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Theory and Practice

Shafarevich's theorem

Let G be a solvable group. Then there exists a number �eld K
such that Gal(K/Q) ' G.

Constructive problem

Let G be a solvable group and B ∈ N. Find all the number

�elds K such that Gal(K/Q) ' G and disc(K) ≤ B.

Finding a number �eld means �nding f ∈ Q[x] such that

K ' Q[x]/(f).
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Class �eld theory

Since G is solvable, we construct K as a tower of abelian

extensions.

Q K1 = Fix(G1) · · · Kn−1 K

G G1 = [G,G] · · · Gn−1 {e}

We use Class Field Theory to construct these extensions.

Objects to be computed

� Ray Class Groups

� Conductor and discriminant of abelian extensions

� Automorphisms

� Invariant subgroups of Ray Class Groups under the Galois

action
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Brauer Obstruction

Let K/Q be a Galois extensions with group G and assume that

we want to �nd an extension L/K of degree p (a prime number)

with Gal(L/Q) = G̃.

1→ µp −→ G̃ −→ G→ 1

The extension correspond to a cocycle c ∈ H2(G,µp).

Theorem

The problem has a solution if and only if c is zero in H2(G,K×).

There is an isomorphism H2(G,K×) ' Br(K|Q) and we check if

the corresponding crossed product algebra is split.
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Some numerical results

If G is a transitive permutation group of degree n and

0 ≤ r ≤ n, we set d0(n, r,G) to be the smallest value of |dK |,
where [K : Q] = n, K has r real embeddings, and if L is the

Galois closure of K over Q, then Gal(L/Q) ∼= G as a

permutation group on the embeddings of K in L.

Results

� d0(15, 1, D15) = 2397,

� d0(15, 3, D5 × C3) = 712 · 176,
� d0(15, 5, S3 × C5) = 210 · 1113,
� d0(36, 36, C9 o C4) = 112927,

� d0(36, 0, C9 o C4) = 388 · 2927.
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