b] a relative
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version of the zeta function is considered on an infinite graph which is acted upon by
a group with finite quotient. In [CJK14], finally, the idea of the Ihara zeta function
is extended to infinite graphs by counting not all cycles, but only those which pass
through a given point.

In this paper, infinite weighted graphs of finite total weight are considered. It
is shown that the Euler product of the zeta function converges to a meromorphic
function without zeros, i.e., the reciprocal of an entire function. Different known
proofs of the Ihara formula in the finite case yield, when appropriately transferred to
the infinite weighted case, different results indeed, here labeled as the Ihara–Sunada
and the Bass–Ihara formula. It is shown that twisting with local systems yields
corresponding L-functions with similar properties. In the case of tree lattices [BL01],
it may happen, that geodesics are reversed and so partial backtracking is allowed in
the quotient graph. We generalize this to arbitrary partial backtracking and find that
the results persist in that case, too.

1. Weighted graphs.
Definition 1.1. Let X be a connected graph. So X consists of a vertex set

V X = V (X) and a set EX = E(X) ⊂ P(V X), whose elements are subsets of V X
of order two, called edges of the graph. Two vertices x, y are called adjacent if {x, y}
is an edge. For a vertex x the valency val(x) is the number of edges having x as an
endpoint. It can be infinite, and the graph is called locally finite if the valency is finite
for every vertex.

In this paper we will only consider graphs of bounded valency, i.e., graphs X for
which there exists a constant M > 0 such that val(x) ≤ M holds for every vertex x.

A path in X is a sequence of vertices p = (x0, x1, . . . , xn) such that for each
0 ≤ j ≤ n−1 the vertices xj and xj+1 are adjacent. The path is closed if xn = x0. In
that case we define the shifted path τ(p) as (x1, x2, . . . , xn, x1). The path p is said to
be reduced or have no backtracking, if xj−1 �= xj+1 for every 1 ≤ n ≤ n−1. A closed
path p = (x0, . . . , xn) is said to have a tail, if x1 = xn−1. A reduced path without
tail is called a regular path. On the set of closed paths, we consider the equivalence
relation generated by p ∼ τ(p). A cycle is an equivalence class of paths and a regular
cycle is a cycle consisting of regular paths only. It follows that a path in a regular
cycle has no tail. A cycle is called prime, if it is not a power of a shorter one.

Definition 1.2. Let OE = OE(X) denote the set of all oriented edges of X. So
each edge in EX give rise to two elements of OE. For an oriented edge e we write
e−1 for its reverse.

Definition 1.3. Let w : OE(X) → (0,∞) be a function, called the weight
function. The total weight of the graph X is defined to be

w(X) =
∑
e∈OE

w(e),

and we will assume that it is finite, i.e.,

w(X) < ∞.

Note that if OE(X) is uncountable (and the sum is interpreted as an integral with re-
spect to the counting measure), then this finiteness condition implies that only count-
ably many edges e have nonzero weight. As edges of weight zero do not contribute to
what follows, we might as well remove them and assume that OE(X) is countable. If
e ∈ EX and e1, e2 ∈ OE are the two possible orientations of e, then we write

W (e) = w(e1)w(e2).
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For each path p = (x0, . . . , xn) let

w(p) = w(x0, x1) · · ·w(xn−1, xn)

be the weight of the path. We then have w(cj) = w(c)j for j ∈ N and the weight does
not change under equivalence. The length of a cycle c is the number of edges and will
be denoted by l(c). We have l(cj) = jl(c).

Definition 1.4. We define the Ihara zeta function of the weighted graph X as
the infinite product

Z(u) = ZX(u) =
∏
p

(
1− w(p)ul(p)

)−1

,

the product being extended over all regular prime cycles in X.
Definition 1.5. Let �2(OE) be the �2-space on the set OE, which we write as the

set of all formal linear combinations
∑

e∈OE cee with
∑

e∈OE |ce|2 < ∞. On �2(OE)
define a linear operator T by

Te def
=

∑
e′

w(e′)e′,

where the sum runs over all oriented edges e′ such that the origin vertex o(e′) of e′

equals the target vertex t(e) of e, and e′ �= e−1.
Recall that for a trace class operator T on a Hilbert space the Fredholm determi-

nant is defined by

det(1− T ) =

∞∑
k=0

(−1)k tr

k∧
(T ).

Then det(1− S)(1 − T ) = det(1− S) det(1 − T ) and the function

u 	→ det(1− uT )

is an entire function with zeros at 1/λ, where λ is an eigenvalue of T . For small values
of u, the value det(1− uT ) is close to one and it satisfies

log det(1− uT ) = tr log(1− uT ) = −
∞∑
n=1

un trT n

n
.

For this, see [Sim05].
Theorem 1.6. The operator T is of trace class. The infinite product Z(u)

converges for |u| sufficiently small. The limit function extends to a meromorphic
function on C without zeros, more precisely, the function Z(u)−1 is entire and satisfies

Z(u)−1 = det(1 − uT ).

In the case of a finite graph with weight one this goes back to an idea of Hashimoto
[Has89], which later was refined by Bass [Bas92].

Proof. We show that the operator T is of trace class, and for every n ∈ N we have

trT n =
∑

l(c)=n

l(c0)w(c),
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where the sum runs over all regular cycles c of length n and c0 is the underlying prime
to c.

For this we consider the natural orthonormal basis of �2(OE) given by (e)e∈OE.
Using this orthonormal basis, one sees that the trace of T n is as claimed, once we
know that T is of trace class. Let M be an upper bound for the valency of the graph
X , then one has ∑

e

||Te|| ≤ M
∑
e

w(e) < ∞

and hence T is of trace class. For small values of u we have

det(1− uT ) = exp

(
−

∞∑
n=1

un

n
trT n

)

= exp

⎛
⎝−

∞∑
n=1

un

n

∑
l(c)=n

l(c0)w(c)

⎞
⎠

= exp

(
−
∑
c0

∞∑
m=1

uml(c0)

m
w(c0)

m

)

=
∏
c0

(
1− w(c0)u

l(c0)
)
= Z(u)−1.

This a fortiori also proves the convergence of the product.
Example 1.7.

• Interesting examples arise from naturally arising weight functions. The first
is an infinite quotient graph by a tree lattice Γ of finite covolume as in [BL01].
Here a natural weight for an edge e is given by 1/|Γe|, where Γe is the stabilizer
group of e. There will be more on this example in section 5.

• Another class of natural examples is Cayley graphs: let G be a group finitely
generated by a subset S and let X be its Cayley graph. The nodes of X are
the elements of G and for any s ∈ S the node g is connected to the node
gs. If we assume that 1 /∈ S and S = S−1, then the oriented edges of X are
in natural bijection with G × S. Let l(g) be the word length for g ∈ G. If
the sum

∑
g∈G

1
(l(g)+1)k converges for some k ∈ N, we can choose the weight

w(g, s) = 1
(l(g)+1)k . Already in the simplest cases like G = Z

d, the spectrum

of the operator T turns out to be quite hard to calculate and we reserve this
for subsequent papers. In the unweighted case the spectrum has, in certain
examples, been calculated in [AFH14].

2. The Ihara–Sunada formula. For m ∈ N let

Nm =
∑

l(p)=m
regular, closed

no tail

w(p),

where the sum runs over all regular closed paths without tail.
Lemma 2.1. For the zeta function Z(u) we have

u
Z ′

Z
(u) =

∞∑
m=1

Nmum.
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Proof. Taking the logarithm, we get

logZ(u) =
∑
c0

∞∑
n=1

w(c0)
n

n
unl(c0) =

∑
c

w(c)ul(c)

l(c)
l(c0),

where in the first identity, c0 runs through all regular prime cycles and in the second,
c runs through all regular cycles where c0 denotes the prime underlying c. We take
the derivative and multiply by u to get

u
Z ′

Z
(u) =

∑
c

w(c)ul(c)l(c0).

Replacing the sum over all regular cycles with a sum over all regular closed paths
without tails, the factor l(c0) drops and we get the claim of the lemma.

We form the �2-space �2(V X) of vertices on which we consider the adjacency
operator A1 defined by

A1(x) =
∑
x′

w(x, x′)x′,

where the sum runs over all vertices x′ adjacent to x. As the weight of X is finite,
the adjacency operator is a bounded operator. For m ∈ N we set

Am(x) =
∑

l(p)=m

w(p)xp,

where the sum extends over all regular paths p of length m, starting in x, where xp

denotes the endpoint of the path p. We finally put A0 = Id, the identity operator.
Further set B0 = Id and let

B2nx =
∑
x′

W (x, x′)nx, n ≥ 1,

B2n+1x =
∑
x′

W (x, x′)nw(x, x′)x′, n ≥ 0,

where the sums run over all neighbors x′ of x. Note that B1 = A1.
Lemma 2.2. For every m ∈ N we have

m∑
j=0

(−1)jAm−jBj = 0.

This is equivalent to the identity of the operator-valued formal power series

A(u)B(−u) = 1,

where A(u) =
∑∞

j=0 u
jAj and B(u) =

∑∞
j=0 u

jBj.

Proof. One best thinks of the operator A as sending potentials from a vertex v to
all its neighbors. Accordingly, Am sends potentials along all reduced paths. Finally,
B2n may be viewed as sending potentials to all neighbors and then sending them back,
where this process is repeated n-times. The operator Am−1B1 sends potentials first
to all neighbors, then in all directions along reduced paths. Hence

Am−1B1x =
∑
p

w(p)xp,
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where the sum runs over all paths p, starting at x, which can have backtracking at the
first step, but not later. Hence Am−1B1−Am sees only paths which have backtracking
at the first step. So this operator coincides with Am−2B2 except that the latter also
sees paths which also have backtracking at the second step. These, again, are taken
care of by Am−3B3 up to backtracking at the third step and so on. We end up with

Am−1B1 −Am = Am−2B2 −Am−3B3 + · · · ±Bm

which is equivalent to A(u)B(−u) = 1.
Let Q be the operator defined by Qx = q(x)x, where the number of neighbors of

the vertex x is q(x) + 1. In other words, Q+ 1 is the valency operator.
Lemma 2.3. Let Bev(u) =

∑
j≥0
even

ujBj and Bodd(u) = B(u) − Bev(u). For any

vertex x we have

Bev(u)x = x+
∑
x′

(
u2W (x, x′)

1− u2W (x, x′)

)
x

and

Bodd(u)x =
∑
x′

(
uw(x, x′)

1− u2W (x, x′)

)
x′.

Proof. The lemma is proved by a calculation.
Example 2.4. In the special case of a finite graph with constant weight w = 1 we

get

B(u) =
1

1− u2
(1 + uA1 + u2Q),

and so

A(u) = (1− u2)(1 + uA1 + u2Q)−1.

Back to the general case, for m,n ≥ 1 define the operator Cm,n by

Cm,nx =
∑

l(p)=m
regular
x0=x

W (x0, x1)
nw(p)xm,

where the sum runs over all paths of length m, starting at x. Further, x0 and x1 are
the first two vertices of the path p and xm is the last.

Lemma 2.5. N0 = N1 = N2 = 0, and for m ≥ 3 we have

Nm = trAm −
�m−1

2 	∑
j=1

trAm−2jB2j + 2

�m−1
2 	∑

j=1

trCm−2j,j .

Proof. We compute

Nm =
∑

l(p)=m
reg. closed

no tail

w(p) = trAm −
∑

l(p)=m
reg. closed
with tail

w(p)

= trAm − trAm−2B2 +

=∗︷ ︸︸ ︷∑
x,x′

W (x, x′)
∑

l(p)=m−2
reg. closed

x0=x′
x1=x or xm−3=x

w(p) .
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The first sum in the last line ranges over all pairs x, x′ of neighbored vertices. The
last sum contains those contributions, for which only one of the last two conditions is
satisfied. By reversing the path, one condition becomes the other, so that we get

∗ = 2
∑
x,x′

W (x, x′)
∑

l(p)=m−2
reg. closed

x0=x′, x1=x,
no tail

w(p)

+
∑
x,x′

W (x, x′)
∑

l(p)=m−2
reg. closed

x0=x′, x1=x,
with tail

w(p)

= 2 trCm−2,1 −
∑
x,x′

W (x, x′)
∑

l(p)=m−2
reg. closed

x0=x′,x1=x,
with tail

w(p).

In the last sum, the tail can be collapsed again, giving another factor of W (x, x′), so
that we can write it as trAm−4B4 minus a contribution of the form 2 trCm−4,2 plus
another sum over paths with tails and so on. We end up with the claim.

Proposition 2.6. Let C(u) =
∑∞

m,n=1 u
m+2nCm,n. Then

u
Z ′

Z
(u) = tr [(A(u)− 1)(2−Bev(u)) + 2C(u)] .

Proof. This is just a reformulation of Lemma 2.5.
Lemma 2.7. For all m,n ∈ N one has

trCm,n =
2n∑
j=0

(−1)j trAm+jB2n−j .

Proof. We first show that for m ≥ 3 we have

trCm,n = trAm−1B2n+1 − trAm−2B2n+2 + trCm−2,n+1.(1)

For this we compute

trCm,n =
∑
x,x′

W (x, x′)n
∑

l(p)=m
regular, closed
x0=x, x1=x′

w(p)

= trAm−1B2n+1 −
∑
x,x′

W (x, x′)n
∑

l(p)=m−1
regular

x0=x′, x1=xm−1=x

w(p)

= trAm−1B2n+1 − trAm−2B2n+2 + trCm−2,n+1.

Replacing m with m+ 2 and n with n− 1, (1) becomes

trCm,n = trAmB2n − trAm+1B2n−1 + trCm+2,n−1,(2)
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which now holds for all m ≥ 1. Applying (2) to the last summand of itself and
repeating this step, one gets

trCm,n = trAmB2n − trAm+1B2n−1 + trCm+2,n−1

= trAmB2n − trAm+1B2n−1

+ trAm+2B2n−2 − trAm+3B2n−3 + trCm+4,n−2

=

2n∑
ν=0

(−1)j trAm+jB2n−j .

We write

A′(u) =
∞∑

m=1

mum−1Am

for the formal derivative of A(u). For m ∈ N we also write

A≥m(u) =
∑
j≥m

ujAj .

Lemma 2.8. We have

trC(u) = tr

[
u

2
A′(u)B(−u) +

1

2
Aodd(u)B(u)−A(u) + 1

]
.

Proof. Using Lemma 2.7 we compute

trC(u)

=

∞∑
m,n=1

um+2n trCm,n

=

∞∑
m,n=1

um+2n
2n∑
j=0

(−1)j trAm+jB2n−j

=

∞∑
m=1

um tr

⎡
⎣( ∞∑

i=0

uiAm+i

)⎛⎝ ∞∑
j=0

(−u)jBj

⎞
⎠
⎤
⎦even

− um trAm

=

∞∑
m=1

um tr
[
u−mA≥m(u)B(−u)

]even − um trAm

=
1

2

∑
m≥1

um tr
(
u−mA≥m(u)B(−u) + (−1)mu−mA≥m(−u)B(u)

)
− trA≥1(u)

= tr

⎡
⎣1
2

∑
m≥1

A≥m(u)B(−u) +
1

2

∑
m≥1

(−1)mA≥m(−u)B(u)−A≥1(u)

⎤
⎦ .

Now note that

∞∑
m=1

A≥m(u) =

∞∑
m=1

mumAm = uA′(u)
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and ∑
m≥1

(−1)mA≥m(−u) = Aodd(u).

The claim follows.
Lemma 2.9. We have

Z ′

Z
(u) = tr

[
1

u
[Bev(u)− 1] +A′(u)B(−u)

]
.

Proof. We compute

−Z ′

Z
(u) = tr

[
1

u
A≥1(u)(Bev(u)− 2)− 2

u
C(u)

]

= tr

[
1

u
A≥1(u)(Bev(u)− 2)

− A′(u)B(−u)− 1

u
Aodd(u)B(u) +

2

u
A≥1(u)

]

= tr

[
1

u
A≥1,ev(u)Bev(u) +

1

u
Aodd(u)Bev(u)

− 1

u
Aodd(u)Bev(u)−

1

u
Aodd(u)Bodd(u)−A′(u)B(−u)

]

= tr

[
1

u
[A≥1(u)B(−u)]

even −A′(u)B(−u)

]
.

By A≥1(u) = A(u)− 1 and A(u)B(−u) = 1, this implies the claim.
The Fredholm determinant can be extended to be applicable to a formal power

series of the form

1 + T (u) = 1 + T1u+ T2u
2 + · · · ,

where each Tj is a trace class operator on some Hilbert space H by defining

det(1 + T (u)) =

∞∑
k=0

(−1)k tr∧kT (u),

where ∧kT (u) is considered an element of T
(
∧kH

)
[[u]] and T being the algebra of

trace class operators.
For an oriented edge e ∈ OE(X) write o(e) for its starting vertex and τ(e) for

its terminal vertex. Write C0 = �2(V X) and C1 = �2(OEX) and let σ : C0 → C1 be
defined by

σ(x) =
∑

e:o(e)=x

w(e)e.

Further let J : C1 → C1 be the weighted flip, i.e.,

J(e) = w(e−1)e−1,

where e−1 is the reverse of the oriented edge e. For n ≥ 1 one has

Bn = τJn−1σ
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and so

B(u) = 1 + uτ(1− uJ)−1σ.

Theorem 2.10 (Ihara–Sunada formula). For weighted graphs, which may be
infinite, but have finite total weight, the entire function Z(u)−1 can be written as

Z(u)−1 = det
(
1− uτ(1 + uJ)−1σ

) ∏
e∈EX

(
1− u2W (e)

)
,

the product over all edges e converges to an entire function with zeros at ±1/
√
W (e),

where e runs through the set of edges.
Proof. Using the orthogonal basis of V X given by the vertices, we compute

tr

[
1

u
(1 −Bev(u))

]
= − 1

u

∑
x

∑
x′∼x

(
1

1− u2W (x, x′)
− 1

)

= − 2

u

∑
e

u2W (e)

1− u2W (e)

=
∑
e

(
log(1− u2W (e))

)′
.

We integrate this function from zero to u and take the exponential to get the product∏
e

(
1− u2W (e)

)
.

Since
∑

e W (e) < ∞, this product converges everywhere to an entire function. Note
that B(−u) = A(u)−1, so the first factor can also be written as det(A(u))−1 =
det(B(−u)).

Remark. In the special case of a finite graph and weight one these factors are

det(B(−u)) = det

(
1− uA+ u2Q

1− u2

)

and ∏
e

(1− u2W (e)) = (1− u2)|EX|,

where EX is the set of edges. So that in total one gets the classical Ihara formula

Z(u)−1 = (1− u2)−χ det(1− uA+ u2Q),

where χ = |V X | − |EX | is the Euler number of the graph, which is ≤ 0 if X is not a
tree.

3. The Bass–Ihara formula. In this section we follow the approach of Bass in
[Bas92] to the Ihara formula. It turns out that in the case of weighted graphs some
natural deformation cannot occur and so Bass’s approach leads to a different kind of
determinant formula. The title of this section refers to the fact that Bass’s approach
can be viewed as a deformation of the homology complex. Let C0 = �2(V X) and
C1 = �2(OE(X)) and consider the weighted flip J(e) = w(e−1)e−1 which maps an
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oriented edge to its inverse times its weight. Consider also the operator σ : C0 → C1

defined by

σ(x) =
∑

e:o(e)=x

w(e)e.

Theorem 3.1 (Bass–Ihara formula). One has

Z(u)−1 = det

[
1 + u

(
uB2 −A uτJ

σ J

)]
.

Proof. We consider the following operators on C0 ⊕ C1:

L =

(
1 uτJ − τ
0 1− uJ

)
, M =

(
1 τ
uσ 1 + uJ

)
,

where one stands for the identity operator on the respective spaces. A computation
shows

ML =

(
1 0
uσ (1 − uT )(1− uJ)

)

and

LM = 1 + u

(
−A 0
σ 0

)
+ u2

(
B2 τJ2

Jσ J2

)

=

(
1

1− uJ

)[
1 + u

(
uB2 −A uτJ

σ J

)]
.

As det(LM) = det(ML) we conclude the claim.

4. Twisting with local systems. A local system is the same as a locally con-
stant sheaf. To give a local system of complex vector spaces on X is the same as
giving a finite dimensional representation τ : Γ → GL(V ) of the fundamental group
Γ = π1(X), which for this purpose may be defined as the group of deck transformations
on the universal covering X̃ . In that case the set Γ\(X̃ × V ) is the total space of the
sheaf and sections can be described as maps s : X̃ → V satisfying s(γx) = τ(γ)s(x)
for all x ∈ X̃ , γ ∈ Γ. We will only consider hermitian local systems, which means
that we assume a given inner product on V such that the representation τ is unitary.

Fixing a base point x0 ∈ X , the group Γ can be identified with the fundamental
group π1(X, x0) at the point x0 and every closed path p in X defines a conjugacy class
[γp] in Γ. The twisting results in a replacement of the zeta function by a so-called
L-function which is defined to be

L(τ, u) def
=

∏
[p]

det
(
1− w(p)ul(p)τ(γp)

)−1

.

The results of the previous section generalize to this situation. One only has to make
clear how to interpret the statements. One way to view a hermitian local system on a
graph X is to say that one attaches a hermitian vector space Vx to every vertex x and

for each pair x, x′ of adjacent vertices one has a unitary operator Tx,x′ : Vx

∼=−→ Vx′ ,
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called the transfer operator or parallel transport . One then defines operators A and
B on the Hilbert space of square integrable sections s of the system given by

As(x) =
∑
x′

w(x, x′)Tx′,xs(x
′),

where the sum runs over all vertices x′ adjacent to x. For any path p = (x0, . . . , xn)
one gets a unitary map Tp : Vx0 → Vxn by composing the local transfer operators.
Denote by p−1 the path in the opposite direction, so p−1 = (xn, xn−1, . . . , x0). One
sets

Ams(x) =
∑
p

w(p)Tp−1s(xp).

Let B0 = Id and let

B2ns(x) =
∑
x′

W (x, x′)ns(x), n ≥ 1,

B2n+1s(x) =
∑
x′

W (x, x′)nw(x, x′)Tx′,xs(x
′), n ≥ 0,

where the sums run over all neighbors x′ of x. Finally let B(u) =
∑∞

j=0 u
jBj

The hermitian local system also gives a hermitian vector space Ve for each edge e

isomorphism τ̃e : Ve

∼=−→ Vτ(e) and õe : Ve

∼=−→ Vo(e), as well as Ve

∼=−→ Ve−1 , the latter
being compatible in the obvious way with the former. Let C0 denote the �2-sum of all
Vx for x ∈ V X and let C1 denote the �2-sum of all Ve with e ∈ OEX . Let σ : C0 → C1

be defined by

σ(vx) =
∑

e:o(e)=x

w(e)õ−1(vx), vx ∈ Vx.

Further let J : C1 → C1 be the weighted flip, i.e.,

J(ve) = w(e−1)ve−1 , ve ∈ Ve,

where e−1 is the reverse of the oriented edge e and ve−1 is the vector naturally iden-
tified with ve. For n ≥ 1 one has

Bn = τJn−1σ

and so

B(u) = 1 + uτ(1− uJ)−1σ.

Theorem 4.1. The product L(τ, u) converges for |u| small enough to a mero-
morphic function such that the reciprocal L(τ, u)−1 is entire. One has

Z(u)−1 = det
(
1− uτ(1 + uJ)−1σ

) ∏
e∈EX

(
1− u2W (e)

)dimV
.

Proof. The proof of Theorem 2.10 can be applied.
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5. Partial backtracking. A typical case of a weighted graph, as above, arises
in the theory of reductive groups over local fields and their Bruhat–Tits buildings;
see [Ser03, Lub89, Lub91]. So let k be a non-Archimedean local field and consider
the group G = SL2(k). If char(k) > 0 then there can be a lattice Γ ⊂ G which is not
uniform. This means that Γ is a discrete subgroup of finite covolume vol(Γ\G) < ∞.
The Bruhat–Tits building B is a tree which is acted upon by G. The stabilizer of an
edge is a compact open subgroup H and the vertices decompose into finitely many
G-orbits. We are interested in the quotient graph X = Γ\B. The fact that Γ has
finite covolume results in ∑

e∈V E

1

|Γe|
< ∞,

where |Γe| is the finite number of elements of the Γ-stabilizer of any preimage ẽ in
B of e. So in this case there is a natural weight function w(e) = 1/|Γe|. However,
there’s more.

In the case when X is finite and Γ its fundamental group, then each regular cycle
defines a unique free homotopy class in [S1 : X ]. The latter set can be identified
with the conjugacy classes [γ] in the group Γ. This results in a bijection between the
set of regular cycles and the set of nontrivial conjugacy classes in Γ which can be
understood as follows. Let c be a regular cycle. Its preimage in the universal covering
X̃ → X consists of a union of infinite regular paths, which are all conjugate to each
other under Γ. Pick one of those p, then p maps surjectively onto c, so, as c is finite,
there exists an element γ ∈ Γ which maps p to itself and c ∼= p/ 〈γ〉. The bijection
maps c to the conjugacy class [γ] of γ.

Now back to the case of the quotient of a Bruhat–Tits building by a lattice Γ.
In this case, we consider the projection B → X = Γ\B. It happens that an infinite
regular path p in B is mapped to itself by a member γ ∈ Γ which at the same time
fixes a point x0 on p. Then x0 is either a vertex or the midpoint of an edge. In
the latter case, we get a loop on X which can be removed without changing the zeta
function by introducing new vertices of weight one. More interesting things happen
when x0 is a vertex. Then p is mapped to a path with backtracking, which is to
say, that in order to capture all quotients of infinite paths in B, we have to allow
partial backtracking. This means that we have to sign out a set E of oriented edges
at which to allow backtracking. A path p = (x0, . . . , xn) in X is called E-regular if,
whenever xj−1 = xj+1, the edge (xj−1, xj) belongs to E . By an E-cycle we mean an
equivalence class of closed paths consisting of E-regular paths only. Then we form the
zeta function

ZE(u)
def
=

∏
p

(
1− w(p)ul(p)

)−1

,

where the product runs over all prime E-cycles. We first form the operator TE on the
Hilbert space �2(OE), given by

TEe
def
=

∑
e′

w(e′)e′,

where this time the sum runs over all oriented edges e′ such that o(e′) = t(e), and
e′ �= e−1 unless e ∈ E .

Theorem 5.1. The operator TE is of trace class. The infinite product ZE(u)
converges for |u| sufficiently small. The limit function extends to a meromorphic
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function on C without zeros, more precisely, the function ZE(u) is entire and satisfies

ZE(u)−1 = det(1− uTE).

Proof. It is the same as the proof of Theorem 1.6.
For m ∈ N we set

AE,m(x) =
∑

l(p)=m

w(p)xp,

where the sum extends over all E-regular paths p of length m, starting in x, where xp

denotes the endpoint of the path p. Finally we define AE,0 to be the identity operator.
Set BE,0 = Id and let

BE,1x =
∑
x′

w(x, x′)x′,

BE,2x =
∑
x′

x→x′ /∈E

W (x, x′)x,

BE,2n+1x =
∑
x′

x→x′ /∈E
x′→x/∈E

W (x, x′)nw(x, x′)x′, n ≥ 1,

BE,2nx =
∑
x′

x→x′ /∈E
x′→x/∈E

W (x, x′)nx, n ≥ 2,

where the sums run over all neighbors x′ of x, leaving out those for which (x, x′) or
(x′, x) belongs to E as indicated. Finally, let qE(x)+1 denote the number of neighbors
x′ of x with (x, x′) /∈ E and let QEx = qE(x)x.

We also define JE on C1 = �2(OEX) by

JE(e) =

{
w(e−1)e−1, e /∈ E and e−1 /∈ E ,
0, otherwise.

Then we have

BE,m = τJm−1
E σ

for m ≥ 3, so that

BE(u) = 1 + uBE,1 + u2BE,s + u3τJ2(1− uJ)−1σ.

Lemma 5.2. We have

AE(u)BE(−u) = 1,

where AE (u) =
∑∞

j=0 u
jAE,j and BE(u) =

∑∞
j=0 u

jBE,j.
Proof. The proof is a straightforward generalization of the proof of Lem-

ma 2.2.
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Let BE,ev(u) =
∑

j≥0
even

ujBE,j and BE,odd(u) = BE(u) − BE,ev(u). A calculation

shows that

BE,ev(u)x = x+
∑

x→x′ /∈E
x′→x/∈E

(
u2W (x, x′)

1− u2W (x, x′)

)
x

− u2
∑

x→x′ /∈E
x′→x∈E

W (x, x′)x,

BE,odd(u) =
∑

x→x′ /∈E
x′→x/∈E

(
uw(x, x′)

1− u2W (x, x′)

)
x′ − u

∑
x→x′∈E

or
x′→x∈E

w(x, x′)x′.

As in the beginning of section 2, for m ∈ N we define

NE,m =
∑

l(p)=m
E-regular, closed

at most E-regular tail

w(p).

Here we say that a closed path p = (x0, . . . , xn) has at most an E-regular tail if

x0 = xn−1 ⇒ (x1, x0) ∈ E .

Along the lines of Lemma 2.1 we get

u
Z ′
E

ZE
(u) =

∞∑
m=1

NE,mum.

Lemma 5.3. With

CE,m,nx =
∑

l(p)=m
E-regular
x0=x

W (x0, x1)
nw(p)xm,

we have nE,0 = NE,1 = 0 and for m ≥ 2,

NE,m = trAE,m −
[m−1

2 ]∑
j=1

trAE,m−2jBE,2j + 2

[m−1
2 ]∑

j=1

trCE,m−2j,j ,

which with CE(u) =
∑∞

m,n=1 u
m+2nCm,n can be written as

u
Z ′
E

ZE
(u) = tr [AE(u)− 1)(2−BE,ev(u)) + 2CE(u)] .

We end up with

Z ′
E

ZE
(u) = tr

[
1

u
[BE,ev(u)− 1] +A′

E(u)(BE(−u)

]
.
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The proof is similar to Lemmas 2.5 to 2.9.
Definition 5.4. The set E of exceptional edges contains oriented edges. Let E

denote the image of E in the set EX of nonoriented edges. Further let

α =
1

2

∑
x→x′ /∈E
x′→x∈E

w(x, x′)2.

Theorem 5.5. The entire function ZE(u)−1 can be written as

ZE(u)−1 = det (BE(−u))
∏
e/∈E

(
1− u2W (e)

)
e−αu2

,

where the first factor can also be expressed as

det (BE(−u)) = det
(
1− uBE,1 + u2BE,s − u3τJ2(1 + uJ)−1σ

)
.

Proof. The trace of 1
u [BE,ev(u)−1] equals the logarithmic derivative of the infinite

product minus 2αu. From this we get the claim up to a constant nonzero factor.
Setting u = 0 shows that the factor is one.
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kikenkyūsho Kōkyūroku, 840 (1993), pp. 70–81 (in Japanese).

[Iha66a] Y. Ihara, On discrete subgroups of the two by two projective linear group over p-adic
fields, J. Math. Soc. Japan, 18 (1966), pp. 219–235,



2116 ANTON DEITMAR

[Iha66b] Y. Ihara, Discrete subgroups of PL(2, k℘), in Algebraic Groups and Discontinuous Sub-
groups, AMS, Providence, RI, 1966, pp. 272–278,

[KS00] M. Kotani and T. Sunada, Zeta functions of finite graphs, J. Math. Sci. Univ. Tokyo,
7 (2000), pp. 7–25.

[Lub89] A. Lubotzky, Trees and discrete subgroups of Lie groups over local fields, Bull. Amer.
Math. Soc. (N.S.), 20 (1989), pp. 27–30.

[Lub91] A. Lubotzky, Lattices in rank one Lie groups over local fields, Geom. Funct. Anal., 1
(1991), pp. 406–431.

[Sch99] O. Scheja, On zeta functions of arithmetically defined graphs, Finite Fields Appl., 5
(1999), pp. 314–343.

[Ser03] J.-P. Serre, Trees, Springer Monogr. Math., Springer-Verlag, Berlin, 2003.
[Sim05] B. Simon, Trace ideals and their applications, Math. Surveys Monogr. 120, AMS, Prov-

idence, RI, 2005.
[ST96] H. M. Stark and A. A. Terras, Zeta functions of finite graphs and coverings, Adv.

Math., 121 (1996), pp. 124–165.
[ST00] H. M. Stark and A. A. Terras, Zeta functions of finite graphs and coverings. II, Adv.

Math., 154 (2000), pp. 132–195.
[Sun86] T. Sunada, L-functions in geometry and some applications, in Curvature and Topology

of Riemannian Manifolds, (Katata, 1985), Lecture Notes in Math. 1201, Springer,
Berlin, 1986, pp. 266–284.

[Sun88] T. Sunada, Fundamental groups and Laplacians, in Geometry and Analysis on Mani-
folds, (Katata/Kyoto, 1987), Lecture Notes in Math. 1339, Springer, Berlin, 1988,
pp. 248–277.

[TS07] A. A. Terras and H. M. Stark, Zeta functions of finite graphs and coverings. III, Adv.
Math., 208 (2007), pp. 467–489.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


