RECURRENCE AND TRANSIENCE OF CRITICAL BRANCHING
PROCESSES IN RANDOM ENVIRONMENT WITH
IMMIGRATION AND AN APPLICATION TO EXCITED
RANDOM WALKS

ELISABETH BAUERNSCHUBERT

ABSTRACT. We establish recurrence and transience criteria for critical branching
processes in random environment with immigration. These results are then applied
to discuss recurrence and transience of a recurrent random walk in a random
environment on 7Z that will be disturbed by cookies inducing a drift to the right
of strength 1.

1. INTRODUCTION

This article complements [4]. In [4] the author considers a random walk in random
environment on Z which is transient to the left and that will be disturbed by cookies
of strength 1 to the right. As can be seen in [4], the study of special kinds of
branching processes is essential to obtain results on recurrence and transience of
these excited random walks.

Therefore, let us first motivate the discussion of critical branching processes in ran-
dom environment with immigration (critical BPIRE for short) within the present
article by introducing the random walk we are dealing with.

1.1. Excited random walk in random environment. Our model is explained
as follows. Consider a sequence (p,)zez € (0,1)Z and put a random number M, of
cookies on every integer © € Z. Now a nearest neighbor random walk (S),),>0 is
started at 0 with the following transition probabilities. If the random walker comes
to site & and if there is still at least one cookie on this site, he removes one cookie
and jumps to x + 1. Otherwise he makes a step to the right with probability p, and
to the left with probability 1 — p,. For an illustration of this model see Figure [I
previously been presented in [4].

The cookies in our model have maximal strength and induce a drift to the right. On
the other hand, we will assume a random environment (p,).cz that makes a random
walk in random environment (RWRE for short), i.e. a random walk where M, =0
for all x € Z, be recurrent. So the question arises when the drift caused by the
cookies succeeds in forcing the random walk to +oo. In Theorem [I.1], criteria for
transience and recurrence of the process are given.
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FIGURE 1. Model of the random walk. (see [4])
If there are cookies at his current position z € Z, the random walker removes
one and makes a step to x + 1. If there is no cookie he jumps to the right
with probability p, and to the left with probability ¢, := 1 — p,.

First, let us introduce the notation for the model. Set §2 := ([0, 1]N)Z. The elements
from 2 are chosen at random according to a probability measure P on (2 with corre-
sponding expectation operator E. For fixed environment w = ((w(z,1))i>1)zez € §2
and z € Z define a nearest-neighbor random walk (.S,,),>0 on a suitable probability
space (2" with probability measure P, ,,, which satisfies

PZ,M[S(] = Z] = 1,
Pz,w[Sn—i—l = Sn + 1|(Sm)1§m§n] = W(Srw #{m S n: Sm - Sn})a
P, ,[Sn+1 = Sn — 1(Sm)i<m<n] = 1 —w(Sp, #{m <n: S, = S,}).

The value of w(x, 1) serves as the transition probability from z to 2+ 1 upon the i-th
visit at site x. Furthermore, define P,[-] := E[P,,[:]] as the annealed or averaged
probability measure with corresponding expectation operator E,. The random walk
(Sp)n>0 is called recurrent (transient) if S,, = 0 infinitely often (lim,,—, S, € {£o0})
Py-a.s.

With the convention sup () = 0, the number of cookies of strength 1 at site x € Z is
defined by

M, ==sup{i > 1: w(z,j) =1 forall 1 <j <i}

In this article we postulate the following for the model.

Assumption A. There is P-a.s. (ps)zez € (0,1)% such that:

A.1 It holds P-a.s. that w(z,) = p, for all ¢ > M,. Furthermore, Plp, = 3] < 1.
A2 (Do, My )pez s iid.

A3 E[|log po|] < oo and E[log po] = 0 where p, := (1 — p,)p, ! for z € Z.

A4 P[My = oo] =0 and P[M, = 0] > 0.

If M, = 0 P-as. for all x € Z, assumptions and imply that the RWRE
is recurrent, i.e. —oo = liminf,, .S, < limsup,,_, . S, = oo Fy-a.s. For detailed
results about RWRE see e.g. [17].

Under Assumption , (Sn)n>0 can be seen as a recurrent random walk in random
environment disturbed by cookies of strength 1 to the right. In accordance to RWRE
and excited random walk (ERW), our model is called excited random walk in random
environment (ERWRE for short). In Section [3] we show the following recurrence and
transience criteria for the ERWRE.



RECURRENCE/TRANSIENCE OF CRITICAL BPIRE, APPLICATION TO ERW 3

Theorem 1.1. Let Assumption [A] hold and assume that E[|log po|°] < oo for every
0<0<6.

(i) If E[(log, My)*™¢] < oo for some € > 0, then S, = 0 infinitely often Py-a.s.
(ii) If liminf, . (¢* - Plog My > t]) > 0 for some 0 < X\ < 2, then lim,, .., S, =
+00 FPy-a.s.

Remark 1.2. The tail assumption liminf; . (¢* - Pllog My > t]) > 0 implies that
E[(log, My)* €] = oo for some € > 0.

Remark 1.3. In the classical model of the ERW the underlying process is a simple
symmetric random walk. Criteria for the recurrence and transience behavior of the
classical ERW are given in Theorem 3.10 in [14]. Hence, if Assumption [A|holds with
Plp, = %] =1in the process (Sy)n>0 ist recurrent if and only if E[M,] < 1.
Note that this criterion is different to the one in Theorem [l

Theorem |1.1] should be compared to the following result from [4], where the under-
lying random walk in random environment is transient to the left and where the
following recurrence and transience criteria for the ERWRE were obtained.

Theorem 1.4 ([4]). Let assumptions and hold and assume that
{ps, My, v € Z} is independent under P, E[|log po|] < oo, E[log po] > 0 and E[p,'] <
0.

(1) If Ellog, My] < oo, then lim,_., S, = —00 Fy-a.s.
(11) If E[log, My] = oo and if limsup,_,(t - Pllog My > t]) < E[logpo|, then
S, = 0 infinitely often Py-a.s.
(#3) If liminf, (¢ - Pllog My > t]) > E[log po|, then lim, . S, = +00 Py-a.s.

Excited random walks go back to Benjamini and Wilson [6] and have been further
studied and extended among others by Zerner in [20, 2], by Basdevant and Singh
in [2, 3] and by Kosygina and Zerner in [I3]. A survey on ERW is given by Kosygina
and Zerner in [14]. The novelty in our model are the random transition probabilities
on sites without cookies and the unbounded number of cookies per site. However,
we consider only cookies of maximal strength.

A useful technique to obtain results for the one dimensional ERW is to employ the
well-known relationship between branching processes and random walks. See also
[2, B, 13 4] for this method. Since there are only cookies of strength 1, we can
concentrate on branching processes with immigration and no emigration. In order
to prove Theorem we have to deal with a critical BPIRE. See Section |3| for the
precise connection between our model and the critical BPIRE. Roughly speaking,
an excursion to the right of the random walk can be translated into a branching
process by counting the number of up-crossing from n ton+1, n € N, between down-
crossings from n to n—1. The translation from the branching process to the excursion
is given by the contour process. The cookies in the ERWRE model correspond to the
immigrants and the random environment gives the random offspring distributions for
the branching process. As we will see in Section [3| the recurrence of the branching
process implies the recurrence of the random walk and vice versa.

Thus, the discussion of BPIRE with focus on its recurrence and transience behavior
is essential.
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1.2. Branching process in random environment with immigration. The lit-
erature on branching processes is extensive, see for instance the survey article [18].
[7] contains a more recent review on branching processes in random environment.
Critical branching processes in random environment with immigration are studied
e.g. by Key in [I2] and Roitershtein in [16]. Unfortunately, a proper transience and
recurrence criteria for our model could not be found or deduced.

Let us introduce the definition of the BPIRE that we study in this article. It differs
slightly from the one in [I2 p. 344f], see also Remark [1.6]

Definition 1.5. Consider a sequence € = (€,,)nen = (T, My )nen of pairs of random
variables which take values in the set of probability distributions on Ny. For n € N,
r, and m,, give the distribution for reproduction, respectively immigration, in gener-
ation n. Assume that the so-called random environment (e, )nen is i.i.d. under some
probability measure () and denote by Q.[-] := Q[-|e] the conditional distribution and
by E. the expectation w.r.t. Q..

Furthermore, let {fj(-n), My; j,n,k € N} be a family of Ny-valued random variables
on the same probability space which is (J-a.s. independent under (). and satisfies
Q-a.s. for j,n € N

Qe[Mn - ] = Mpy,

Qe[fj(n) = ] =Tn.
Then, the process (Z,)n>0 given by Zy := 0 and

Zy =" 4 46 +M, forneN

(or every process with the same distribution) is called branching process in random
environment with immigration (BPIRE). The random variable fj(»n) can be under-
stood as the number of offspring of the j-th individual of generation n — 1 and M,
as the number of immigrants in the n-th generation.

Another useful way to describe the BPIRE is the following. For each j € N, let
(Z(J))nen, be a branching process that starts at time j with Zy(j) = M; indi-
viduals (or immigrants) and whose reproduction distribution is given by (r,,+;)nen
under Q.. More precisely, we consider branching processes that have the same dis-

tribution like processes realized by Z,(j) = 5](»’”1+j b+ 53(72{)1 ) where, under Q.

{53(12), M,; j,i,k,n € N} is independent and fj(l? has distribution 7, Q-a.s.
Then, the sum over the offspring at the same time plus the immigrants at that time,

Zn = ZZn_j(j) forn € N,
j=1

gives a BPIRE.

The latter definition is similar to Key’s definition in [12, p. 344f], see also Remark
1.6l

If Egllog E.| M) exists, (Zn)n>o is called critical, subcritical or supercritical if
Eg[log E. [5_{1)]] = 0, < 0 or > 0 respectively in accordance with the standard classifi-
cation of branching processes in random environment. For an extended classification
see for instance also [T, p. 4].
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Throughout the article, the distribution r, will be represented by its probability
generating function (p.g.f.) denoted by ¢,. Apart from Lemma and its applica-
tion in the proof of Theorem [1.7]it will be furthermore assumed that m,, takes Q-a.s.
values in the set of dirac-measures on Ny, {0,,n € Ny}. In this case let us write n
instead of d,, as a short notation. Thus, for a sequence (M,,),en of Nyg-valued random
variables, (¢, M) := (¢n, Mp)nen denotes an environment where the distribution for
offspring in generation n of an individual in generation n — 1 is given by the p.g.f.
¢, and where M, individuals immigrate in the n-th generation Q) r)-a.s.

Remark 1.6. In his formulation of the BPIRE-model in [12], Key does not count the
number of immigrants at time n as a part of generation n but only their offspring
as part of the next generation.

Note that (Z,)n>0 is a time-homogeneous Markov chain under @. In this article it is
assumed that the BPIRE is irreducible under ) with state space N or Ny. Motivated
by the application to the ERWRE, we are interested in recurrence and transience
criteria for a critical BPIRE.

Theorem 1.7. Let (Z,)n>0 be an irreducible BPIRE with p.q.f. @, for offspring in
generation n and M, immigrants in generation n. Assume that

(1) (¢n, Mp)nen i i.i.d. under Q.
(2) Eg[|log i |*] < oo, Egllog 1] =0 and Q[u1 = 1] < 1 where p,, := ¢l (1).
(3) Egl(log, M;)**] < oo for some € > 0.

Then (Zy,)n>0 is recurrent.

The next theorem gives a criterion for transience of a critical BPIRE. Let (), denote
the conditional distribution Q[-|¢] and write Var,, for the variance according to the
measure .

Theorem 1.8. Consider an irreducible BPIRE (Z,)n>0 with p.g.f. pn for offspring
in generation n and M, immigrants in generation n. Assume that

(1) (n, Myp)nen i i.i.d. under Q.

(2) Egl|log i1]°] < oo for every 0 < § < 6 and Egllog py] = 0.
2\ 2

(3) Eql(log, (Vary(&") - 11?))°] < 0o where i, == ¢/, (1).

(4) liminf, (" - Q[log My > t]) > 0 for some 0 < \ < 2.

Then (Zn)n>0 1S transient.

The recurrence criterion for the branching process was inspired by some work on
random difference equations, e.g. [I], since there is some similarity between these
processes. In [I0, p. 1196] Goldie asks about recurrence and transience of random
difference equations but characterizes only its positive recurrence.

The present paper is organized as follows. Section [2| is dedicated to the proofs of
Theorems and on critical BPIRE. In Section [3| the relation between the
ERWRE and the branching process is established in order to prove Theorem [I.1}
Examples are also given for the different cases of the theorem.
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2. BRANCHING PROCESS IN A RANDOM ENVIRONMENT WITH IMMIGRATION

First, let us deduce for our model an analogue result about positive recurrence for
an irreducible subcritical BPIRE from Theorem 3.3 in [12].

Lemma 2.1. Let (Z,)n,>0 be a BPIRE with reproduction according to the sequence of
D.9.f (©n)nen and immigration according to probability measures (my)nen. Assume
that

(1) (@n, Mp)nen 18 i.3.d. under Q.
(2) Eqllog, Eg,mp),enlMi]] < 00
(3) Egllog, 1] < oo and Egllog ji1] < 0 where p, = ¢/, (1).

Then (Zy,)n>0 is positive recurrent.

Proof. 1t is helpful to work with the alternative description of the BPIRE given in
Definition . Like in [I2] we amplify this definition in the sense that we do not only
consider branching processes (Z,(t))nen, starting at positive times, but allow t € Z.
Therefore, the random environment is assumed to be a sequence e = (¢, M) ez Of
i.i.d. random variables.

Recall that for n > 1 the BPIRE can be defined as Z, = 377, Z, ;(j). Key
considers in [I2] in a more general setting BPIRE of the form

n—1
2V =" Zu(j)-
j=1

We shift this process and set for k € Ny,

which is a BPIRE at time 0 that started in the past at time —k.

Since e is a sequence of i.i.d. random variables and since the branching processes
(Zp(t))neny, t € Z, are independent under ., we get for v € Ny and n € N,

QZ, =] = Q[Zo(n) + Z{V =]

- Z EqlQ.[Zo(n) = v — 3, ZM = j]]

_ Z EqlQ.Zo(n) = v — j1Q.[ZY = j]]

J=0

B Z EqlQelZo(0) = v — j1Qe[Z8"™ = j]).

According to Lemma 2.2 in [12], lim,, Qe[Zo(lfn) = j] exists Q-a.s. for each j € Ny.
Hence, by the dominated convergence theorem, m(v) := lim,, .., Q[Z, = v| exists for
every v € Ny and
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(1) m(v) =Y EalQelZo(0) = v — j] lim Qc[Z5"" = ).

Let us show now that 7 is a probability measure on Ny. By

dow) =YD EqlQelZo(0) = v —j] lim Q[Z5'™" = j]]

vENg veNg 7=0
= >3 EalQulZ(0) = v — j] lim Q25" = j]
JENg v>j
= Eollim Q12" = j]]
Jj€No

Note that for all 7 € Ny,
7(J) = Eol lim QuZy" = jl] = lim BqlQu[Z5" = jl] = lim QIZ}" = j]

and 7 defines a probability measure on Ny according to Theorem 3.3 in [I2]. Thus,
> ven, T(v) = 1 and the subcritical BPIRE is positive recurrent, see e.g. [11, Theo-
rem 8.18] [

Now we will prove the recurrence and transience criteria for a critical BPIRE. The
recurrence criteria in Theorem[1.7]is inspired by a similar result for an autoregressive
model defined by a random difference equation in the critical case stated in [I]. Some
of the ideas in [I], p. 480f] will be employed and transferred to our BPIRE-model.

Proof of Theorem|[1.7. Assume that Q[M; = 0] < 1 since Z, = 0 Q-a.s. for all
n e Ny if Q[M; = 0] = 1.

Like in [I], let us define Yy := 0 and
Yy, i=log(py - ... - fin).

Then (Y},)n>0 is an oscillating random walk, i.e. limsup,,_, . (£Y,) = oo Q-a.s., see
e.g. [I1 Proposition 9.14]. The strict descending ladder epochs, see also [9, XII.1],
are defined by Lg := 0 and

L,=if{k>L,1:Y, <Yy ,}.
Since (Y;,)n>0 is oscillating, L, is Q-a.s. finite. Let L := L; and note that Eg[Y7] < 0.

Following the strategy in [I] we consider the subprocess (Zr, ),>0 and answer the
following questions: Is this process a Markov Chain? Is it comparable to (Z,),>0 ,
more precisely, is it some kind and which kind of a branching process? Is it recurrent?
The third question is central for the proof of the theorem since the recurrence of the
subprocess yields the recurrence of the process itself.

Indeed, we show that (Zz,),>0 is a subcritical BPIRE.

A look at Figure [2| or a calculation of E, (2], 0 < s <1, n € N, shows that it
is a BPIRE under @), 1) with reproduction distribution given by the p.g.f.

An(8) = #r, a1 (L, a2l (00,(5)) ), 0<s <1,
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L=5 @,
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FIGURE 2. Process and subprocess.
In this figure it is assumed that L; = 2, Lo = 5 and L3 = 6. The boxes with

continuous outlines mark the offspring of the previous generation, whereas
boxes with dotted outline gather the immigrants in generation 1, 2 and 3 of
the subprocess (Zr,, )n>0-

and measure m,, for immigration in generation n € N where m,, is the distribution

of
~ Ln
Mn = Z ZLn—j(j)-

j=Ln-1+1

The sequence (A, My )nen is 1.i.d. under @ since the increments of the ladder epochs
(Ly, — Ly—1)nen are i.i.d. under @, see [9, XII.1]. Subcriticality of (Zr, )n>o follows
from EQ[IOg )\/1(1)] = EQ[YL] < 0.

Furthermore, the following arguments give that the subprocess is still Markovian
under Q. For n > 1 and iy,...,7,11 € Ng the Markov property of (Z,),>0 under

Q(@,M) implies

Q[ZLn+1 = in—&-h ZLn = Z.na SRR ZL1 = 21]
= Z Eollp,—k - Qo) Zi,y = tnt1s 2L, = ins - 21, = i1]]
keN
2) = Eqlli,—k - QoriprninlZe: = int1)Quonn [ Ze, = in, -, Z1, = i)
keN

where 0% denotes the shift 0% (¢, M;)ien = (¢rtj, Mrtj)jen and i, in Qok (p,0) 4,
denotes the number of ancestors. Since (¢;, M;);en is 1.i.d. it follows that equals

> EQlQorpnin | Ze, = insil| EqlL,=k - QoanZL, = in, -, Z1, = i1]]
keN

= an [ZLl - in—&—l]Q[ZLn - Z.'nn I ZL1 - 7/1]

To apply Lemma , we have to check if Eg[log, E,a[Mi]] < oo is satisfied. The
integrability of log(1 + E, a)[M:]) implies integrability of log, E, a)[M:] and vice
versa. We follow the strategy of the proof of Lemma 5.49 in [§]. According to [8|,
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Lemma 5.23], log(1 + E, ) [My]) is integrable if and only if
(3) lim sup B, an [M,]"/™ < 0o Q-a.s.

n—oo

Since FEgl|log u11]?] < oo, Theorem la in [9, XI1.7, p. 414f] can be applied and yields
QL > n] ~ ¢/+/n for some constant ¢ > 0. This implies Eg[L"] < oo for every
0<f<1/2 Let § = 5. E.g. by [IT, Theorem 4.23], we get that Q-a.s.

LB
(4) limsup — = 0.

n—oo n

For the proof of (3) note that by the definitions of Zj(j) and since p; - ... pz, <1
for each j < L, we obtain @-a.s.

Lyp
EpmnM) = Y EpanlZe, ()]

(5) < iMj.

Now, an analog calculation as the one in [8, p. 336] yields . For completeness let
us give the full argument. Inequality gives

L
1 n
lim sup E,, M)[M ]1/” < lim sup exp (ﬁ log ( g Mj>>

Lﬁ
6 <limsupexp | —log [ 1+ M; )
(6) m sup p<L g( le > n)
Since

Ly,
log (1 + ZM]) < s%"p log(1+ M;) +log L,
j=1 =1

and log L, /L — 0 for n — oo, we get

1 B
lim su —lo 1+ M. | <limsu sup (log(1 4+ M.))?
b g< Z ) b5 (st (1 + 2173 )

1y B
log(1+ M;))»
(7) < lim sup (Z 1 gé ) ) :

Recall that Eg[(log, ]\/[1)%] = Egl(log, M;)**¢] < co. Hence, the right-hand side of
(7) is finite Q-a.s. by the law of large numbers and follows by , @ and .
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Summing up, the subprocess (Z1,)n,>0 is a BPIRE with reproduction according
to (An)neny and immigration distribution (m,,)n,en where (A, my)pen is i1.d. and
Ellog E(,.an[Mi]] < co. Applying Lemma [2.1| gives that (Z,,),>o is positive recur-
rent, in particular recurrent. Hence, (Z,),>¢ is recurrent. 0]

Before proving Theorem |1.8|let us deduce a useful result from Theorem 2 in [19].

Lemma 2.2, Let d€ N, ¢ >0 and 0 < a < 1. Assume that {V,V;,;i,n € Ny} is a
family of i.i.d., almost surely nonnegative random variables. Then, Eg|(log, V)9 <

oo if and only if Y, .y, a” Z}i%dilj Vin < 00 Q-a.s.

Proof. The Lemma is shown by induction over d. Lemma 4 in [I9] gives that
Egllog, V] < oo if and only if EQ[log+(ZZLiJO Vio)] < oo. Furthermore, the latter

is equivalent to the almost sure convergence of »_ .\ a" ZEO Vin, see for instance
[15, Theorem 5.4.1].

Let the assertion hold for d > 1. It will be useful to consider random variables
with three indices. Therefore, let {V,V;,,:;7,4,n € Ny} be iid. Theorem 2 in
[19] yields that Eg[(log, V)] is finite if and only if Eg[(log, V)] is finite, where
Vo = Y nen, @ Voo By induction hypothesis, Eg[(log, V5)?] < oo is equivalent to
the almost sure convergence of

Leg?] Lej® ] ko lej? ]

j n o j+n _ k
e Y Y =Y e Y V=Y Y Vi
J€Np =0 neNp 7j€Np neNg =0 keNp 7=0 =0

The number of summands in Z?:o Egg_” Viik_; is asymptotically equal to k%c/d

for k — co. For d > 1 note that the almost sure convergence of ) | . a” Zggdj Vin
for some ¢ > 0 and all 0 < a < 1 implies the almost sure convergence for all ¢ > 0.
Hence, the lemma follows. O

Let us now prove the transience criterion for an irreducible critical BPIRE.

Proof of Theorem[1.8 The strategy of the proof is similar to the one of Theorem
2.2 in [4]. First we discuss an autoregressive model defined by the critical random
difference equation X,, := u, X,,_1 + M, for n € N and Xy = 0. We will show that

Q-a.s.
(8) X, > eV for n large.

Thereafter, (X,,),>0 is coupled with the critical BPIRE (Z,,),>¢ to obtain the tran-
sience.

Like in the proof of Theorem we define Y,, = log y1 +. . . +log pu,,. Let % <K< %
and

T(k):=1inf{k € N: Y, > —n" for all n > k}.
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By the law of the iterated logarithm 7'(k) is finite @-a.s. Choose 0 < ¢ < 6 such
that v := 0k —2 > 1. Then

EQ[T(r)"] =) n'Q[T(x) =n]

neN

<14 QY < —(n—1)

n>2

<14 n'Q[Yaa| > (n—1)7.

n>2

This is finite due to the complete convergence theorem of Baum and Katz in [5]
Theorem 3, (a) = (b)] and the assumptions Egl|log 111]°] < oo and Eg[log p11] = 0.
Therefore,

(9) Eq[T(k)"] < oo.

Consider now the autoregressive model. The recursion of X, yields

Xp =M, + ,unMn—l + Mn,un—an—Q +.oo ot ,uan

Set
Wn = M1 + ,u1M2 + ,ul,ugMg + ...+ M- ,un_an
for n € N. Then, exchangeability implies for all n € N,

(10) Q[X, > V"] = Q[W, > e¥".

Recall that % <K< % and v > 1. By the assumption of the theorem there is some

constant ¢; > 0 such that @) [Ml > 62"K] > ¢; - n~ " for large n. Thus, we get for a
suitable constant ¢ > 0 the following bound from above for large n € N.

QW < e/, T(r) < n7] < Q ﬂ {Ml o piMipy < 6‘%} (k) < ”i]
1
“n7Y<i<n

1
—nY<i<n

=Q _ ﬂ {Mi—i—l < e‘/ﬁ_yi} ,T(k) < nil

<Q FW{MHs¥M4

“nY <i<n

< (1-Q [w > )

_Cin—fﬁA

<

Hence

2=
M

QIW, < eV < QIW, < eV, T(k) < n7] + Q[T(k) > n

1—rA

< e L QIT(k) > n
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for large n. By , @ and since kA < 1, we obtain
> Q[x, <o <o
n>1
and follows by Borel-Cantelli.
The next step is to couple (X,)n>0 and (Z,)n>0. As can be seen by the notations,
the increments of the difference equation correspond to the number of immigrants

in the BPIRE and the multiplication factor u,, to the expected number of offspring
of an individual in generation n — 1.

Result implies Q [, {Xn > eV"}] > 0 and hence Q, [N { X0 > eV} >0
on some (Q-non-null set D. Fix e™! < 3 < 1. We will show that

(x> eﬂ}] >0

keN

(11) Qp | {% > 3V}

neN

on D. Hence,

Q[lim Zn:oo}>0

n—oo
since e > 1, and the transience follows.

For n € Ny let

n

B, =% > 8} n({Xx > eVF}.

j=1 k>1
By the definition of (Z,,),>0 in Definition [L.5/ we get on D

Qp |20 < BV X Bua| = Y- Qp |20 < BV X Zur = b B
keN

k
=Y Q, lunk 76 > pk = BV X 1) + My(1 = BY7), Zy1 = K, By

keN i=1

k
< Z Qsﬁ [#nk - Z@(n) > (1 - ﬁ\/ﬁ_m)ﬂnk] ’ Qs@ [Zn—l = ka Bn—l] :
1

k>(eﬂ)m i=
Chebyshev’s inequality implies

Var, (f{n)>
(1= g/ ViTyak

<

k
Qy [unk =3 e s (1= Y Dk
=1

Note that for large n, 1 — gv»—vr—1 > —%(\/ﬁ —+v/n—1)log 3. Hence,

. 4Var, (&)
Qp [ 20 < BY" X, B | < s BT — V=T OBl
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for large n. Thus, it holds for some 0 < a < 1 that Q, [Zn < ﬁ\/ﬁXn]Bn,l} <
oV Var, (€) 42 for large n and

(k+1)2-1
1)y — +1 _
Z af\/arsa( n+ n—%—l — Z Z fvarsﬁ ” )>H’n-%—1
n€Np keNg n=k2
(k+1)2-1
+1
<Z Z Var, (& " )) n+1
keNg n=k2

Applying assumption EQ[(log+(Var¢(£§1)) : ufz))Q] < 00, Lemma [2.2| yields on D

(12) > Q0 |2 <

neN

_1] < Q.

Furthermore, we have on D

(13) Q|72 87X, >0

1| 2 Q

Zn—l
Z gz(n) Z Mnﬂ\/ﬁ_ n_IZn—l Bn—l
i=1

for all n > 1. The left-hand side of equals [T, cn @y [Zn > BﬁXn\Bn,l} and
thus, follows from and ((13)). O

Remark 2.3. The recurrence and transience criteria in Theorems [L.7 and [L.8 hold
in the same way for a BPIRE with one ancestor. Starting with Zy = 0 in Definition
is only due to the proof of Lemma [2.1, To make sure that the BPIRE dies
out infinitely often Q-a.s. in Theorem [1.7] we have to assume additionally — if the
process starts with one ancestor — that Q[¢1(0) > 0, M; = 0] > 0.

3. EXCITED RANDOM WALK IN RANDOM ENVIRONMENT

The aim of this section is to transfer the recurrence and transience criteria from the
BPIRE to the ERWRE. Therefore, note the well-known connection between branch-
ing processes with migration and excited random walks. For a simple symmetric
random walk disturbed by cookies, this idea was employed for instance in [2] 3], [13].
In [4] the author explains the connection between a left-transient RWRE disturbed
by cookies of maximal strength and a subcritical BPIRE. In this section we establish
an analogous relation between a critical BPIRE and a recurrent RWRE disturbed
by cookies of maximal strength. The purpose of this connection is to prove Theorem

L1

Let us introduce the following notation and variables to describe the connection.
For detailed explanations we refer to [13] or [4].

Let Xi(j ), 1 € N, 7 € Z, be a family of independent +1-valued random variables on
(2", such that

P. XY =1] = w(j,i) and P, [XY = —1] =1 — w(j, 4).
Then the ERWRE can be realized recursively by

Sppr=Su+ XS0 s gy forn>0.
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The events {Xi(j ) = 1} and {Xi(j ) = —1} are called success and failure respectively.
Furthermore, set

¢k = #{successes in (Xi(k)).

J > M,

Voi=1,
V=P 4+ el M,

between the (j — 1)-st and the j-th failure} ,

Under Assumption , it is obtained that (V)r>o is a BPIRE under P;, with one

ancestor, immigrants (Mj),>1 and progeny given by (5-(]))1-7]-61\;. Remark that Sfj)

has geometric distribution with parameter (1 — p;), (geon,(1 — p;) for short), i.e.

Pl,w[f.(j) =n] =p;(w)"- (1 —pj(w)) for n € Ny and P-a.e. w € (2.

(2

The time when the ERWRE first hits k € Z, is denoted by
Ty :=inf{n e N: 5, = k}.

The recurrence from the right of the ERWRE is defined analogously to [13, p. 1962]
or [4].

Definition 3.1. The ERWRE is called recurrent from the right, if the first excursion
to the right of 0, if there is any, is Pp-a.s. finite, i.e. P;[Ty < oo] = 1.

Note that, by the assumption of a recurrent RWRE and cookies inducing a drift to
the right, it follows that

(14) Pyllimsup S,, = +o0] = 1.

Indeed, for ¢ > 0 and k£ € N, monotonicity of Py, [T, < t| with respect to the
environment holds according to Lemma 15 in [20], which can be extended from
w € ([1/2,11M)% to the current situation w € 2 = ([0, 1]N)Z.

Using and Py[liminf, . S, € {£oo}] = 1 instead of Lemma 3.2 in [4] we can
prove the next result about the connection between ERWRE and BPIRE analogously
to Lemma 3.5, Lemma 3.6 and Lemma 3.7 in [4].

Lemma 3.2. Let Assumption Al hold. The ERWRE (S,)n>0 is recurrent from the
right if and only if (Vi)k>o is recurrent in 0, i.e. P{[Fk € N: V;, =0] = 1.

If (Sp)n>0 is recurrent from the right, then all excursions are Py-a.s. finite.

If (Sp)n>0 is not recurrent from the right, then Py [lim, o S, = +00] > 0.

Remark 3.3. In the case of right-recurrence note that — due to monotonicity —
there are, in contrary to the model in [4], a.s. infinitely many finite excursions to the
right since the underlying random environment induces a recurrent random walk.
Hence, B[S, = 0 infinitely often] = 1 if (S,,),>0 is recurrent from the right.

Proof of Theorem[1.1l The process (Vi)r>o as described above is a BPIRE with
immigrants (M,,),>1 and offspring distribution geoy,(1—p;), j € N. It is irreducible
on the state space Ny since 0 < py < 1 P-a.s. and P[My = 0] > 0 by Assumption
[Al Given an environment w € (2, the expected number of offspring produced by a
single particle in the (j — 1)-st generation and its variance are

O JIC) B
]_1_pj(CU) p; (W)

pi(w) = Eowlé
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and

pi(w)
(1= pj(w))*
Hence, since|A|is assumed for Theorem , (Vi)k>o0 is a critical BPIRE according to
Definition [1.5] Furthermore, P[; = 1] < 1 holds by Assumption [A| Supposing that

E[| log 11]°] < oo for every 0 < § < 6 also includes in particular that E[(logp;)?] <
oo. To see this, note that

. {(h)g 1 flplﬂ =B {(log 1 €1p1>21”1<”]

for any x > 0. Now, for x small enough, a constant ¢ > 0 can be found such that

2
(log 1 plp ) = (logp1 — log(1 — p1))?> > ¢ - (log p1)?
1

Varg (ﬂj )) = respectively.

holds on {0 < p; < K}.

Therefore, ]E[(long(Varo,w(él)) : /LIQ))Q] = E[(logp1)?] < oo is fulfilled and finally,
the assumptions of Theorems [I.7] and [1.§] are satisfied.

Thus, if E[(log, My)*™] < oo holds for some € > 0, then the BPIRE (V})g>o is
recurrent by Theorem . Lemma gives that Py [S, = 0 infinitely often] = 1
since the underlying RWRE is recurrent and the first statement of Theorem
follows.

Let liminf;, . (t* - PllogM; > t]) > 0 for some 0 < A < 2. Then (Vi)r>o is
transient by Theorem . We get thus by Lemma that Py [lim, o S, = +00] >
0. Now, following the same strategy as in the proof of Theorem 1.1.(iii) in [4] yields
Pyllim,, . S, = +0o0] = 1. Hence, the proof is complete. O

FExample 3.4. Suppose that the assumptions of Theorem are fulfilled and let
A > 0. Let M, satisfy

1
P[Mozk]:m fOI'k?Z2,]€EN,
P[My =1] =0,

1
PMy=0]=1— —— .
[Mo = 0] (1+log2)>

Theorem makes no statement on the case A = 2, but for A # 2 we obtain the
following results.

If A < 2, then lim, ... S, = +00 Pp-a.s. due to lim,_o t*"P[logMy > t] = 1 > 0.
If A > 2, then S,, = 0 infinitely often Fj-a.s. since we can choose € > 0 such that
2+ e < X\ and get E[(log, Mp)*™] < oo.
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