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Difficult to know explicitly — asymptotics.

e.g. Weyl's law, Prime Number Theorem.
o Change of perspective: fix the spectral (or length) window and ask for asymptotics as the

volume grows.

fix the surface and vary the spectral window
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Question: How to obtain sequences of surfaces with increasing volume which give good

ics?
asymptotics? e
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Overview

Benjamini-Schramm Convergence (geometrical)

Plancherel Convergence (spectral)

@ The goal of this talk is to introduce these two notions, discuss their relation and (some of)
the asymptotics they carry.
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-
The hyperbolic plane

We represent the hyperbolic plane with the disc model
H:={zeC; |z| <1}

equipped with the Riemannian metric ds® := 4%.
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-
The hyperbolic plane

We represent the hyperbolic plane with the disc model
H:={zeC; |z| <1}

equipped with the Riemannian metric ds® := 4%.

SL>(R) is the group of orientation preserving isometries of H.
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Hyperbolic surfaces

Definition

A hyperbolic surface is a connected, orientable, smooth two-dimensional manifold, together
with a complete Riemannian metric of constant curvature —1.

4/26



Hyperbolic surfaces

Definition
A hyperbolic surface is a connected, orientable, smooth two-dimensional manifold, together
with a complete Riemannian metric of constant curvature —1.

Fact
Any (closed) hyperbolic surface S is of the form S =T\ H for some (cocompact) lattice
I C SLo(R). For such a group ' we have an isomorphism I = 71(S).

,lll’
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N
The Laplace Spectrum

S =T\ H hyperbolic surface.
A = Laplace-Beltrami operator on S.
S closed = discrete spectrum with eigenvalues 0 = \g < A1 < XA <..., A, —— .

Theorem (Weyl's Asymptotic Law)

Let S =T \ H be a closed hyperbolic surface. Denote by N(A, S, x) the number of eigenvalues
of the Laplacian on S which are < x. Then

N(A, S, x) ix
vol(S) 4"

as X — O0.
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The Length Spectrum and Huber's Theorem

Let S =T \ H be a closed hyperbolic surface. We denote by C(S) the set of all oriented closed
geodesics on S.
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The Length Spectrum and Huber's Theorem

Let S =T \ H be a closed hyperbolic surface. We denote by C(S) the set of all oriented closed
geodesics on S.
Theorem (Prime Number Theorem for closed hyperbolic surfaces)

Denote by N(C(S), x) the number of closed geodesics on S with length < Inx. Then

N(C(S), x) ~ ﬁ as x — 0o,

Theorem (Huber's Theorem)

Two closed hyperbolic surfaces have the same spectrum of the Laplacian if and only if they
have the same length spectrum.

Notice that there exist isospectral surfaces which are not isometric.
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Benjamini-Schramm convergence
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Benjamini-Schramm convergence

N \ .
Let S =T \ H. The injectivity radius at a point p is the
radius of the largest ball in S centered at p which is

isometric to a ball in H. J

For R > 0, the R-thin part of S is

Scr= {p € X : InjRad(p) < R}.
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Benjamini-Schramm convergence

Definition (Benjamini-Schramm convergence)

We say that a sequence (Sp)nen of closed hyperbolic surfaces (given by S, =T, \ H) is
Benjamini-Schramm convergent to the hyperbolic plane H if for every R > 0

vol ((Sn)<r)

vol(5,) 0, as n — oo.
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Benjamini-Schramm convergence

Definition (Benjamini-Schramm convergence)

We say that a sequence (Sp)nen of closed hyperbolic surfaces (given by S, =T, \ H) is
Benjamini-Schramm convergent to the hyperbolic plane H if for every R > 0

vol ((Sn)<r)

—_— 0 — 00.
voI(S,) , as n — 0o

Equivalently, (S,)nen is BS-convergent if for any R > 0, the probability of a ball in S, of radius
R being isometric to a ball in H is asimptotically 1.

=S
=
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An example

Let I C G be a torsion free cocompact lattice.
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An example

Let I C G be a torsion free cocompact lattice. Consider a sequence of cocompact lattices
Fr=ri1>r>...

such that
Ql,«al VneN,;
© ,en o = {e} (trivial intersection).
Such a sequence {I',} en is called a tower of normal subgroups of I'.
InjRad(S,) 2% 50 = the R-thin part of S, is empty for large enough n => S, is
Benjamini-Schramm convergent to H.
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G = locally compact group, e.g. SLa(R) | G =R
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G = locally compact group, e.g. SLa(R) | G =R

G= unitary dual of G R=R
wp; = Plancherel measure on G 1p; = Lebesgue measure
' C G cocompact lattice r=2z
L2\ 6) = @, .o m(x. 1)V, [(Z\R) = @z ()
pr = e m(m, o spectral measure
f.GocC (scalar) Fourier transform f=F(f)
pr(F) = e mi D) e F(K)
ui(F) = [g F(m)dupi(r) = f(e) Je F(&)ds = £(0)
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Plancherel convergence

Definition (Plancherel convergence)
A sequence (S,)nen of closed hyperbolic surfaces is called a Plancherel sequence if for every
fecCx(G)
1 A a
murn(f) — ,LLP/(f), as n — oQ.
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Plancherel convergence

Definition (Plancherel convergence)

A sequence (S,)nen of closed hyperbolic surfaces is called a Plancherel sequence if for every
fecCx(G)

1 A a
murn(f) — ,LLP/(f), as n — oQ.

Proposition

Let (Sp)nen be a Plancherel sequence, and fix | = [a, b]. Then

i NSy 1)

A T vol(S,) = ppi(1)
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Plancherel convergence

Definition (Plancherel convergence)

A sequence (S,)nen of closed hyperbolic surfaces is called a Plancherel sequence if for every
fecCx(G)

1 A a
murn(f) — ,LLP/(f), as n — oQ.

Proposition

Let (Sp)nen be a Plancherel sequence, and fix | = [a, b]. Then

. N(A, S, ) 1 b [ 1

11/26



Geometrical interpretation

Theorem (Deitmar, 2018)

(Sn)nen is a Plancherel sequence if and only if for every R > 0

sy [+ (e xnBeG) o =0
L 1
\\\\\\x‘ /////// //// \\\ﬁmn
N o)
- //L:\\ \\L/
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Benjamini-Schramm vs Plancherel convergence

Theorem (Deitmar, 2018)

A Plancherel sequence is Benjamini-Schramm convergent.
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Benjamini-Schramm vs Plancherel convergence

Theorem (Deitmar, 2018)

A Plancherel sequence is Benjamini-Schramm convergent.

Definition (Uniform Discreteness)

We call a sequence of closed hyperbolic surfaces (Sp)nen uniformly discrete if there is a
uniform lower bound on the injectivity radius of S, =T, \ H for n € N,

Theorem (ABBGNRS, 2017)

A uniformly discrete Benjamini-Schramm convergent sequence is Plancherel.
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Benjamini-Schramm
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Benjamini-Schramm vs Plancherel convergence

Benjamini-Schramm + Uniformly Discrete

Plancherel

7

Benjamini-Schramm

Theorem (G., Kamp, 2024)

There exists a Benjamini-Schramm convergent sequence of closed hyperbolic surfaces which is
not Plancherel convergent.
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Asymptotics for the Length Spectrum

(Sn)nen has the closed geodesics property if for all R > 0
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N
Asymptotics for the Length Spectrum

(Sn)nen has the closed geodesics property if for all R > 0

N
M — 0, as n — oo.
vol(Sp)
Theorem (Raimbault, 2018)
@ (Sp)nen has the closed geodesics property = (Sp)nen is Benjamini-Schramm.

® (Sp)nen is Benjamini-Schramm and uniformly discrete = (S,,)nen has the closed
geodesics property

(Sn)nen has the simple closed geodesics property if for all R > 0

N(S(Sn), R)
vol(S,)

— 0, as n — oo.
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G semisimple, rank 1

Benjamini-Schramm + Uniform Discreteness

Closed geodesics property Plancherel

Simple closed geodesics property Benjamini-Schramm
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SLy(R)

Benjamini-Schramm + Uniform Discreteness

Closed geodesics property Plancherel

Simple closed geodesics property =——=- Benjamini-Schramm
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SLy(R)

Benjamini-Schramm + Uniformly Discrete

/

Closed geodesics property lancherel

/

Simple closed geodesics property =———=- Benjamini-Schramm
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Construction of the example

Consider the principal congruence subgroups

r(N) = { (a b) €SL(Z) - ad=1 (mod N), b,c =0 (mod N)}.
c d
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Construction of the example

Consider the principal congruence subgroups

r(N) = { (a b) €SL(Z) - ad=1 (mod N), b,c =0 (mod N)}.
c d

We denote by S(N) = I'(N) \ H the congruence surface of level N.
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Construction of the example

The number of cusps of S(N) is always even for N > 3
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Construction of the example

Identify the cusps in pairs and substitute any cusp with a boundary geodesic of length t > 0.
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Construction of the example

Glue together the prescribed boundary geodesics. This yields a closed hyperbolic surface S;(N).
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Let (tn)nen be a sequence of positive real numbers converging towards 0.
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Construction of the example

Let (tn)nen be a sequence of positive real numbers converging towards 0. Let (Sp,)qen be the
sequence of closed hyperbolic surfaces defined by S, = S;,(n).

o The sequence (S,)nen is Plancherel convergent if and only if ¢, grows sub-exponentially
in n.

@ The sequence (S,)nen is Benjamini—-Schramm convergent.
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Applications: sneak peek

@ Quantum ergodicity: equidistribution of Laplace eigenfunctions.

@ Selberg (-function: vanishing of logarithmic derivative.

o [2-Betti numbers: asymptotics of fél(();:))
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Thank you for your attention!
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