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1. Introduction

Among all CR-submanifolds of” a special class is formed by tiebe
submanifoldsthat is, by real submanifolds of the form

Tp =R +iF (1.1)

with F' an arbitrary submanifold dR", called thebaseof T». CR-manifolds

of this type play a fundamental role in CR-geometry as they often serve as
test objects. In addition, the interplay between real geometric properttes of
baseF' and CR-properties of the associated tkeare quite fruitful. An early
example of this interplay is well known in the case of open tube submanifolds:
The tube domaifi'z C C" is holomorphically convex if and only if the (open)
baseF’ C IR" is convex in the elementary sen€dearly, in the context of CR-
geometry, domains i®" are not of interest. In fact, we will mainly consider
CR-manifoldsM = (M, HM, J) which are holomorphically nondegenerate,
i.e.,& = 0is the only local holomorphic vector field o, which is a section

in the subbundlé/M. We note in passing that in the tube situation the general
case can be reduced to the nondegenerate one as every such CBédrianif
locally a direct product of som&* and a holomorphically nondegenerate CR-
manifold.

For instance, interesting examples of holomorphically nhondegenerate
tube submanifolds are obtained as follows: Ketc IR be an open con-
vex cone such that the corresponding tube domiginc C" is biholomor-
phically equivalent to an irreducible bounded symmetric domain. Then the
groupG = GL(Q) := {¢g € GL(r,IR) : g(2) = Q} acts transitively
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on Q and for every non-opef-orbit I C IR" with ' # {0} the corre-
sponding tubel'r is Levi degenerate but still is holomorphically nondegen-
erate [18]. The example of lowest possible dimension occurs with the future
coneQ = {zr € R® : x3 > /27 + 23} in 3-dimensional space-time and

F = {z € R® : 23 = /27 + 23 > 0} the future light cone. The future
light cone tubeTr has been studied by many authors and has remarkable
properties, cf. [9] and the references therein. Until recently, this taba-

ifold T= was, up to local CR-isomorphy, the only known example of a 5-
dimensional Levi degenerate, holomorphically nondegenerate and Ioally
mogeneous CR-manifold. A full classification of CR-manifolds of this type
could be obtained in [10] — surprisingly all possible examples turned owd to b
locally representable as tube manifolds.

Since tube manifolds are quite easy to deal with it is of interest to decide
whether a given CR-manifold/ is CR-isomorphic, at least locally around a
given pointa € M, to a tube submanifold of son@&". Another question is how
many ‘different’ tube realizations a given CR-manifold germ does admit. In the
particular case of spherical hypersurfaces the following resultées dbtained
in [7] by solving a certain partial ffierential equation coming from the Chern-
Moser theory [6]For everyr > 2 there exist, up tofine equivalence, precisely
r+ 2 closed smooth tube submanifoldsf that are locally CR-isomorphic to
the euclidian spherg?—! c C".In [12], [13] the same method has been used
for a certain more general class of CR-flat manifolds. All the abovdtsarmly
on Chern-Moser theory and therefore only apply to CR-manifolds tledtewi
nondegenerate and of hypersurface type.

In this note we use a flerent method that applies to all CR-manifolds
(for simplicity we work in the category of real-analytic CR-manifolds). This
method is more algebraic in nature and starts from the following simple ob-
servation: A real submanifold/ c C" is tube (1.1) if and only ifM is in-
variant under all real translations — z + v with v € TR". In particular,
g := hol(M,a), the Lie algebra of all (germs of real-analytic) infinitesimal
CR-transformations at, contains the abelian Lie subalgebra induced by the
above translations. Therefore it is not unexpected that every tulizatean of
an arbitrarily given CR-manifold gerr/, a) is strongly related to a certain
abelian Lie subalgebna of hol (M, a), see Prop. 4.1 and Prop. 4.4 for precise
statements.

In a slightly diferent form the Lie algebra has already been used in [1]
for the characterization of tube manifolds (in fact more generally in the con-
text of abstract smooth CR-manifolds and the solution of the local integrability
problem for rigid CR-manifolds; on the other hand we do not need to assume
that the evaluation maq, : v — T, M is injective). But, in contrast to [1] our
intentions are completely fierent - we mainly focus on the question how many
‘essentially’ diferent tube realizations of a given CR-manifold g€, ) do
exist. This question of equivalence fofféirent local tube realizations of a given
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CR-manifold is a bit more subtle than it might appear at the first glance. We in-
troduce two diferent notions of equivalence to which we refer accordingly as to
the ‘strict’ and the ‘coarse’fdne equivalence. Our impression is that the latter
one is more appropriate in the context of local tube realizations.

In Section 4 we give necessary andfsuent conditions for an abelian
subalgebras C g to give a local tube realization df\/, a). This character-
ization also includes for eveny an easy to compute canonical form of a lo-
cal CR-isomorphism to the corresponding tube realizatiom\éfa). It is also
shown that any two local tube realizations of the géih ) are dfinely equiv-
alent (in the strict sense) if and only if the corresponding abelian sutrage
v,v’ C g are conjugate with respect to the stability groupt (M, a).

The ‘coarse’ equivalence relation for tube realizations of the déin)
is, roughly speaking, defined as follows: Two tube realizatidhs:), (7", ¢)
of (M,a) in C" are considered to be equivalent in this broader sense if the
representing tube submanifolds7’ c C" can be chosen in such a way that
T = ¢(T) for some #ine isomorphisny on C” (that is, without requiring
¢ = g(c) in addition).

While it is not surprising that the existence of a tube realization for
(M, a) is closely related to the existence of a certain ‘big’ abelian Lie sub-
algebra ofg = hol(M, a), it is not at all clear what the relation between var-
ious tube realizations and the corresponding abelian subalgehyag i/, a)
should be. One of our main results is then obtained in Section 7, where we
introduce the subgrou@lob(M,a) C Aut(g) and show for a large class of
CR-manifoldsM that the local tube realizations 60/, ) are equivalent in
the coarser sense if and only if the corresponding abelian subalgehraare
conjugate with respect to the groGiob(M, a).

In Sections 8 and 9 we apply our general theory to some concrete cases.
For instance, we relate the results from [7] with our algebraic point of ,view
and identify the various abelian subalgebragdfS?" 1, a), S*>"~! c C" the
standard sphere, which correspond to various defining equationg in [7

In the last two sections we generalize the notion of a tube submanifold
to the notion of a Siegel submanifold. This is motivated by the well known
fact that every bounded homogeneous domain can be realized as hddiege
main, thus giving a lot of additional insight to the structure of those domains.
In the forthcoming paper [11] our method will be applied to the class of all
Levi non-degenerate real hyperquadric€inin order to obtain a full algebraic
characterization of local tube realizations in such cases.

2. Preliminaries and notation

Abstract CR-manifolds. A triple (M, HM, J) is called an &bstradt CR-mani-
fold (CR stands for Cauchy-Riemann)M is a (connected if not stated oth-



4 GREGOR FELS AND WILHELM KAUP

erwise explicitly) smooth manifoldk/ M is a smooth subbundle of its tangent
bundle TM and.J is a smooth bundle endomorphismféfl/ with J? = — id.
For simplicity we often write jusd/ instead of M, HM, J). For everya € M
the restriction of/ to the linear subspadé, M C T,M makesH, M to a com-
plex vector space, we call it theolomorphic tangent space M ata (in the
literatureH, M is also called theomplex tangent spaead denoted by ).

Its complex dimension is called théR-dimensiorand the real dimension of
T.M/H,M is called theCR-codimensioof M. With M = (M, HM, J) also
MO .= (M, HM, —J) is a CR-manifold; we call it theonjugateof M.

A smooth mapy : M — M’ between two CR-manifolds is called CR if
foreverya € M anda’ := g(a) the diferentialdg, : T,M — T, M’ maps the
corresponding holomorphic subspaces in a complex linear way to eaah othe
Also, g is calledanti-CRif g is CR as a map/®" — M,

For every smooth vector fielfl on M and everya € M we denote by
&. € T, M the corresponding tangent vectoraatFurthermore¢ is called an
infinitesimal CR-transformatioof M if the corresponding local flow o/
consists of CR-transformations. Wit~ also the usual brackeg, 7] is an
infinitesimal CR-transformation.

It is obvious that every smooth manifold can be considered as a CR-
manifold with CR-dimension 0 (these are called thially realCR-manifolds).
The other extreme is formed by the CR-manifolds with CR-codimension 0,
these are precisely the almost complex manifolds. Among the latter the inte-
grable ones play a special role, the complex manifolds. CR-mappings lretwee
complex manifolds are precisely the holomorphic mappings.

CR-manifolds in this paper are understood to be thodd = (M, HM,J)
that are real-analytic and integrable in the following sefigds a real-analytic
manifold and there is a complex manifalisuch thatd/ can be realized as a
real-analytic submanifold/ ¢ Z with HLM = T,M N iT,M andJ(§) =
i€ for everya € M, £ € H, M, whereT,M is considered in the canonical
way as anlR-linear subspace of the complex vector spdge’. This notion
of integrability is equivalent to the vanishing of the restricted Nijenhuis tensor
We refer to [5] or [3] for further details. The embeddidg C Z above can
always be chosen to tgeneri¢thatis, 7,72 = T,M + iT,M foralla € M.

In that case the (connected) complex manifdltias complex dimension (CR-
dim M+ CR-~codim M).

CR-isomorphisms between CR-manifolds are always understood to be
analytic in both directions. In particulakut (/) is the group of all (bianalytic)
CR-automorphisms af/ andAut, (M) := {g € Aut(M) : g(a) = a} is the
isotropy subgroup at the poiate M. With Aut(M, a), also called thetability
group alu, we denote the group of all CR-automorphisms of the manifold germ
(M, a). ThenAut, (M) can be considered in a canonical way as a subgroup of
Aut(M, a).
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With hol (M) we denote the space of all real-analytic infinitesimal trans-
formations of the CR-manifold/ and withhol (M, a) the space of all germs at
a € M of vector fields¢ € hol(N) whereN runs through all open connected
neighbourhoods af in M. Thenhol (M) as well as everyjol (M, a) together
with the brackef , | is a real Lie algebra (of possibly infinite dimension). The
canonical restriction mapping, : hol(M) — hol(M,a) is an injective ho-
momorphism of Lie algebras. Every isomorphigm (M, a) — (M’ a’) of
CR-manifold germs induces in a canonical way a Lie algebra homomorphism
g« : hol(M,a) — hol(M',d’). Its inverse is the pull back*. Clearly,g — g.
defines a group homomorphistal : Aut(M, a) — Aut(hol (M, a)).

A vector field¢ € hol (M) is calledcompleteon M if the corresponding
local flow extends to a one-parameter grdBp — Aut(M). The image of
1 € R is denoted byxp(§). In this sense we have the exponential map :
aut(M) — Aut(M), whereaut (M) is the set of allcompleteS € hol(M).
In general,aut (M) C hol(M) is neither a linear subspace nor closed under
taking brackets. But, if there exists a Lie subalgepra. hol (M) of finite
dimension withaut (M) C g, thenaut (M) itself is a Lie subalgebra [19] and
onAut(M) there exists a unique Lie group structure (in general not connected)
such thatxp is a local difeomorphism in a neighbourhood @fc aut (/).
Furthermore, the maput(M) x M — M, (g,a) — g(a), is real-analytic.

In caseM is generically embedded as a real-analytic CR-submanifold of
a complex manifoldZ then a vector field on M is in hol (M) if and only if
has an extensioﬁto a holomorphic vector field on a suitable open neighbour-
hoodU of M in Z (that is,¢ is a holomorphic section ové¥ in its tangent
bundle TU'). The Lie algebragjol(Z) andhol(Z,a) are complex Lie alge-
bras andy := hol (M, a) is in a canonical way a real subalgebrahof(Z, a).
The CR-manifold gerni)M, a) is calledholomorphically nondegeneratey is
totally real inhol(Z, a), that is,g Nig = {0}. In this case there is a unique
antilinear Lie algebra automorphismof g© := g +ig C hol(Z,a) with
g = Fix(o). Clearly, real Lie subalgebras gf and o-invariant complex Lie
subalgebras of © are in a natural 1-1-correspondence.

In general, a vector field € hol (M) only can be integrated tolacal1-
parameter group of CR-transformatiapghat we also denote byp(t£). The
reason for this notation in the analytic case is the following: To ewegy M
and every open neighbourhoddd of a € Z there is a further open neigh-
bourhoodU C W of ¢ € Z and ane > 0 such that theg); are defined as
holomorphic mappingd” — W for |t| < ¢ and satisfy for every holomorphic
mappingf : W — C" the formula

=1
foglv= Z g(tf)k(f’U) :
k=0
In particular, if f gives a local chart fo, arounda then theg, on U can be
recovered from the right side of this formula.
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Lemma 2.1. Let Z be a connected complex manifold of dimensiorand
¢ C hol(Z,a) an abelian complex Lie subalgebra witl{e) = T,Z, wherez,
is the evaluation map — &,. Thene, induces a complex linear isomorphism
frome ontoT,Z. In particulare also has dimension and is maximal abelian
inhol(Z,a).

Proof. Letn € ¢ be an arbitrary element witly, = 0. We have to show = 0.
Fix a linear subspace C e such thats, : a — T,Z is an isomorphism.
We may assume that C hol(U) for some open neighbourhodd C Z of
a and also that every € U is of the formz = exp(&)(a) for some¢ € a.
For every such then[n, £] = 0 impliesexp(tn)(z) = exp(&) exp(tn)(a) =
exp(§)(a) = z for |t| small, that isy = 0. O

For the sake of clarity we mention that in case= dim Z > 2 there
exist abeliansubalgebras C hol(Z,a) of arbitrarydimension. However, in
general these do not spdp~Z.

The CR-manifoldM is calledhomogeneoud the groupAut(M) acts
transitively onM . Also, M is calledlocally homogeneodi§for everya,b € M
the manifold germgM, a), (M, b) are CR-isomorphic. By [21] this is equiv-
alent toe, (hol(M,a)) = T,M for everya € M. The CR-manifold}M is
called minimalif every smooth submanifol& ¢ M with H,M C T,N for
all a € N is already open i/ .

For later use (Proposition 6.3) we state

Lemma 2.2. Let Z be a complex manifold andil C Z a (connected real-
analytic) generic and minimal CR-submanifold. Theih\ A is connected for
every closed complex-analytic subset- Z.

Proof. We first show that the proof of the Lemma can be reduced to the case
whenA C Zis non-singular. Indeed, there is an integer 1 and a descending
chainA = 4y O --- D A;, = (0 of analytic subsets such that is the singular
locus of A;_; forall j = 1,... k. PutM; := M\A;. Then4;_1\A; is
analyticinZ; := Z\A; andM;_, = M;\(A;-1\4;). Therefore it sffices to
show inductively that\l = My, M4, ..., M, all are connected. For the rest

of the proof we therefore assume thts nonsingular and also, contrary to the
claim of the Lemma, that/\ A is disconnected. Notice that this implies

(%) T.MNT,A # T,M forall ae MNA,

since otherwisé\/\ A = () would be connected as a consequencd of =
T.M+iT,M C T,AC T,Z.

The intersectiorS := A N M is a real-analytic set. Again, there is an
integerr > 1 and a descending chath= Sy O --- D S, = () of real-analytic
subsets such th&; is the singular locus of;_; forall j = 1,...,r. Choose
J < r minimal with respect to the property thaf\S; is connected. Then
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j > 0 by the above assumption add\S;_; = (M\S;)\(S;-1\95;) is dis-
connected. In particular, al§d/\S;)\ N is disconnected, where we denote by
N the union of all connected componentg 8§_,\S;) that have codimension
1in M. Clearly,(x) improves to

() T.MNT,A = T,N forall ae N.

SinceM is minimal by assumption there exists are N with H,M ¢ T,N
and hence wittH, M ¢ T,A by (xx). SinceH, M and T, A are complex linear
subspaces, there is a linear subspéace H,M C T, M of real dimension> 2
with H,M = V& (H,MnN T,A). ButthenVn 7T,N =Vn(T,MNT,A) =0
gives a contradiction sincg, N is a real hyperplane iff,, M. This shows that
M\ A cannot be assumed to be disconnected, and the proof is complete.

Notice that the assumption dii in Lemma 2.2 is automatically satisfied
if M is of hypersurface type and has nowhere vanishing Levi form. thdée
M is a hypersurface and is not minimaldne M then the Levi form ofM at
a vanishes.

Convention for notating vector fields.In this paper we do not need the com-
plexified tangent bundl& M @i C of M. All vector fields occurring here
correspond to ‘real vector fields’ elsewhere. In particula# ifs a complex
vector space of finite dimension ahd C E is an open subset then the vector
fields¢ € hol(U) correspond to holomorphic mappings U — E, and the
correspondence is given in terms of the canonical trivializafibh~ U x F

by identifying the mapping with the vector field = (idy, f). To have a short
notation we also write

§£=f(2) 6/82 .

As soon as the vector field= f(z) 9/y, is considered as flerential operator,
special caution is necessatyapplied to the smooth functiomon U is {h =
f(2) 95, h + f(2) 9gz h. We therefore stress again that we write

€= (=)0, insteadof ¢=f(z)0p, +f(z) Iz elsewhere

and this convention will be inféect allover the paper.

3. Tube manifolds

Throughout this section létf be a real vector space of finite dimension
andF := V@iV its complexification. For every (connected and locally closed)
real-analytic submanifol@ C V' the manifold

T:=Tp .=V 4+iF C E

is a CR-submanifold of, called thetubeover thebasel'. Obviously, a real-
analytic submanifoldi/ C F is a tube in this sense if and only i + V' =
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M. Tubes form a very special class of CR-manifolds. For instaAeg(7")
contains the following abelian translation group isomorphic to the vector group
Vv

F={z—z2z+v:veV}.

SinceT = T'(iF) it is enough to study the local CR-structure of the tdbe
only at pointsia € iF' C T. For these

T, T =V &iT,F and H;,T = T,F ®iT,F CFE

is easily seen. In particulaf; is generic inE. For every further tubgd” =
V' +4iF’" in a complex vector spacE’ = V' ¢ iV’ with F/ C V' every real
affine mappingg : V. — V' with g(F) C F’ extends to a complexfine
mappingg : E — E’ with g(T') ¢ T’ and thus gives a CR-mdp — 7".
Therefore,F' (locally) being dfinely homogeneous implies that the tubds
(locally) CR-homogeneous. The converse is not true in general.

Lemma 3.1. Suppose thdl’ = V + i F' is a tube submanifold of the complex
vector spacdy = V @ iV and thata € T is an arbitrary point. Then the
following conditions are equivalent.
(i) T is of finite type atu.

(i) T is minimal ata.

(i) The smallest@iine subspace dof containingF' isV itself.
Proof. It is enough to show the implication (iig=- (i). We therefore assume
(iii) and identify £ = C™ with IR" x IR" in the standard way viar + iy) =
(z,y). Without loss of generality we assume tHatcontains the origin o2
and is given in a suitable neighbourhood of it by real-analytic equations

yj:fj(ylaayk')7 k<]§n7

where everyf; vanishes of order 2 at the origin ofIR*. The assumption (i)
implies that the germs of the functiorfs. 1, ..., f, at0 € R* are linearly
independent. For all < ¢, m < k the vector fields

' = Yy, +>_ gy, Vow; and 0™ =Yy, + oy, Yoy,

i>k J>k

(expressed in the real coordinates y) of E) are sections in the holomor-
phic subbundleHT' over the tube manifold’. Also, for every multi-index

v=(v1,...,v5) € N*with || :==v; +... + v, > land every = 1,...,k
we have
(ad 771)1/1 (adn2)1/2 - (adnk)ukgé = Z (a‘”‘/ayy (8]2/62/@)) 8/81‘] .
i>k

(3.2)
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Denote byS C T,T the linear subspace spannedtiyl” and all vector fields
(3.2). Assume that there exists a non-trivial linear formn T,7" with A(S) =
Oand putf := >, d; f;j with d; := A(a/axj) . Thend, # 0 for somej > k,
that is, f #Z 0. On the other hand, (3.2) shows that all partial derivativeg of
of order> 2 vanish at the origin. By choice of the functiofisalso all partial
derivatives off of order< 2 vanish, a contradiction. Therefofe= T,7T and
(i) must hold. O

Proposition 3.3. Suppose thal' = V + F is a tube submanifold of the
complex vector spacE =V @iV and suppose, without loss of generality, that
T contains the origin oF. Then there exist complex linear subspaEésE"’
of E and tube submanifolds’ ¢ E’, T"” C E" with the following properties:

(i) 7" is anR-linear subspace dt’ with E' = T' + iT".

(i) T” is holomorphically nondegenerate and of finite type at every point.

(i) £E=FE & E"” andT isopeninl’ +T".
Proof. By Lemma 3.1 we assume without loss of generality thég the linear
span ofF'. We then verify the claim witAl” = E’.
For everya € T puth, := hol(T,a) Nihol(T,a) andE, := £,(h,). Then
b, is a complex Lie subalgebra §b[(E,a) andE, C E is a complex linear
subspace. Denote by C T the subset of all points at which the function
a — dim FE, takes a global maximum and fix a connected comporseat
M. ThenS is open inT andk := dim E, does not depend an € S. LetG
be the Grassmannian of dltplanes inE' and consider the map : S — G,
a — E,. For everya € S the mapy is constant orfa + V') C S. Sincey is
CR we conclude thdt” := E’ := E, does not depend an € S. Now fix an
arbitrary vectory € E’ and consider the constant vector fi¢le- a9/, onE.
Since¢ is tangent toS it is also tangent td@’, that is, the gern§, € hol(E, a)
is contained inh, for all « € T. As a consequence we g&t C E, and
thus B’ = E, for all a € T. There exists a linear subspat€ c V with
E = FE @ E' for E” := V" & iV"”. The imageT” of T with respect to
the canonical projectioid — E” is a tube submanifold o satisfying (iii).
The basel” of T” spans the vector spadé€’, that is, 7" is of finite type
by Lemma 3.1. For the proof of the first part in (i) we may assume without
loss of generality thak” = 0 holds, that is,F = E”. But then by the above
arguments we havg, = 0 for all a € T, that is,7 = T" is holomorphically
nondegenerate. O

It is known that for every holomorphically nondegenerate minimal CR-
manifold germ(}, a) the Lie algebrdol (M, a) has finite dimension, cf. The-
orem 12.5.3 in [3]. Calling a CR-manifold ger/, a) of tube typeif it is
CR-isomorphic to a gerr(il’, ¢) with 7" a tube manifold we therefore get the

Corollary 3.4. Let(M,a) be a CR-manifold germ of tube type. Then there ex-
ist unique integerk,l > 0 and a holomorphically nondegenerate CR-submani-
fold M' C M of finite type witha € M’ such that M, a) is CR-isomorphic to
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the direct productC*, 0) x (IR',0) x (M, a). Furthermore:
(i) (M, a) is holomorphically nondegenerate if and only: i 0.
(i) (M, a) is of finite type if and only ifl = 0.
(iii) bol(M,a) has finite dimension if and only =1 = 0.

As shown in [4], to every real-analytic CR-submanifdlfi ¢ C" there
exists a proper real-analytic subsetC M such that the germiM, a) is CR-
isomorphic to(C*,0) x (M’,a) for somek > 0 and some holomorphically
nondegenerate CR-submanifald’ C M containinga, provideda € M\ A.
Corollary 3.4 implies thatl can be chosen to be emptylf is of tube type.

An analyticity criterion. In the following k-differentiablealways meang*
for 1 < k < oo. For every abstradt-differentiable CR-manifoldVv then the
tangent bundIelN is of classC*~! and we denote bt "' (V) theR-linear
space of(k—1)-differentiable infinitesimal CR-transformations 6h Unless

k =k—1 = oo, the spacée:k‘l(N) is not a Lie algebra in general. But again,
for every k-differentiable CR-dfeomorphismp : N — M we have a canon-
ical linear isomorphismp, : X" '(N) — x*~'(M). Clearly, every real-
analytic CR-manifold)/ can be considered askadifferentiable CR-manifold
in a canonical way anblo[ (M) ¢ X%~ (M) in this sense.

Proposition 3.5. Let M be a real-analytic holomorphically nondegenerate
CR-manifold and led/ + iF be ak-differentiable tube submanifold of the
complex vector spac& :=V & V. Suppose thalN is an open subset of
V +iF and that there existskadifferentiable CR-dieomorphisny : N — M
with o0 C hol(M) forv = {v3/y, : v € V} < XFY(N). Then

N C F is a (locally-closed) real-analytic subset Bfandy is a bianalytic
CR-diffeomorphism.

Proof. Fix an arbitrary pointa € M. Since the claim is of local nature we
may assume thal/ is generically embedded i&. The local flows of vector
fields ino commute. Therefore the image := ¢.bt is an abelian subalgebra
of hol (M) C hol(M,a) ande, (10 ©) = E. By Proposition 4.1 we may assume
without loss of generality that/ = V +iH is a real-analytic tube submanifold
of £ and thatv = v C hol(M,a). Applying a suitable fiine transformation
to M we may assume in addition thate N, ¢(a) = aandy : v — v is
the identity. For suitable open subsétdV C V we may assume furthermore
that ' ¢ W, N = U + «F and that there exist-differentiable functions
frg:UxW — V satistyingp(z) = f(x,y) +ig(z,y) forall z,y € U with

z = x+iy € N. The conditionp, = id, implies /5, = idy and9g/y,. =0
onU x F. The CR-property then give€f/y, |.(v) = 0 and 99/, |.(v) = v
forallc = (e, f) € U x F andv € T;F. Because ofp(a) = a this implies
p(z) = z forall z € N nearaq, that is, the manifold germ@V, a) and (M, a)
coincide. O

Proposition 3.5 implies that in case® (M, a) = hol(M, a) for ev-
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ery a € M, every k-differentiable tube realizatiotv ¢ E of M is real-
analytic. This happens, for instance with= 1, if M is of hypersurface type
with nowhere vanishing Levi form. Indeed, by Theorem 3.1 in [2] every
differentiable CR-dfeomorphism between open subsetd/bfs real-analytic.

4. Tube realizations

In the following M is a CR-manifold generically embedded in the com-
plex manifold Z anda € M is a given point. Then the tube realizations
¢:(M,a) — (T,c)andy : (M,a) — (T',c) with tubesT c E,T' C E’
as in Section 3 are callegtfinely equivalenif the tube germs7,c), (T",c')
are equivalent under arffime isomorphism\ : E — E’, or equivalently, if
¢ og = Aoy forsomeg € Aut(M,a) and some fine isomorphisn. Also,
we call the subsets, v’ C hol (M, a) conjugate with respect tAut (M, a) if
v’ = g.(v) for someg € Aut(M,a).

Proposition 4.1. The dline equivalence classes of tube realizations of the
germ (M, a) are in 1-1-correspondence to theit(M, a)-conjugacy classes
of abelian Lie subalgebrasC g := hol(M, a) satisfying
(i) v is totally real inhol(Z, a),
(i) e :=v®iv C hol(Z,a) spans the full tangent spade”.

Proof. Suppose that for the tube submanifdd= V + iFF ¢ FE the CR-
isomorphismy : (M,a) — (T,c) is given. Thenv := {¢*(v/y,) : v €
V'} C g satisfies the conditions (i) and (ii). For everffime isomorphism :
E — E’and every tube realizatigpl : (M,a) — (T7,c) := AT, c) the trans-
formationg := =1 o Ao ¢ € Aut(M, a) satisfiesg.(v) = {¢*(v' Iy,) :
v e V'iforV’ .= A\(V).
Conversely, suppose that an abelian Lie subalgehrag with (i), (i) is given.
Thene is an abelian complex Lie algebra and by Lemma 2.1 the evaluation map
g4 1 ¢ — T,Zisacomplex linear isomorphism. Denote bythe complex vec-
tor space underlying and byV C E the real vector space underlying By
the implicit function theorem there exist open neighbourhdéasd 0 € FE and
W of a € Z such that)(§) := exp(§)(a) € W is defined for every vector
field¢ € U andvy : U — W is a biholomorphic mapping witky(0) = a. For
@ =1~ thenp(W N M) is an open piece of atule =V +iF C E, thatis,
¢ : (M,a) — (T,0) gives a tube realization with = {p*(v0/y,) :v € V}.
Now fix ag € Aut(M,a). Then alsaw’ := g.(vb) with ¢’ := v’ G iv’ satisfies
(i), (i) and thus gives a tube realizatior : (M, a) — (7", 0) according to the
procedure above. Sinege’ are abelian, there is a complex linear isomorphism
A E — E with A(¢(£)) = ¢'(g.(§)) for all £ in a neighbourhood of the
origin in E. But this means that : (7,0) — (7”,0) is an dfine equivalence.

O

Notice thate is maximal abelian ifhol(Z,a) by Lemma 2.1. In case
M is holomorphically non-degenerate the condition (i) above is automatically
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satisfied ana is maximal abelian imyol (M, a).

Remark 4.2. A different characterization of abelian Lie subalgehragiv-

ing rise to tube realizations @df\/, a) occurs already in [1]. Instead of (i), (ii)
therev has to act without isotropy and transversally to the holomorphic tangent
bundle.

TubesT’ = V +iF have a special property{z + iy) := —x + iy for all
x € V,y € F defines an anti-CR map: T — T with 72 = id and7(a) = a
foralla € iF" C T. This motivates the following considerations.

Involutions. In this subsectiord/ stands for an arbitrary CR-manifold. A real-
analytic mappingr : M — M is called aninvolution of M if it is anti-CR
and satisfies? = id. If in addition 7(a) = a for a givena € M we call
aninvolution of M ata or of the CR-manifold gernj), a). Two involutions
7, 7' of (M, a) are calledequivalentf ' = grg~—! for someg € Aut(M, a).
Every involutiont of (M, a) splits various linear spaces, associated with the
germ (M, a), into their +1-eigenspaces. To indicate the dependence ore
mark the+1-eigenspaces by an upper indexand the—1-eigenspaces by an
upper index—7,e.9.T,M = T, M & T,”"M, H,M = HI M & H; "M and

g =g"@®g 7 forg := hol(M,a). Clearly (T,M)™ = T,(M7). Crucial for
the explicit determination of all tube realizations fdt, a) is the invariant

Da(7) = dim (T, M/H, M)" (4.3)

and the following reformulation of Proposition 4.1.

Proposition 4.4. Propositior.1 remains valid if(i) is replaced by

(") There exists an involution of (M, a) witho C g~ 7.
For every C g with (i), (i) the involutionr in (") is uniquely determined and
satisfiesd, (1) = 0. In particular, for everyy € Aut(M,a) the involutiont’
corresponding te’ := g.(v) C g is given byr’ = gotog~!.
Proof. (i") = (i) is obvious. Therefore let us assume conversely that the
abelian subalgebra C g satisfies (i) and (ii). Without loss of generality
we assume by Proposition 4.1 thaf = V + F is a tube submanifold of
E =V @iV, thata € iFF and thato = {v9/y, : v € V}. Then the in-
volution 7(z + iy) = —x + iy of (M, a) satisfies () andd,(7) = 0. Now
suppose that’ is a further involution of M, a) with the same properties. Then
g :=Tor7 € Aut(M,a) satisfiesg,(a9/y,) = a/y, foral a € V and
hence also for allv € E. Buttheng = id andr’ = 7. O

Remark 4.5. The explicit determination of all tube realizations fdv/, a) up

to afine equivalence requires by Proposition 4.1 that, up to conjugation by the
stability groupAut(M, a), all abelian Lie subalgebras C hol (M, a) have to

be found that satisfy the conditions (i), (ii). Proposition 4.4 restricts theckea
(and with it the amount of computation) to the following: Determine first, up
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to conjugation, all involutions of, a) that satisfyd,(7) = 0 and then, for
every such involution, search for suitable’s in g =7. As an application of that
method we classify algebraically in the forthcoming paper [11] all local tube
realizations of Levi nondegenerate hyperquadéicss C™. These are locally
CR-equivalent to the hypersurfacés, := S, , occurring in the next section
and have the special property that every gééna) has, up to equivalence, a
unique involution satisfying, (7) = 0.

5. Classification of involutions for certain CR-manifolds

Fix in the following arbitrary integerg,¢ > m > 1 and denote by
G the Grassmannian of all linean-spaces inC™, n := p + ¢. ThenG is a
compact complex manifold of dimensioen(n — m) on whichSL(n, C) acts
transitively by holomorphic transformations. The gro\yt(G) coincides with
PSL(n,C) = SL(n,C)/center unlessp = ¢ > 1 (in which case there is a
second connected component&fit(G)). To avoid totally real examples we
exclude the casg = ¢ = m for the rest of the section.

Consider onC" the real-valued functioh defined by

h(z) = (ulu) — (v[v) forall z= (u,v) € C? @ C?

with (|) being the standard inner product and ideniy(p, q) C SL(n,C)
with the subgroup of all transformations leavinginvariant. Then the con-
nected real submanifold

S:=8y ={LeG:hL)=0} (5.1)

is the unique closed (and hence compéati)p, ¢)-orbitin G. As CR-submani-
fold S is generically embedded i& with CR-dimensionn(n — 2m) and CR-
codimensionn?. Furthermore, a dense open subsefafan be realized as a
real quadric inC™"~™), andg := su(p,q) = hol(S) = hol(S,a) holds
for everya € S, cf. [17] for details. As a consequence of Theorem 1.3 in
[15], cf. also [8], every CR-isomorphism between domains D, of S ex-
tends to a biholomorphic automorphism@®@fleaving S invariant. SinceS has

a global (anti-CR) involution (see the following classification) also eveti an
CR-isomorphism between domainy , D, of S extends to a global antiholo-
morphic automorphism of leaving S invariant. For the classification of all
involutions of the germ(S, a) it is therefore enough to determine aflobal
involutions of S.

Classification of all involutions on S.Let a global involutionr of S (not nec-
essarily having a fixed point) be given. Themxtends to an antiholomorphic
automorphism ofs that we also denote by. Also, the involution induced by
Tonl :=sl(n,C) = aut(G) will be denoted by the same symbol. The fixed
point submanifold:™ of G is either empty or a real form @. One can show
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that there are integees § with €2 = §2 = 1 together with an antilinear endo-

morphism7 of C" such that? = €id, ho7 = dhandr(L) = {7(2): z € L}

for all L € G. Depending on the value efwe have the following two cases.

e= 1: Thenl” = sl(n,IR) andG™ can be identified with the real Grass-
mannian of all real linear m-spacesIii”.

e = —1: This case can only occur if is even and the®™ = sl(n/2,H),
whereH is the field of quaternions. Furthermof&” is empty if and
only if m is odd.

The precise classification requires some work. Here we state only the final
result: It turns out that for every givem ¢ the possible pairge, d) stand in

a one-to-one relation with th&U(p, ¢)-conjugation classes of involutions on

S = Sy, More explicitly, every such involution is conjugate to exactly one
of the following four typed — IV, where we write every (row) € C" in the

form z = (u,v) with u € C? andv € C?. Also, for every integed > 1 we put

Jq = ( 0 1) € GL(2d,Z):

-1 0
type | (e,6) 7(u, v) [ g7
| (+1, +1) (u,v) slip+q,R) 50(p,q)
Il (+1,-1) p=gq (@, ) s[(2p,R) 5P (p, R)
11} (-1,+1) | p=2p',q=2¢ even | (uly,vJy) | Sl +4¢',H) | sp®,q¢)
[\ (-1,-1) p=gq (—v, ) sl(p, H) 50(p, H)

ST is notempty if and only if = 1 orm is even. In this casé, (1) =
m(m — §)/2 holds for alla € S7. Recall that the involution is
associated to a tube realization (¢f, a) only if the invariantd, (7)
vanishes, see 4.4, that is, only far= 1 in typel. On the other hand
it is well known that every hypersurfacs, , := S;g has many local
tube realizations, compare e.g. with [12], [11].

A word to the computation of,,(7) above: We identifyg = su(p, ¢) and the

Lie subalgebra of all matrices isi (n, C) of the form <Z Z}) with v =

—u* € PP, w = —w* € €77 andv € C?*P. The blocks are written
themselves as block matrices

u = Uil  U12 . u= V11 V12 . w= w11 W12 :
U21 U222 V21 V22 W21 W22
whose sizes are determined by the requirementv;;, wi; € C"™*™. Denote
bye,..., e, the standard basis 6f" and bya € G the linear subspace 6f"

spanned by all vectors; +¢,1 with 1 < k& < m. Thena is a point ofS = S},
and the isotropy subalgebgg of g ata is given by the equations

U11+(U11—1}>1k1)—w11:0, U1z +v12 =0 andw12+v§1:0.
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Clearly, the tangent spack, S is canonically isomorphic tg/ga. Now embed
the unitary Lie algebra (m) into g by identifying everyz € u(m) with the
matrix ing having vanishing little blocks except; = x andw;; = —x. Then
it is not difficult to see thatt(m) C g can be canonically identified with the
quotient spacd,S/H,S. Furthermore, every involution of (S, a) induces an
involution ong and, ifu(m) C g is r-invariant, thend, (7) = dimu(m)". For
the typed andll above we have € S™ andt onu(m) is given byx — 0z.
For the remaining typeHl , IV andm = 2m’ even we have to modify the
involutions 7 given above in order to obtain € S™. For typelll with p, ¢
even we writeC™ as direct product™ x CP~™ x C™ x C?~™ and define the
modified7 on each facto?* by y — 7.J;.. For typelV with p = ¢ definer
onC™ x CP™™ x C™ x CP"™ by (y,r, z,8) — (ZJuy, =5, Yy, 7). Thenin
both cases is given onu(m) by z + 6.J,, T J ' .

6. A coarser equivalence relation

In general, for a given tube submanifdld=V +iF of E =V + iV,
there is an infinite subset C T such that for every: # b in A the germs
(T,a), (T,b) are dfinely inequivalent - even if" is locally homogeneous and
hence all(T, a), (T, b) are CR-equivalent. As an example considefChthe
closed tube hypersurfade= IR? + i F with

F = {gg e]R2 :cosTy = €72, \931\ < 77/2}

(the boundary of the middle gray domain in Figure 1, Section 8). Consider the
function f(z) := Im(z2) on T. Then for everya,b € T the germs(T, a),

(T, b) are CR-isomorphic, (in fact is locally CR-isomorphic to the euclidian
sphereS® ¢ €?) but they are fiinely equivalent if and only iff (a) = f(b).
Thereforel” gives rise to a continuum of mutuallyfanely inequivalent tube re-
alizations of the CR-gerr(I’, 0). This phenomenon motivates the introduction
of a coarser equivalence relation that puts all geffs), a € T', into a single
equivalence class. The construction is motivated by the concept obf she

For fixedE = VC let T = 7 (V) be the set of all (real-analytic) gernis, a)

with 7' = V + i F an arbitrary tube submanifold @& anda € T'. Furthermore
definer : 7 — E by (T, a) — a. Then7 becomes in the standard way a Haus-
dorff topological space ovdr — the topology orY is the coarsest one such that
for every tube submanifold@ C E the subsefl'] := {(T,a) : a € T'} is open

in 7. The space&/ has in a unigue way the structure of a (disconnected) CR-
manifold by requiring thatr : [T] — T is a CR-isomorphism for every tube
submanifoldl” C E. Every real #fine transformatiory € Aff(V) C Aff(E)

(the respectiveféine transformation groups) gives rise to a CR-automorphism
of 7 by ¢g(T,a) := (¢T, ga), that we also denote hy. However, it should be
noticed that the corresponding action of the Lie gréuf V') on 7 is discon-
tinuous. Nevertheless, every connected componefit isfinvariant under the
(continuous) action of the translation subgrdag- Aff (V') and therefore may
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be considered as generalized tube manifold ovés. For every (connected)
tube submanifold” C E denote byl’ the connected component Bfcontain-
ing [T'] and call the paifT’, 7) the abstract globalizatioaf T' and also of every
tube germ(T', a), a € T'. Since the translation group C Aff(E) acts onl by
CR-transformations we may considEms tube manifoldverE via r.

6.1 Definition. The tube manifold germd&’, a), (1", a’) in E = V® are called
globally dfinely equivalenif T = g(f) for the corresponding abstract glob-
alizations and a suitablge Aff(V).

In caseﬂ(f) is a (locally closed) submanifold df, we callw(f) the
globalizationof (T, a) and denote it by". Clearly, thenr : T — T is a CR-
isomorphism. Furthermord, is a tube submanifold of? containingT” as an
open submanifold and also is maximal with respect to this property. As an ex-
ample, every closed tube submanifdld_ F is the globalization of each of its
germs(T,a),a € T.

In the following we assume for the CR-manifold ge(i/, a) that the
Lie algebrag := hol (M, a) has finite dimension. Then, in particuléi/, a) is
holomorphically nondegenerate and we denote as usualutifh) C Aut(g)
the inner automorphism group @f, that is, the subgroup generated by all
exp(ad &), £ € g. Finally, for everya € M let

Pa : hol(M) — hol(M,a)

be the restriction mapping. Then we have
Lemma 6.2. Suppose thap, : hol(M) — g = hol(M,a) is bijective.
Theng — p,g.p, ' defines a group homomorphishmt(M) — Aut(g) that
sendsH to Int(g), whereH C Aut(M) denotes the subgroup generated by
exp(aut(M)). For everyg € Aut(M) andb := g(a) alsop, : hol(M) —
hol(M,b) is bijective. Furthermore, for every abelian subalgebra hol (M)
such thap,(r ) C g gives a local tube realization, algg(g.t ) C hol (M, b)
gives a local tube realization and both aféreely equivalent.

Proof. From p,Ad(exp&) = psexp(ad&) = exp(ad p.(&))p, for all £ €
aut (M) we see thatf maps intolnt(g ). The other statements are obviols.

The following global statement will be one of the key ingredients in the
proof of the following Theorem 7.1. Both of these results allow to reduce the
classification problem for tube realizations(df/, ) in many cases to a purely
algebraic one.

Proposition 6.3. Let Z be a complex manifold and! C Z a generically
embedded minimal CR-submanifold. Assume that, for a given poiatM ,

g := hol(M,a) has finite dimension and every germgrextends to a vector
field inaut(M). Letv, v’ C g be abelian subalgebras giving rise to local tube
realizations of M, a) according to Propositiof.1 and assume that every germ
ine := v% C hol(Z,a) extends to a vector field int(Z). Then the local
tube realizations ofM,a) given byv,v’ are globally &inely equivalent if
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v = A(v’) for somel € Int(g).

Proof. For simpler notation we identify the Lie algebras( (1) andg via
the isomorphisnp, : hol(M) — g. Sinceaut(M) = hol (M), for ev-
ery A € Int(g) with v = A(v’) there exists a transformatian € G with
A = Ad(g) = g«, whereG is the groupH from Lemma 6.2. Fob := g(a)
the abelian subalgebras C g andp,(v) C hol (M, b) give dfinely equivalent
local tube realizations. Therefore we have to show that the abelian shibatg
b C g andp,(v) C hol(M,b) give globally dfinely equivalent tube real-
izations of the germ¢M, a) and (M,b). To begin with letE and V" be the
vector spaces underlyingandbv, compare with the proof of Proposition 4.4.
Then the locally biholomorphic map : £ — Z, £ — exp(§)(a), is the uni-
versal covering of an open subget C Z with Z\O analytic in Z. Denote
by T the connected component ¢f ! (M) that contains the origin of. By
Lemma 2.2 the intersectiall N O is connected, that is, there is a paing T’
with ¢ (¢) = b. Now T is a tube submanifold of and the tube gerr(i’, 0) is
affinely equivalent to the tube realization @¥/, a) given byv C hol (M, a).
Also the tube gerniT’, ¢) is afinely equivalent to the tube realization(@¥/, b)
given bypy(v) C hol(M,b). This proves the claim. O

Corollary 6.4. In caseM in Propositior6.3is closed irZ, the tube realization
of (M, a) given byv is afinely equivalent to the gerrtil’,0) with T C E

a suitableclosed tube submanifold containing the origin. In other words, the
germ(T, 0) has a closed globalizatidh in E.

Proof. With the notation of the proof for Proposition 6.3 the intersecfiomO
is closed in0. Hence alsd’ C F is closed. O

Since everyM = S , see (5.1), is closed if = G and the assumptions
of Proposition 6.3 are satisfied fad C Z, we have:Every tube submanifold
of C" locally CR-equivalent td)", extends to a closed tube submanifold of
C" with the same propertyBy Sectlon 55, has alocal tube realization only
in casem = 1, and for this special S|tuat|on the statement is already contained
in [14].
In case the manifold\/ is not closed inZ the globalization of a local tube
realization fordM may be no longer closed ifi. For a typical example compare
with the lines following (9.4).

7. The subgroup Glob(®,a) C Aut(hol(M, a))

In certain cases also the converse of Proposition 6.3 is true. Let usedieno
g = bol(M,a) by

Glob(M, a) C Aut(g) the subgroup generated by

Int(g) together with Ad (Aut(M,a)) = {g.:g € Aut(M,a)}.
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Clearly,Int(g) is a connected subgroup 6fob(M, a) and coincides with the
connected identity component afut(g) if g is semi-simple. For the complex
manifold Z and the CR-submanifold/ C Z we will need the following

Condition P: Every CR-isomorphism of germid/,a) — (M,b) with a,b €
M extends to an automorphisgme Aut(Z) with g(M) = M.

Condition Q: There exists an antiholomorphic automorphismof Z with
T(M)= M.

Notice that if Conditions P and Q are satisfiedAdrC Z simultaneously
then also every anti-CR-isomorphism of geréhs (M,a) — (M,b), a,b €
M, extends to an antiholomorphic automorphi@mf Z leaving M invariant.
Indeed, forc := 7(b) the CR-isomorphism o 6 : (M,a) — (M, c) extends
toag € Aut(Z) with g(M) = M. But thent~! o g is the antiholomorphic
extension of) to Z.

Theorem 7.1. Let Z be a compact complex manifold and C Z a homo-
geneous generically embedded closed CR-submanifold satisfying cortelition
Then, givern € M, any two local tube realizations of the ge(l, a) given

by the abelian Lie subalgebrasv’ C g are globally &inely equivalent if and
only if v = A(v’) for some)\ € Glob(M,a). Furthermore, the Lie algebra
g := hol(M, a) has finite dimension.

Proof. Aut(Z) is a complex Lie group in the compact-open topology with Lie
algebraaut (Z) = hol(Z) sinceZ is compact. Every € g defines a local flow

in a small open neighbourhood efc M and thus a one parameter subgroup
of Aut(Z) by condition P. Therefore every sug¢hextends to a vector field in
hol(Z) tangent taM . Identifyingg andhol (M) as before via the isomorphism
pa We haveg = hol(M) C hol(Z). In particular,g has finite dimension.
Let G C Aut(M) be the subgroup generated &yp(aut(M)). ThenG acts
transitively onM since by assumptio/ is homogeneous. Therefore every
g € Aut(M) is of the formg = g1 9> with g; € G andgs(a) = a. This implies

(%) Ad(Aut(M)) C Int(g) Ad(Aut(M,a)) = Glob(M,a).

if’ In case\ € Ad(Aut(M,a)) the abelian Lie algebras, v’ already give
affine equivalent local tube realizations(df/, a) by Proposition 4.1. It is there-
fore enough to discuss the case Int(g). But this follows immediately with
Proposition 6.3.

‘only if’ By Corollary 6.4 there are closed tube submanifdlgg”’ of E = V°
containing the origin such thé&t", 0) and(7”, 0) are the local tube realizations
of (M, a) determined by anduv’. Also there are locally biholomorphic map-
pingsvy, v’ : E — Z with ¢(0) = ¢’(0) = a and such that)(T") as well
asvy’(T") are open inM, compare with the proof of Proposition 6.3. Now as-
sume that7’,0) and(7”, 0) are globally #&inely equivalent. Then there exists a
complex @ine automorphism of E with 7" = h(T") (but not necessarily with
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h(0) = 0). By condition P there is a uniquec Aut(Z) with

(1) goy'=1oh

andg(M) = M. Putb := g(a) andc := h(0). Theny(c) = band\ :=

Ad(g) € Glob(M,a) by (x). Fory := {v 9y, : v € V} C hol(E) we have
ha(po(B)) = pe(B),  hu(pe(B)) = pp(0) and ¢ (po(T)) = pa(v’),

wherep,, is the restriction map, introduced just before 6.2. This impligs ) =

pp(A(v”)) by (1) and hence = A(v’) as desired. O

An example for Theorem 7.1.As an example for a pait/ C Z satisfying
all the assumptions in 7.1 we may take the complex projective spaeelP,.
together with the compact homogeneous hypersur&hceS}w from (5.1) as
M, where the integers, ¢, » > 1 satisfyp+q = r+1 > 3. Condition P for ex-
ample, is satisfied by Theorem 6 in [20]. Then= Aut(Z) = PSL(r+1,C)
andG := {g € L : g(S) = S} can be canonically identified witAut ().
The real Lie groug~ has(1+ 4, ,) connected components, the connected iden-
tity componentG® = PSU(p, q) is a real form ofL’. For the Lie algebras we
havel := hol(Z) = sl(r+1, C) with real formg := hol(S) = su(p, q). If we
fix a € S and identify the Lie algebras, hol (.S, a) via the restriction operator
po We haveGlob(S,a) = Ad(G) = G. In particular,Glob(S, a) = Int(g) if
p#q.

Now suppose that C [ is a complex abelian subalgebra such that the
subgroupexp(e) C L has an open orbiD in IP,.. By Lemma 2.1 ther has
dimensionr and is maximal abelian ih. The orbitO consists of all points
ce€ Z =P, withe.(¢e) = T.Z, and the complement := IP,\O is the union
A=H,UHyU---UH;of k <r+1complex projective hyperplands; in
IP... Clearly, the conjugacy class efin [ modulo the action of. depends on
the L-orbit of A in the space of all analytic subsetslit}..

Suppose in addition that = v® for v := ¢ Ng and fix a pointa €
ONS.PutkE := C", V :=iIR" and choose a complex linear isomorphism
E: E — e with Z(V) = v. Then the locally biholomorphic map : £ — O,

z +— exp(Ez)a, realizes = C" as universal cover of the domain. The
intersectionD N S'is a closed CR-submanifold 6f and dividesO\ S into the
two connected componentst := O N S*. In general the pre-image—'(5)

in £ decomposes into several connected components which offiéy ty a
translation inE. Let T be one of these. Then by Corollary 6[4is a closed
tube submanifold oF and a covering o N .S via ¢.

In the next section we will discuss the special case 1.

8. The standard sphere

In this section we consider for fixed> 2 the euclidian hypersphere

S:={2€C :(2[z) =) az=1}. (8.1)
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S is the boundary of the euclidian ba := {2z € C" : (z]z) < 1}, a
bounded symmetric domain of rank 1. We always consfdérs domain in
the complex projective spadB, by identifying the point§zy,...,z,.) € C"

and[l, zy,- - -, z:] € IP,.. In this sense& can also be written as

S = {[zo,-",zr] c 1P, : 2Zo :szfk},
E>0

which is the case = 1, ¢ = r, m = 1in (5.1). Everyg € Aut(S) extends to
a biholomorphic automorphism @, leaving the ballB = S+ as well as the
outer domairP,\ B = S~ invariant and thus gives isomorphisms of the groups

G = Aut(S) = Aut(S*) = {g € Aut(IP,) : ¢(S) = S} = PSU(1,7),

which we identify in the following. In particulay is homogeneous ar@ is a
real form of L := Aut(IP,) = PSL(r+1, C). Itis well known thatAut, (S) =
Aut(S, a) holds for everys € S and thatAut (.S, a) acts transitively on the ball
B.

In the following we describe some abelian Lie subalgebras g :=
hol(S) that lead to local tube realizations 8f Every vector field il := g© =
hol(IP,.) is polynomial of degreec 2 in the coordinate = (z1,..., z,.) of C"
and

g={(a+2u—(z|a)2)9y, :a e C,ucu(r)}.

With F := C" andV := iIR" we start with an arbitrary but fixed € V" and
consider the abelian subalgebragof

v :=R(a— (z|a)z) 9y, ® {2udy, :u € u(r) diagonal withau = 0}.

Thene := v® C [ has an open orbi® C IP, and, fixing a complex linear
isomorphism= : C" — ¢ as at the end of the preceding section, we get the
universal covering map : C" — O.

In casea = 0 we haveO = (C*)" andp(z) = (e*,...,e* ) can be chosen.
ThenT := ¢~ 1(S) = F +iIR" is the tube with base

F={rcR :e* +e*2 4. . 42 =1}.

With e2*1 — 1 = 2¢t sinh 2 it is obvious thatF is affinely equivalent inR"
to the hypersurface

I_ = {x € R" :sinhz; = Ze”’}
k>1
occurring in Theorem 2 of [7]. Notice th&#,\O = HyU H; U---U H, is

the union ofr—+1 projective hyperplanes in general position witfy, ..., H,
intersectingS transversally and{, not meetings.
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Incasea = (i,0,...,0) we haveO = {[z] € P, : (2} + 27)z223 -+ 2 # 0}
andy can be chosen as

©(z) = [cos z1,sin 2z, €2, ..., e*] forall z € C".

©~1(S) has a countable number of connected components whitdr diy a
translation inR". One of them is the tub& := F' 4 iIR" with base

F={zelR" :2(sinz1)* + Z€2zk =1, || <74} .
k>1

With 2(sinz1)? = 1 — cos 2z it is clear thatF is linearly equivalent ifR" to

I :={ze€R :coszy = Zem’“, 21| < 7/2}

k>1

from [7]. HereIP,.\ O again is the union of+1 projective hyperplanes in gen-
eral position, but all of them interseStand two even tangentially. Figure 1 de-
picts in case: = 2 the base ofl . as the boundary of the ‘central’ gray domain
in IR2. Also, the tube over the white region is the universal covesofn O,
and the tube over every gray region is the universal covéeaf B : zo # 0}
via o.

0.2

0.1
-2 - T 2m T

Figure 1

Notice that the abelian subalgebrasc g giving the two tube realiza-
tionsTIL represent just the two conjugation classe<aftan subalgebras
g = su(r, 1) (= maximal abelian subalgebras consisting of ad-semisimple ele-
ments).

To get further local tube realizations another descriptios @ conve-
nient: Consider the classical Cayley transfoyra Aut(IP,.) defined by

Y([2]) := [20 — 21, 20 + 21, V222, ..., V22,] . (8.2)
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Then the biholomorphic image(S) in IP,. is of the form

T

S = ’7(5) = {ZE(DTizl +z1 :szgk} U {[0,1,0,,0]}
k=2

With g = hol(S) andl = g€ as before lety’ := hol(S’) = ~.g. For fixed
1 < s < rletv’ be the linear span of the vector fields

ia/azl, 12y 8/6% andi(a/azj — 2 8/87:1) for l<r<sands<j<r

(written in the coordinate of C"). Thenv’ is an abelian subalgebra gf and
¢/ := v’ @®iv’ C [ has the open orbit

O :={2€C": 202325 #0}

in IP,.. As a consequenc®,\ O’ is the union ofs mutually diferent projective
hyperplanes. Ag’ : C" — O’ we can choose

1
Sol(z) = ((Zl - 522?76221' : '7eZS7Zs+17' : '727’))

and obtain the corresponding tube realization with base

S

F, = {xE]RT:xl :Ze%j—FZm?}.

=2 i>s

F is dtinely equivalent to the hypersurfatle_, ,_; in [7] and the tubeF; +
iIR" is the universal covering of

{z€S: (21 —1)zg--- 25 # 0}

via the mapp := v~ 1y’ .

So far we have obtained + 2 local tube realizations of which are
mutually globally d@finely inequivalent and closed {i". Among these, in case
r > 2 there is precisely onefftnely homogeneous one — the tube with base
Fy={rcR":2, =), , x7} Thisis the unique algebraic tube realization
and also the only case whege: C" — O is bijective and wher&® N S is
simply connected.

By [7] the examples above give, up tdfiae equivalence, all closed
smooth tube submanifolds {fi" that are locally CR-equivalent to the standard
sphereS = 51 ,..
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9. Further examples

Our methods work best for CR-manifolds that are homogeneous (or at
least locally homogeneous). One way to get large classes of CR-mardfolds
this type is as follows: Choose a connected complex Lie gioagting holo-
morphically and transitively on a complex manifold that is,Z = L/ P for a
closed complex Lie subgroup of L. Choose furthermore a real for@of L,
that is, a connected real Lie subgroup such thatg® for the corresponding
Lie algebras. Then for every € Z the G-orbit S := G(a) is an (immersed)
CR-submanifold that is generically embeddedZ4n(sincee,([) = T,2).
Clearly, the casesS open inZ and S totally real inZ are not interesting in
our situation since for these the local CR-structure is trivial and foryaver S
there exists exactly one tube realization 6fa) up to dfine equivalence.

A case well understood in the group level is whens a flag manifold
that is, L is semisimple andP is a parabolic subgroup. Then, in particular,
Z is a compact rational projective variety. The simplest flag manifold is the
complex projective spack,. of dimensionr > 1. In this case we may take
L = SL(r+1, C) which is the universal cover of the grovmt(IP,.). The only
real formsG of L having an orbit inP,. that is neither open nor totally real are,
up to conjugation, the subgroup¥(p, q) withp > ¢ > 1 andm :=p+q =
r + 1. For the sake of completeness note that the real fGrm SL(m,R)
has as unique non-open orbit the real projective sfiaddR) C Z. This orbit
is totally real and admits up tofine equivalence a unique closed local tube
realization inE = C", namelylR" c C". The real formSU(m) and, in case
m is even, also the real for8L(m /2, IH) act transitively oriP,..

SU(1,1) is conjugate taSL(2,IR) in L, so we assume > 1 in the
following. ThenG has again a unique non-open orbitdnthe compact hyper-

surfaceS = S;7q, see 5.1. Withy € Aut(IP,.) the Cayley transform defined in
(8.2)
= T = i =S 3 _J-1 Ji=p
Q :=~(S)NC —{zE(D .zl—i—zl—zzajzjzj}, £; .—{1 iSpo
]:
(9.1)

is the non-singular hyperquadric with Levi form of tyge— 1, ¢ — 1). Now fix
an integerd with 1 < d < r. The biholomorphic automorphism

d
1 2
(217"'az7’)'—> (z1+§z‘€jzj722>"'7zr>
=2

of C" maps( to the submanifold

I = 1 = z
Q/ — {ZGC :Z1+Z1:§Z€j(zj+zj)2+ Z e’ijij}.
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Notice thatQ)’ has Siegel form, see Section 10,
Q ={(v,w)eC'dC ™ (v+7) - Flw,w) € C},  (9.2)

whereF (w, w) = (3} _{ eq1jw;w;,0,...,0) € R” and

d
1
C .= {xE]Rd:xl 2525]%?}.
=2

In particular,Q’ is a tube manifold in casé = r.

The next class of flag manifolds, to which our methods can easily be
applied, is given by the irreducible compact hermitian symmetric spackst
L be the universal covering of the connected identity componentuf 7).
Then L is a simple complex Lie group acting transitively gnand every real
form of L has finitely many orbits ir¥ that are all generically embedded CR-
submanifolds. There exists a real foxdof L with an open orbitD that is
biholomorphically equivalent to a bounded symmetric domain. Suppos®that
is of tube type and choose(aorbit S C Z that is neither open nor totally real.
ThenS is Levi degenerate (in fact is 2-nondegenerate)mnidS) = hol (S, a)
is isomorphic to the Lie algebgaof G for everya € S, compare with [18]. As
a special example consider for fixgd> 2 andm := 2p the Grassmannia@@d
of all linear subspaces of dimensipnn C". ThenZ has complex dimension
n := p?, L = SL(m, C) and we can tak& = SU(p,p). Now let E := CP*?
be the space of all complex<p-matrices and” := {z € E : z* = z} theIR-
linear subspace of all hermitian matrices, whetds the transpose conjugate
of the matrixz. TheG-orbits inZ are in 1-1-correspondence to the cones

Cl:={reV:z hastype(j,k)}, jk>0andj+k<p, (9.3)

in such a way that for everg'-orbit S with correspondingﬁf’k the tube sub-
manifold

TV, =V +iC?, C E (9.4)

is CR-equivalent to an open dense subsef,afee [18]. Notice thafg’o is the
only closed tube submanifold & among théT”k in (9.4) and corresponds to
the unique closedr-orbit in Z (totally real and dieomorphic to the unitary
groupU(p)). On the other hand, all non-open tuti@%,C thatisj + k < p, are
their own globalization in the sense of Section 6. Every oﬁﬁg is an orbit
of the groupGL(n, C) acting linearly onV by z — gzg*, that is, every tube
17, is dfinely homogeneous. All tubeg;; with 0 < j + k < p satisfy the
condltlons P and Q of Section 7.
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10. CR-manifolds of Siegel type

In the following we generalize the notion of a tube CR-manifold. Let
V be a real and?” a complex vector space each of finite dimension. Let fur-
thermoreF : W x W — V% be aV-hermitian (vector valued) form, that is,
complex linear in the first, antilinear in the second variable B(d, w) € V
for everyw € W. Throughout we assume théat is nondegenerate, that is,
F(w,W) = 0 impliesw = 0 for everyw € W. For every real-analytic sub-
manifoldC C V and Im(z + iy) := y for all z,y € V then

Y= {(z,w) e V@ W :Imz — F(w,w) € C} (10.1)

is a real-analytic CR-submanifold & := V® @ W and is called &iegel CR-
submanifold The CR-geometry oE is closely related to thassociated tube
T:=¥YNV® =V +iCin VT, The submanifol is generically embedded
in £'andAut(X) contains the nilpotent subgroup

N :={(z,w) = (2 +v+2iF(w,c) +iF(c,c),w+c) :veEV,ce W}

acting by dfine transformations of'. ObviouslyYX = N (7') if we considerT’
in the canonical way as submanifold®f The Lie algebra

n = {(2iF(w,c) +v) 9y, +cyy v € V,c € W} C aut(X)

of IV is nilpotent of step< 2 and can be considered as a subalgebba >, a)
with e,(n®) = E for everya € X.

In a way, the nilpotent Lie subalgebrasC hol (M, a) play the same role
for Siegel realizations of a CR-manifold gefi/, a) as the abelian subalgebras
v C hol(M,a) do for tube realizations.

Next we are interested in conditions guaranteeing ghat hol (3, a)
has finite dimension, wherg is as in (10.1). We start by recalling (see e.g.
[18] for details) the
Iterated Levi kernels. Let M be a CR-manifold otonstant degeneracfor
instance ifM is locally homogeneous). Then there exists an infinite descending
chain of complex subbundles

HM =HM >HM >---> HW > ...

where for everya € M the fiberHa’fM, the k™" Levi kernel ata, is defined
recursively as follows: Choose a subSet. I'(M, HM) with €,(Z) = H, M,
wherel'(M, HM) is the space of all smooth sectiongHid/ over M . For every
n € T(M, H*M) the vectom, € HFM isin HET1M if and only if

[€,n]a +i[¢,in], € HFM  forall ¢ €=



26 GREGOR FELS AND WILHELM KAUP

(this condition does not depend on the choice=df In particular,M is k-
nondegenerate at every point if and only#fA/ = 0, andk is minimal with
respect to this property.

Lemma 10.2. Suppose that from (10.1) as well as the associated tube=
> NV have constant degeneracy. Then for evegyT C ¥ and everyk > 0
there exists a complex linear subsp&cé c W with HFS = HFT @ WE.
FurthermoreV? = W and F(Wk+Y W) c HFT. In particular, H*T = 0
impliesH* 1% = 0.

Proof. We extend every € I'(T, T%) to a smooth vector field € I'(, T%)
by requiring that for every € W and~ € N defined byy(z,w) = (z +
2iF(w,c) +iF(c,c),w + c) we havegv(z,o) = dvy,(&,) forall z € T. If we
write

£ =f(2)99, + 9(2) I

with suitable smooth functiong : 7 — V® andg : T — W, a simple
computation shows

€= (f(z —iF(w,w)) + 2iF (9(2),w)) Yz + 9(2) Yoy -

From the construction it is clear thate I'(T, H*Y) implies¢ € I'(S, HFY)

for all k € IN. Every¢ € I'(T, TX) has a unique decompositign= ¢! + ¢2

with &1 € I(T, TT) and¢2 € T(T,T x W). Let = be the space of aff €

['(3, HY) whereé € T'(T, HY) has constant second pag, that is, &2 =

c 95, for some constant vecterc W. Thene, (=) = H,X is obvious. For

k = 0 the claim is obvious. Therefore assume as induction hypothesis that the
claim already holds for some fixéd> 0.

Fix an arbitraryy € T'(T, H*Y). Thenn, = (a, 8) with a € H¥(T) c VC©

andg € W. A simple calculation shows that for every sectios h(z) 9/, +
cOgy € T(T, HT) with ¢ € = there exists a vectar € W such that

(*) & a+ilE ia = (€' +il6" in']e — 4iF (e, B) Vo ) + e oy -

Sinceh(z) andc can be chosen independently fomwe derive from(x) and
the induction hypothesis thét, 3) € H*+1Y impliesa € H*FT as well as
F(W,3) c H*T. Now consider conversely an arbitratyc H*+1T and fix
ann € T(T, H*1T) with n, = a. Then(x) holds with3 = e = 0 for every¢
with Ee E, that is,a € H**+1%. This completes the induction stép— k1.
O

As an application we state

Proposition 10.3. LetX. be an arbitrary Siegel submanifold a{1®.1)andT
the associated tube manifold. Then
() X is holomorphically nondegeneratélifhas the same property.
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(i) X is of finite type ifI" has the same property or, if the $&6V, W) spans
the vector spac&®.

Proof. (i) Assume thafl’ is holomorphically nondegenerate. To show that
is holomorphically nondegenerate we only have to showXhiatholomorphi-
cally nondegenerate at some point, see Theorem 11.5.1 in [3]. We may there
fore assume without loss of generality tfats of constant degeneracy and that
H*T = 0. But then, as a consequence of Lemma 10.2, there exists a domain
U C ¥ of constant degeneracy witt* 1/ = 0.
(ii) In a first step assume that is of finite type ina € T. Then the vec-
tor fields inT'(7", TT") together with all their iterated brackets span the tangent
spaceT,T. For all ¢, € T(T, TT) we have[¢,n] = [¢,7], where the ex-
tensionsf,ﬁ € I'(X, Tx) are defined as in the proof of 10.2. This shows that
alsol'(X, HY) together with its iterated brackets spans the tangent spage
From N (T') = ¥ we get this property at every point &f
Next assume thak' (W, W) spansV'C. For everyc € W and¢ := c9/y,, €
I'(T, HX) then

£,i€ € T(Z,HY) and [€,i€] = —4F(c,¢) 9y, .

Since, by assumption, the vectdrgc, c) spanV, X is of finite type at every
point of 7" and hence also at every pointof O

11. Siegel CR-manifolds and bounded symmetric domains

Irreducible bounded symmetric domains come in six types and for all
types the following considerations could be carried out in a uniform (buemo
involved) approach. For simplicity we restrict our attention only to the first
type and there only to those domains that are not of tube type: Fix integers
g > p > 1 and denote by := G, , the Grassmannian of agi-dimensional
linear subspaces ", n := p + q. ThenZ is a compact complex manifold of
complex dimensiomg, on which the complex Lie group := SL(n, C) acts
transitively by holomorphic transformations in a canonical way. Becalusgro
assumptiorp # ¢ the automorphism grouput(Z) is connected and hdsas
universal cover. The real for := SU(p, ¢) of L has(”$?) orbits inZ. These
can be indexed an”,j wherej, k > 0 are integers withy + & < p. Indeed,
choose a-invariant hermitian form¥ of type (p, ¢) onC™ and letM ;! C Z
be the set of all linear subspaces, on whichas type(j, k). For instance, the
open orbitMﬁ’g is a bounded symmetric domain biholomorphically equivalent
to the operator ball

B:={z € CP*7: (1 — 2zz*) positive defini} , (11.1)

where the matrix spacg”*? is embedded ir¥ as open dense subset by iden-
tifying everyc € CP*? with its graph{(z, zc) : x € C?} C C". In this way
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M{i’oq, the unique closed-orbit in Z, corresponds to the extremal boundary of

0.B:={2ze€C’*":1=22*},

and coincides also with the Shilov boundary®fNotice that this compact or-
bit already occurs aS?  in Section 5. Using a suitable Cayley transformation
7 € Aut(Z2) it can be shown that every(M}) in the coordinate neighbour-

hoodC?*“ C Z is the CR-submanifold of Siegel type
Sl i={(z,w) € CPP @ OV Limz —ww* € CY, . (11.2)

where Imz = (2 — 2%)/2; and the cong’”, is as in (9.3). Fol/ = {z ¢
CP*P ;2 = z*}andW := CP*0"P) themapF : W x W — VO, (v,w) —
vw*, satisfiesF'(w, w) = 0 only forw = 0 and its imageF' (W, W) contains
all rank-1-matrices irC?*?. In particular,F'(W, W) spansV’®. Therefore, by
Proposition 10.3, all Siegel manifolds (11.2) and hencé&alirbits in Z are of
finite type. Now fix aG-orbit M = M73! C Z thatis not open irZ, that is,

j + k < p. Denote by’ c CP*? the tube oveC?,. Then, ifj = k = 0 the
tubeT is totally real and hencé&/ = 9.B is LeV| nondegenerate In all other
cases, that i < j + k < p, the tubeT is 2-nondegenerate, compare with
Theorem 4.7 in [18]. This implies with Lemma 10.2 that every slitls Levi
degenerate but is holomorphically nondegenerate. In particular, éoy @on-
openG-orbit M in Z and everya € M the Lie algebrayol (M, a) has finite
dimension and contains the simple Lie algebra= su(p,q). On the other
hand, sinceZ has a bounded symmetric domain as orbit, for everg M
there is a local coordinatearounda € Z sucha is given byz = 0 and that
g® contains all translation vector field9)/5, as well as the Euler fieldd/y., .
With Proposition 3.1 in [18] it followshol (M) = hol(M,a) = su(p,q) for
everya € M and everyG-orbit M in Z which is neither open nor closed in

Proposition 11.3. EveryG-orbit M C Z satisfies Conditiod of Section?.
In caseM is neither open nor closed i also ConditiorP is satisfied.

Proof. The antilinear involution: — z of C?*? leaves the balB in (11.1)
invariant and extends to an antiholomorphic involutioaf Z = G, ,. There-
fore, 7 leaves invariant everg:-orbit in Z. Now assume that thé'-orbit M
is neither open nor closed . Theng := hol(M) = su(p, q) and for every
a € M the canonical restriction mapping : g — hol(M,a) is an isomor-
phism of Lie algebras. For every € M denote byg, := {¢ € g : {&, = 0}
the isotropy subalgebra at By Proposition 2.11in [16]g, = g, fora,b € Z
only holds ifa = b. The groupAut(M) = PSU(p, q) is connected and for
H = Aut(M) U Aut(M)7 the homomorphismAd : H — Aut(g) is an
isomorphism, compare with Proposition 4.5 in [16]. In particufant(g) has
two connected components. Now suppose that M, a) — (M, b) is either a
CR-isomorphism or an anti-CR-isomorphism of germs, whebec M are ar-
bitrary points. Them;, ' ¢.p, is in Aut(g). In casep;, '¢..p, is contained in the
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connected identity componehit(g) of Aut(g) there exists a transformation
g € G suchthap_ 1v.p, = id forc:= g(b) andy := g : (M, a) — (M,c).
This impliesa = ¢ and evem) = id since p_ '4.p, leaves invariant all
isotropy subalgebrag,, for all x € M neara. As a consequence; extends
to the global transformatiop=! € G in Casepb_lcp*pa € Int(g). But the
casep, '¢.p, ¢ Int(g) cannot occur since otherwige ! (7¢).p, € Int for

e := 7(b) by the above reasoning would imply thap is a CR-mapping, or
equivalently, thaty is anti-CR. O

By the above considerations we know that for every non-agesrbit
M = M]pk" in Z there is an integer < k < 3 such thatM is k-nondegenerate.
In case) + k = 0 we havek = 1, and we claim that = 2 in all other cases
(compare also with [8]): Indeed, insteadaf we consider the Siegel manifold
2 =SPIwith VO = ¢, W = CP*@P) and F(w, w) = ww*, see (11.2).
With p := j + k we write allz € V€ andw € W as block matrices

5= <Z11 Z12> and w = <w1> :
Z21 k22 w2
wherez;; € CP*°, w; € €**P) and so forth. Fix an elemenat € T =
¥ NV with a,s = 0 for (r,s) # (1,1). Then it is known that

HT ={2eV®:2,=01if k+r+s>3},

see [18] p. 480. This implies, = 0 for everyw € W} and thus¥?2 = 0, that
is, HY # 0andH2Y = 0.

The antiholomorphic involutiodl of Z given onE = C**Y C G, , by
0(») = —z leaves every Siegel manifold = %! in (11.2) invariant and has
fixed points there. For every such fixed paint X then T, %% = IRP*Y, that
is, ¥, (8) = 0 holds in this situation. Assuming in the following thatis not
open inE we can have a local tube realization (&, a) associated with the
involution 6 only if there is a maximal abelian subalgebrayof su (p, ¢) with
dimensionpgq. It can be shown that this is not possiblgif- 1.
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