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Abstract For every real-analytic CR-manifoldM we give necessary and
sufficient conditions thatM can be realized in a suitable neighbourhood
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1. Introduction

Among all CR-submanifolds ofCr a special class is formed by thetube
submanifolds,that is, by real submanifolds of the form

TF = IRr + iF (1.1)

with F an arbitrary submanifold ofIRr, called thebaseof TF . CR-manifolds
of this type play a fundamental role in CR-geometry as they often serve as
test objects. In addition, the interplay between real geometric properties ofthe
baseF and CR-properties of the associated tubeTF are quite fruitful. An early
example of this interplay is well known in the case of open tube submanifolds:
The tube domainTF ⊂ Cr is holomorphically convex if and only if the (open)
baseF ⊂ IRr is convex in the elementary sense.Clearly, in the context of CR-
geometry, domains inCr are not of interest. In fact, we will mainly consider
CR-manifoldsM = (M, HM, J) which are holomorphically nondegenerate,
i.e., ξ = 0 is the only local holomorphic vector field onM , which is a section
in the subbundleHM . We note in passing that in the tube situation the general
case can be reduced to the nondegenerate one as every such CR-manifold is
locally a direct product of someCk and a holomorphically nondegenerate CR-
manifold.

For instance, interesting examples of holomorphically nondegenerate
tube submanifolds are obtained as follows: LetΩ ⊂ IRr be an open con-
vex cone such that the corresponding tube domainTΩ ⊂ Cr is biholomor-
phically equivalent to an irreducible bounded symmetric domain. Then the
group G = GL(Ω) := {g ∈ GL(r, IR) : g(Ω) = Ω} acts transitively
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on Ω and for every non-openG-orbit F ⊂ IRr with F 6= {0} the corre-
sponding tubeTF is Levi degenerate but still is holomorphically nondegen-
erate [18]. The example of lowest possible dimension occurs with the future
coneΩ = {x ∈ IR3 : x3 >

√
x2

1 + x2
2} in 3-dimensional space-time and

F = {x ∈ IR3 : x3 =
√

x2
1 + x2

2 > 0} the future light cone. The future
light cone tubeTF has been studied by many authors and has remarkable
properties, cf. [9] and the references therein. Until recently, this tubeman-
ifold TF was, up to local CR-isomorphy, the only known example of a 5-
dimensional Levi degenerate, holomorphically nondegenerate and locallyho-
mogeneous CR-manifold. A full classification of CR-manifolds of this type
could be obtained in [10] – surprisingly all possible examples turned out to be
locally representable as tube manifolds.

Since tube manifolds are quite easy to deal with it is of interest to decide
whether a given CR-manifoldM is CR-isomorphic, at least locally around a
given pointa ∈ M , to a tube submanifold of someCr. Another question is how
many ‘different’ tube realizations a given CR-manifold germ does admit. In the
particular case of spherical hypersurfaces the following result has been obtained
in [7] by solving a certain partial differential equation coming from the Chern-
Moser theory [6]:For everyr ≥ 2 there exist, up to affine equivalence, precisely
r+2 closed smooth tube submanifolds ofCr that are locally CR-isomorphic to
the euclidian sphereS2r−1 ⊂ Cr. In [12], [13] the same method has been used
for a certain more general class of CR-flat manifolds. All the above results rely
on Chern-Moser theory and therefore only apply to CR-manifolds that are Levi
nondegenerate and of hypersurface type.

In this note we use a different method that applies to all CR-manifolds
(for simplicity we work in the category of real-analytic CR-manifolds). This
method is more algebraic in nature and starts from the following simple ob-
servation: A real submanifoldM ⊂ Cr is tube (1.1) if and only ifM is in-
variant under all real translationsz 7→ z + v with v ∈ IRr. In particular,
g := hol(M, a), the Lie algebra of all (germs of real-analytic) infinitesimal
CR-transformations ata, contains the abelian Lie subalgebra induced by the
above translations. Therefore it is not unexpected that every tube realization of
an arbitrarily given CR-manifold germ(M, a) is strongly related to a certain
abelian Lie subalgebrav of hol(M, a), see Prop. 4.1 and Prop. 4.4 for precise
statements.

In a slightly different form the Lie algebrav has already been used in [1]
for the characterization of tube manifolds (in fact more generally in the con-
text of abstract smooth CR-manifolds and the solution of the local integrability
problem for rigid CR-manifolds; on the other hand we do not need to assume
that the evaluation mapεa : v → TaM is injective). But, in contrast to [1] our
intentions are completely different - we mainly focus on the question how many
‘essentially’ different tube realizations of a given CR-manifold germ(M, a) do
exist. This question of equivalence for different local tube realizations of a given
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CR-manifold is a bit more subtle than it might appear at the first glance. We in-
troduce two different notions of equivalence to which we refer accordingly as to
the ‘strict’ and the ‘coarse’ affine equivalence. Our impression is that the latter
one is more appropriate in the context of local tube realizations.

In Section 4 we give necessary and sufficient conditions for an abelian
subalgebrav ⊂ g to give a local tube realization of(M, a). This character-
ization also includes for everyv an easy to compute canonical form of a lo-
cal CR-isomorphism to the corresponding tube realization of(M, a). It is also
shown that any two local tube realizations of the germ(M, a) are affinely equiv-
alent (in the strict sense) if and only if the corresponding abelian subalgebras
v , v ′ ⊂ g are conjugate with respect to the stability groupAut(M, a).

The ‘coarse’ equivalence relation for tube realizations of the germ(M, a)
is, roughly speaking, defined as follows: Two tube realizations(T, c), (T ′, c′)
of (M, a) in Cr are considered to be equivalent in this broader sense if the
representing tube submanifoldsT, T ′ ⊂ Cr can be chosen in such a way that
T ′ = g(T ) for some affine isomorphismg on Cr (that is,without requiring
c′ = g(c) in addition).

While it is not surprising that the existence of a tube realization for
(M, a) is closely related to the existence of a certain ‘big’ abelian Lie sub-
algebra ofg = hol(M, a), it is not at all clear what the relation between var-
ious tube realizations and the corresponding abelian subalgebras inhol(M, a)
should be. One of our main results is then obtained in Section 7, where we
introduce the subgroupGlob(M, a) ⊂ Aut(g) and show for a large class of
CR-manifoldsM that the local tube realizations of(M, a) are equivalent in
the coarser sense if and only if the corresponding abelian subalgebrasv , v ′ are
conjugate with respect to the groupGlob(M, a).

In Sections 8 and 9 we apply our general theory to some concrete cases.
For instance, we relate the results from [7] with our algebraic point of view,
and identify the various abelian subalgebras ofhol(S2r−1, a), S2r−1 ⊂ Cr the
standard sphere, which correspond to various defining equations in [7].

In the last two sections we generalize the notion of a tube submanifold
to the notion of a Siegel submanifold. This is motivated by the well known
fact that every bounded homogeneous domain can be realized as a Siegel do-
main, thus giving a lot of additional insight to the structure of those domains.
In the forthcoming paper [11] our method will be applied to the class of all
Levi non-degenerate real hyperquadrics inCr in order to obtain a full algebraic
characterization of local tube realizations in such cases.

2. Preliminaries and notation

Abstract CR-manifolds. A triple (M, HM, J) is called an (abstract) CR-mani-
fold (CR stands for Cauchy-Riemann) ifM is a (connected if not stated oth-
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erwise explicitly) smooth manifold,HM is a smooth subbundle of its tangent
bundleTM andJ is a smooth bundle endomorphism ofHM with J2 = − id.
For simplicity we often write justM instead of(M, HM, J). For everya ∈ M
the restriction ofJ to the linear subspaceHaM ⊂ TaM makesHaM to a com-
plex vector space, we call it theholomorphic tangent space toM at a (in the
literatureHaM is also called thecomplex tangent spaceand denoted byTc

aM ).
Its complex dimension is called theCR-dimensionand the real dimension of
TaM/HaM is called theCR-codimensionof M . With M = (M, HM, J) also
Mconj := (M, HM,−J) is a CR-manifold; we call it theconjugateof M .

A smooth mapg : M → M ′ between two CR-manifolds is called CR if
for everya ∈ M anda′ := g(a) the differentialdga : TaM → Ta′M ′ maps the
corresponding holomorphic subspaces in a complex linear way to each other.
Also, g is calledanti-CRif g is CR as a mapMconj → M ′.

For every smooth vector fieldξ on M and everya ∈ M we denote by
ξa ∈ TaM the corresponding tangent vector ata. Furthermore,ξ is called an
infinitesimal CR-transformationof M if the corresponding local flow onM
consists of CR-transformations. Withξ, η also the usual bracket[ξ, η] is an
infinitesimal CR-transformation.

It is obvious that every smooth manifoldM can be considered as a CR-
manifold with CR-dimension 0 (these are called thetotally realCR-manifolds).
The other extreme is formed by the CR-manifolds with CR-codimension 0,
these are precisely the almost complex manifolds. Among the latter the inte-
grable ones play a special role, the complex manifolds. CR-mappings between
complex manifolds are precisely the holomorphic mappings.

CR-manifolds in this paper are understood to be thoseM = (M, HM, J)
that are real-analytic and integrable in the following sense:M is a real-analytic
manifold and there is a complex manifoldZ such thatM can be realized as a
real-analytic submanifoldM ⊂ Z with HaM = TaM ∩ iTaM andJ(ξ) =
iξ for everya ∈ M , ξ ∈ HaM , whereTaM is considered in the canonical
way as anIR-linear subspace of the complex vector spaceTaZ. This notion
of integrability is equivalent to the vanishing of the restricted Nijenhuis tensor.
We refer to [5] or [3] for further details. The embeddingM ⊂ Z above can
always be chosen to begeneric, that is,TaZ = TaM + iTaM for all a ∈ M .
In that case the (connected) complex manifoldZ has complex dimension (CR-
dimM+ CR-codim M ).

CR-isomorphisms between CR-manifolds are always understood to be
analytic in both directions. In particular,Aut(M) is the group of all (bianalytic)
CR-automorphisms ofM andAuta(M) := {g ∈ Aut(M) : g(a) = a} is the
isotropy subgroup at the pointa ∈ M . With Aut(M, a), also called thestability
group ata, we denote the group of all CR-automorphisms of the manifold germ
(M, a). ThenAuta(M) can be considered in a canonical way as a subgroup of
Aut(M, a).
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With hol(M) we denote the space of all real-analytic infinitesimal trans-
formations of the CR-manifoldM and withhol(M, a) the space of all germs at
a ∈ M of vector fieldsξ ∈ hol(N) whereN runs through all open connected
neighbourhoods ofa in M . Thenhol(M) as well as everyhol(M, a) together
with the bracket[ , ] is a real Lie algebra (of possibly infinite dimension). The
canonical restriction mappingρa : hol(M) → hol(M, a) is an injective ho-
momorphism of Lie algebras. Every isomorphismg : (M, a) → (M ′, a′) of
CR-manifold germs induces in a canonical way a Lie algebra homomorphism
g∗ : hol(M, a) → hol(M ′, a′). Its inverse is the pull backg∗. Clearly,g 7→ g∗
defines a group homomorphismAd : Aut(M, a) → Aut(hol(M, a)).

A vector fieldξ ∈ hol(M) is calledcompleteonM if the corresponding
local flow extends to a one-parameter groupIR → Aut(M). The image of
1 ∈ IR is denoted byexp(ξ). In this sense we have the exponential mapexp :
aut(M) → Aut(M), whereaut(M) is the set of allcompleteξ ∈ hol(M).
In general,aut(M) ⊂ hol(M) is neither a linear subspace nor closed under
taking brackets. But, if there exists a Lie subalgebrag ⊂ hol(M) of finite
dimension withaut(M) ⊂ g , thenaut(M) itself is a Lie subalgebra [19] and
onAut(M) there exists a unique Lie group structure (in general not connected)
such thatexp is a local diffeomorphism in a neighbourhood of0 ∈ aut(M).
Furthermore, the mapAut(M) × M → M , (g, a) 7→ g(a), is real-analytic.

In caseM is generically embedded as a real-analytic CR-submanifold of
a complex manifoldZ then a vector fieldξ onM is in hol(M) if and only if ξ
has an extensioñξ to a holomorphic vector field on a suitable open neighbour-
hoodU of M in Z (that is, ξ̃ is a holomorphic section overU in its tangent
bundleTU ). The Lie algebrashol(Z) andhol(Z, a) are complex Lie alge-
bras andg := hol(M, a) is in a canonical way a real subalgebra ofhol(Z, a).
The CR-manifold germ(M, a) is calledholomorphically nondegenerateif g is
totally real inhol(Z, a), that is,g ∩ ig = {0}. In this case there is a unique
antilinear Lie algebra automorphismσ of gC := g + i g ⊂ hol(Z, a) with
g = Fix(σ). Clearly, real Lie subalgebras ofg andσ-invariant complex Lie
subalgebras ofgC are in a natural 1-1-correspondence.

In general, a vector fieldξ ∈ hol(M) only can be integrated to alocal1-
parameter group of CR-transformationsgt that we also denote byexp(tξ). The
reason for this notation in the analytic case is the following: To everya ∈ M
and every open neighbourhoodW of a ∈ Z there is a further open neigh-
bourhoodU ⊂ W of a ∈ Z and anε > 0 such that thegt are defined as
holomorphic mappingsU → W for |t| < ε and satisfy for every holomorphic
mappingf : W → Cn the formula

f ◦ gt|U =
∞∑

k=0

1

k!
(tξ)k(f |U ) .

In particular, iff gives a local chart forZ arounda then thegt on U can be
recovered from the right side of this formula.
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Lemma 2.1. Let Z be a connected complex manifold of dimensionn and
e ⊂ hol(Z, a) an abelian complex Lie subalgebra withεa(e) = TaZ, whereεa

is the evaluation mapξ 7→ ξa. Thenεa induces a complex linear isomorphism
from e ontoTaZ. In particular,e also has dimensionn and is maximal abelian
in hol(Z, a).

Proof. Let η ∈ e be an arbitrary element withηa = 0. We have to showη = 0.
Fix a linear subspacea ⊂ e such thatεa : a → TaZ is an isomorphism.
We may assume thata ⊂ hol(U) for some open neighbourhoodU ⊂ Z of
a and also that everyz ∈ U is of the formz = exp(ξ)(a) for someξ ∈ a .
For every suchz then[η, ξ] = 0 implies exp(tη)(z) = exp(ξ) exp(tη)(a) =
exp(ξ)(a) = z for |t| small, that is,η = 0.

For the sake of clarity we mention that in casen = dimZ ≥ 2 there
exist abeliansubalgebrase ⊂ hol(Z, a) of arbitrarydimension. However, in
general these do not spanTaZ.

The CR-manifoldM is calledhomogeneousif the groupAut(M) acts
transitively onM . Also,M is calledlocally homogeneousif for everya, b ∈ M
the manifold germs(M, a), (M, b) are CR-isomorphic. By [21] this is equiv-
alent toεa(hol(M, a)) = TaM for everya ∈ M . The CR-manifoldM is
calledminimal if every smooth submanifoldN ⊂ M with HaM ⊂ TaN for
all a ∈ N is already open inM .

For later use (Proposition 6.3) we state

Lemma 2.2. Let Z be a complex manifold andM ⊂ Z a (connected real-
analytic) generic and minimal CR-submanifold. ThenM\A is connected for
every closed complex-analytic subsetA ⊂ Z.

Proof. We first show that the proof of the Lemma can be reduced to the case
whenA ⊂ Z is non-singular. Indeed, there is an integerk ≥ 1 and a descending
chainA = A0 ⊃ · · · ⊃ Ak = ∅ of analytic subsets such thatAj is the singular
locus of Aj−1 for all j = 1, . . . , k. Put Mj := M\Aj . ThenAj−1\Aj is
analytic inZj := Z\Aj andMj−1 = Mj\(Aj−1\Aj). Therefore it suffices to
show inductively thatM = Mk, Mk−1, . . . , M0 all are connected. For the rest
of the proof we therefore assume thatA is nonsingular and also, contrary to the
claim of the Lemma, thatM\A is disconnected. Notice that this implies

(∗) TaM ∩ TaA 6= TaM for all a ∈ M ∩ A ,

since otherwiseM\A = ∅ would be connected as a consequence ofTaZ =
TaM + iTaM ⊂ TaA ⊂ TaZ.

The intersectionS := A ∩ M is a real-analytic set. Again, there is an
integerr ≥ 1 and a descending chainS = S0 ⊃ · · · ⊃ Sr = ∅ of real-analytic
subsets such thatSj is the singular locus ofSj−1 for all j = 1, . . . , r. Choose
j ≤ r minimal with respect to the property thatM\Sj is connected. Then
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j > 0 by the above assumption andM\Sj−1 = (M\Sj)\(Sj−1\Sj) is dis-
connected. In particular, also(M\Sj)\N is disconnected, where we denote by
N the union of all connected components of(Sj−1\Sj) that have codimension
1 in M . Clearly,(∗) improves to

(∗∗) TaM ∩ TaA = TaN for all a ∈ N .

SinceM is minimal by assumption there exists ana ∈ N with HaM 6⊂ TaN
and hence withHaM 6⊂ TaA by (∗∗). SinceHaM andTaA are complex linear
subspaces, there is a linear subspaceV ⊂ HaM ⊂ TaM of real dimension≥ 2
with HaM = V ⊕(HaM∩ TaA). But thenV ∩ TaN = V ∩(TaM∩TaA) = 0
gives a contradiction sinceTaN is a real hyperplane inTaM . This shows that
M\A cannot be assumed to be disconnected, and the proof is complete.

Notice that the assumption onM in Lemma 2.2 is automatically satisfied
if M is of hypersurface type and has nowhere vanishing Levi form. Indeed, if
M is a hypersurface and is not minimal ina ∈ M then the Levi form ofM at
a vanishes.

Convention for notating vector fields.In this paper we do not need the com-
plexified tangent bundleTM ⊗IR C of M . All vector fields occurring here
correspond to ‘real vector fields’ elsewhere. In particular, ifE is a complex
vector space of finite dimension andU ⊂ E is an open subset then the vector
fieldsξ ∈ hol(U) correspond to holomorphic mappingsf : U → E, and the
correspondence is given in terms of the canonical trivializationTU ∼= U × E
by identifying the mappingf with the vector fieldξ = (idU , f). To have a short
notation we also write

ξ = f(z) ∂/∂z .

As soon as the vector fieldξ = f(z) ∂/∂z is considered as differential operator,
special caution is necessary:ξ applied to the smooth functionh on U is ξh =
f(z) ∂/∂z h + f(z) ∂/∂z h. We therefore stress again that we write

ξ = f(z) ∂/∂z instead of ξ = f(z) ∂/∂z + f(z) ∂/∂z elsewhere,

and this convention will be in effect allover the paper.

3. Tube manifolds

Throughout this section letV be a real vector space of finite dimension
andE := V ⊕iV its complexification. For every (connected and locally closed)
real-analytic submanifoldF ⊂ V the manifold

T := TF := V + iF ⊂ E

is a CR-submanifold ofE, called thetubeover thebaseF . Obviously, a real-
analytic submanifoldM ⊂ E is a tube in this sense if and only ifM + V =
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M . Tubes form a very special class of CR-manifolds. For instance,Aut(T )
contains the following abelian translation group isomorphic to the vector group
V

Γ := {z 7→ z + v : v ∈ V } .

SinceT = Γ(iF ) it is enough to study the local CR-structure of the tubeT
only at pointsia ∈ iF ⊂ T . For these

TiaT = V ⊕ iTaF and HiaT = TaF ⊕ iTaF ⊂ E

is easily seen. In particular,T is generic inE. For every further tubeT ′ =
V ′ + iF ′ in a complex vector spaceE′ = V ′ ⊕ iV ′ with F ′ ⊂ V ′ every real
affine mappingg : V → V ′ with g(F ) ⊂ F ′ extends to a complex affine
mappingg̃ : E → E′ with g̃(T ) ⊂ T ′ and thus gives a CR-mapT → T ′.
Therefore,F (locally) being affinely homogeneous implies that the tubeT is
(locally) CR-homogeneous. The converse is not true in general.

Lemma 3.1. Suppose thatT = V + iF is a tube submanifold of the complex
vector spaceE = V ⊕ iV and thata ∈ T is an arbitrary point. Then the
following conditions are equivalent.

(i) T is of finite type ata.
(ii) T is minimal ata.

(iii) The smallest affine subspace ofV containingF is V itself.

Proof. It is enough to show the implication (iii)=⇒ (i). We therefore assume
(iii) and identify E = Cn with IRn × IRn in the standard way via(x + iy) ∼=
(x, y). Without loss of generality we assume thatT contains the origin ofE
and is given in a suitable neighbourhood of it by real-analytic equations

yj = fj(y1, . . . , yk), k < j ≤ n,

where everyfj vanishes of order≥ 2 at the origin ofIRk. The assumption (iii)
implies that the germs of the functionsfk+1, . . . , fn at 0 ∈ IRk are linearly
independent. For all1 ≤ ℓ, m ≤ k the vector fields

ξℓ := ∂/∂xℓ
+

∑

j>k

∂fj/∂yℓ
∂/∂xj

and ηm := ∂/∂ym
+

∑

j>k

∂fj/∂ym
∂/∂yj

(expressed in the real coordinates(x, y) of E) are sections in the holomor-
phic subbundleHT over the tube manifoldT . Also, for every multi-index
ν = (ν1, . . . , νk) ∈ INk with |ν| := ν1 + . . . + νk ≥ 1 and everyℓ = 1, . . . , k
we have

(ad η1)ν1(ad η2)ν2 · · · (ad ηk)νkξℓ =
∑

j>k

(
∂|ν|

/∂yν
(
∂fj/∂yℓ

))
∂/∂xj

.

(3.2)
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Denote byS ⊂ T0T the linear subspace spanned byH0T and all vector fields
(3.2). Assume that there exists a non-trivial linear formλ onT0T with λ(S) =
0 and putf :=

∑
j>k djfj with dj := λ( ∂/∂xj

) . Thendj 6= 0 for somej > k,
that is,f 6≡ 0. On the other hand, (3.2) shows that all partial derivatives off
of order≥ 2 vanish at the origin. By choice of the functionsfj also all partial
derivatives off of order< 2 vanish, a contradiction. ThereforeS = T0T and
(i) must hold.

Proposition 3.3. Suppose thatT = V + iF is a tube submanifold of the
complex vector spaceE = V ⊕ iV and suppose, without loss of generality, that
T contains the origin ofE. Then there exist complex linear subspacesE′, E′′

of E and tube submanifoldsT ′ ⊂ E′, T ′′ ⊂ E′′ with the following properties:
(i) T ′ is anIR-linear subspace ofE′ with E′ = T ′ + iT ′.

(ii) T ′′ is holomorphically nondegenerate and of finite type at every point.
(iii) E = E′ ⊕ E′′ andT is open inT ′ + T ′′.

Proof. By Lemma 3.1 we assume without loss of generality thatV is the linear
span ofF . We then verify the claim withT ′ = E′.
For everya ∈ T put ha := hol(T, a) ∩ i hol(T, a) andEa := εa(ha). Then
ha is a complex Lie subalgebra ofhol(E, a) andEa ⊂ E is a complex linear
subspace. Denote byM ⊂ T the subset of all points at which the function
a 7→ dimEa takes a global maximum and fix a connected componentS of
M . ThenS is open inT andk := dimEa does not depend ona ∈ S. Let G

be the Grassmannian of allk-planes inE and consider the mapϕ : S → G,
a 7→ Ea. For everya ∈ S the mapϕ is constant on(a + V ) ⊂ S. Sinceϕ is
CR we conclude thatT ′ := E′ := Ea does not depend ona ∈ S. Now fix an
arbitrary vectorα ∈ E′ and consider the constant vector fieldξ = α ∂/∂z onE.
Sinceξ is tangent toS it is also tangent toT , that is, the germξa ∈ hol(E, a)
is contained inha for all a ∈ T . As a consequence we getE′ ⊂ Ea and
thusE′ = Ea for all a ∈ T . There exists a linear subspaceV ′′ ⊂ V with
E = E′ ⊕ E′′ for E′′ := V ′′ ⊕ iV ′′. The imageT ′′ of T with respect to
the canonical projectionE → E′′ is a tube submanifold ofE′′ satisfying (iii).
The baseF ′′ of T ′′ spans the vector spaceV ′′, that is,T ′′ is of finite type
by Lemma 3.1. For the proof of the first part in (ii) we may assume without
loss of generality thatE′ = 0 holds, that is,E = E′′. But then by the above
arguments we haveha = 0 for all a ∈ T , that is,T = T ′′ is holomorphically
nondegenerate.

It is known that for every holomorphically nondegenerate minimal CR-
manifold germ(M, a) the Lie algebrahol(M, a) has finite dimension, cf. The-
orem 12.5.3 in [3]. Calling a CR-manifold germ(M, a) of tube typeif it is
CR-isomorphic to a germ(T, c) with T a tube manifold we therefore get the

Corollary 3.4. Let (M, a) be a CR-manifold germ of tube type. Then there ex-
ist unique integersk, l ≥ 0 and a holomorphically nondegenerate CR-submani-
fold M ′ ⊂ M of finite type witha ∈ M ′ such that(M, a) is CR-isomorphic to
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the direct product(Ck, 0) × (IRl, 0) × (M ′, a). Furthermore:
(i) (M, a) is holomorphically nondegenerate if and only ifk = 0.

(ii) (M, a) is of finite type if and only ifl = 0.
(iii) hol(M, a) has finite dimension if and only ifk = l = 0.

As shown in [4], to every real-analytic CR-submanifoldM ⊂ Cn there
exists a proper real-analytic subsetA ⊂ M such that the germ(M, a) is CR-
isomorphic to(Ck, 0) × (M ′, a) for somek ≥ 0 and some holomorphically
nondegenerate CR-submanifoldM ′ ⊂ M containinga, provideda ∈ M\A.
Corollary 3.4 implies thatA can be chosen to be empty ifM is of tube type.

An analyticity criterion. In the following k-differentiablealways meansCk

for 1 ≤ k ≤ ∞. For every abstractk-differentiable CR-manifoldN then the
tangent bundleTN is of classCk−1 and we denote byXk−1(N) the IR-linear
space of(k−1)-differentiable infinitesimal CR-transformations onN . Unless
k = k−1 = ∞, the spaceXk−1(N) is not a Lie algebra in general. But again,
for everyk-differentiable CR-diffeomorphismϕ : N → M we have a canon-
ical linear isomorphismϕ∗ : Xk−1(N) → Xk−1(M). Clearly, every real-
analytic CR-manifoldM can be considered as ak-differentiable CR-manifold
in a canonical way andhol(M) ⊂ Xk−1(M) in this sense.

Proposition 3.5. Let M be a real-analytic holomorphically nondegenerate
CR-manifold and letV + iF be ak-differentiable tube submanifold of the
complex vector spaceE := V ⊕ iV . Suppose thatN is an open subset of
V +iF and that there exists ak-differentiable CR-diffeomorphismϕ : N → M
with ϕ∗v ⊂ hol(M) for v := {v ∂/∂z : v ∈ V } ⊂ Xk−1(N). Then
N ⊂ E is a (locally-closed) real-analytic subset ofE andϕ is a bianalytic
CR-diffeomorphism.

Proof. Fix an arbitrary pointa ∈ M . Since the claim is of local nature we
may assume thatM is generically embedded inE. The local flows of vector
fields inv commute. Therefore the imagew := ϕ∗v is an abelian subalgebra
of hol(M) ⊂ hol(M, a) andεa(wC) = E. By Proposition 4.1 we may assume
without loss of generality thatM = V + iH is a real-analytic tube submanifold
of E and thatw = v ⊂ hol(M, a). Applying a suitable affine transformation
to M we may assume in addition thata ∈ N , ϕ(a) = a andϕ : v → v is
the identity. For suitable open subsetsU, W ⊂ V we may assume furthermore
that F ⊂ W , N = U + iF and that there existk-differentiable functions
f, g : U × W → V satisfyingϕ(z) = f(x, y) + ig(x, y) for all x, y ∈ U with
z = x+iy ∈ N . The conditionϕ∗ = idv implies ∂f/∂x ≡ idV and∂g/∂x ≡ 0
on U × F . The CR-property then gives∂f/∂y |c(v) = 0 and ∂g/∂y |c(v) = v
for all c = (e, f) ∈ U × F andv ∈ TfF . Because ofϕ(a) = a this implies
ϕ(z) = z for all z ∈ N neara, that is, the manifold germs(N, a) and(M, a)
coincide.

Proposition 3.5 implies that in caseXk−1(M, a) = hol(M, a) for ev-
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ery a ∈ M , every k-differentiable tube realizationN ⊂ E of M is real-
analytic. This happens, for instance withk = 1, if M is of hypersurface type
with nowhere vanishing Levi form. Indeed, by Theorem 3.1 in [2] every1-
differentiable CR-diffeomorphism between open subsets ofM is real-analytic.

4. Tube realizations

In the followingM is a CR-manifold generically embedded in the com-
plex manifoldZ and a ∈ M is a given point. Then the tube realizations
ϕ : (M, a) → (T, c) andϕ : (M, a) → (T ′, c′) with tubesT ⊂ E, T ′ ⊂ E′

as in Section 3 are calledaffinely equivalentif the tube germs(T, c), (T ′, c′)
are equivalent under an affine isomorphismλ : E → E′, or equivalently, if
ϕ′ ◦ g = λ ◦ ϕ for someg ∈ Aut(M, a) and some affine isomorphismλ. Also,
we call the subsetsv , v ′ ⊂ hol(M, a) conjugate with respect toAut(M, a) if
v ′ = g∗(v) for someg ∈ Aut(M, a).

Proposition 4.1. The affine equivalence classes of tube realizations of the
germ (M, a) are in 1-1-correspondence to theAut(M, a)-conjugacy classes
of abelian Lie subalgebrasv ⊂ g := hol(M, a) satisfying

(i) v is totally real inhol(Z, a),
(ii) e := v ⊕ iv ⊂ hol(Z, a) spans the full tangent spaceTaZ.

Proof. Suppose that for the tube submanifoldT = V + iF ⊂ E the CR-
isomorphismϕ : (M, a) → (T, c) is given. Thenv := {ϕ∗(v ∂/∂z ) : v ∈
V } ⊂ g satisfies the conditions (i) and (ii). For every affine isomorphismλ :
E → E′ and every tube realizationϕ′ : (M, a) → (T ′, c′) := λ(T, c) the trans-
formationg := ϕ′−1 ◦ λ ◦ ϕ ∈ Aut(M, a) satisfiesg∗(v) = {ϕ′∗(v′ ∂/∂z ) :
v′ ∈ V ′} for V ′ := λ(V ).
Conversely, suppose that an abelian Lie subalgebrav ⊂ g with (i), (ii) is given.
Thene is an abelian complex Lie algebra and by Lemma 2.1 the evaluation map
εa : e → TaZ is a complex linear isomorphism. Denote byE the complex vec-
tor space underlyinge and byV ⊂ E the real vector space underlyingv . By
the implicit function theorem there exist open neighbourhoodsU of 0 ∈ E and
W of a ∈ Z such thatψ(ξ) := exp(ξ)(a) ∈ W is defined for every vector
field ξ ∈ U andψ : U → W is a biholomorphic mapping withψ(0) = a. For
ϕ := ψ−1 thenϕ(W ∩M) is an open piece of a tubeT = V + iF ⊂ E, that is,
ϕ : (M, a) → (T, 0) gives a tube realization withv = {ϕ∗(v ∂/∂z ) : v ∈ V }.
Now fix a g ∈ Aut(M, a). Then alsov ′ := g∗(v) with e ′ := v ′ ⊕ iv ′ satisfies
(i), (ii) and thus gives a tube realizationϕ′ : (M, a) → (T ′, 0) according to the
procedure above. Sincee , e ′ are abelian, there is a complex linear isomorphism
λ : E → E′ with λ(ψ(ξ)) = ψ′(g∗(ξ)) for all ξ in a neighbourhood of the
origin in E. But this means thatλ : (T, 0) → (T ′, 0) is an affine equivalence.

Notice thate is maximal abelian inhol(Z, a) by Lemma 2.1. In case
M is holomorphically non-degenerate the condition (i) above is automatically
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satisfied andv is maximal abelian inhol(M, a).

Remark 4.2. A different characterization of abelian Lie subalgebrasv giv-
ing rise to tube realizations of(M, a) occurs already in [1]. Instead of (i), (ii)
therev has to act without isotropy and transversally to the holomorphic tangent
bundle.

TubesT = V + iF have a special property:τ(x+ iy) := −x+ iy for all
x ∈ V , y ∈ F defines an anti-CR mapτ : T → T with τ2 = id andτ(a) = a
for all a ∈ iF ⊂ T . This motivates the following considerations.

Involutions. In this subsectionM stands for an arbitrary CR-manifold. A real-
analytic mappingτ : M → M is called aninvolution of M if it is anti-CR
and satisfiesτ2 = id. If in addition τ(a) = a for a givena ∈ M we call τ
an involution of M at a or of the CR-manifold germ(M, a). Two involutions
τ , τ ′ of (M, a) are calledequivalentif τ ′ = gτg−1 for someg ∈ Aut(M, a).
Every involutionτ of (M, a) splits various linear spaces, associated with the
germ(M, a), into their±1-eigenspaces. To indicate the dependence onτ we
mark the+1-eigenspaces by an upper indexτ and the−1-eigenspaces by an
upper index−τ , e.g.TaM = T

τ
aM ⊕ T

−τ
a M , HaM = H

τ
a M ⊕ H

−τ
a M and

g = gτ ⊕ g−τ for g := hol(M, a). Clearly(TaM)τ = Ta(Mτ ). Crucial for
the explicit determination of all tube realizations for(M, a) is the invariant

ϑa(τ) := dim (TaM/HaM)τ (4.3)

and the following reformulation of Proposition 4.1.

Proposition 4.4. Proposition4.1 remains valid if(i) is replaced by
(i′) There exists an involutionτ of (M, a) with v ⊂ g−τ .

For everyv ⊂ g with (i), (ii) the involutionτ in (i’) is uniquely determined and
satisfiesϑa(τ) = 0. In particular, for everyg ∈ Aut(M, a) the involutionτ ′

corresponding tov ′ := g∗(v) ⊂ g is given byτ ′ = g ◦ τ ◦ g−1.

Proof. (i′) =⇒ (i) is obvious. Therefore let us assume conversely that the
abelian subalgebrav ⊂ g satisfies (i) and (ii). Without loss of generality
we assume by Proposition 4.1 thatM = V + iF is a tube submanifold of
E = V ⊕ iV , that a ∈ iF and thatv = {v ∂/∂z : v ∈ V }. Then the in-
volution τ(x + iy) = −x + iy of (M, a) satisfies (i′) andϑa(τ) = 0. Now
suppose thatτ ′ is a further involution of(M, a) with the same properties. Then
g := τ ◦ τ ′ ∈ Aut(M, a) satisfiesg∗(α ∂/∂z ) = α ∂/∂z for all α ∈ V and
hence also for allα ∈ E. But theng = id andτ ′ = τ .

Remark 4.5. The explicit determination of all tube realizations for(M, a) up
to affine equivalence requires by Proposition 4.1 that, up to conjugation by the
stability groupAut(M, a), all abelian Lie subalgebrasv ⊂ hol(M, a) have to
be found that satisfy the conditions (i), (ii). Proposition 4.4 restricts the search
(and with it the amount of computation) to the following: Determine first, up
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to conjugation, all involutions of(M, a) that satisfyϑa(τ) = 0 and then, for
every such involutionτ , search for suitablev ’s in g−τ . As an application of that
method we classify algebraically in the forthcoming paper [11] all local tube
realizations of Levi nondegenerate hyperquadricsQ ⊂ Cn. These are locally
CR-equivalent to the hypersurfacesSp,q := S1

p,q occurring in the next section
and have the special property that every germ(Q, a) has, up to equivalence, a
unique involution satisfyingϑa(τ) = 0.

5. Classification of involutions for certain CR-manifolds
Fix in the following arbitrary integersp, q ≥ m ≥ 1 and denote by

G the Grassmannian of all linearm-spaces inCn, n := p + q. ThenG is a
compact complex manifold of dimensionm(n − m) on whichSL(n, C) acts
transitively by holomorphic transformations. The groupAut(G) coincides with
PSL(n, C) = SL(n, C)

/
center, unlessp = q > 1 (in which case there is a

second connected component ofAut(G)). To avoid totally real examples we
exclude the casep = q = m for the rest of the section.

Consider onCn the real-valued functionh defined by

h(z) = (u|u) − (v|v) for all z = (u, v) ∈ Cp ⊕ Cq

with ( | ) being the standard inner product and identifySU(p, q) ⊂ SL(n, C)
with the subgroup of all transformations leavingh invariant. Then the con-
nected real submanifold

S := Sm
p,q :=

{
L ∈ G : h(L) = 0

}
(5.1)

is the unique closed (and hence compact)SU(p, q)-orbit in G. As CR-submani-
fold S is generically embedded inG with CR-dimensionm(n − 2m) and CR-
codimensionm2. Furthermore, a dense open subset ofS can be realized as a
real quadric inCm(n−m), andg := su(p, q) = hol(S) ∼= hol(S, a) holds
for every a ∈ S, cf. [17] for details. As a consequence of Theorem 1.3 in
[15], cf. also [8], every CR-isomorphism between domainsD1, D2 of S ex-
tends to a biholomorphic automorphism ofG leavingS invariant. SinceS has
a global (anti-CR) involution (see the following classification) also every anti-
CR-isomorphism between domainsD1, D2 of S extends to a global antiholo-
morphic automorphism ofG leavingS invariant. For the classification of all
involutions of the germ(S, a) it is therefore enough to determine allglobal
involutions ofS.

Classification of all involutions on S.Let a global involutionτ of S (not nec-
essarily having a fixed point) be given. Thenτ extends to an antiholomorphic
automorphism ofG that we also denote byτ . Also, the involution induced by
τ on l := sl(n, C) ∼= aut(G) will be denoted by the same symbol. The fixed
point submanifoldGτ of G is either empty or a real form ofG. One can show
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that there are integersε, δ with ε2 = δ2 = 1 together with an antilinear endo-
morphismτ̃ of Cn such that̃τ2 = ε id, h ◦ τ̃ = δh andτ(L) = {τ̃(z) : z ∈ L}
for all L ∈ G. Depending on the value ofε we have the following two cases.
ε = 1 : Then l τ ∼= sl(n, IR) andG

τ can be identified with the real Grass-
mannian of all real linear m-spaces inIRn.

ε = −1 : This case can only occur ifn is even and thenl τ ∼= sl(n/2, IH),
whereIH is the field of quaternions. Furthermore,G

τ is empty if and
only if m is odd.

The precise classification requires some work. Here we state only the final
result: It turns out that for every givenp, q the possible pairs(ε, δ) stand in
a one-to-one relation with theSU(p, q)-conjugation classes of involutions on
S = Sm

p,q. More explicitly, every such involution is conjugate to exactly one
of the following four typesI – IV , where we write every (row)z ∈ Cn in the
form z = (u, v) with u ∈ Cp andv ∈ Cq. Also, for every integerd ≥ 1 we put

Jd :=

(
0 11
−11 0

)
∈ GL(2d, Z) :

type (ε, δ) τ̃ (u, v) lτ gτ

I (+1,+1) (u, v) sl (p + q, IR) so (p, q)

II (+1,−1) p = q (v, u) sl (2p, IR) sp (p, IR)

III (−1,+1) p = 2p′, q = 2q′ even (uJp′ , vJq′ ) sl (p′ + q′, IH) sp (p′, q′)

IV (−1,−1) p = q (−v, u) sl (p, IH) so (p, IH)

Sτ is not empty if and only ifε = 1 orm is even. In this caseϑa(τ) =
m(m − δ)/2 holds for alla ∈ Sτ . Recall that the involutionτ is
associated to a tube realization of(S, a) only if the invariantϑa(τ)
vanishes, see 4.4, that is, only form = 1 in typeI . On the other hand
it is well known that every hypersurfaceSp,q := S1

p,q has many local
tube realizations, compare e.g. with [12], [11].

A word to the computation ofϑa(τ) above: We identifyg = su(p, q) and the

Lie subalgebra of all matrices insl(n, C) of the form

(
u v∗

v w

)
with u =

−u∗ ∈ Cp×p, w = −w∗ ∈ Cq×q and v ∈ Cq×p. The blocks are written
themselves as block matrices

u =

(
u11 u12

u21 u22

)
, v =

(
v11 v12

v21 v22

)
, w =

(
w11 w12

w21 w22

)
,

whose sizes are determined by the requirementu11, v11, w11 ∈ Cm×m. Denote
by e1, . . . , en the standard basis ofCn and bya ∈ G the linear subspace ofCn

spanned by all vectorsek+ep+k with 1 ≤ k ≤ m. Thena is a point ofS = Sm
p,q

and the isotropy subalgebraga of g ata is given by the equations

u11 + (v11 − v∗
11) − w11 = 0 , u12 + v12 = 0 and w12 + v∗21 = 0 .
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Clearly, the tangent spaceTaS is canonically isomorphic tog
/
ga

. Now embed
the unitary Lie algebrau(m) into g by identifying everyx ∈ u(m) with the
matrix ing having vanishing little blocks exceptu11 = x andw11 = −x. Then
it is not difficult to see thatu(m) ⊂ g can be canonically identified with the
quotient spaceTaS/HaS. Furthermore, every involutionτ of (S, a) induces an
involution ong and, ifu(m) ⊂ g is τ -invariant, thenϑa(τ) = dim u(m)τ . For
the typesI andII above we havea ∈ Sτ andτ on u(m) is given byx 7→ δx.
For the remaining typesIII , IV andm = 2m′ even we have to modify the
involutionsτ given above in order to obtaina ∈ Sτ . For typeIII with p, q
even we writeCn as direct productCm ×Cp−m ×Cm ×Cq−m and define the
modifiedτ̃ on each factorC2k by y 7→ yJk. For typeIV with p = q defineτ̃
onCm ×Cp−m ×Cm ×Cp−m by (y, r, z, s) 7→ (zJm′ ,−s, yJm′ , r). Then in
both casesτ is given onu(m) by x 7→ δJm′ x J−1

m′ .

6. A coarser equivalence relation
In general, for a given tube submanifoldT = V + iF of E = V + iV ,

there is an infinite subsetA ⊂ T such that for everya 6= b in A the germs
(T, a), (T, b) are affinely inequivalent - even ifT is locally homogeneous and
hence all(T, a), (T, b) are CR-equivalent. As an example consider inC2 the
closed tube hypersurfaceT = IR2 + iF with

F := {x ∈ IR2 : cos x1 = ex2 , |x1| < π/2}

(the boundary of the middle gray domain in Figure 1, Section 8). Consider the
function f(z) := Im(z2) on T . Then for everya, b ∈ T the germs(T, a),
(T, b) are CR-isomorphic, (in fact,T is locally CR-isomorphic to the euclidian
sphereS3 ⊂ C2) but they are affinely equivalent if and only iff(a) = f(b).
ThereforeT gives rise to a continuum of mutually affinely inequivalent tube re-
alizations of the CR-germ(T, 0). This phenomenon motivates the introduction
of a coarser equivalence relation that puts all germs(T, a), a ∈ T , into a single
equivalence class. The construction is motivated by the concept of a sheaf:
For fixedE = V C let T = T (V ) be the set of all (real-analytic) germs(T, a)
with T = V + iF an arbitrary tube submanifold ofE anda ∈ T . Furthermore
defineπ : T → E by (T, a) 7→ a. ThenT becomes in the standard way a Haus-
dorff topological space overE – the topology onT is the coarsest one such that
for every tube submanifoldT ⊂ E the subset[T ] := {(T, a) : a ∈ T} is open
in T . The spaceT has in a unique way the structure of a (disconnected) CR-
manifold by requiring thatπ : [T ] → T is a CR-isomorphism for every tube
submanifoldT ⊂ E. Every real affine transformationg ∈ Aff(V ) ⊂ Aff(E)
(the respective affine transformation groups) gives rise to a CR-automorphism
of T by g(T, a) := (gT, ga), that we also denote byg. However, it should be
noticed that the corresponding action of the Lie groupAff(V ) onT is discon-
tinuous. Nevertheless, every connected component ofT is invariant under the
(continuous) action of the translation subgroupV ⊂ Aff(V ) and therefore may
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be considered as ageneralized tube manifold overE. For every (connected)
tube submanifoldT ⊂ E denote byT̃ the connected component ofT contain-
ing [T ] and call the pair(T̃ , π) theabstract globalizationof T and also of every
tube germ(T, a), a ∈ T . Since the translation groupV ⊂ Aff(E) acts onT̃ by
CR-transformations we may considerT̃ as tube manifoldoverE via π.

6.1 Definition. The tube manifold germs(T, a), (T ′, a′) in E = V C are called
globally affinely equivalentif T̃ ′ = g(T̃ ) for the corresponding abstract glob-
alizations and a suitableg ∈ Aff(V ).

In caseπ(T̃ ) is a (locally closed) submanifold ofE, we callπ(T̃ ) the
globalizationof (T, a) and denote it bŷT . Clearly, thenπ : T̃ → T̂ is a CR-
isomorphism. Furthermore,̂T is a tube submanifold ofE containingT as an
open submanifold and also is maximal with respect to this property. As an ex-
ample, every closed tube submanifoldT ⊂ E is the globalization of each of its
germs(T, a), a ∈ T .

In the following we assume for the CR-manifold germ(M, a) that the
Lie algebrag := hol(M, a) has finite dimension. Then, in particular,(M, a) is
holomorphically nondegenerate and we denote as usual withInt(g) ⊂ Aut(g)
the inner automorphism group ofg , that is, the subgroup generated by all
exp(ad ξ), ξ ∈ g . Finally, for everya ∈ M let

ρa : hol(M) →֒ hol(M, a)

be the restriction mapping. Then we have
Lemma 6.2. Suppose thatρa : hol(M) → g = hol(M, a) is bijective.
Theng 7→ ρag∗ρ

−1
a defines a group homomorphismAut(M) → Aut(g) that

sendsH to Int(g), whereH ⊂ Aut(M) denotes the subgroup generated by
exp(aut(M)). For everyg ∈ Aut(M) andb := g(a) alsoρb : hol(M) →
hol(M, b) is bijective. Furthermore, for every abelian subalgebraw ⊂ hol(M)
such thatρa(w) ⊂ g gives a local tube realization, alsoρb(g∗w) ⊂ hol(M, b)
gives a local tube realization and both are affinely equivalent.

Proof. From ρaAd(exp ξ) = ρaexp(ad ξ) = exp(ad ρa(ξ))ρa for all ξ ∈
aut(M) we see thatH maps intoInt(g). The other statements are obvious.

The following global statement will be one of the key ingredients in the
proof of the following Theorem 7.1. Both of these results allow to reduce the
classification problem for tube realizations of(M, a) in many cases to a purely
algebraic one.

Proposition 6.3. Let Z be a complex manifold andM ⊂ Z a generically
embedded minimal CR-submanifold. Assume that, for a given pointa ∈ M ,
g := hol(M, a) has finite dimension and every germ ing extends to a vector
field in aut(M). Let v , v ′ ⊂ g be abelian subalgebras giving rise to local tube
realizations of(M, a) according to Proposition4.1and assume that every germ
in e := vC ⊂ hol(Z, a) extends to a vector field inaut(Z). Then the local
tube realizations of(M, a) given byv , v ′ are globally affinely equivalent if
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v = λ(v ′) for someλ ∈ Int(g).

Proof. For simpler notation we identify the Lie algebrashol(M) andg via
the isomorphismρa : hol(M) → g . Sinceaut(M) = hol(M), for ev-
ery λ ∈ Int(g) with v = λ(v ′) there exists a transformationg ∈ G with
λ = Ad(g) = g∗, whereG is the groupH from Lemma 6.2. Forb := g(a)
the abelian subalgebrasv ′ ⊂ g andρb(v) ⊂ hol(M, b) give affinely equivalent
local tube realizations. Therefore we have to show that the abelian subalgebras
v ⊂ g and ρb(v) ⊂ hol(M, b) give globally affinely equivalent tube real-
izations of the germs(M, a) and(M, b). To begin with letE andV be the
vector spaces underlyinge andv , compare with the proof of Proposition 4.4.
Then the locally biholomorphic mapψ : E → Z, ξ 7→ exp(ξ)(a), is the uni-
versal covering of an open subsetO ⊂ Z with Z\O analytic inZ. Denote
by T the connected component ofψ−1(M) that contains the origin ofE. By
Lemma 2.2 the intersectionM ∩ O is connected, that is, there is a pointc ∈ T
with ψ(c) = b. Now T is a tube submanifold ofE and the tube germ(T, 0) is
affinely equivalent to the tube realization of(M, a) given byv ⊂ hol(M, a).
Also the tube germ(T, c) is affinely equivalent to the tube realization of(M, b)
given byρb(v) ⊂ hol(M, b). This proves the claim.

Corollary 6.4. In caseM in Proposition6.3 is closed inZ, the tube realization
of (M, a) given byv is affinely equivalent to the germ(T, 0) with T ⊂ E
a suitableclosed tube submanifold containing the origin. In other words, the
germ(T, 0) has a closed globalization̂T in E.

Proof. With the notation of the proof for Proposition 6.3 the intersectionM∩O
is closed inO. Hence alsoT ⊂ E is closed.

Since everyM = Sm
p,q, see (5.1), is closed inZ = G and the assumptions

of Proposition 6.3 are satisfied forM ⊂ Z, we have:Every tube submanifold
of Cr locally CR-equivalent toSm

p,q extends to a closed tube submanifold of
Cr with the same property. By Section 5Sm

p,q has a local tube realization only
in casem = 1, and for this special situation the statement is already contained
in [14].
In case the manifoldM is not closed inZ the globalization of a local tube
realization forM may be no longer closed inE. For a typical example compare
with the lines following (9.4).

7. The subgroup Glob(M, a) ⊂ Aut(hol (M, a))

In certain cases also the converse of Proposition 6.3 is true. Let us denote for
g = hol(M, a) by

Glob(M, a) ⊂ Aut(g) the subgroup generated by

Int(g) together with Ad
(
Aut(M, a)

)
= {g∗ : g ∈ Aut(M, a)} .



18 Gregor Fels and Wilhelm Kaup

Clearly,Int(g) is a connected subgroup ofGlob(M, a) and coincides with the
connected identity component ofAut(g) if g is semi-simple. For the complex
manifoldZ and the CR-submanifoldM ⊂ Z we will need the following

Condition P: Every CR-isomorphism of germs(M, a) → (M, b) with a, b ∈
M extends to an automorphismg ∈ Aut(Z) with g(M) = M .

Condition Q: There exists an antiholomorphic automorphismτ of Z with
τ(M) = M .

Notice that if Conditions P and Q are satisfied forM ⊂ Z simultaneously
then also every anti-CR-isomorphism of germsθ : (M, a) → (M, b), a, b ∈
M , extends to an antiholomorphic automorphismθ of Z leavingM invariant.
Indeed, forc := τ(b) the CR-isomorphismτ ◦ θ : (M, a) → (M, c) extends
to a g ∈ Aut(Z) with g(M) = M . But thenτ−1 ◦ g is the antiholomorphic
extension ofθ to Z.

Theorem 7.1. Let Z be a compact complex manifold andM ⊂ Z a homo-
geneous generically embedded closed CR-submanifold satisfying conditionP.
Then, givena ∈ M , any two local tube realizations of the germ(M, a) given
by the abelian Lie subalgebrasv , v ′ ⊂ g are globally affinely equivalent if and
only if v = λ(v ′) for someλ ∈ Glob(M, a). Furthermore, the Lie algebra
g := hol(M, a) has finite dimension.

Proof. Aut(Z) is a complex Lie group in the compact-open topology with Lie
algebraaut(Z) = hol(Z) sinceZ is compact. Everyξ ∈ g defines a local flow
in a small open neighbourhood ofa ∈ M and thus a one parameter subgroup
of Aut(Z) by condition P. Therefore every suchξ extends to a vector field in
hol(Z) tangent toM . Identifyingg andhol(M) as before via the isomorphism
ρa we haveg = hol(M) ⊂ hol(Z). In particular,g has finite dimension.
Let G ⊂ Aut(M) be the subgroup generated byexp(aut(M)). ThenG acts
transitively onM since by assumptionM is homogeneous. Therefore every
g ∈ Aut(M) is of the formg = g1g2 with g1 ∈ G andg2(a) = a. This implies

(∗) Ad(Aut(M)) ⊂ Int(g)Ad(Aut(M, a)) = Glob(M, a) .

‘if’ In caseλ ∈ Ad(Aut(M, a)) the abelian Lie algebrasv , v ′ already give
affine equivalent local tube realizations of(M, a) by Proposition 4.1. It is there-
fore enough to discuss the caseλ ∈ Int(g). But this follows immediately with
Proposition 6.3.
‘only if’ By Corollary 6.4 there are closed tube submanifoldsT, T ′ of E = V C

containing the origin such that(T, 0) and(T ′, 0) are the local tube realizations
of (M, a) determined byv andv ′. Also there are locally biholomorphic map-
pingsψ, ψ′ : E → Z with ψ(0) = ψ′(0) = a and such thatψ(T ) as well
asψ′(T ′) are open inM , compare with the proof of Proposition 6.3. Now as-
sume that(T, 0) and(T ′, 0) are globally affinely equivalent. Then there exists a
complex affine automorphismh of E with T = h(T ′) (but not necessarily with
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h(0) = 0). By condition P there is a uniqueg ∈ Aut(Z) with
(†) g ◦ ψ′ = ψ ◦ h

andg(M) = M . Put b := g(a) and c := h(0). Thenψ(c) = b andλ :=
Ad(g) ∈ Glob(M, a) by (∗). ForV := {v ∂/∂z : v ∈ V } ⊂ hol(E) we have

h∗(ρ0(V)) = ρc(V), ψ∗(ρc(V)) = ρb(v) and ψ′
∗(ρ0(V)) = ρa(v ′),

whereρb is the restriction map, introduced just before 6.2. This impliesρb(v) =
ρb(λ(v ′)) by (†) and hencev = λ(v ′) as desired.

An example for Theorem 7.1.As an example for a pairM ⊂ Z satisfying
all the assumptions in 7.1 we may take the complex projective spaceZ = IPr

together with the compact homogeneous hypersurfaceS = S1
p,q from (5.1) as

M , where the integersp, q, r ≥ 1 satisfyp+q = r+1 ≥ 3. Condition P for ex-
ample, is satisfied by Theorem 6 in [20]. ThenL := Aut(Z) = PSL(r + 1, C)
andG := {g ∈ L : g(S) = S} can be canonically identified withAut(M).
The real Lie groupG has(1+δp,q) connected components, the connected iden-
tity componentG0 = PSU(p, q) is a real form ofL0. For the Lie algebras we
havel := hol(Z) = sl(r+1, C) with real formg := hol(S) = su(p, q). If we
fix a ∈ S and identify the Lie algebrasg , hol(S, a) via the restriction operator
ρa we haveGlob(S, a) = Ad(G) ∼= G. In particular,Glob(S, a) = Int(g) if
p 6= q.

Now suppose thate ⊂ l is a complex abelian subalgebra such that the
subgroupexp(e) ⊂ L has an open orbitO in IPr. By Lemma 2.1 thene has
dimensionr and is maximal abelian inl . The orbitO consists of all points
c ∈ Z = IPr with εc(e) = TcZ, and the complementA := IPr\O is the union
A = H1 ∪ H2 ∪ · · · ∪ Hk of k ≤ r + 1 complex projective hyperplanesHj in
IPr. Clearly, the conjugacy class ofe in l modulo the action ofL depends on
theL-orbit of A in the space of all analytic subsets inIPr.

Suppose in addition thate = vC for v := e ∩ g and fix a pointa ∈
O ∩ S. PutE := Cr, V := iIRr and choose a complex linear isomorphism
Ξ : E → e with Ξ(V ) = v . Then the locally biholomorphic mapψ : E → O,
z 7→ exp(Ξz)a, realizesE = Cr as universal cover of the domainO. The
intersectionO ∩ S is a closed CR-submanifold ofO and dividesO\S into the
two connected componentsO± := O ∩ S±. In general the pre-imageψ−1(S)
in E decomposes into several connected components which only differ by a
translation inE. Let T be one of these. Then by Corollary 6.4T is a closed
tube submanifold ofE and a covering ofO ∩ S via ϕ.

In the next section we will discuss the special casep = 1.

8. The standard sphere

In this section we consider for fixedr ≥ 2 the euclidian hypersphere

S := {z ∈ Cr : (z|z) =
∑

zkzk = 1} . (8.1)
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S is the boundary of the euclidian ballB := {z ∈ Cr : (z|z) < 1}, a
bounded symmetric domain of rank 1. We always considerCr as domain in
the complex projective spaceIPr by identifying the points(z1, . . . , zr) ∈ Cr

and[1, z1, · · · , zr] ∈ IPr. In this senseS can also be written as

S =
{
[z0, · · · , zr] ∈ IPr : z0z0 =

∑

k>0

zkzk

}
,

which is the casep = 1, q = r, m = 1 in (5.1). Everyg ∈ Aut(S) extends to
a biholomorphic automorphism ofIPr leaving the ballB = S+ as well as the
outer domainIPr\B = S− invariant and thus gives isomorphisms of the groups

G := Aut(S) ∼= Aut(S±) ∼= {g ∈ Aut(IPr) : g(S) = S} ∼= PSU(1, r) ,

which we identify in the following. In particular,S is homogeneous andG is a
real form ofL := Aut(IPr) = PSL(r+1, C). It is well known thatAuta(S) =
Aut(S, a) holds for everya ∈ S and thatAut(S, a) acts transitively on the ball
B.

In the following we describe some abelian Lie subalgebrasv ⊂ g :=
hol(S) that lead to local tube realizations ofS. Every vector field inl := gC =
hol(IPr) is polynomial of degree≤ 2 in the coordinatez = (z1, . . . , zr) of Cr

and
g =

{
(α + zu − (z|α)z) ∂/∂z : α ∈ Cr, u ∈ u(r)

}
.

With E := Cr andV := iIRr we start with an arbitrary but fixedα ∈ V and
consider the abelian subalgebra ofg

v := IR
(
α − (z|α)z

)
∂/∂z ⊕ {zu ∂/∂z : u ∈ u(r) diagonal with αu = 0} .

Thene := vC ⊂ l has an open orbitO ⊂ IPr and, fixing a complex linear
isomorphismΞ : Cr → e as at the end of the preceding section, we get the
universal covering mapϕ : Cr → O.
In caseα = 0 we haveO = (C∗)r andϕ(z) = (ez1 , . . . , ezr ) can be chosen.
ThenT := ϕ−1(S) = F + iIRr is the tube with base

F = {x ∈ IRr : e2x1 + e2x2 + . . . + e2xr = 1} .

With e2x1 − 1 = 2ex1 sinhx1 it is obvious thatF is affinely equivalent inIRr

to the hypersurface

Π− :=
{
x ∈ IRr : sinhx1 =

∑

k>1

exk
}

occurring in Theorem 2 of [7]. Notice thatIPr\O = H0 ∪ H1 ∪ · · · ∪ Hr is
the union ofr+1 projective hyperplanes in general position withH1, . . . , Hr

intersectingS transversally andH0 not meetingS.
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In caseα = (i, 0, . . . , 0) we haveO =
{
[z] ∈ IPr : (z2

0 + z2
1)z2z3 · · · zr 6= 0

}

andϕ can be chosen as

ϕ(z) = [cos z1, sin z1, e
z2 , . . . , ezr ] for all z ∈ Cr .

ϕ−1(S) has a countable number of connected components which differ by a
translation inIRr. One of them is the tubeT := F + iIRr with base

F =
{
x ∈ IRr : 2(sinx1)

2 +
∑

k>1

e2xk = 1, |x1| < π4
}

.

With 2(sinx1)
2 = 1 − cos 2x1 it is clear thatF is linearly equivalent inIRr to

Π+ :=
{
x ∈ IRr : cos x1 =

∑

k>1

exk , |x1| < π/2
}

from [7]. HereIPr\O again is the union ofr+1 projective hyperplanes in gen-
eral position, but all of them intersectS and two even tangentially. Figure 1 de-
picts in caser = 2 the base ofΠ+ as the boundary of the ‘central’ gray domain
in IR2. Also, the tube over the white region is the universal cover ofS− ∩ O,
and the tube over every gray region is the universal cover of{z ∈ B : z2 6= 0}
via ϕ.

−

0.1

0.2

π 2π−π−2π x1

x2

Figure 1

Notice that the abelian subalgebrasv ⊂ g giving the two tube realiza-
tions Π± represent just the two conjugation classes ofCartan subalgebrasof
g ∼= su(r, 1) (=maximal abelian subalgebras consisting of ad-semisimple ele-
ments).

To get further local tube realizations another description ofS is conve-
nient: Consider the classical Cayley transformγ ∈ Aut(IPr) defined by

γ([z]) :=
[
z0 − z1, z0 + z1,

√
2z2, . . . ,

√
2zr

]
. (8.2)
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Then the biholomorphic imageγ(S) in IPr is of the form

S′ := γ(S) =
{
z ∈ Cr : z1 + z1 =

r∑

k=2

zkzk

}
∪

{
[0, 1, 0, . . . , 0]

}
.

With g = hol(S) and l = gC as before letg ′ := hol(S′) = γ∗g . For fixed
1 ≤ s ≤ r let v ′ be the linear span of the vector fields

i ∂/∂z1
, izr ∂/∂zr

andi( ∂/∂zj
− zj ∂/∂z1

) for 1 < r ≤ s ands < j ≤ r

(written in the coordinatez of Cr). Thenv ′ is an abelian subalgebra ofg ′ and
e ′ := v ′ ⊕ iv ′ ⊂ l has the open orbit

O′ := {z ∈ Cr : z2z3 · · · zs 6= 0}

in IPr. As a consequence,IPr\O′ is the union ofs mutually different projective
hyperplanes. Asϕ′ : Cr → O′ we can choose

ϕ′(z) :=
(
(z1 −

1

2

∑

j>s

z2
j , ez2 , . . . , ezs , zs+1, . . . , zr)

)

and obtain the corresponding tube realization with base

Fs :=
{

x ∈ IRr : x1 =
s∑

j=2

e2xj +
∑

j>s

x2
j

}
.

Fs is affinely equivalent to the hypersurfaceΠs−1,r−1 in [7] and the tubeFs +
iIRr is the universal covering of

{z ∈ S : (z1 − 1)z2 · · · zs 6= 0}

via the mapϕ := γ−1ϕ′ .

So far we have obtainedr + 2 local tube realizations ofS which are
mutually globally affinely inequivalent and closed inCr. Among these, in case
r > 2 there is precisely one affinely homogeneous one – the tube with base
F1 = {x ∈ IRr : x1 =

∑
j>1 x2

j}. This is the unique algebraic tube realization
and also the only case whereϕ : Cr → O is bijective and whereO ∩ S is
simply connected.

By [7] the examples above give, up to affine equivalence, all closed
smooth tube submanifolds inCr that are locally CR-equivalent to the standard
sphereS = S1

1,r.
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9. Further examples

Our methods work best for CR-manifolds that are homogeneous (or at
least locally homogeneous). One way to get large classes of CR-manifoldsof
this type is as follows: Choose a connected complex Lie groupL acting holo-
morphically and transitively on a complex manifoldZ, that is,Z = L/P for a
closed complex Lie subgroupP of L. Choose furthermore a real formG of L,
that is, a connected real Lie subgroup such thatl = gC for the corresponding
Lie algebras. Then for everya ∈ Z theG-orbit S := G(a) is an (immersed)
CR-submanifold that is generically embedded inZ (since εa(l) = TaZ).
Clearly, the casesS open inZ and S totally real inZ are not interesting in
our situation since for these the local CR-structure is trivial and for every a ∈ S
there exists exactly one tube realization of(S, a) up to affine equivalence.

A case well understood in the group level is whenZ is aflag manifold,
that is,L is semisimple andP is a parabolic subgroup. Then, in particular,
Z is a compact rational projective variety. The simplest flag manifold is the
complex projective spaceIPr of dimensionr ≥ 1. In this case we may take
L = SL(r+1, C) which is the universal cover of the groupAut(IPr). The only
real formsG of L having an orbit inIPr that is neither open nor totally real are,
up to conjugation, the subgroupsSU(p, q) with p ≥ q ≥ 1 andm := p + q =
r + 1. For the sake of completeness note that the real formG = SL(m, IR)
has as unique non-open orbit the real projective spaceIPr(IR) ⊂ Z. This orbit
is totally real and admits up to affine equivalence a unique closed local tube
realization inE = Cr, namelyIRr ⊂ Cn. The real formSU(m) and, in case
m is even, also the real formSL(m/2, IH) act transitively onIPr.

SU(1, 1) is conjugate toSL(2, IR) in L, so we assumer > 1 in the
following. ThenG has again a unique non-open orbit inZ, the compact hyper-
surfaceS = S1

p,q, see 5.1. Withγ ∈ Aut(IPr) the Cayley transform defined in
(8.2)

Q := γ(S)∩Cr =
{

z ∈ Cr : z1+z1 =
r∑

j=2

εjzjzj

}
, εj :=

{
−1 j ≤ p
1 j > p

,

(9.1)
is the non-singular hyperquadric with Levi form of type(p− 1, q− 1). Now fix
an integerd with 1 ≤ d ≤ r. The biholomorphic automorphism

(z1, . . . , zr) 7−→
(
z1 +

1

2

d∑

j=2

εjz
2
j , z2, . . . , zr

)

of Cr mapsQ to the submanifold

Q′ :=
{

z ∈ Cr : z1 + z1 =
1

2

d∑

j=2

εj(zj + zj)
2 +

r∑

j=d+1

εjzjzj

}
.
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Notice thatQ′ has Siegel form, see Section 10,

Q′ := {(v, w) ∈ Cd ⊕ Cr−d : (v + v) − F (w, w) ∈ C} , (9.2)

whereF (w, w) :=
( ∑r−d

j=1 εd+jwjwj , 0, . . . , 0
)
∈ IRd and

C :=
{

x ∈ IRd : x1 =
1

2

d∑

j=2

εjx
2
j

}
.

In particular,Q′ is a tube manifold in cased = r.

The next class of flag manifolds, to which our methods can easily be
applied, is given by the irreducible compact hermitian symmetric spacesZ. Let
L be the universal covering of the connected identity component ofAut(Z).
ThenL is a simple complex Lie group acting transitively onZ and every real
form of L has finitely many orbits inZ that are all generically embedded CR-
submanifolds. There exists a real formG of L with an open orbitD that is
biholomorphically equivalent to a bounded symmetric domain. Suppose thatD
is of tube type and choose aG-orbit S ⊂ Z that is neither open nor totally real.
ThenS is Levi degenerate (in fact is 2-nondegenerate) andhol(S) = hol(S, a)
is isomorphic to the Lie algebrag of G for everya ∈ S, compare with [18]. As
a special example consider for fixedp ≥ 2 andm := 2p the GrassmannianZ
of all linear subspaces of dimensionp in Cm. ThenZ has complex dimension
n := p2, L = SL(m, C) and we can takeG = SU(p, p). Now letE := Cp×p

be the space of all complexp×p-matrices andV := {z ∈ E : z∗ = z} theIR-
linear subspace of all hermitian matrices, wherez∗ is the transpose conjugate
of the matrixz. TheG-orbits inZ are in 1-1-correspondence to the cones

Cp
j,k :=

{
x ∈ V : x has type(j, k)

}
, j, k ≥ 0 and j + k ≤ p , (9.3)

in such a way that for everyG-orbit S with correspondingCp
j,k the tube sub-

manifold
T p

j,k := V + iCp
j,k ⊂ E (9.4)

is CR-equivalent to an open dense subset ofS, see [18]. Notice thatT p
0,0 is the

only closed tube submanifold ofE among theT p
j,k in (9.4) and corresponds to

the unique closedG-orbit in Z (totally real and diffeomorphic to the unitary
groupU(p)). On the other hand, all non-open tubesT p

j,k, that isj + k < p, are
their own globalization in the sense of Section 6. Every coneCp

j,k is an orbit
of the groupGL(n, C) acting linearly onV by x 7→ gxg∗, that is, every tube
T p

j,k is affinely homogeneous. All tubesT p
j,k with 0 < j + k < p satisfy the

conditions P and Q of Section 7.
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10. CR-manifolds of Siegel type

In the following we generalize the notion of a tube CR-manifold. Let
V be a real andW a complex vector space each of finite dimension. Let fur-
thermoreF : W × W → V C be aV -hermitian (vector valued) form, that is,
complex linear in the first, antilinear in the second variable andF (w, w) ∈ V
for everyw ∈ W . Throughout we assume thatF is nondegenerate, that is,
F (w, W ) = 0 impliesw = 0 for everyw ∈ W . For every real-analytic sub-
manifoldC ⊂ V and Im(x + iy) := y for all x, y ∈ V then

Σ := {(z, w) ∈ V C ⊕ W : Imz − F (w, w) ∈ C} (10.1)

is a real-analytic CR-submanifold ofE := V C ⊕W and is called aSiegel CR-
submanifold. The CR-geometry ofΣ is closely related to theassociated tube
T := Σ ∩ V C = V + iC in V C . The submanifoldΣ is generically embedded
in E andAut(Σ) contains the nilpotent subgroup

N :=
{(

z, w
)
7→

(
z + v + 2iF (w, c) + iF (c, c), w + c

)
: v ∈ V, c ∈ W

}

acting by affine transformations onE. ObviouslyΣ = N(T ) if we considerT
in the canonical way as submanifold ofΣ. The Lie algebra

n = {(2iF (w, c) + v) ∂/∂z + c ∂/∂w : v ∈ V, c ∈ W} ⊂ aut(Σ)

of N is nilpotent of step≤ 2 and can be considered as a subalgebra ofhol(Σ, a)
with εa(nC) = E for everya ∈ Σ.

In a way, the nilpotent Lie subalgebrasn ⊂ hol(M, a) play the same role
for Siegel realizations of a CR-manifold germ(M, a) as the abelian subalgebras
v ⊂ hol(M, a) do for tube realizations.

Next we are interested in conditions guaranteeing thatg := hol(Σ, a)
has finite dimension, whereΣ is as in (10.1). We start by recalling (see e.g.
[18] for details) the
Iterated Levi kernels. Let M be a CR-manifold ofconstant degeneracy(for
instance ifM is locally homogeneous). Then there exists an infinite descending
chain of complex subbundles

HM = H
0M ⊃ H

1M ⊃ · · · ⊃ H
kM ⊃ . . .

where for everya ∈ M the fiberH k
aM , the kth Levi kernel ata, is defined

recursively as follows: Choose a subsetΞ ⊂ Γ(M, HM) with εa(Ξ) = HaM ,
whereΓ(M, HM) is the space of all smooth sections inHM overM . For every
η ∈ Γ(M, H kM) the vectorηa ∈ H

k
aM is in H

k+1
a M if and only if

[ξ, η]a + i[ξ, iη]a ∈ H
k
aM for all ξ ∈ Ξ
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(this condition does not depend on the choice ofΞ). In particular,M is k-
nondegenerate at every point if and only ifH

kM = 0, andk is minimal with
respect to this property.

Lemma 10.2. Suppose thatΣ from (10.1)as well as the associated tubeT =
Σ∩ V C have constant degeneracy. Then for everya ∈ T ⊂ Σ and everyk ≥ 0
there exists a complex linear subspaceW k

a ⊂ W with H
k
aΣ = H

k
a T ⊕ W k

a .
Furthermore,W 0

a = W andF (W k+1
a , W ) ⊂ H

k
aT . In particular,HkT = 0

impliesHk+1Σ = 0.

Proof. We extend everyξ ∈ Γ(T, TΣ) to a smooth vector field̃ξ ∈ Γ(Σ, TΣ)
by requiring that for everyc ∈ W andγ ∈ N defined byγ(z, w) = (z +

2iF (w, c) + iF (c, c), w + c) we haveξ̃γ(z,0) = dγz(ξz) for all z ∈ T . If we
write

ξ = f(z) ∂/∂z + g(z) ∂/∂w

with suitable smooth functionsf : T → V C and g : T → W , a simple
computation shows

ξ̃ = (f(z − iF (w, w)) + 2iF (g(z), w)) ∂/∂z + g(z) ∂/∂w .

From the construction it is clear thatξ ∈ Γ(T, HkΣ) implies ξ̃ ∈ Γ(Σ, HkΣ)
for all k ∈ IN. Everyξ ∈ Γ(T, TΣ) has a unique decompositionξ = ξ1 + ξ2

with ξ1 ∈ Γ(T, TT ) andξ2 ∈ Γ(T, T × W ). Let Ξ be the space of all̃ξ ∈
Γ(Σ, HΣ) whereξ ∈ Γ(T, HΣ) has constant second partξ2, that is,ξ2 =
c ∂/∂w for some constant vectorc ∈ W . Thenεa(Ξ) = HaΣ is obvious. For
k = 0 the claim is obvious. Therefore assume as induction hypothesis that the
claim already holds for some fixedk ≥ 0.
Fix an arbitraryη ∈ Γ(T, HkΣ). Thenηa = (α, β) with α ∈ H

k
a (T ) ⊂ V C

andβ ∈ W . A simple calculation shows that for every sectionξ = h(z) ∂/∂z +

c ∂/∂w ∈ Γ(T, HT ) with ξ̃ ∈ Ξ there exists a vectore ∈ W such that

(∗) [ξ̃, η̃]a + i[ξ̃, iη̃]a =
(
[ξ1, η1]a + i[ξ1, iη1]a − 4iF (c, β) ∂/∂z

)
+ e ∂/∂w .

Sinceh(z) andc can be chosen independently forξ we derive from(∗) and
the induction hypothesis that(α, β) ∈ H

k+1
a Σ impliesα ∈ H

k+1
a T as well as

F (W, β) ⊂ H
k
aT . Now consider conversely an arbitraryα ∈ H

k+1
a T and fix

anη ∈ Γ(T, Hk+1T ) with ηa = α. Then(∗) holds withβ = e = 0 for everyξ

with ξ̃ ∈ Ξ, that is,α ∈ H
k+1
a Σ. This completes the induction stepk → k+1.

As an application we state

Proposition 10.3. Let Σ be an arbitrary Siegel submanifold as in(10.1)andT
the associated tube manifold. Then

(i) Σ is holomorphically nondegenerate ifT has the same property.
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(ii) Σ is of finite type ifT has the same property or, if the setF (W, W ) spans
the vector spaceV C .

Proof. (i) Assume thatT is holomorphically nondegenerate. To show thatΣ
is holomorphically nondegenerate we only have to show thatΣ is holomorphi-
cally nondegenerate at some point, see Theorem 11.5.1 in [3]. We may there-
fore assume without loss of generality thatT is of constant degeneracy and that
H

kT = 0. But then, as a consequence of Lemma 10.2, there exists a domain
U ⊂ Σ of constant degeneracy withHk+1U = 0.
(ii) In a first step assume thatT is of finite type ina ∈ T . Then the vec-
tor fields inΓ(T, TT ) together with all their iterated brackets span the tangent

spaceTaT . For all ξ, η ∈ Γ(T, TT ) we have ˜[ξ, η] = [ξ̃, η̃], where the ex-
tensionsξ̃, η̃ ∈ Γ(Σ, TΣ) are defined as in the proof of 10.2. This shows that
alsoΓ(Σ, HΣ) together with its iterated brackets spans the tangent spaceTΣa.
FromN(T ) = Σ we get this property at every point ofΣ.
Next assume thatF (W, W ) spansV C . For everyc ∈ W andξ := c ∂/∂w ∈
Γ(T, HΣ) then

ξ̃, ĩξ ∈ Γ(Σ, HΣ) and
[
ξ̃, ĩξ

]
= −4F (c, c) ∂/∂z .

Since, by assumption, the vectorsF (c, c) spanV , Σ is of finite type at every
point ofT and hence also at every point ofΣ.

11. Siegel CR-manifolds and bounded symmetric domains

Irreducible bounded symmetric domains come in six types and for all
types the following considerations could be carried out in a uniform (but more
involved) approach. For simplicity we restrict our attention only to the first
type and there only to those domains that are not of tube type: Fix integers
q > p ≥ 1 and denote byZ := Gp,q the Grassmannian of allp-dimensional
linear subspaces inCn, n := p + q. ThenZ is a compact complex manifold of
complex dimensionpq, on which the complex Lie groupL := SL(n, C) acts
transitively by holomorphic transformations in a canonical way. Because of our
assumptionp 6= q the automorphism groupAut(Z) is connected and hasL as
universal cover. The real formG := SU(p, q) of L has

(
p+2
2

)
orbits inZ. These

can be indexed asMp,q
j,k , wherej, k ≥ 0 are integers withj + k ≤ p. Indeed,

choose aG-invariant hermitian formΨ of type(p, q) onCn and letMp,q
j,k ⊂ Z

be the set of all linear subspaces, on whichΨ has type(j, k). For instance, the
open orbitMp,q

p,0 is a bounded symmetric domain biholomorphically equivalent
to the operator ball

B := {z ∈ Cp×q : (11 − zz∗) positive definit} , (11.1)

where the matrix spaceCp×q is embedded inZ as open dense subset by iden-
tifying everyc ∈ Cp×q with its graph{(x, xc) : x ∈ Cp} ⊂ Cn. In this way
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Mp,q
0,0 , the unique closedG-orbit in Z, corresponds to the extremal boundary of

B
∂eB := {z ∈ Cp×q : 11 = zz∗} ,

and coincides also with the Shilov boundary ofB. Notice that this compact or-
bit already occurs asSp

p,q in Section 5. Using a suitable Cayley transformation
γ ∈ Aut(Z) it can be shown that everyγ(Mp,q

j,k ) in the coordinate neighbour-
hoodCp×q ⊂ Z is the CR-submanifold of Siegel type

Σp,q
j,k := {(z, w) ∈ Cp×p ⊕ Cp×(q−p) : Imz − ww∗ ∈ Cp

j,k} , (11.2)

where Imz = (z − z∗)
/
2i and the coneCp

j,k is as in (9.3). ForV := {z ∈
Cp×p : z = z∗} andW := Cp×(q−p) the mapF : W × W → V C , (v, w) 7→
vw∗, satisfiesF (w, w) = 0 only for w = 0 and its imageF (W, W ) contains
all rank-1-matrices inCp×p. In particular,F (W, W ) spansV C . Therefore, by
Proposition 10.3, all Siegel manifolds (11.2) and hence allG-orbits inZ are of
finite type. Now fix aG-orbit M = Mp,q

j,k ⊂ Z that is not open inZ, that is,
j + k < p. Denote byT ⊂ Cp×p the tube overCp

j,k. Then, ifj = k = 0 the
tubeT is totally real and henceM ∼= ∂eB is Levi nondegenerate. In all other
cases, that is0 < j + k < p, the tubeT is 2-nondegenerate, compare with
Theorem 4.7 in [18]. This implies with Lemma 10.2 that every suchM is Levi
degenerate but is holomorphically nondegenerate. In particular, for every non-
openG-orbit M in Z and everya ∈ M the Lie algebrahol(M, a) has finite
dimension and contains the simple Lie algebrag := su(p, q). On the other
hand, sinceG has a bounded symmetric domain as orbit, for everya ∈ M
there is a local coordinatez arounda ∈ Z sucha is given byz = 0 and that
gC contains all translation vector fieldsc ∂/∂z as well as the Euler fieldz ∂/∂z .
With Proposition 3.1 in [18] it followshol(M) = hol(M, a) = su(p, q) for
everya ∈ M and everyG-orbit M in Z which is neither open nor closed inZ.

Proposition 11.3. EveryG-orbit M ⊂ Z satisfies ConditionQ of Section7.
In caseM is neither open nor closed inZ also ConditionP is satisfied.

Proof. The antilinear involutionz 7→ z of Cp×q leaves the ballB in (11.1)
invariant and extends to an antiholomorphic involutionτ of Z = Gp,q. There-
fore, τ leaves invariant everyG-orbit in Z. Now assume that theG-orbit M
is neither open nor closed inZ. Theng := hol(M) ∼= su(p, q) and for every
a ∈ M the canonical restriction mappingρa : g → hol(M, a) is an isomor-
phism of Lie algebras. For everya ∈ M denote byga := {ξ ∈ g : ξa = 0}
the isotropy subalgebra ata. By Proposition 2.11 in [16],ga = g b for a, b ∈ Z
only holds if a = b. The groupAut(M) ∼= PSU(p, q) is connected and for
H := Aut(M) ∪ Aut(M)τ the homomorphismAd : H → Aut(g) is an
isomorphism, compare with Proposition 4.5 in [16]. In particular,Aut(g) has
two connected components. Now suppose thatϕ : (M, a) → (M, b) is either a
CR-isomorphism or an anti-CR-isomorphism of germs, wherea, b ∈ M are ar-
bitrary points. Thenρ−1

b ϕ∗ρa is in Aut(g). In caseρ−1
b ϕ∗ρa is contained in the
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connected identity componentInt(g) of Aut(g) there exists a transformation
g ∈ G such thatρ−1

c ψ∗ρa = id for c := g(b) andψ := g ϕ : (M, a) → (M, c).
This impliesa = c and evenψ = id sinceρ−1

c ψ∗ρa leaves invariant all
isotropy subalgebrasgx for all x ∈ M neara. As a consequence,ϕ extends
to the global transformationg−1 ∈ G in caseρ−1

b ϕ∗ρa ∈ Int(g). But the
caseρ−1

b ϕ∗ρa /∈ Int(g) cannot occur since otherwiseρ−1
e (τϕ)∗ρa ∈ Int for

e := τ(b) by the above reasoning would imply thatτϕ is a CR-mapping, or
equivalently, thatϕ is anti-CR.

By the above considerations we know that for every non-openG-orbit
M = Mp,q

j,k in Z there is an integer1 ≤ k ≤ 3 such thatM is k-nondegenerate.
In casej + k = 0 we havek = 1, and we claim thatk = 2 in all other cases
(compare also with [8]): Indeed, instead ofM we consider the Siegel manifold
Σ = Σp,q

j,k with V C = Cp×p, W = Cp×(q−p) andF (w, w) = ww∗, see (11.2).
With ρ := j + k we write allz ∈ V C andw ∈ W as block matrices

z =

(
z11 z12

z21 z22

)
and w =

(
w1

w2

)
,

wherez11 ∈ Cρ×ρ, w1 ∈ Cρ×(q−p) and so forth. Fix an elementa ∈ T =
Σ ∩ V C with ars = 0 for (r, s) 6= (1, 1). Then it is known that

Hk
aT = {z ∈ V C : zrs = 0 if k + r + s > 3} ,

see [18] p. 480. This impliesw2 = 0 for everyw ∈ W 1
a and thusW 2

a = 0, that
is, H1

aΣ 6= 0 andH2
aΣ = 0.

The antiholomorphic involutionθ of Z given onE = Cp×q ⊂ Gp,q by
θ(z) = −z leaves every Siegel manifoldΣ = Σp,q

j,k in (11.2) invariant and has
fixed points there. For every such fixed pointa ∈ Σ thenT

−θ
a Σ = IRp×q, that

is, ϑa(θ) = 0 holds in this situation. Assuming in the following thatΣ is not
open inE we can have a local tube realization of(Σ, a) associated with the
involutionθ only if there is a maximal abelian subalgebra ofg = su(p, q) with
dimensionpq. It can be shown that this is not possible ifp > 1.

References

1. M. S. Baouendi - L. P. Rothschild - F. Treves, CR structures with group action
and extendibility of CR functions, Invent. math.82 (1985), 359-396.

2. M. S. Baouendi - H. Jacobowitz - F. Treves, On the analyticity of CR mappings,
Ann. of Math.122(1985), 365-400.

3. M. S. Baouendi - P. Ebenfelt - L. P. Rothschild, “Real Submanifolds in Com-
plex Spaces and Their Mappings”, Princeton Math. Series47, Princeton Univ. Press, 1998.

4. M. S. Baouendi - L. Rothschild - D. Zaitsev, Equivalences of real submanifolds
in complex space, J. Differential Geom.59 (2001), 301-351.



30 Gregor Fels and Wilhelm Kaup

5. A. Boggess, “CR manifolds and the tangential Cauchy Riemann complex”,Studies in Ad-
vanced Mathematics. Boca Raton, FL: CRC Press, 1991.

6. S. S. Chern - J. K. Moser, Real hypersurfaces in complex manifolds, Acta. Math.133
(1974), 219-271.

7. J. Dadok - P. Yang, Automorphisms of tube domains and spherical hypersurfaces, Amer.
J. Math.107(1985), 999-1013.

8. G. Fels, Locally homogeneous finitely nondegenerate CR-manifolds, Math. Res. Lett.14
(2007), 693-922.

9. G. Fels - W. Kaup, CR-manifolds of dimension 5: A Lie algebra approach, J. Reine
Angew. Math,604(2007), 47-71.

10. G. Fels - W. Kaup, Classification of Levi degenerate homogeneous CR-manifolds of
dimension 5, Acta Math.201(2008), 1-82.

11. G. Fels - W. Kaup, Classification of commutative algebras and tube realizations of hy-
perquadrics, arXiv:0906.5549.

12. A. V. Isaev - M. A. Mishchenko, Classification of spherical tube hypersurfaces that
have one minus in the Levi signature form, Math. USSR-Izv.33 (1989), 441-472.

13. A. V. Isaev, Classification of spherical tube hypersurfaces that have two minuses in the
Levi signature form, Math. Notes46 (1989), 517-523.

14. A. V. Isaev, Global properties of spherical tube hypersurfaces, Indiana Univ. Math.42
(1993), 179-213.

15. A. V. Isaev - W. Kaup, Regularization of Local CR-Automorphisms of Real-Analytic
CR-manifolds, J. Geom. Anal. 2011. To appear.

16. W. Kaup, On the holomorphic structure ofG-orbits in compact hermitian symmetric spaces,
Math. Z.249(2005), 797-816.

17. W. Kaup, CR-quadrics with a symmetry property, manuscripta math.133(2010), 505-517.

18. W. Kaup - D. Zaitsev, On local CR-transformations of Levi degenerate group orbits in
compact Hermitian symmetric spaces, J. Eur. Math. Soc.8 (2006), 465-490.

19. R. S. Palais, “A global formulation of the Lie theory of transformation groups”, Mem.
AMS 1957.

20. N. Tanaka, On the pseudo-conformal geometry of hypersurfaces of the space ofn complex
variables,. J. Math. Soc. Japan14 (1962), 397-429.

21. D. Zaitsev, On different notions of homogeneity for CR-manifolds, Asian J. Math.11
(2007), 331-340.

Mathematisches Institut
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