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The picture on the titlepage shows a the tropical curve defined by the polynomial
f:t2-m2y2+w2y+my2+x2+%-my+y2+x+y+t2

with the following Newton subdivision:

The vertices of the tropical curve are:
(272)7 (171)7 (170)7 (071)7 (07_1)7 (_170)7 (_17_1)7 (_27_2)

It should be understood as the tropicalisation of a hyperplane section of the toric va-
riety P! x P! over the field C{{t}} of Puiseux series embedded into P® by Op1,p1(2,2)
specified by the above Newton polygon. The picture was produced by the SINGULAR
procedure drawtropicalcurve from the library tropical.lib which can be obtained
via the following url:

http:/www.mathematik.uni-kl.de/’keilen/en/tropical.html
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Introduction

The present “Habilitationsschrift” is composed of nine scientific papers writ-
ten throughout the years 2002-2007. It can be divided into three parts. The
first part is considered with the study of equisingular families of curves on
smooth projective surfaces. This is related to the second part which studies
special fat point schemes on projective surfaces in the spirit of the Harbourne-
Hirschowitz conjecture. Finally the third part is completely independent of
the two former. Methods from commutative algebra and computer algebra
are used to give a constructive proof of the Lifting Lemma in tropical geom-
etry. The papers in Part A ([Kei05b], [KeL05], [Kei06], [Mar05]) have all
been published in mathematical journals respectively been accepted for pub-
lication. The papers in Part B ((Mar06], [ChM07a], [ChMO07b]) and in Part
C ((Mar07], [JMMO7]) are more recent work. They have been submitted for
publication to mathematical journals and meanwhile they have been made
available to the public on the arXive.

In this introduction we will try to give some background on the questions
studied in the papers and to show how our results fit into this scheme. Doing
so we will also give a brief description of the main results obtained in the
papers, but we refer to the introduction of each paper for a more elaborate
description of them.

Part A

The existence of singular curves, their deformations, and the structure of
families of singular curves have attracted the constant attention of algebraic
geometers since the late nineteenth century. The foundations of the theory
were laid by mathematicians like Pliicker, Severi, Segre, and Zariski. The
answers to many of their questions needed, however, modern methods. Es-
sential progress in recent years has been achieved by the work of Ciliberto,
Sernesi, Chiantini, Harris, Harbourne, Hirschowitz, Greuel, Lossen, Shustin
and many others. Before going into more detail let us fix some notation.

Let X be a smooth projective surface embedded by a very ample line bundle
L, let d be a positive integer, and let S;,....,S, be singularity types — either
topological or analytical. We want to consider the families V@a (S1y.-.,8,) of
irreducible curves in the linear system |dL| having precisely r singular points
of the prescribed type. The type of question we are concerned with is:

(@ IsVi/(Si....S) #0?
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(b) Is V‘f;[‘ (81, -..,S,) smooth of the expected dimension?
(© IsVi(Si....S,) irreducible?
(d) What is the degree of V/ji/|(S1, ..., S,) in [dL|?

That the dimension is the expected one means that the dimension of |dL| drops
for each imposed singularity type S; exactly by the number of conditions im-
posed by S; — e. g. a node imposes one condition, a cusp two. For a more
detailed introduction of the concepts we refer to Section I.1.1-1.4.

The simplest possible case of nodal plane curves was more or less completely
answered by Severi in the early 20th century. He showed that \/|il’z“|(rA1),
where L is a line in P2, is non-empty if and only if

0<r< <d_1)é(d_2)-

Moreover, he showed that Vgﬂ (rA;) is T-smooth (i.e. smooth and of the ex-
pected dimension) whenever it is non-empty, and he claimed that the variety
is always irreducible. Harris proved this claim, which had become known
as the Severi Conjecture by then, in 1985 (cf. [Har85]). Considering more
complicated singularities we may no longer expect such complete answers.
Hirano provides in [Hir92] a series of examples of irreducible cuspidal plane
curves of degree d = 2 - 3%, k € N, imposing more than @ conditions on
|dL| — that means in particular, we may hardly expect to be able to realise
all smaller quantities of cusps on an irreducible curve of degree d. Moreover,
we see that V[, (rA;) does not necessarily have the expected dimension — ex-
amples of this behaviour were already known to Segre (cf. [Seg29]). In 1974
Jonathan Wabhl (cf. [Wah74b]) showed that the family V/{iy, ; (3636 A1, 900- A,)
of plane curves of degree 104 is non-reduced and hence singular. However,
its reduction is smooth. The first example where also the reduction is sin-
gular, is due to Luengo. In [Lue87a] he shows that the plane curve C given
by 2 + z(z2® + y4)2 has a single singular point of simple type A;; and that
Vg_’z‘(A%) is non-smooth, but reduced at C. Thus also the smoothness will
fail in general. And finally, already Zariski (cf. [Zar35]) knew that the family

V@fﬁ (6 - Ay) of plane sextics consists of two connected components.

The best we may thus expect is to find numerical conditions, depending on
the divisor L, on d, and on certain invariants of the singularities, which imply
either of the properties in question. In order to see that the conditions are of
the right kind - we then call them asymptotically proper -, they should not be
too far from necessary conditions respectively they should be nearly fulfilled
for series of counterexamples. Let us make this last statement a bit more
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precise. We are looking for conditions of the kind

r

Z a(S;) < p(d),

=1

where o is some invariant of topological respectively analytical singularity
types and p € R[z] is some polynomial, neither depending on d nor on the
S;. We say that the condition is asymptotically proper, if there is a necessary
condition with the same invariants and a polynomial of the same degree. If
instead we find an infinite series of examples not having the desired property,
where, however, the above inequality is reversed for the same invariants and
some other polynomial of the same degree, we say that at least for the involved
subclass of singularity types, the condition is asymptotically proper.

While the study of nodal and cuspidal curves has a long tradition, the con-
sideration of families of more complicated singularities needed a suitable de-
scription of the tangent space of the family at a point, giving a concrete mean-
ing to “the number of conditions imposed by a singularity type”, that is to
the expected dimension of the family. Greuel and Karras in [GrK89] in the
analytical case, Greuel and Lossen in [GrL96] in the topological case identify
the tangent spaces basically with the global sections of the ideal sheaves of
certain zero-dimensional schemes associated to the singularity types. This ap-
proach — in combination with a Viro gluing type method in the existence case
— allows to reduce the existence, T-smoothness and irreducibility problem to
the vanishing of certain cohomology groups. Various efforts in this direction
culminate in asymptotically proper conditions for the existence (cf. [GLS98b])
and conditions for the T-smoothness and irreducibility, which are better than
any previously known ones (cf. [GLS00]) — all for plane curves. Due to known
examples the conditions for the T-smoothness are even asymptotically proper
for simple singularities and ordinary multiple points. All these are results for
curves in the projective plane.

Much less is known for surfaces other than the projective plane. In [KeT02]
we studied the existence of curves with prescribed singularities, and we gave
an asymptotically proper condition of the form

D S)<ad®+3-d+,
=1

where the coefficients «, 3, and v depend on the surface ¥ and the divisor L,
and where §(S;) is the delta invariant of S;. In the case of topological singular-
ity types one can replace § by the Milnor number i. The conditions work for
any surface X, and even though they are asymptotically proper, when applied
to the case of the projective plane the coefficients are worse than the previ-
ously known ones. The question of irreducibility for arbitrary surfaces was
first considered in [Kei03] and then improved in [Kei05a], and replacing §
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by the Tjurina number 7 respectively the equisingular Tjurina number 7¢* we
got a condition of the same type for the irreducibility. Due to the lack of suit-
able examples of reducible equisingular families of curves on general surfaces
we still do not know if these conditions are asymptotically proper for general
singularities, not even in the plane case.

In Part A of this “Habilitationsschrift” we study mainly the question of T-
smoothness of V@Z‘ (S1,...,S,), and we restrict our attention mostly to general
surfaces in P2, general products of curves and geometrically ruled surfaces.
In Paper I, [KeiO5b], we give numerical conditions for the T-smoothness of
such a family using a new invariant for singularities introduced in Paper II,
[KeL05], and in Paper III, [Kei06], and Paper IV, [Mar05], we study series
of equisingular families showing that on general surfaces in P? the conditions
are asymptotically proper e.g. for ordinary multiple points — as in the plane
case.

The varieties V4 (7A;) of (not necessarily irreducible) curves in |dL| with pre-
cisely r simple nodes (respectively the open subvarieties Vgﬂ (rA;) of reduced
and irreducible nodal curves) in a fixed linear system |dL| on a smooth pro-
jective surface X are also called Severi varieties. As mentioned above, when
¥ = P? Severi showed that these varieties are smooth of the expected dimen-
sion, whenever they are non-empty — that is, nodes always impose indepen-
dent conditions.

In [Tan82] Tannenbaum showed that also on K3-surfaces V4 (rA;) is always
smooth, that, however, the dimension is larger than the expected one and
thus V|4./(rA;) is not T-smooth in this situation. If we restrict our attention
to the subvariety V|7 (rA;) of irreducible curves with r nodes, then we gain T-
smoothness again whenever the variety is non-empty. That is, while on a K3-
surface the conditions which nodes impose on irreducible curves are always
independent, they impose dependent conditions on reducible curves.

On more complicated surfaces the situation becomes even worse. Chiantini
and Sernesi study in [ChS97] Severi varieties on surfaces in B. They show
that on a generic quintic ¥ in P? with hyperplane section L the variety

VIZZI (5d(il[2) . Al) has a non-smooth reduced component of the expected dimen-
sion, if d is even. They construct their examples by intersecting a general cone
over X in P! with a general complete intersection surface of type (2, g) in P}
and projecting the resulting curve to ¥ in P3. Moreover, Chiantini and Cilib-
erto give in [ChC99] examples showing that the Severi varieties V‘f;z‘ (rAy)
on a surface in P? also may have components of dimension larger than the

expected one.
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Hence, even for nodal curves one can only ask for numerical conditions ensur-
ing that V‘f;z‘ (rA;) is T-smooth, and Chiantini and Sernesi answer this ques-
tion by showing that on a surface of degree n > 5 the condition

T<d(d—2:+8)n ©0.1)

implies that V]| (rA,) is T-smooth for d > 2n — 8. Note that the above example
shows that this bound is even sharp. Actually Chiantini and Sernesi prove a

somewhat more general result for surfaces with ample canonical divisor Ky
and curves which are in |pKy|, for some p € Q. For their proof they suppose
that for some curve C' € V7, (rA4;) the cohomology group H LS, Tx+(cyy=(D))
does not vanish and derive from this the existence of a Bogomolov unstable
rank-two bundle F. This bundle in turn provides them with a curve A of
small degree realising a large part of the zero-dimensional scheme X*(C),
which leads to the desired contradiction.

This is basically the same approach used in [GLS97]. However, they allow
arbitrary singularities rather than only nodes, and get in the case of a surface
in P? of degree n

r

Z(T;(SZ—)+1)2 <d-(d—(n—4) max{75(S) +1 }i: 1,...,r})n
i=1
as main condition for T-smoothness of V|}/|(Si,...,S,) — see Section 1.1 for
the definition of 7}, —, which for nodal curves coincides with (0.1) — here 7*
is the (equisingular) Tjurina number and Ky is the canonical divisor on .
Moreover, for families of plane curves of degree d their result gives
> (7(S) + 1) < d* + 6d
i=1
as sufficient condition for T-smoothness, which is weaker than the sufficient
condition

> Ni(S) < (d+3)° (0.2)
=1

derived in [GLS00] and [GLS01] using the Castelnuovo function in order to
provide a curve of small degree which realises a large part of X*(C). The
advantage of the ~;-invariant (introduced and studied in Paper II) is that,
while always bounded from above by (7%+1)?, in many cases it is substantially
smaller — e. g. for an ordinary m-fold point M,,,, m > 3, we have *(M,,) = 2m?,
while

(m? 4 2m + 4)?
16 '

In Paper I we combine the methods of [GLS00] and the method of Bogomolov
instability to reproduce the result (0.2) in the plane case, and to derive a

(7 (My) +1)° >
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similar sufficient condition,
D u(S) <7 (d-L— Ky),
i=1

for T-smoothness on other surfaces — involving a generalisation 7} of the ;-
invariant which is always bounded from above by the latter one — see Theo-
rems [.2.1,1.2.5 and 1.2.6.

In Paper II we compute the new invariant not only in the case of ordinary
m-fold points but also for simple singularities, and we give an upper bound
in the case of semi-quasihomogeneous singularities — see Propositions I1.1.11,
I1.1.12 and I1.1.13.

In Paper III we produce series of equisingular families of curves with ordinary
multiple points and in Paper IV series of equisingular families with simple
singularities both on surfaces in P’ and both showing that for these fami-
lies the above conditions are asymptotically proper — see Theorem II1.1.1 and
Examples IV.1.1 and IV.1.2.

Part B

The papers in Part B are, in some sense, concerned with a weak version of the
problems considered in Part A. We still fix some linear system |dL| on a smooth
projective surface > embedded via L and we consider curves in this linear
system. Fixing, moreover, r points p1,...,p, and positive integers m;,...,m,
we want these curves to pass through point p; at least with multiplicity m;, i.e.
instead of prescribing the singularity type in precise terms we only prescribe
the multiplicity. This is a much weaker condition. However, at the same time
the family has the disadvantage that it is harder to describe the tangent space
to it in a satisfying way, as we will see in Paper V, [Mar06].

Let us look at the problem outlined above in a more naive way in the case
where Y. is the projective plane. Then the data which we prescribe are points
p1,...,p, and positive integers m;, ..., m, and d, and we are looking for homo-
geneous polynomials of degree d such that at the point p; in local coordinates
all partial derivatives up to order m; — 1 vanish. Since we have two local

. . 1 o, . .
W conditions. A naive count therefore

coordinates the point p; induces
predicts that we should expect a family V' = Vg /(m4,...,m,) of (projective)
dimension

expdim (V‘dL‘(ml, o ,mr)) = max {f — Zl —y -1,
and a straight forward example shows that the actual dimension of course
depends on the position of the points, e.g. if d = m; = my = m3 = 1 then
V is empty as expected if and only if the points p;, p» and p; do not lie on
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a line. This shows that the interpolation problem for several variables is
harder than it is for only one. However, the dimension of V| (m4,...,m,)
is semi-continuous in the p;, so that for a generic choice it actually is constant
and minimal. This is the justification for omitting the p, among the data
attributed to Vigz/(m4,...,m,). From now on we will assume that the p; are
chosen sufficiently general for the problem considered, and the main question
is:

Is dim (Vi (ma, ..., m,)) = expdim (Vg (ma, ..., m;))?

We call the linear system V|qz(my, ..., m,) special if its dimension and its ex-
pected dimension do not coincide.

Staying in the plane case and choosing two points, then sufficiently general
certainly just means that the points are distinct. If we now consider plane
conics passing through two distinct points with multiplicity at least 2, then
the expected dimension is

expdim (Vior/(2,2)) =5 -3 -3 = —1,

i.e. we would not expect any such curve to exist. However, there is a unique
line through the given two points and this line counted twice is a conic which
has multiplicity two at each of the two points.

CQ

Of course in some sense this example is degenerate, since the curve contains a
whole component with higher multiplicity while one in general would expect
only a finite number of points in which the multiplicity is not one. One can
rephrase this by considering the incidence variety

Lp={(C,(p1,p2)) € [2L| x B x B | mult,, (C) > 2}

together with the canonical projection

Log 5 |2L| = PP, (0.3)

Then the fibre of 3 over the double line is not finite, as expected, but one-
dimensional.

Segre, [Seg62], conjectured that this is indeed not an exceptional behaviour
but the general one if the dimension of Vi4 (m1,...,m,) is not the expected
one for plane curves. More precisely:
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Conjecture (Segre, 1961)
If the linear system Viqr (my, ..., m,) is special then it has a multiple fixed com-
ponent.

Since then a large number of people have worked on this problem, sev-
eral more precise respectively related conjectures have been formulated, and
many partial results have been achieved. The conjecture in its whole, how-
ever, still withstands a proof.

A usual way to resolve singular, i.e. multiple, points of a curve is to blow up
the surface in these points. That way the linear system V|qz(m,,...,m,) — for
fixed generic points p; — would be transformed into a complete linear system
|dL —my - Ey — ... —m, - E,| on the the blown up surface. Harbourne, [Har86],
and Hirschowitz, [Hir89], conjectured that:

Conjecture (Harbourne—Hirschowitz, 1986/89)

Viar|(ma, . .., m,) is special if and only if the linear system |dL—m;-Ey—...—m,-
E,| contains a smooth rational curve of self-intersection —1 with multiplicity
at least two.

Moreover, they make very precise predictions about the structure of
Viarj(ma,...,m,) and about its general elements if it is non-special. A sim-
ilar conjecture was made by Gimiliano, [Gim87]. It is evident that the
Harbourne—Hirschowitz Conjecture implies the Segre Conjecture, but it turns
out that they are actually equivalent — even including the extra statements on
the structure of V4 (m,, ..., m,) and its general elements. This was proven by
Ciliberto and Miranda, [CiMO01], but it can also be deduced from some results
by Nagata, [Nag59]. In [CiMO01] Ciliberto and Miranda do not only show the
equivalence of the above mentioned conjectures, but they yet specify them fur-
ther by classifying the special systems with reducible general curves and the
so called homogeneous systems, i.e. those for which all m; coincide. Finally,
they show that the Segre Conjecture implies a famous conjecture by Nagata,
[Nag59], on plane curves:

Conjecture (Nagata, 1959)
Ifr >10and C € Vig|(my,...,m,) then Y, m; <d-+/r.

Nagata, [Nag59], himself proved the conjecture for » being a square. In the
homogeneous case Evain, [Eva98], proved the conjecture when m is small
compared to r, and Xu, [Xu94], and Roe, [Roé01], were able to prove slightly
weaker inequalities. Szemberg, [Sze01], and Roe, [Roé03], finally relate Na-
gata’s Conjecture to Seshadri constants, that way generalising the conjecture
to other surfaces than the projective plane.

As already indicated, many special cases of the conjecture have been treated
and solved when 3 = P2. It is classically known that the statement holds if
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r <9, see e.g. [Nag59]. The case when all multiplicities are 2 was treated by
Arbarello and Cornalba, [ArC81], and the homogeneous case for multiplici-
ties up to 20 and the quasi-homogeneous case — i.e. where all but the largest
multiplicity coincide — was in several steps done by many authors, see e.g.
[Hir85], [CiM98] to mention only some. Similarly the case of small multiplic-
ities has been solved, see e.g. [Mig00], [Mig01], [Yan04], [Roé01], or when
r = 4% is of particular type, see [Eva99]. The conjectures have then been ex-
tended to and studied on other surfaces — e.g. K3 surfaces, rational scrolls —,
see e.g. [Laf02], [Laf06], [?], [?], [LaU03al], respectively in other varieties —
e.g. P!, toric varieties —, see e.g. [LaU03b], [?].

The problem of speciality can be reduced to an h'-vanishing, and the method
proposed by Alexander and Hirschowitz to tackle the problem was to spe-
cialise points in such a way that fixed curves split off and an induction is
possible, see e.g. [Hir85], [Eva99], [Mig01], [AIHO0]. Ran, [Ran89], pro-
posed a different approach. He degenerates the plane containing the linear
system rather than the curves. In the limit the projective plane splits and
so does the corresponding linear system, again allowing some kind of induc-
tive procedure, see e.g. [CiM98], [Yan04]. Arbarello and Cornalba used for
their result techniques from deformation theory, see [ArC81], [Mir00], and
Miranda proposed an approach using the so called interpolation matrix, see
[BoMO4].

The situation when all multiplicities are two has its own and rather particular
flavour, since it can be reinterpreted as the Waring Problem. This originates
in the question whether a given integer z € 7Z can be written as a sum of £ + 1
d-th integer powers, i.e. z = zJ + - -- + z{ with z; € Z. Replacing the integers
by linear forms we may ask whether a given homogeneous polynomial [ €
Clz,y, z]4 of degree d can be written as a sum of £ + 1 d-th powers of linear
forms, i.e. if there are linear forms fy, ..., fx € C[z,y, z|; such that

f=fi+. . +f (0.4)

Identifying Clz,y, z],/C* with P? and C[z,y, 2],/C* with BN, N = ¢ "the

“d-th power” map
va: B = B e f1

is just the d-tuple Veronese embedding of the projective plane. Moreover, f
satisfies an equation of the form (0.4) if and only if there is a k-secant plane
of X, = v4(B?) spanned by points v4(fo) = fg,...,va(fx) = f{ containing f —
here we use of course that in C we have d-th roots. The question, if every f
has a decomposition as in (0.4) is therefore equivalent to asking whether the
k-secant variety Sy (X,) of X, fills the whole P". For a k-secant we choose k -+ 1
points in X,;, which is two dimensional, and for a general choice they span a
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k-dimensional plane so that a straight forward dimension count says that we
should expect
expdim (Sx(X4)) = min {3k + 2, N}

as the dimension of S;(X,;). We thus would expect a solution to (0.4) as soon
as 3k + 2 > N. However, the actual dimension of S;(X;) might be less than
expected, and this can be checked by choosing a general point u € S(X;) and
computing the dimension of the tangent space T,,(S,(X,)). Terracini’s Lemma
now is the key to connect the Waring Problem to linear systems as above
being special. It states that if u € Sy(X,) is general and v € (py,...,px) for
some py, ..., pr € X4, then we have

T, (Sk(Xd)) = <Tp0 (Xd>7 s 7Tpk (Xd)> )

i.e. the tangent space to the k-secant variety at u is spanned by the tangent
spaces to X, at the p;,. But we thus we have that

dim (S,(Xa)) < expdim (Si(Xq)) (0.5)
—we then say X, is k-defective — if and only if for general points py, ..., pr € Xy
dim (T, (Xa), - -, T, (Xa)) < expdim (Sk(Xa)),
which is equivalent to
dim { H Hyperplane | 7,,,(X;) C HY i} > N —max{N + 1,3+ (k+1)}.
The latter again is equivalent to
dim {H | H N X, singular in p; V i} > max{—1, N — 3k — 3},

which means that
Viar|(2,...,2) is special,

where L is the class of a line in P? and we have £ + 1-times the multiplicity 2.
That is the Waring Problem (0.4) has a solution if and only if 6k +4 > d- (d+3)
and Vj4((2,...,2) is non-special. In particular, since V|5((2,2) is special, as we
have seen above, this shows that one needs at least the sum of three squares
of linear forms in order to write a general quadratic form. The classification
of special linear systems on P? which are homogeneous of multiplicity 2 by
Alexander and Hirschowitz shows that the case d = 4 and £ = 5 is the only
other defective case of a Veronese embedding. Similar interpretations have
the linear systems which are homogeneous of multiplicity 2 for other surfaces,
and this situation is quite well understood. More precisely, a general curve
in such a system will always have a double component through all the p;, see
[Ter22], [ArC81], and see also [Laf06].

Much less is known for other multiplicities on surfaces other than the projec-
tive plane, even if we prescribe only one multiple point of multiplicity three.
In P? such a linear system will of course be non-special, but on Fy = P! x P}
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this need not be the case any more. Consider the linear system |L| = |Op,(1, 2)|
on Fy. Its dimension is dim || = 5 and a single triple point gives 6 conditions,
so that one does not expect any curve in |L| to pass through a general point
with multiplicity 3. However, I, has the ruling |Op,(0,1)| which has a line,
say F,, passing through each point p of I, and this ruling has through each
point p € [, a section, say C,, in |Op,(1,0)|. But then C, + 2 - F, € |L| and it
passes through the indeed general point p with multiplicity two. This shows
Vir/(3) is special, and we call a tuple (X, L) of a surface and a very ample line
bundle triple-point defective if V];(3) is special. One can of course generalise
this immediately to the other Hirzebruch surfaces I, (see Example VI.1.1) in
the sense that V|;|(3) is special with L = Cy+(2+¢)-F, where F'is a fibre of the
ruling and Cj is the unique section with negative self-intersection C? = —e.

In Paper VI, [ChMO07a], and VII, [ChMO07b], we show that these examples are
actually the typical triple-point defective surfaces. We first study the situation
where the surface ¥ is regular and we show that (X, L) can only be triple-point
defective if ¥ is ruled and Vj;(3) = |L — 3p|, for p general, contains a fibre of
the ruling with multiplicity two — see Theorem VI.1.4. In particular, ¥ is a
Hirzebruch surface or, potentially, a blow-up thereof. For this result, however,
we have to impose some technical restriction on the very ample line bundles L
considered, namely that L — K, is very ample as well and that (L — Kx)? > 16.
These assumptions are imposed by the method that we use for the proof of
the statement. In the case that ¥ is a Hirzebruch surface I, the condition
(L — Kx)? > 16 actually comes for free if we only assume that L — Ky, is very
ample as well. In the second paper we then show that we can actually drop the
regularity assumption on ¥ and that under the given technical restrictions
on L the surface > will be minimal. More precisely, we show that if L and
L — Ky, are very ample and (L — Kx)? > 16 then (3, L) can only be triple-
point defective if ¥ is geometrically ruled and Vi;(3) = |L — 3p|, with p €
Y} general, contains the fibre through p of the ruling twice — see Theorem
VIL.1.2. Moreover, we classify the triple-point defective linear systems on
geometrically ruled surfaces completely subject to our technical restriction —
see Theorem VII.1.3. For the Hirzebruch surfaces it turns out that the above
mentioned examples are their only triple-point defective linear systems.

The main idea of the proof is a technique involving Bogomolov instability of
certain rank two bundles which with certain modifications was already used
in [ChS97] and in [Kei05b]. For this we consider the incidence variety

L3 ={(C,p) € |L| x T | mult,(C) >3}

together with the two canonical projections

[Py
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The linear system |L — 3p| in which we are interested for a general point p is
just
L —3p| = (e (p)-

Unless the general element in |L — 3p| has a triple component for a general
point p the map [ will be generically finite, and since the situation where this
is not the case is completely understood due to [Cas22], [FrI01] and [BoCO05],
we restrict our attention to the case when [ is generically finite. But then
the dimension of |L — 3p| can be read off from the dimension of £;, and it
suffices to check if £3; has the expected dimension. For this we can choose a
generic point (L,,p) € L3 and compute the dimension of the tangent space.
When we studied equisingular deformations in Part A the tangent space to
the family in question was described by the global sections of some twisted
ideal sheaf. Here the situation is not quite as good any more. It turns out,
however, that we still can compute the dimension of the tangent space of L5
at (L,,p) by considering global sections of what we call the equimultiplicity
ideal sheaf, say J,, twisted by L — see Section VI.3 and Proposition V.1.11.
This is proven in Paper V, [Mar06], working along the lines of the classical
proof for the equisingular case. As long as the singularity of L, at p is not
unitangential everything works fine and the tangent space will coincide with
the global sections as usual. If, however, the singularity is unitangential then
the tangent space only surjects onto the global sections and the kernel will
be one dimensional. But this is good enough to deduce the dimension of the
tangent space from A° (E, jZP(L)), and in particular if it is not the expected
one then H 1(2, jzp(L)) does not vanish. By Serre’s construction, this yields
the existence of a rank two bundle &, with first Chern class L — Ky, with a
global section whose zero-locus is a subscheme of length at most 4, supported
at p. Moreover the assumption (L — Ky)? > 16 implies that &, is Bogomolov
unstable, thus it has a destabilising divisor A. By exploiting the properties of
Aand B =L — Ksx — A, we obtain the results in Paper VI.

Part C

In the third part of this “Habilitationsschrift” we are concerned with com-
putational aspects of tropical geometry. The mathematical area of tropical
geometry is still very young and when it comes to defining what one actually
means by a tropical variety the ideas vary quite a bit. Not all the present defi-
nitions lead to the same class of geometrical objects, even though there always
is a large overlap. Paper IX is concerned with showing that at least two of the
definitions absolutely coincide — one more geometric, the other more combina-
torial and computational. We will come back to this after we introduced the
necessary notation.
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All available definitions of tropical varieties agree that they should, at least
locally, be piece wise linear subsets of some R" carrying maybe some addi-
tional structure. One way to get such an object is to start with an algebraic
variety over an algebraically closed field with a non-archimedian valuation to
the real numbers, e.g. with the field of Puiseux series

K =C{{t}} = CJ Quot (C[[t%“)

whose elements are formal Laurent series in ¢~ for all possible N > 0, i.e.

[o¢]

k

a = g ap - tN
k=m

for some m € Z, N > 0 and a; € C. K admits a non-archimedian valuation by
val(a) = m if a,, # 0. If we now consider an ideal in J < K[z, ..., z,] and the
algebraic variety which it defines in the torus (K*)", say X = V(J) N (K*)",
then negative of the component wise valuation defines a map

series of the form

—val: X > R": (p1,...,pa) — (—val(p1),...,—val(p,)).
The topological closure of the image of X is what we call the tropical variety

Trop(J) of J for the purposes of this work. E.g. if

1 1
J:<t-(:E‘z’+x§’+1)+?-(x%+x§+x+y+xfx2+x1x§)+t—2-x1x2> (0.6)

then Trop(J) looks like!

where the vertices are just
(270)7 (171)7 (17())7 (072>7 (071>7 (07_1)7 <_170)7 (_17_1)7 <_27_2)-

!The picture was produced by the SINGULAR procedure drawtropicalcurve from
the library tropical.lib which can be obtained via the url http:/www.mathematik.uni-
kl.de/keilen/en/tropical.html.
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Tropical geometry evolved rather fast over the past years and the main idea
is as follows: even though the valuation map is very crude and one looses
a lot of information, many properties of algebraic varieties carry over to the
tropical world. Since tropical varieties as piece wise linear objects are easier
to deal with than algebraic varieties, and since new methods e.g. from discrete
mathematics and combinatorics can be applied, results in the algebraic world
can be derived easier on the tropical side. To exploit the tropical world in this
sense, however, a sophisticated machinery for the translation of concepts has
to be developed.

Among the properties of algebraic varieties that are surprisingly well pre-
served under tropicalisation are for example the numbers N(d, g) of genus
g degree d plane nodal curves through 3d + g — 1 points in general position
(also referred to as Gromov-Witten invariants of P?). In his celebrated work
[Mik05], Mikhalkin develops a concept how properties as degree and genus
have to be translated to the tropical world and proves the Correspondence
Theorem stating that the numbers N(d, g) are equal to the numbers of tropi-
cal genus g degree d curves through 3d+ g—1 points, counted with multiplicity.
He also discovered a way to determine Welschinger invariants for real curves
(which can be thought of as analogues of Gromov-Witten invariants) by means
of tropical geometry. There is no algorithm within algebraic geometry to com-
pute those numbers. The Correspondence theorem was the start for many
new developments in enumerative geometry. For example, the Caporaso-
Harris Algorithm to determine relative Gromov-Witten invariants for P? was
reproven using tropical methods in [GaMO07a]. This tropical proof was used
in [IKS06] to find a new and much faster algorithm to compute Welschinger
invariants. These are only some of many achievements in this new area (see
e.g. [GaMO07b], [GaMO05], [KeMO06], [IKS03], [IKS04], [Shu04], [SpS04b],
[SpS04a], [Spe05], [BJST07], [PaS04], [DFS07], [StY07], [Abo06]). Since
the area is young and very active recently, it is particularly important that
the foundations are laid carefully to which Paper IX, [JMMO07], contributes.

Note that it is not a coincidence that the tropical variety corresponding to the
plane curve V(J) in (0.6) is a “curve”. It is indeed a theorem that if X is an
irreducible d-dimensional variety in the torus then Trop(/J) is a rational poly-
hedral complex of pure dimension d which is connected in codimension one
(cf. [BiG84], [Stu02, Thm 9.6]). The proof given by Sturmfels, however, uses
a different description of Trop(J) in terms of initial ideals and term orders.

Given a vector w € R" and a “monomial” t* - 2/ - . . 2" we can assign to it the
w-weight or w-degree

deg,, (ta-xfl---xgn) =—a+tw -Bi+...+wy By
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Doing so, we can define the w-initial form in,(f) of an element f in
K[zq,...,z,] to be the sum of those terms of f which have the maximal w-
degree. Note, that in this definition we treat ¢ as if it was a variable even
though it is an element of the base field K. E.g. if

4 o0
f:t—g-xl~x2+(t—5t2)~x?~x2—2tk-x‘f
k=0

and w = (1,1) then

in,(f) = t—3~x1 o R
Doing this for all elements of J the resulting initial forms generate the w-
initial ideal in,(.J) of J. However, since the generators are all weighted homo-
geneous with respect to the weight (—1,w) we may as well dehomogenise with
respect to ¢ and pass to the t-initial form t-in,(f) = in,(f);.=1 respectively the
t-initial form t-in,(J) = in, (J)=, without loosing any information. That way
we get rid of the additional variable ¢ again. It is now an easy observation that
if a point p = (py, ..., p,) with valuations val(p;) = —w; and p; = a; - t“* + h.o.t.

is in V(J) then the leading term p = (a, - t**,.. ., a, - t“*) is a zero of in,(f) for
each f € J — or alternatively, (a4,...,a,) € (C*)" is a zero of t-in, (f) for each
f € J. Since this zero (ay, . .., a,) is in the torus (C*)" necessarily t-in,(.J) does

not contain any monomial. And indeed it turns out that
Trop(J) = {w € R" | t-in,(J) is monomial-free}, (0.7)

which is known as the Lifting Lemma (see Theorem 1X.2.13 and 1X.3.1) and
is a description allowing a computational approach for its solution. In the
case that X is a hypersurface the proof basically goes back to Newton and was
formulated for more general valuation fields in [EKLO04]. A constructive proof
can be found in [Tab05]. The general case was proven in [SpS04b], but the
proof contained a gap which led to a series of papers repairing the prove using
different methods and applying to various types of non-archimedian valued
fields — in [Dra06] affinoid algebras are used, in [Kat06] flat deformations
over valuation rings are used, and recently in [Pay07] the general problem
is reduced to the hypersurface case using intersections with and projections
to tori and the last proof works for any algebraically closed non-archimedian
valued field. Paper IX gives a constructive proof of the statement over the
Puiseux series field reducing the general case to the zero dimensional case
and using a space curve version of the Newton-Puiseux Algorithm proposed
in [Mau80]. “Constructive” here means that given a point w in the right hand
side of (0.7) which has only rational entries, then we are able to construct a
point p in V(J) with —val(p) = w. The algorithms (see Algorithm IX.3.8 and
I1X.4.8) deduced from the proof are implemented using the computer algebra
system SINGULAR and the program gfan for computing tropical varieties in
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the SINGULAR library tropical.lib which can be obtained via the following
url:

http://www.mathematik.uni-kl.de/"keilen/en/tropical.html

Of course, the input data for Singular procedures have to be restricted to
polynomials in Q(¢)[x1,...,x,| instead of C{{t}}[z1,...,z,] and we can only
construct p up to a— actually any — finite number of terms, but this is sufficient
for most purposes. Where necessary field extensions of @ will be computed.

The algorithm basically consists of two steps. If dim(X) = d then in a first step
we choose d generic hyperplanes in K" whose tropicalisation passes through w
and cut X with these hyperplanes so that we reduce to the zero-dimensional
case. Then considering ¢ as a variable we have the germ at the origin of
a space curve and we can use a space curve version of the Newton-Puiseux
algorithm. We can, however, not work over the Puiseux series field for this
— not even theoretically, and much less computationally. We have instead to
pass to power series and polynomials.

An easy coordinate transformation allows to assume that w is the origin and
we may anyhow assume that the generators are actually contained in

Ry = C[[4]).

the ring of formal power series in ¢~. Replacing then K by Quot(Ry) the ideal
JNRy[x1,..., 2, defines a flat, surjective family of curves whose general fibre
are just the Quot(Ry)-points of V(J) and whose special fibre is the zero locus
of t-in,(J). Thus, if V(J N Ry[x1,...,z,]) is zero-dimensional so is V (t-in,(.J))
— in particular, it is non-empty. Now adding a generic w-quasi homogeneous
linear form a straight forward application of Krull’s Principle Ideal Theorem
shows that the dimension drops by one. It is slightly tricky though to ensure
that this happens simultaneously in J, J N Rylzy,...,z,| and t-in,(J). How-
ever, even though the ideas are rather straight forward the proof that the
dimension behaves well when passing from J to J N Ry|x1, ..., z,] and finally
to t-in, (/) needs quite a bit of consideration — see e.g. Section IX.6.

Moreover, in order to do computations we need to compute t-in, (/) from a
given generator set of J, and it is in general not enough just to take the ¢-
initial forms of the generators as one knows from general Grobner basis the-
ory. The computations are done by extending the weight vector (—1,w) on
the monomials in (¢, 21, ...,x,) to an actual monomial ordering, say >,. Note,
since the input in ¢ need not be polynomial the ordering will be local with
respect to t. The idea then is that the ¢-initial forms of a standard basis com-
puted from the given generators with respect to >, will generate t-in, (J) — see
Theorem VIII.6.10. In particular, if the input data is actually polynomial in ¢
as well, then the computations can be done using SINGULAR — see Corollary
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VIII.6.11. This was previously known for the case where there are no z; (see
[GrP96]).

In order to show that this works out it is necessary to first develop the theory
of standard bases for mixed power series and polynomial rings, i.e. rings of
the form
K{[t]][z].

with t = (t1,...,t,,) and z = (x1,...,x,). This is done the Paper VIII. We
follow along the lines of [GrP02] and [DeS07] generalising the results where
necessary. Basically, the main results for this standard bases theory are the
proofs of the Division Theorems VIII.2.1 and VIII.3.3, and they can be seen as
easy generalisations of Grauert-Hironaka’s respectively Mora’s Division The-
orem (the latter in the form stated and proven first by Greuel and Pfister,
see [GGM194], [GrP96]; see also [Mor82], [Gra94]). From there we can de-
velop the theory of standard bases using Buchberger’s Criterion (see Theorem
VIII.4.5) and Schreyer’s Theorem (see Theorem VIII.5.3) basically translat-
ing the standard proofs word by word with only very few modifications. We
treat only formal power series, while Grauert (see [Gra72]) and Hironaka
(see [Hir64]) considered convergent power series with respect to certain val-
uations which includes the formal case. It should be rather straight forward
how to adjust Theorem VIII.2.1 accordingly. Many authors contributed to the
further development (see e.g. [Bec90] for a standard basis criterion in the
power series ring) and to generalisations of the theory, e.g. to algebraic power
series (see e.g. [Hir77], [AMR77], [ACHOS5]) or to differential operators (see
e.g. [GaHO05]). This list is by no means complete.
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PAPER 1

Smoothness of Equisingular Families of Curves

Abstract: Francesco Severi (cf. [Sev21]) showed that equisingular
families of plane nodal curves are T-smooth, i. e. smooth of the ex-
pected dimension, whenever they are non-empty. For families with
more complicated singularities this is no longer true. Given a di-
visor D on a smooth projective surface X it thus makes sense to
look for conditions which ensure that the family V|Zl§’|" (S1,...,8;) of
irreducible curves in the linear system |D|; with precisely r singu-
lar points of types Sy, ..., S, is T-smooth. Considering different sur-
faces including the projective plane, general surfaces in P}, products
of curves and geometrically ruled surfaces, we produce a sufficient
condition of the type

Y 1alS) <7y (D—Ks)?,
i=1

where 7, is some invariant of the singularity type and ~ is some con-
stant. This generalises the results in [GLS01] for the plane case,
combining their methods and the method of Bogomolov instability,
used in [ChS97] and [GLS97]. For many singularity types the .-
invariant leads to essentially better conditions than the invariants
used in [GLS97], and for most classes of geometrically ruled sur-
faces our results are the first known for T-smoothness at all.

This paper is published as [Kei05b] Thomas Keilen, Smoothness of
equisingular families of curves, Trans. Amer. Math. Soc. 357 (2005),
no. 6, 2467-2481.

1. Introduction

The varieties Vip|(rA;) (respectively the open subvarieties |gr(rA1)) of re-
duced (respectively reduced and irreducible) nodal curves in a fixed linear
system |D|, on a smooth projective surface ¥ are also called Severi varieties.
When X = P? Severi showed that these varieties are smooth of the expected
dimension, whenever they are non-empty — that is, nodes always impose inde-
pendent conditions. It seems natural to study this question on other surfaces,
but it is not surprising that the situation becomes harder.

Tannenbaum showed in [Tan82] that also on K3-surfaces V|p|(rA,) is always
smooth, that, however, the dimension is larger than the expected one and
21
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thus Vjp|(rA;) is not T-smooth in this situation. If we restrict our attention
to the subvariety mg((ml) of irreducible curves with r nodes, then we gain T-
smoothness again whenever the variety is non-empty. That is, while on a K3-
surface the conditions which nodes impose on irreducible curves are always
independent, they impose dependent conditions on reducible curves.

On more complicated surfaces the situation becomes even worse. Chiantini
and Sernesi study in [ChS97] Severi varieties on surfaces in B. They show
that on a generic quintic ¥ in P? with hyperplane section H the variety

Xﬂig}g‘ (5d(cfl*2) . Al) has a non-smooth reduced component of the expected dimen-
sion, if d is even. They construct their examples by intersecting a general cone
over X in P! with a general complete intersection surface of type (2, g) in P}
and projecting the resulting curve to ¥ in P?. Moreover, Chiantini and Cilib-
erto give in [ChC99] examples showing that the Severi varieties Xﬂﬁg}fl‘(rAl)
on a surface in P3 also may have components of dimension larger than the

expected one.

Hence, one can only ask for numerical conditions ensuring that V‘Z%(rAl) is
T-smooth, and Chiantini and Sernesi answer this question by showing that
on a surface of degree n > 5 the condition

T<d(d—2:+8)n (1.1)

implies that V[ (rA;) is T-smooth for d > 2n —8. Note that the above example
shows that this bound is even sharp. Actually Chiantini and Sernesi prove a

somewhat more general result for surfaces with ample canonical divisor Ky
and curves which are in |pKy|, for some p € Q. For their proof they suppose
that for some curve C' € Vi (rA;) the cohomology group H' (%, Tx«(c)/s(D))
does not vanish and derive from this the existence of a Bogomolov unstable
rank-two bundle F. This bundle in turn provides them with a curve A of
small degree realising a large part of the zero-dimensional scheme X*(C),
which leads to the desired contradiction.

This is basically the same approach used in [GLS97]. However, they allow
arbitrary singularities rather than only nodes, and get in the case of a surface
in P? of degree n

Z(T;(SZ—)+1)2 <d-(d—(n—4) max {75(S) +1 }i: 1,...,r})n

i=1
as main condition for T-smoothness of Vi (Si, .. ., S;), which for nodal curves
coincides with (1.1). Moreover, for families of plane curves of degree d their
result gives

> (7(S) +1) < d* + 6d

i=1
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as sufficient condition for T-smoothness, which is weaker than the sufficient
condition

Z Vi(S;) < (d + 3)? (1.2)

derived in [GLS00] and [GLSOI] using the Castelnuovo function in order to
provide a curve of small degree which realises a large part of X*(C). The
advantage of the 7{-invariant is that, while always bounded from above by
(% 4+ 1)%, in many cases it is substantially smaller — e. g. for an ordinary m-
fold point M,,, m > 3, we have ¢*(M,,) = 2m?, while

2 (m? + 2m + 4)?

- 16

In this paper we combine the methods of [GLS00] and the method of Bogo-
molov instability to reproduce the result (1.2) in the plane case, and to derive

(7 (M) +1)

a similar sufficient condition,

nya D KE) ’

for T-smoothness on other surfaces — involving a generalisation 7 of the ;-
invariant which is always bounded from above by the latter one.

Note that a series of irreducible plane curves of degree d with r singularities
of type Ay, k arbitrarily large, satisfying

rok? =" 7°(4)* = 9d° + terms of lower order
=1
constructed by Shustin (cf. [Shu97]) shows that asymptotically we cannot ex-
pect to do essentially better in general. For a survey on other known results
on ¥ = P? we refer to [GLS00] and [GLS01], and for results on Severi vari-
eties on other surfaces see [Tan80, GrK89, GLS98a, FIMO01, Fla01].

In this section we introduce the basic concepts and notations used throughout
the paper, and we state several important known facts. Section 2 contains the
main results and Section 3 their proofs.

1.1. General Assumptions and Notations

Throughout this article ¥ will denote a smooth projective surface over C.

We will denote by Div(X) the group of divisors on ¥ and by K& its canonical
divisor. If D is any divisor on ¥, Ox(D) shall be the corresponding invertible
sheaf and we will sometimes write H”(X, D) instead of H" (X, Ox(D)). A curve
C C ¥ will be an effective (non-zero) divisor, that is a one-dimensional locally
principal scheme, not necessarily reduced; however, an irreducible curve shall
be reduced by definition. |D|, denotes the system of curves linearly equivalent
to D. We will use the notation Pic(X) for the Picard group of ¥, that is Div(X)
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modulo linear equivalence (denoted by ~;), and NS(X) for the Néron—Severi
group, that is Div(32) modulo algebraic equivalence (denoted by ~,). Given a
reduced curve C C 3 we will write g(C) for its geometric genus.

Given any closed subscheme X of a scheme Y, we denote by Jx = Jx,y the
ideal sheaf of X in Oy. If X is zero-dimensional we denote by deg(X) =
> sey dime(Oy,./Tx)y,-) its degree. If X C X is a zero-dimensional scheme
on ¥ and D € Div(X), we denote by |7x/s(D)|, the linear system of curves C
in |D|, with X C C.

Given two curves C' and D in ¥ and a point z € ¥, and let f, g € Os . be local

equations at z of C' and D respectively, then we will denote by i(C, D;z) =
i(f,9) = dime(Ox./(f, g)) the intersection multiplicity of C' and D at z.

1.2. Singularity Types

The germ (C,z2) C (¥, z) of a reduced curve C' C ¥ at a point z € X is called
a plane curve singularity, and two plane curve singularities (C, z) and (C’, 2')
are said to be topologically (respectively analytically equivalent) if there is a
homeomorphism (respectively an analytical isomorphism) ¢ : (X, 2) — (X, 2)
such that ®(C) = C’. We call an equivalence class with respect to these equiv-
alence relations a topological (respectively analytical) singularity type.

When dealing with numerical conditions for T-smoothness some topological
(respectively analytical) invariants of the singularities play an important role.
We gather some results on them here for the convenience of the reader.

Let (C, z) be the germ at 2 of a reduced curve C C ¥ andlet f € R = Os . be a
representative of (C, z) in local coordinates x and y. For the analytical type of
the singularity the Tjurina ideal

af o
= (G

plays a very important role, as does the equisingularity ideal
I°(f) ={g € R| f +eg is equisingular over C[e]/(°)} D I*(f)

for the topological type. They give rise to the following invariants of the topo-
logical (respectively analytical) singularity type S of (C, z).

(a) Analytical Invariants:
(1) 7(8) = dime (R/I**(f)) is the Tjurina number, i. e. the dimension
of the base space of the semiuniversal deformation of (C, z).

(2) 7(S) = max { dim¢(R/I) | I°°(f) C I a complete intersection }.
() 72(S) = max {1 (f; 1) | I°°(f) C I a complete intersection}.
(b) Topological Invariants:
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(1) 7°(S) = dime (R/I([)) is the codimension of the y-constant stra-

tum in the semiuniversal deformation of (C, z).
(2) 75(S) = max { dim¢(R/I) | I*(C, z) C I a complete intersection }.

ct

(3) 72(S) = max {va(f; 1) | I°(C,z) C I a complete intersection }.

Here, for an ideal / containing 7/°“(f) and a rational number 0 < a < 1 we
define

Yol f; 1) = max{(l + a)? - dimg(R/1), \o(f;1,9) ’ geli(f,g) <2 dim@(R/I)},
where for g € 1
(a-i(f.g) = (1= a) - dime(R/D))"

i(f,g) —dimg(R/I)

Note that by Lemma 1.1 i(f, g) > dim¢(R/I) for all g € I and ~v,(f, g) is thus a
well-defined positive rational number.

Aol f51,9) =

Throughout this article we will frequently treat
topological and analytical singularities at the same
time. Whenever we do so, we will write 7*(S) for
7¢(S) respectively for 7(S), and analogously we
use the notation 7%(S) and 7*(S). Analogously we
will write X*(C) for the zero-dimensional schemes
X (C) respectively for X“(C') introduced in Sub-
section 1.3.

One easily sees the following relations:

(1+ @)% 75(S) < YAS) < (75(S) + )” < (7(S) + a) . (1.3)

In [KeLO05] the +!-invariant has been calculated for the simple singularities,

S 151(S) = 7 (S)
Dy, 4<k<4++2-(2+a) (20)?

Di, k>4+V2-(2+0) (k—2+a)?
B, k=6.7.8 (k+2a)?

and for the topological singularity type M,, of an ordinary m-fold point

V(M) =2+ (m— 1+ )2
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Moreover, upper and lower bounds for the ~j°-invariant and for the ~¢*-
invariant of a topological singularity type given by a convenient semi-
quasihomogeneous power series can be found there. They also show that

mtD® i m > 3 odd,

2 .
T (M) = m:Ler’ if m > 4 even,

1, ifm=2.
These results show in particular that the upper bound for 7*(S) in (1.3) may
be attained, while it may as well be far from the actual value.

The proof of the following lemma can be found in [Shu97] Lemma 4.1.

Lemma 1.1

Let (C, z) be a reduced plane curve singularity given by f € Os, and let I C
my ., C Os, be an ideal containing the Tjurina ideal 1°*(C, z). Then for any
g € I we have

dime(Os,./1) < dime (Os./(f. 9)) = i(f, 9)-

1.3. Singularity Schemes

For a reduced curve C' C ¥ we recall the definition of the zero-dimensional
schemes X*(C) and X**(C) from [GLS00]. They are defined by the ideal
sheaves Jxes o)z and Jxea(c)/s respectively, given by the stalks Jxescy/s. =
I°(f) and Jxea(cy/s,. = 1°°(f) respectively, where f € Oy . is a local equation
of C' at z. We call X°*(C') the equisingularity scheme of C and X“*(C) the
equianalytical singularity scheme of C.

1.4. Equisingular Families

Given a divisor D € Div(X) and topological or analytical singularity types
Si,...,S,, we denote by V = V|p|(S1,...,S,) the locally closed subspace of |D|;
of reduced curves in the linear system |D|; having precisely r singular points
of types Si,...,S,. By Vi = V"'DT’T"(Sl, ...,S,) we denote the open subset of V/
of irreducible curves. If a type S occurs k£ > 1 times, we rather write £S than
S, .%k.,S. We call these families of curves equisingular families of curves.

We say that V' is T-smooth at C' € V if the germ (V, () is smooth of the (ex-
pected) dimension dim |D|; — deg (X*(C)). By [Los98] Proposition 2.1 (see also
[GrK89], [GrL96], [GLS00]) T-smoothness of I at C follows from the vanish-
ing of H! (Z, Tx+(c) /E(C)), since the tangent space of VV at C' may be identified
with H (3, Tx+c)s(C))/H(Z, Ox).
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2. The Main Results

In this section we give sufficient conditions for the T-smoothness of equisingu-
lar families of curves on certain surfaces with Picard number one, including
the projective plane, general surfaces in P? and general K3-surfaces —, on gen-
eral products of curves, and on geometrically ruled surfaces. Since we do not
have any general relation between the v-invariants used in the conditions for
our smoothness results and the invariants used in [KeT02] for the existence
results, we are in general only able to say that the families produced here are
T-smooth if they are non-empty. However, if you consider singularity types
where the y-invariant is known explicitely (see [KeL05]), you can check the
conditions for non-emptyness in [KeT02], and you will find that they are in
general fulfilled as well.

2.1. Surfaces with Picard Number One

Theorem 2.1

Let ¥ be a surface such that NS(X) = L-Z with L ample, let D = d- L € Div(X),
let Sy, ...,S, be topological or analytical singularity types, and let Ky, = k - L.
Suppose that d > max{x + 1, —x} and

Zva (D—Ks)?=a-(d=r) L* witha= A (21
Then either V‘gf(&, ..., S,) is empty or it is T-smooth. O
Corollary 2.2

Let d > 3, H C P? be a line, and Sy, . .., S, be topological or analytical singu-
larity types. Suppose that

Z V(S < (d+ 3)2. (2.2)

Then either Vijj; (Si, . . ., S,) is empty or T-smooth. O

As soon as for one of the singularities we have 7} (S;) > 4 - 7(S;), e. g. simple
singularities or ordinary multiple points which are not simple double points,
then the strict inequality in (2.2) can be replaced by “<”, which then is the
same sufficient condition as in [GLS01] Theorem 1 (see also (1.2)).

In particular, V‘%' (M ..oy Myy,), m; > 3, is therefore T-smooth as soon as

ZQ-m?S(d—l—?))Z.

i=1
Moreover, this condition has the right assymptotics, as the examples in
[GLS01] show. For further results in the plane case see [Wah74a, GrK89,
Lue87a, Lue87b, Shu87, Vas90, Shu91l, Shu94, GrL96, Shu96, Shu97,
GLS98a, Los98, GLS00, GLS01].
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A smooth complete intersection surface with Picard number one satisfies the
assumptions of Theorem 2.1. Thus by the Noether—Lefschetz Theorem (cf.
[GrHS85]) the result applies in particular to general surfaces in P?. Moreover,
if in Theorem 2.1 we have x > 0, i. e. @ < 1, then the strict inequality in
Condition (2.1) may be replaced by “<”, since in (3.9) the second inequality is
strict, as is the second inequality in (3.10).

Corollary 2.3

Let 3> C P2 be a smooth hypersurface of degree n > 5, let H C ¥ be a hyperplane
section, and suppose that the Picard number of ¥ is one. Let d > n — 3 and let
S1,..., S, be topological or analytical singularity types. Suppose that

! n
L (S) < (d— 4)2.
;vng( )_n_3 (d—n+4)

Then either Kgr(&, ..., S,) is empty or it is T-smooth. O
In particular, V@}%(Mml, ooy My, ), m; > 3, is therefore T-smooth as soon as

! n—4\? n
. L < (d — 4)?
;2 (mZ n—3) <3 (d—n-+4)°,
which is better than the conditions derived from [GLS97]. The condition

n-(n—23) 9
<Y d—n+4
r< (n— 27 (d—n+4)%
which gives the T-smoothness of V|, ((rA;) is weaker than the condition pro-
vided in [ChS97], but for n = 5 it reads r < - (d — 1)? and comes still close to

the sharp bound 2 - (d — 1) provided there for odd d.

A general K3-surface has also Picard number one..

Corollary 2.4

Let ¥ be a smooth K3-surface with NS(X) = L -7, L ample, and set n = L. Let
d>1,andlet Si,...,S, be topological or analytical singularity types. Suppose
that

> (S < dn.
=1
Then either V|§ZZ"| (S1,...,S,) is empty or it is T-smooth. O

The best previously known condition for T-smoothness on K3-surfaces

T

ST (S + 1) < d*n

=1

is thus completely replaced.
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2.2. Products of Curves

If ¥ = ¢ x5 is the product of two smooth projective curves, then for a general
choice of ('} and C; the Néron—Severi group will be generated by two fibres of
the canonical projections, by abuse of notation also denoted by C and C,. If
both curves are elliptic, then “general” just means that the two curves are
non-isogenous. (Cf. [Kei01] Appendix G.)

Theorem 2.5
Let Cy and C5 be two smooth projective curves of genera g, and g, with g, > g,
such that for ¥ = C; x Cy the Néron—Severi group is NS(X) = C1Z & CyZ.

Let D € Div(X) such that D ~, aC + bCo with a > max {2 — 2¢2,29, — 1} and
b>max {2 —2g1,2¢ — 1}, let Si,. .., S, be topological or analytical singularity
types. Suppose that

> %(S) < v (D - Ky), (2.3)
i=1
where the constant v may be read off the following table with A = Z:;gfg
a1 g2 Y
1
0,1]0,1 1
: 1 1
Z 2 0, 1 min {E, m}
: 1 A 1
22|22 | min {4g1+492—4’ 4-(g2—1)° 4'(91—1)~A}
Then either V‘i[’;""(&, ..., S.) is empty or it is T-smooth. O

In particular, on a product of non-isogenous elliptic curves for nodal curves
we reproduce the previous sufficient condition

ab

2 )

for T-smoothness of Vﬁ& +bc2|('rA1) from [GLS97], while the previous general
condition

r<

(m? + 2m; + 5)2
32
for T-smoothness of Vi, 0, (Mo, - .., My, ), m; > 3, has been replaced by

< ab

24 - (m; — 1)* < ab,
i=1

which is better from m; = 7 on.

Note that the conefficient v in Theorem 2.5 depends on the ratio of a and b
unless both ¢; and ¢, are at most one. This means that in general an asymp-
totical behaviour can only be examined if the ratio remains unchanged.
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2.3. Geometrically Ruled Surfaces

Let 7 : ¥ = BR,(£) — C be a geometrically ruled surface with normalised
bundle £ (in the sense of [Har77] V.2.8.1). The Néron—Severi group of ¥ is
NS(X) = CyZ & FZ with intersection matrix () where ' =~ P! is a fibre of
m, Cy a section of 7 with Ox(Cy) = Op) (1), g = g(C) the genus of C, e = A€
and e = — deg(e) > —g. For the canonical divisor we have Ky, ~, —2Cy + (29 —
2—e)-F.

Theorem 2.6

Let 7w : ¥ — C be a geometrically ruled surface with g = g(C). Let D € Div(X)
such that D ~, aCo + bF with b > max {29 — 2+ %,2 — 29 + % ae} and a > 2,
and let Sy, ..., S, be topological or analytical singularity types. Suppose that

> W(S) < v (D - Ky), (2.4)
=1
where with A = # the constant v satisfies
2
iv I’fg € {07 1}7
fy —=
min{4—19, m} . ifg>2.
Then either Kgr(&, ..., S,) is empty or it is T-smooth. O

The results of [GLS97] only applied to eight Hirzebruch surfaces and a few
classes of fibrations over elliptic curves, while our results apply to all geomet-
rically ruled surfaces. Moreover, the results are in general better, e. g. for
the Hirzebruch surface P! x P! already the previous sufficient condition for
T-smoothness of families of curves with » cusps and b = 3a the condition

9r < 2a® + 8a
has been replaced by the slightly better condition
8r < 3a* + 8a + 4.

For ordinary multiple points the difference will become more significant. Even
for families of nodal curves the new conditions would always be slightly better,
but for those families T-smoothness is guaranteed anyway by [Tan80].

Note that, as for products of curves, the conefficient v in Theorem 2.6 depends
on the ratio of ¢ and b unless ¢ is at most one.

3. The Proofs

The following Lemma is the technical key to the above results. Us-
ing the method of Bogomolov unstable vector bundles, it gives us a
“small” curve which passes through a “large” part of X*(C), provided that
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A (3, Tx+c)s(D)) # 0. We will then show that its existence contradicts (2.1),
(2.3), or (2.4) respectively.

Lemma 3.1
Let ¥ a smooth projective surface, and let D € Div(X) and X C X be a zero-
dimensional scheme satisfying

(0) D — Ky is big and nef, and D + Ky is nef,

(1) 3C € |D|, irreducible : X C X*(C),

(2) h'(Z,Ix/s(D)) >0, and

(3) 4-deg(Xy) < (D— Kx)? for all local complete intersection schemes X, C X.

Then there exists a curve A C Y and a zero-dimensional local complete inter-
section scheme X, C X N A such that with the notation supp(Xo) = {z1,.. ., 2s},
X; = Xy, and' g; = min{deg(X;),i(C, A; z;) — deg(X;)} > 1 we have

(a) D.A Z deg(XO) + Ele €is

© (D—Ky—2-2A)*>0,and

(d (D-Kg—2-A).H>0 forall H < Div(X) ample.

Moreover, it follows

2

0<1-(D—Ky)*—deg(Xo) < (5-(D—Kyx)—A)". (3.1)

Proof: Choose X, C X minimal such that still ' (2, Jx,/s(D)) > 0. By As-
sumption (0) the divisor D — Ky is big and nef, and thus 2! (3, O (D)) = 0 by
the Kawamata—Viehweg Vanishing Theorem. Hence X, cannot be empty.

Due to the Grothendieck-Serre duality we have
0# H' (S, Tx,n(D)) = Ext! (T, (D — Kx), Os).
That is, there is an extension
0— Os = E— Jx,n(D— Ks) — 0. (3.2)

The minimality of X, implies that F is locally free and X, is a local complete
intersection scheme (cf. [Laz97] Proposition 3.9). Moreover, we have

Cl<E) =D — KE and CQ(E) = deg(XO) (33)

By Assumption (3) and (3.3) we have
c1(E)? —4-cy(E) = (D — Kx)* — 4 - deg(Xy) > 0,

1Since Xy C X*(C) C X°*(C), Lemma 1.1 applies to the local ideals of Xy, that is for the
points z € supp(Xy) we have i(C, A; z) > deg(Xy, z) + 1.
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and thus F is Bogomolov unstable (cf. [Laz97] Theorem 4.2). This, however,
implies that there exists a divisor A, € Div(X) and a zero-dimensional scheme
7 C ¥ such that

0— Ox(Ag) = E = Tz/m(D— Ky —Ag) =0 (3.4)
is exact, and such that
(20 — D+ Kx)* > c1(E)? —4 - co(E) >0 (3.5)
and
(2A0 — D+ Kyx).H >0 for all ample H € Div(Y). (3.6)

Tensoring (3.4) with Ox(—A() leads to the following exact sequence
0— Oy — B(=A) — Jzys (D — Ky — 2Ag) — 0, (3.7)

and we deduce h° (2, E(—A,)) # 0.
Now tensoring (3.2) with Ox(—A() leads to

0= Os(=A¢) — E(=Ag) = Txo/s (D — Kz — Ag) — 0. (3.8)
Let H be some ample divisor. By (3.6) and since D — K. is nef by (0):

—Ao.H < -1 (D - Ky).H<0.

Hence —A, cannot be effective, that is H° (Z,(’)E(—AO)) = 0. But the long
exact cohomology sequence of (3.8) then implies

0# H(S, E(—Ap)) — H (2, Txoss (D — K — Ag)) .
In particular we may choose a curve
A € |Txys(D — Kx — M),
Thus (c) and (d) follow from (3.5) and (3.6). It remains to show (a) and (b).

We note that C' € |D|, is irreducible and that A cannot contain C as an irre-

ducible component: otherwise applying (3.6) with some ample divisor H we

would get the following contradiction, since D + K, is nef by (0),
0<(A-C).H< -1 (D+Ky).H<O.

Since X, C C'N A the Theorem of Bézout implies (a):

s

DA=CA= ) i(CA2)>) (deg(X;)+e;) = deg(Xo) + Za

zeCNA i=1 i=1

Finally, by (3.3) and (3.4) we get (b):

Equation (3.1) is just a reformulation of (b). O

Using this result we can now prove the main theorems.
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Proof of Theorem 2.1: Let C' € \43;((31, ..., S;). It suffices to show that the
cohomology group h! (X, Jx-(c)/=(D)) vanishes.

Suppose this is not the case. Since for Xy, C X*(C') any local complete inter-
section scheme and z € supp(X,) we have

4

5 ValCr2) < — - 7,(C, 2) 3.9

l
«
Lemma 3.1 applies and there is curve A € |§ - L|; and a local complete in-
tersection scheme X, C X*(C) satisfying the assumptions (a)-(d) there and
Equation (3.1). That is, fixing the notation [ = v/ L2, supp(Xy) = {z1,...,2s},
X; = Xo, and ¢; = min{deg(X;),i(C, A; z;) — deg(X;)} > 1, we have

(@) d-6-1*>deg(Xo)+ > i i

(b) deg(Xo) > (d—r—10)-6-1%

and
—K) -+ \/ K)? 1?2 —4 - deg(Xp)
But then together with (a) and (b) we deduce
s 2
Y <o (6+k)-1°< L 2 deg(Xo) . (3.10)
, e’ 4/ (d— k)2 12— 4 - deg(X))

Applying the Cauchy inequality this leads to

s 2
Z deg(X;)? - deg(Xy)? S o (d—r)?-1? ' <1 L J1e 4-deg(Xo)) .
&

i=1 i B Zle € 4 (d—r)2-12
Setting
s deg(X;)? s deg(X;)?
go Tm T it
a (@2 7T o deg(Xo)

we thus have

g2 b1 im®)

and hence, 5 > ( ) But then, applying the Cauchy inequality once more,
we find

a-(d—/@)Q-F:%-deg(Xo)ga- (7+2+%) - deg(Xy)

<Z(d 8(X +2adeg( )+ a 51) nya

in contradiction to Equation (2.1). O
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Proof of Theorem 2.5: Let C' € VfD’T(Sl, ..., S;). It suffices to show that the
cohomology group k! (X, Jx-(c)/=(D)) vanishes.

Suppose this is not the case. Since for X, C X*(C') any local complete inter-
section scheme and z € supp(X) we have

deg(X:) < 5(C, 2),

and since 7 < 2, Lemma 3.1 applies and there is curve A ~, o - C; + 3 - Cy
and a local complete intersection scheme X, C X*(C) satisfying the assump-
tions (a)-(d) there and Equation (3.1). That is, fixing the notation supp(X,) =
{#1,..., 25}, Xi = X0, and ¢; = min{deg(X;),i(C, A; z;) — deg(X;)} > 1, we have

(@) afB+ba > deg(Xo) + >0, &,

(b) deg(Xo) > (a—2g2+2—a)-B+(b—291+2—f)a, and

(6) 0<a<22t2and (< g < 20t
The last inequalities follow from (d) in Lemma 3.1 replacing the ample divisor
H by the nef divisors (', respectively C.

From (b) and (c) we deduce

-2 2 b—2 2
deg(X,) > il Bk 'ﬁ+7gl+ -,
and thus
-2 2 b—2 2 D — Kx)?
deg(X0)224-a gz+ ) gl+ -a-ﬁ:%-a-ﬁ. (8.11)

Considering now (a) and (b) we get

0<Z&'SA.(A+K2)=2aﬁ+(291—2)-a+(292—2) ﬁ<%
i=1

where the last inequality holds only if a # 0 # 3. In particular, we see a # 0
if go < 1and  # 0if g; < 1. But this together with (3.11) gives

S 2

S e< deg(Xo) .
— v (D — Ky)?
If o = 0, then from (a) and (b) we deduce again

4- (g —1) deg(Xo)? < deg(X,)?
A (D—-Ks)? = v-(D— Kx)?

0<Z€z_ (292 —2)- 0 <

and s1m11ar1y, if =0,

deg(X0)2 < deg(X0)2
(D—Ks)> = v-(D—Kx)*

0<Z€Z— 291 —2)-a<4-(gg—1)-A-

Applying the Cauchy inequality, we finally get

deg(Xo)? deg(
7-(D—Kz)2§7§3( (Q SZ BLX <Z%
=1 i=1
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in contradiction to Assumption (2.3). O

Proof of Theorem 2.6: Let C' € V&ST(‘S}, ..., S;). It suffices to show that the
cohomology group h' (Z, Tx+(c) /E(D)) vanishes.

Suppose this is not the case. Since for X, C X*(C') any local complete inter-
section scheme and z € supp(X) we have

deg(X>.) < 5(C, 2),

and since v < i, Lemma 3.1 applies and there is curve A ~, o - Cy + 3 - F' and
a local complete intersection scheme X, C X*(C) satisfying the assumptions
(a)-(d) there and Equation (3.1).

Remember that the Néron—Severi group of X is generated by a section ()
of 7 and a fibre F' with intersection pairing given by (°;). Then Ky ~,
—2Cy + (29 — 2 —e) - F. Note that

a>0 and [ :=0F-5a>0.

Ifwesetd =b— %,k =a+2and Ky =b+2—29— % =0 +2—2g, we get

(D-Ks)?=—e-(a+2)°+2-(a+2) - (b+2+e—29) =2k -ky. (3.12)

Now fixing the notation supp(Xo) = {#,..., 2}, Xi = Xy, and finally ¢; =
min{deg(X;),i(C, A; z) — deg(X;)} > 1, the conditions on A and deg(X,) take
the form

(@) af +Va > deg(Xo) + Y0, &

(b) deg(Xo) > K1 - + ko v — 2, and

(c) 0<a<Hand0 < B < 22

The last inequalities follow from (d) in Lemma 3.1 replacing the ample divisor
H by the nef divisors F' respectively Cy + § - F.

From (b) and (c) we deduce

deg(Xo) 2 5 - 0+ 5 - o

and thus, taking (3.12) into account,

. 2
deg(X0)224-ﬂ~—2-a~ﬁ’:M~a-ﬁ/. (3.13)
2 2 2

Considering now (a) and (b) we get

0< > e SA(A+Ks) =208 + (29 -2 -a-20 < T
i=1
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where the last inequality holds if 3’ # 0. We see, in particular, that 5’ # 0 if
g < 1. But this together with (3.13) gives for 5’ # 0
S 2

Zei < M_

—~ T - (D-Ky)?
If 5/ = 0, then we deduce from (a) and (b)
deg(X0)2 < deg(X0)2
(D—Kx)? ~ v (D—Ks)*

O<Z€Z— 20—2)-a<4-(g—1)-A-

Applying the Cauchy inequality, we finally get

deg(Xy)? deg
(0 Kot < SERE < 3 AL < 5
=170 i=1

in contradiction to Assumption (2.4). O



PAPER II

A new Invariant for Plane Curve Singularities

Abstract: In [GLSO01] the authors gave a general sufficient nu-
merical condition for the T-smoothness (smoothness and expected
dimension) of equisingular families of plane curves. This condition
involves a new invariant v* for plane curve singularities, and it is
conjectured to be asymptotically proper. In [KeiO5b], similar suf-
ficient numerical conditions are obtained for the T-smoothness of
equisingular families on various classes surfaces. These conditions
involve a series of invariants 7}, 0 < o < 1, with 7 = ~*. In the
present paper we compute (respectively give bounds for) these in-
variants for semiquasihomogeneous singularities.

This paper is published as [KeL05] Thomas Keilen and Christoph
Lossen, A new invariant for plane curve singularities, Rend. Semin.
Mat. Torino 63 (2005), no. 1, 15-42.

When studying numerical conditions for the T-smoothness of equisingular
families of curves, new invariants of plane curve singularities V(f) C (C?0)
turn up. These invariants are defined as the maximum of a function depend-
ing on the codimension of complete intersection ideals containing the Tju-
rina ideal, respectively the equisingularity ideal, of f, and on the intersection
multiplicity of f with elements of the complete intersection ideals. In Sec-
tion 1 we will define these invariants, and we will calculate them for several
classes of singularities, the main results being Proposition 1.11, Proposition
1.12 and Proposition 1.13. It is the upper bound in Lemma 1.8 which ensures
that the conditions for T-smoothness with these new conditions (see [GLS00],
[GLS01], [Kei05b]) improve than the previously known ones (see [GLS97]).
In the remaining sections we introduce some notation and we gather some
necessary, though mainly well-known technical results used in the proofs of
Section 1.

We should like to point out that the definition of the invariant ] below is a
modification of the invariant “y*” defined in [GLS01], and it is always bound
from above by the latter. Moreover, the latter can be replaced by it in the
conditions of [GLS01] Proposition 2.2.
Notation
Throughout this paper R = C{z, y} will be the ring of convergent power series
in the variables r and y, and m = (x, y) < R will be its maximal ideal.

37
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1. The 7} -Invariants

For the definition of the ~-invariants the Tjurina ideal, respectively the eq-
uisingularity ideal in the sense of [Wah74b], play an essential role. For the
convenience of the reader we recall their definitions.

Definition 1.1
Let f € m be a reduced power series. The Tjurina ideal of f is defined as
of of
]ea _ —J 2
(f) <ax7ay7f>7
and the equisingularity ideal of f is defined as
I°(f) = {g € R| f + ey is equisingular over C[¢]/(¢*)} D I**(f).

Their codimensions

7(f) = dime R/I(f),
respectively

T(f) = dime R/I*(f),
are analytical, respectively topological, invariants of the singularity type de-
fined by f. Note that 7¢*( f) is the codimension of the i-constant stratum in the
equisingular deformation of the plane curve singularity defined by f. It can
be computed in terms of multiplicities of the strict transform of f at essential
infinitely near points in the resolution tree of (V'(f),0) (cf. [Shu91]).

Definition 1.2
Let f € m be a reduced power series, and let 0 < o < 1 be a rational number.
If I is a zero-dimensional ideal in R with 7°*(f) C I C m and g € I, we define

(- i(f,9) + (1= @) - dime(R/1))’
i(f,g) — dime(R/I) ’

Aa(fi1,9) =
and

Yo(f; 1) := max {(1 + a)? - dimc(R/1), \a(f;1,9) | g € Li(f,9) < 2-dime(R/I)},

where i(f, g) denotes the intersection multiplicity of f and g. Note that, by
Lemma 1.3, i(f,g) > dime(R/I) for all g € I. Thus 7,(f;I) is a well-defined
positive rational number.

We then set

Ve (f) == max {0, v (f; 1) | I 2 I°*(f) is a complete intersection ideal}
and
Y (f) == max {0, va(f; 1) | I 2 I°°(f) is a complete intersection ideal}

Note that if f € m \ m?, then I°°(f) = I*(f) = R and there is no zero-
dimensional complete intersection ideal containing any of those two, hence

Yo' (f) =& (f) = 0.
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Lemma 1.3
Let f € m? be reduced, and let I be an ideal such that 1¢*(f) C I C m.
Then, for any g € I, we have

dime(R/T) < dime (R/(f,9)) = i(f,9)-

Proof: Cf. [Shu97] Lemma 4.1; the idea is mainly to show that not both
derivatives of f can belong to (f, g). O

Up to embedded isomorphism the Tjurina ideal only depends on the analytical
type of the singularity. More precisely, if f € R any power series, u € R a unit
and ¢ : R — R an isomorphism, then /°*(u- fo¢) ={go¢ | g € I*(f)}. Thus
the following definition makes sense.

Definition 1.4
Let S be an analytical, respectively topological, singularity type, and let f € R
be a representative of S. We then define

Yo' (8) =75 (f),
respectively

v¥(S) == max{v:*(g) | g is a representative of S}.

Since i(f,g) > dimg(R/I) in the above situation, we deduce the following
lemma.

Lemma 1.5
Let f € m? be reduced, I°*(f) C I C m be a zero-dimensional ideal, and 0 <

a < B <1, then vo(f; T) < s(f; 1)

In particular, for any analytical, respectively topological, singularity type

Yo' (S) <5"(S)  respectively 75 (S) <75 (S).

For reasons of comparison let us also recall the definition of 7¢*, 7¢°, k and 6.

Definition 1.6
For f € R we define

T f) == max{0,dim¢(R/I) | I D I**(f) a complete intersection},

ci
and

75 (f) == max{0,dimc(R/I) | I D I°°(f) a complete intersection}.

ct

Again, for analytically equivalent singularities the values coincide, so that for
an analytical singularity type S, choosing some representative f € R, we may
define

T (8) == 7a(f).
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For a topological singularity type we set

es
Tei

(S) = max{75’(g) | g a representative of S}.
Note that obviously
75H(8S) < 7(S) and 75(S) < 7%(S),

where 7(S) is the Tjurina number of S and 7¢°(S) is as defined in Definition
1.1.

Definition 1.7
For f € Rand O = R/(f), we define the /-invariant
§5(f) = dime O/O
where © C O is the normalisation of O, and the s-invariant

B of . of
/i(f)—l(f,Oé 8x+ﬁ 837)’

where (a : 3) € P! is generic.

0 and ~ are topological (thus also analytical) invariants of the singularity de-

fined by f so that for the topological, respectively analytical, singularity type

S given by f we can set

0(8) =0(f) and k(S) = k(f).

Throughout this article we will sometimes treat topological
and analytical singularities at the same time. Whenever we
do so, we will write I*(f) for I°*(f) respectively for /°*(f), and
analogously we will use the notation +}, 7; and 7*.

The following lemma is again obvious from the definition of ~,(f; ), once we
take into account that x(f) = i(f, g) for a generic element g € 7°*(f) of f and
that for a fixed value of d = dim¢(R/I) the function i — w takes its
maximum on [d + 1, 2d] for the minimal possible value i = d + 1.

Lemma 1.8

Let f € m? be reduced, and let I be an ideal in R such that 1**(f) C I C m.

Then
(14 a)? - dime(R/T) < ya(f; 1) < (dimg(R/T) + @)’
Moreover, if k(f) < 2-dim¢(R/I), then
(- w(f) + (1 — ) - dime(R/T))”
k(f) — dimg(R/T)

In particular, for any analytical, respectively topological, singularity type S

(1+a)” - 75(8) < 7a(S) < (7(S) +a)”,

Yol f5 1) >
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and if K(S) < 2- 7(S), then

ci

R(S) = 75(S)

) s @) + A=) T(S)"

In order to make the conditions for T-smoothness in [Kei05b] as sharp as
possible, it is useful to know under which circumstances the term (1 + a)?* -
dime(R/I) involved in the definition of 7 ( f) is actually exceeded.

Lemma 1.9
If S is a topological or analytical singularity type such that (S) < 2 - 75(S),
then

(1+0a)* - 75(S) < 7a(S).
This is in particular the case, if S # A, and 75(S) = 7(S), i. e. if the Tju-
rina ideal, respectively the equisingularity ideal, of some representative is a
complete intersection.

Proof: Lemma 1.8 gives
(a-K(S) + (1 —a)-73(S))”
R(S) = 75(S)
If we consider the right-hand side as a function in x(S), it is strictly decreasing

on the interval [0,2 - 75(S)] and takes its minimum thus at 2 - 75(S). By the
assumption on x(S) we, therefore, get

Tal(S) 2

1a(S) > (L+a)* - 75(S).

Suppose now that 7%(S) = 7(S) and S # A;. By Lemma 1.10 we know 4(S) <
7¢(S) < 7(S). On the other hand we have x(S) < 2 - 4§(S) (see [GLS05]).
Therefore, x(S) < 2 - 75(S). O

Lemma 1.10
If § # Ay is any analytical or topological singularity type, then 6(S) < 7¢%(S).

Proof: If (C, z) is a representative of S and if 7*(C, z) is the essential subtree
of the complete embedded resolution tree of (C, z), then

5(S) = Z mult,(C) - (mult,(C) — 1)

2
PET*(C,2)
and
\ . \ 1
T(S) = Z mult, (C) (n;m %O+ # free points in 7*(C, 2) — 1,

peT*(C,z)

where mult,(C') denotes the multiplicity of the strict transform of C' at p (see
[GLS05]). Setting ¢, = 0 if p is satellite, ¢, = 1 if p # z is free, and ¢, = 2, then
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mult,(C) > ¢, and therefore

(S) = §(S) + Z (multp(C) - €p) > 4(8).

peT*(C,z)

Moreover, we have equality if and only if mult,(C) = 2, mult,(C) = 1 for all
p # z and there is no satellite point, but this implies that S = A;. O

For some classes of singularities we can calculate the }-invariant concretely,
and for some others we can at least give an upper bound, which in general is
much better than the one derived from Lemma 1.8. We restrict our attention
to singularities having a convenient semi-quasihomogeneous representative
f € R (see Definition 4.1). Throughout the following proofs we will frequently
make use of monomial orderings, see Section 2.

Proposition 1.11 ((Simple Singularities))
Let o be a rational number with 0 < o < 1. Then we obtain the following
values for v¢5(S) = 1£%(S), where S is a simple singularity type.

S 7H(S) =18(S)
Ak, k? Z 1 (k’ + Oz)2
Dy, 4<k<4++v2-(2+a) (kt20)?

Dy, k>4+V2-(2+40a) (k —2+a)?
By, k=678 (k+20)*

Proof: Let S, be one of the simple singularity types A, D, or E,, and let
f € R be a representative of S;. Note that the Tjurina ideal 7°*(f) and the
equisingularity ideal 7/°°( f) coincide, and hence so do the 7*-invariants, i. e.

Yo (Sk) = Ve (Sk)-

Moreover, in the considered cases the Tjurina ideal is indeed a complete inter-
section ideal with dim¢ (R/I°’(f)) = k, so that in particular the given values
are upper bounds for (1 + «)?- dim¢(R/I) for any complete intersection ideal 1
containing the Tjurina ideal. By Lemma 1.8 we know

(- K(Sk) + (1 = a) - k)
I{(Sk) —k

Note that k(Ax) = k+ 1, k(Dy) = k + 2 and k(Fy) = k + 2, which in particular
gives the result for S, = A,. Moreover, it shows that for S, = D, or S, = E}

< 7a(Sk) < (k+a)™.

we have
(k + 2a)?

fYa(Sk) Z 2
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If we fix a complete intersection ideal I with /°*(f) C I, then
A(fiLg) — (arilf9)+ (1) - dime(R/))
e i(f,g) — dimg(R/T) ’

with g € I such that i(f,g) < 2-dimg(R/I), considered as a function in i(f, g)
is maximal, when i(f, g) is minimal. If i(f, g) — dim¢(R/I) > 2, then

(k + 2a)?
—

Aa(fi1,9) <
It therefore remains to consider the case where

i(f,g) —dime(R/I) =1 (1.1)
for some / and some ¢ € /, and to maximise the possible dim¢(R/I).

We claim that for S, = D, with f = 2%y — y*~! as representative, dimg(R/I) <
k — 2, and thus I = (z,4*"%) and g = x are suitable with

MN(fi1,2) = (k—24+a)?,

which is greater than (’”2‘1 if and only if £ > 4 ++/2- (2 +a). Suppose there-
fore, dim¢(R/I) = k — 1. Then Pl ad e I9(f) = (vy, 2 — (k—1) - y*2) C I,
the leading ideal L., (I**(f)) = («*,ay,y*?) C L., (I), and since by Propo-
sition 2.3 dim¢(R/I) = dime (R/L<, (1)), either L., (I) = (2% zy,y"*%) or
L., (I) = (2%, zy,y*"%). In the first case there is a power series g € I such
that ¢ = y* % + ax + b2® (mod I), and hence I > yg = y* 2 (mod I), i. e
y*2 € I. But then 2? € I and 2* € L., (I), in contradiction to the assumption.
In the second case, similarly, there is a ¢ € I such that ¢ = 2? (mod I), and
hence 2% € I which in turn implies that y*=2 € I. Thus I = (22, 2y, 4" 2), and
dimg(I/mI) = 3 which by Remark 3.7 contradicts the fact that / is a complete
intersection.

If S, = F, then f = 2® — y* is a representative and 7°*(f) = (2%, y3). Suppose
in contradiction to Lemma 3.6, since H%/L (0?2 :22 and H%/st(f)(g) = 0.
Thus dime(R/1) < 4 and A (f; 1, 9) < (4 4 a)? < 228

IfSk = E;, then f = 2% — zy? is a representative and °(f) = (32 — y3, zy?) >

3 y5. If dimg(R/I) < 4, then \,(f;1,9) < (4+a)* < (7+§a)2, and we are done.
It thus remains to exclude the cases where dim¢(R/I) € {5,6}. For this we
note first that if there is a g € I such that L_,_(g) = y?, then

g=y*+ax +br* + cxy + dr’*y (mod I), (1.2)

and therefore 3?9 = y* (mod I), which implies y* € I and hence 2%y € I. Anal-
ogously, if there is a g € I such that L_, (g) = 2%y, then g = 2%y (mod I) and
again 2%y, y* € I. Suppose now that dimg(R/I) = 6, then L, (I) = (y?,23) or
L., (I) = (y* xy? 2%y, 2). In both cases we thus have 2%y, y* € I. However, in
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the first case then 2%y € L., (I), in contradiction to the assumption. While in
the second case we find I = (xy?, 7y, 32% — »?), and dim¢ (I /mI) = 3 contradicts
the fact that I is a complete intersection by Lemma 3.7. Suppose, therefore,
that dime(R/I) = 5. Then L., (I) = (y? 2%y,2?%), or L., (I) = (y*, ay? 2?), or
L., (I) = (y? zy, ). In the first case, we know already that y*, 2%y € I. Look-
ing once more on (1.2) we consider the cases « = 0 and a # 0. If a = 0, then
yg = vy* (mod I), and thus y* € I, which in turn implies 2? € I. Similarly, if
a # 0, then zg = az? (mod I) implies 2? € I. But then also 2? € L., (I), in
contradiction to the assumption. In the second case there is a g € I such that
g = z° + azr’y (mod I), and thus yg = 2°y € I. But then also 2> € I and 3® € I,
so that I = (3%, 2%, ). However, dimg(I/mI) = 3 contradicts again the fact
that I is a complete intersection. Finally in the third case there is a g € I with
g = wy+az’+br?y (mod I), and thus zg = 2%y (mod I) implies 2%y € I and then
ry+az® € I. Therefore, I = (xy+ax?, 322 —y?), and for for h € I and for generic
b,c € Cwehave i(f,h) > i(z, h)+i(2? -y b- (xy+az?)+c- (322 —y?)) > 3+5 =38,
in contradiction to (1.1).

Finally, if S, = Es with representative f = 2* — 3® and I°(f) = (2%, y%),
we get for dimg(R/I) < 5 that A\,(f;1,9) < b+ a)? < W It therefore
remains to exclude the cases dim¢(R/I) € {6,7}. If dime(R/I) = 7 then
L., (I) = (2* y* zy®). But then H%/L%U)(g) = 2 and H%/L<ds(1)(4) = 0 are
in contradiction to Lemma 3.6. And if dim¢(R/I) = 6, then L., (I) = (y?, z?)
or L., (I) = (y*, zy* 2?). In the first case there is some g € I such that
g = v® + ax + bxy + cxy® + dxy® (mod I), and thus g = zy® (mod I) and
ry® € I. But then yg = azy + bry* (mod ) and hence axy + bry? € I. Since
neither xy € L., (I) nor zy* € L, (I), we must have a = 0 = b. Therefore,
g =y>+ cry? (mod I) and I = (22, 3® + cxy?), which for h € I and a,b € C
generic gives i(f, g) > i(2® — y*,az® + b - (y* + cay?)) > 8, in contradiction to
(1.1). In the second case, there is g € I such that g = zy?+axy® (mod I), there-
fore yg = xy® (mod I) and xy® € I. But then xy*> € I and I = (y*, zy?, 2?). This,
however, is not a complete intersection, since dim¢(//m/) = 3, in contradiction
to the assumption.

This finishes the proof. O

Proposition 1.12 ((Ordinary Multiple Points))
Let o be a rational number with 0 < o < 1, and let M, denote the topological
singularity type of an ordinary k-fold point with k > 3. Then

(M) =2 (k =1+ )

In particular

Ve (M) > (1+ ) - 75 (My).
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Proof: Note that for any representative f of M, we have

Ofk %>+mk

es __ Tea k _
1) = 1) = (O,

where f; is the homogeneous part of degree k of f, so that we may assume f
to be homogeneous of degree k.

If I is a complete intersection ideal with m* C I°*(f) C I, then by Lemma 3.10
dime(R/I) < (k — mult(1) + 1) - mult(1).

We note moreover that for any g €
i(f,9) = mult(f) - mult(g) > k - mult (1),

and that for a fixed / we may attain an upper bound for \,(f; I, g) by replacing
i(f,g) by a lower bound for i(f, g).

Hence, if mult(/) > 2, we have

(k—(1—a)- (mult(l) — 1))* - mult(I)>

mult(7) - (mult(7) — 1) <2-(k—1+a)’ (1.3)

Aalfi1,g) <

while dimg(R/I) < k — 1 for mult(/) = 1 and the above inequality (1.3) is still
satisfied. To see dim¢(R/I) < k—1 for mult(/) = 1 note that the ideal I contains
an element g of order 1 with g; = ax + by as homogeneous part of degree 1
and the partial derivatives of f; applying a linear change of coordinates we
may assume ¢g; = z and f = Hle(:c — a;y) with pairwise different a;, and
we may consider the negative degree lexicographical monomial ordering >
giving preference to y; if some a; = 0, then L. (%) = y*~!, while otherwise
L>(g—£) = y*~1, so that in any case (z,y*!) C L.(I), and by Proposition 2.3
therefore dim¢(R/I) = dime (R/L~ (1)) < dime(R/{z, y* 7)) =k — 1.

Equation (1.3) together with Lemma 3.10 shows
V(M) <2+ (k— 14 )
On the other hand, considering the representative f = z* — y*, we have
1(f) = (" 9" ey [a+ b= k),

and I = (y*! 2?) is a complete intersection ideal containing /¢*( f). Moreover,
i(f,2?) =2k, dim¢(R/I) =2 - (k — 1), thus

a-i(f,a?) + (1 —a) - dime(R/T))* p
i) —dmern e

Yo (My) > (

The “in particular” part then follows right away from Corollary 3.11. O
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Since a convenient semi-quasihomogeneous power series of multiplicity 2 de-
fines an Aj-singularity and one with a homogeneous leading term defines an
ordinary multiple point, the following proposition together with the previous
two gives upper bounds for all singularities defined by a convenient semi-
quasihomogeneous representative.

Proposition 1.13 ((Semiquasihomogeneous Singularities))
Let S, , be a singularity type with a convenient semi-quasihomogeneous repre-
sentative f € R, ¢ > p > 3.

Then v¢5(S,,,) > <q_(1_§)}ﬂ) > q'(p*;“‘)Q and we obtain the following upper
bound for 7% (f): ’

P.q 7:2(f)

¢>39 |[<3-(¢g—2+a)

&S]
m
—~
[
[\
SN—

<3-(qg—1+a)?

cl2,4) | <2-(g—1+a)

iSEISY

€4,00) || <(¢g—1+a)

iSEUSY

Proof: To see the claimed lower bound for 7¢*(S, ) recall that (see [GLS05])
1(f) = (55, %L, 2" | ap + Bq > pg). (1.4)

In particular, I°°(f) € (y,2" »)), dime(R/I) = ¢ — |2] and i(f,y) = ¢, which
implies the claim.

Let now I be a complete intersection ideal with 7/*°(f) C I. Applying
Lemma 3.10 and d(7) < g, we first of all note that

(1+a)*-(¢+1)?
4

(14 a)? - dime(R/I) < <2-(¢g—1+a)
Moreover, if ]% > 3, then

(14 a)?- (¢*+4q+3)
6

(1+a)?-dimg(R/I) < <(qg—1+a)

since dimg(R/I) < dime (R/I°(f)) < &L by (1.4),

2
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It therefore suffices to show

;

3-(¢—2+a)? ifqg>39,
3.

—14a)? if?e(1,2
M(fTg) < (¢—1+a)? iffe(1,2), (15)

2'<q_1+05)27 lf% S [274)7

(¢—1+a)?, iflel[4,00),
where g € I with i(f, g) < 2-dimg(R/I). Recall that
(- i(f, ) + (1 — ) - dimg(R/T))”
i(f, 9) — dime(R/1)
Fixing I and considering A\, (f; [, g) as a function in i(f, g), where due to (1.12)

the latter takes values between dim¢(R/I) 4+ 1 and 2 - dimg(R/I), we note that
the function is monotonously decreasing. In order to calculate an upper bound

Aalfi1,g) =

for \,(f; I, g) we may therefore replace i(f, g) by some lower bound, which still
exceeds dimg(R/I) + 1. Having done this we may then replace dim¢(R/I) by
an upper bound in order to find an upper bound for \(f; I, g).
Note that for ¢ > 39 we have

54

E.(q_1+0z)2§3-(q—2+04)2. (1.6)

Fix I and g, and let L(, ;) (g) = z"'y” be the leading term of g w. r. t. the weighted
ordering <(, ) (see Definition 2.1). By Remark 4.2 we know

i(f,g9) > Ap + Bq. (1.7)

Working with this lower bound for i(f, g) we reduce the problem to find suit-
able upper bounds for dim¢(R/I). For this purpose we may assume that
L(p,q(9) is minimal, and thus, in particular, B < mult(I).

If A =0, in view of Remark 3.8 we therefore have

d(I)+1<q+1

= <
B =mult(I) < ) <5
and thus by Lemma 3.10 then
dimg(R/I) < B-(¢q—B+1). (1.8)

Moreover, for A = 0 Lemma 4.4 applies with / = g and we get

B-(B-1)

5 (1.9

dim@(R/I)SB-q—l—iL%’J <B-g—1- L%J

Since z°y® € I for ap + B3¢ > pq, we may assume Ap + Bqg < pq. But then, since
dimg(R/I) < dimg R/<g—§,g,xo‘y5 | ap + B¢ > pq), we may apply Lemma 4.5
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. o . .
with h = B—ch and C' = p — 1. This gives

A-1 B-1

dime(R/T) < Ap+ Bg— AB -y |2] = 3~ | %] —min {4, [1]},  (1.10)

i=1 i=1

and if B = 0 we get in addition
dimg(R/I) < A-(p—1). (1.11)

Finally note that by Lemma 1.3
i(f,g) > dimg(R/1). (1.12)

Let us now use the inequalities (1.6)-(1.12) to show (1.5). For this we have to
consider several cases for possible values of A and B.

Casel: A=0,B > 1.
If B = 1, then by (1.9) and (1.12) we have \,(f;[,g9) < (¢ — 1+ a)*
We may thus assume that B > 2. By (1.7) and (1.8)

B2 (¢g—(1-a)- (B-1)°

B-(B—1) <2-(qg—1+a)

)\Cl(f7]79> S

If, moreover, % > 3, then we may apply (1.9) to find

B> (q—(1-0a) (B-1)’

D=y

Ao(fi1,9) < <(g—1+)?

Taking (1.6) into account, this proves (1.5) in the case A =0 and B > 1.
Case2: A=1,B > 1.

From (1.10) we deduce

dime(R/I) < B-(q— 1)+ (p—1) — 4] - 251,

Since 212 < 2 we thus get

qg—14+a — ¢
(B+p*1+a)2
Aolfi1,9) < e (g—1+4 )
B+[f] 25+
152
Gran(a—1+a) <(g-1+a),  iff>3,
2 2
152
<Y A (g-1+a)?  <3-(g-1+ap, if1>2
\ 2-19(23%;;-(q—1+a)2 <P (g-1+a)p ifl>1

Once more we are done, since ¥ < 2.
Case3: A>2,B>1.
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Note that [r| > r — 1 for any rational number r, and set s = %, then by (1.10)

A-(A-1) s-B-(B-1)

dimg(R/I) < Ap+Bq—(A-1)-(B—1)— 25 2

—1-min {4, [s]}.

This amounts to

Aalf31,9) <
(Ap +Bg—(1—a) (A-1)-(B—1)+ 280 4 =B 41 4 min{4, M}))Q
(A1) (B 1)+ B0 | B g

(A-(p=1+a)+B-(g—1+a))’

T (A-1)-(B—1) 4+ A0 #BBD L g

<¢(A,B)-(g—1+a),

where )
(£ +B)

QO(AvB): (A s B-(B— :
(A=1)-(B—1)+ 24D | =8B 4 3

For the last inequality we just note again that ij:g < 2 = 7, while for the sec-

ond inequality a number of different cases has to be considered. We postpone

this for a moment.

In order to show (1.5) in the case A > 2 and B > 1 it now suffices to show

%, if s > 1,
p(A,B) < ¢ 2, ifs>2, (1.13)
1 if s > 4.

Y

Elementary calculus shows that for B > 1 fixed the function [2,00) - R: A —
(A, B) takes its maximum at
16 — 3B
A = max {2, l} :

241

If B < 3, then the maximum is attained at A = 1438 and

2+1
16 — 3B 8sB — 8B + 64
AB)<p(—=—2B) = .
o, )—‘p< 241 ) 45°B — 4s% — 4sB + 285 — 1

Again elementary calculus shows that the function B — ¢ (121‘13,B> is

monotonously decreasing on [1, 3] and, therefore,

13 85 + 56
AB) <p(—-1)=
p(4, )_w( %,) i1

o =: 1 (s).

Since also the function 1); is monotonously decreasing on [1,00) and ¢, (1) =
8 <5, (2) = 2 <2and ¢, (4) = £ < 1 Equation (1.13) follows in this case.
As soon as B > 4 the maximum for ¢(A, B) is attained for A = 2 and

2 (sB+2)?
s3B? — $3B + 252B + 452 + 25

¢(A,B) < p(2,B) =
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Once more elementary calculus shows that the function B — ¢(2,B) is
monotonously decreasing on [4, c0). Thus

4. (14 2s)?
AB)<p2,4)= ——" = .
Applying elementary calculus again, we find that the function - is

monotonously decreasing on [1,0), so that we are done since 1,(1) = 32 < 23,

P2(2) = 2 < 2and ¢p(4) = o < 1.
Let us now come back to proving the missing inequality above. We have to

show

A(A-1) s B-(B-1)
2

A+BZ(A-1)-(B-1)+ —

+1+min {4, [s]},

or equivalently
A-(A-1) Jrs~B-(B—1)
2s 2
If B > 2, then AB > 24 and 22U 1 2 4 min {4, [s]} > 2B, so we are done.
It remains to consider the case B = 1, and we have to show

A*— A—2sA+2s-min{A,[s]} >0.

+2+4min {4, [s]} + AB—2A4 -2B > 0.

If A < [s] or A = 2 this is obvious. We may thus suppose that A > [s] and
A > 3. Since %2 > A it remains to show

2A?
—— —25A+2s-[s] > 0.

3
For this
(
%—2814 ZO, lfAZ?’Su
9 A2 %—% >0, if2s< A< 3s,

— —2sA+42s-[s] > ,
3 242 _ g4 >0, ifE<A<2s

2
247 _ 254 5

)

Case4: A>1,B=0.
Applying (1.10) and (1.11) we get

4 (g—14a)?
Alptiaf o (@ ) for any A, and
Ma(fi1,9) < A-(g-2+a)

(
A2-(p—1+a)2 < . o 2 . >
Z?:ill\_%J-i-min{AJ%” - QPV’S(A) (q 1+ a) ’ if A - 3’

where
2
—’32 2A2

A) = =
Prs(A) A'(;l_l)—(A—l)—l—V sA2 — (252 +5s)-A+2-(v+1)-s?

with v =2 for s € (1,2] and v = 3 for s € (2, 0).
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In particular, due to the first two inequalities we may thus assume that

p

3, if ¢ > 39,
3s?, ifse(1,2),
252, if s €[2,4),

\ s?,  ifs€[4,00).

Note that o3 ;(A) < 1 for s > 4, since

95 75 _ s+ (1+2s) s
A>g2="" 4" > y/s2—3s+ 33,
T T T 2 (s—2) Ts—2 VO TTA

This gives (1.5) for s > 4.

If now s € (2,4), then g3, is monotonously decreasing on [2s% o), as is s
¢3,5(25%) on [2,4), and thus

45>

< =<2
283 —2s2 —s+4 — 5 —

()03,3(14) S ©3,s (252) =

Y

while for s = 2 the function ¢, » is monotonously decreasing on [8, c0) and thus
©2,2(A) < 2 < 2. This finishes the case s € [2,4).

Let’s now consider the case s € (1,2) and ¢ > 39 parallel. Applying elementary

calculus, we find that ¢, takes its maximum on [3,00) at A = {%- and is
: 12s . 12s
monotonously decreasing on [£2-,00). Moreover, the function s — ¢y, ($3%)

is monotonously decreasing on (1,2). If s > %, then

54
p2.5(A) < 2 (ihs) < o1 (&) = o

Due to (1.6) it thus remains to consider the case s € (1,1) and A > 3. If A > 8,
then

64 54
s A) < =< Tao
P2,5(A) < 2,1(8) 53 = 19
since the function s — ¢, 4(8) is monotonously decreasing on [1, 2).
So, we are finally stuck with the case A € {4,5,6,7} and 1 < % =s < % We
want to apply Lemma 3.10. For this we note first that by Lemma 4.6 in our

situation d(I) < p+ 1 and A = mult(I) < Z2. But then
dime(R/T) < A-(p— A+2)
and thus,

A2 (p—(1-a)-(A-2) .
A (A-2) = (A-2)

This finishes the proof. O

Aal(fil,9) <
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Remark 1.14

In the proof of the previous proposition we achieved for almost all cases
M(fi1,9) < 3% - (¢ — 1+ @)?, apart from the single case L., (9) = 2*. The
following example shows that indeed in this case we cannot, in general, ex-
pect any better coefficient than 3. More precisely, the example shows that the
bound

3-(¢—2+a)
is sharp for the family of singularities given by z? — y?~!, ¢ > 39. A closer

investigation should allow to lower the bound on ¢, but we cannot get this for
all ¢ > 4, as the example of Fs and Fs show.

Moreover, we give series of examples for which the bound (¢ — 1+ «)? is sharp,
respectively for which 2 - (¢ — 1 + a)? is a lower bound.

Example 1.15
Throughout these examples ¢ > p > 3 are integers.

(a) Let f=27—y7! then y**(f) >3- (¢ — 2 + «)?. In particular, for ¢ > 39,

V() =3 (¢-2+a)"

For this we note that I = (2®,y772) is a complete intersection ideal in R
with 1°(f) = (a7 y" 2 2°y% | a- (¢ = 1)+ B¢ > q- (¢ — 1)) C I, since
2:-(¢q—=1)+(q—=3)-¢=¢"—-qg—2<q-(¢—1) and thus 2%y & I*(f).
This also shows that the monomial 2%y’ with 0 <i<2and0<j <q¢—3
form a C-basis of R/I, so that dim¢(R/I) = 3¢ — 6. Since i(f,2*) = 3¢ — 3,
the claim follows.

(b) Let % <2and f = 27— y?, then

1) =2 (- 1+a)

By the assumption on p and g we have (¢—2)-p+q < pg and hence 272y ¢
I¢(f). Thus I¢°(f) = <xq*1,yp*1,xayﬁ ’ ap—+ Bq > pq> CI=(y*z7!), and
we are done since dime(R/I) = 2¢ — 2 and i(f,y?) = 2q.

(c) Let f € R be convenient, semi-quasihomogeneous of ord, . (f) = pg, and
suppose that in f no monomial 2%y, & < ¢ — 2, occurs (e. g. f = 29 — yP),
then 75°(f) > (¢ — 1 + )?. In particular, if ¢ > 4, then

() = a=1+a)”

By the assumption, 7¢(f) C I = (z771,y), since % = 2771 . u(z) (mod y)
for a unit u and g—g = 0 (mod (y,277')). Hence we are done since

dimg(R/I) =q—1and i(f,y) = q.

(d) Let f = y* — 32%y 4 32'2, then f does not satisfy the assumptions of (c),
but still 7 (f) = (11 +a)? = (¢ — 1 + ).
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For this note that 7 = (y — z*, ') contains I°*(f), dim¢(R/I) = 11 and
i(fy—at) =12
(e) Let f = 7y>+152"—212%y, then f is semi-quasihomogeneous with weights

(p,q) = (3,7) and convenient, but 75*(f) < 25 < 36 = (¢ — 1)%. This shows
that (¢ — 1)? is not a general lower bound for 7§*(S, ).
We note first that 7°(f) = (27, y? — 2°, 2% — 2'y) is not a complete inter-
section and dime (R/I1°(f)) = 11. Let now I be a complete intersection
ideal with /°*(f) C I and let & € I such that L., (h) = 2'y” is minimal,
in particular, ord 7)(h) = 3A + 7B is minimal. Then dim¢(R/7) < 10 and
i(f,g) >3A+7Bforall g € I.
If, therefore, 3A + 7B > 14, then

» dim@(ﬁ/l)2 < 2.

i(f.9) — dime(R/1)
We may thus assume that 34 + 7B < 13, in particular B < 2. If B = 0,
and hence A < 4, then by Lemma 4.5 dim¢(R/1) < 2A, so that

dimg(R/T)?
i(f,9) — dime(R/I)
Similarly, if B = 1 and A = 2, then by the same Lemma dim¢(R/1) < 9
and i(f,g) > 13, so that

< 4A < 16.

dime(R/D)?  _ 81
i(f,9) — dimg(R/1) ~

T
So it remains to consider the case B = 1 and A € {0,1}. That is h =
zAy+h with ordgs 7y (k') > 943A. Consider the ideal J = (z*y? | 3a+75 >
21) C I. Then z*~#-h = z'y (mod J), and thus 2°—z*y = 2% (mod (h)+.J),
i. e (h2% —zly) +J = (h,2% + J. Moreover, 2% & (h) + J, so that
dime (R/(g, 2°—a*y)+J) < 64+ A. If we can show that (g, 2% —z*y)+J C I,

then . , ,
dimg(R/T) < (5+A) 25

i(f,9) —dimg(R/I) ~3A+7-5-A~ 2°
We are therefore done, once we know that 3> — 2° & (g, 2%) + J. Suppose
there was a g such that gh = > —2° (mod (2°) + J). Theny®> = L., (9)-
L<(3’7)(h), which in particular means A = 0 and L<(3’7) (h) = L<(3’7) (9) =y.

But then the coefficients of 1, v and 2% in h and g must be zero, so that
2% cannot occur with a non-zero coefficient in the product. This gives the
desired contradiction.

2. Local Monomial Orderings

Throughout the proofs of the auxilary statements in Section 4 we make use of
some results from computer algebra concerning properties of local monomial
orderings. In this section we recall the relevant definitions and results.



54 II. A NEW INVARIANT FOR PLANE CURVE SINGULARITIES

Definition 2.1
A monomial ordering is a total ordering < on the set of monomials
{2°y® | o, 8 > 0} such that for all «, 3,7, 6, 1, > 0

1)

My’ <axVy’ = x‘”“yﬁw < xw“y‘””.

A monomial ordering < is called local if 1 > x®y” for all (a, 3) # (0,0), and it

is a local degree ordering if

a+pf>7+6 = 2%y’ <2y’

Finally, if < is any local monomial ordering, then we define the leading mono-
mial L_(f) with respect to < of a non-zero power series f € R to be the maxi-
mal monomial z°y” such that the coefficient of z%y” in f does not vanish. For
f=0,weset L_(f):=0.

IfI<9Risanidealin R, then L_(I) = (L-(f) | f € I) is called its leading ideal.

We will give now some examples of local monomial orderings which are used
in the proofs.

Example 2.2
Let o, 3,7,0 > 0 be integers.

(a) The negative lexicographical ordering <, is defined by the relation

0

xy’ <2y’ <= a>vyor(a=~yandf >J).

(b) The negative degree reverse lexicographical ordering <, is defined by
the relation

1)

Y’ <gs Yy’ <= a+p>y+dor(a+fB=~v+dand > 9).

(c) If positive integers p and ¢ are given, then we define the local weighted
degree ordering <, with weights (p, ¢) by the relation
%y° <(p.q) 7y’ <= ap+ B¢ >yp+dqor
(ap + Bq = vp + 0g and [ < 9).

We note that <, is a local degree ordering, while <;, is not and <, , is if and
only if p = q.

Let us finally recall some useful properties of local orderings (see e. g. [GrP02]
Corollary 7.5.6 and Proposition 5.5.7).

Proposition 2.3
Let < be any local monomial ordering, and let I be a zero-dimensional ideal in
R.

(a) The monomials of R/L_(I) form a C-basis of R/I. In particular
dimg(R/T) = dimg (R/L(I)).
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(b) If < is a degree ordering, then the Hilbert Samuel functions of R/I and

of R/L_(I) coincide (see Definition 3.1, and see also Remark 3.3).

3. The Hilbert Samuel Function

A useful tool in the study of the degree of zero-dimensional schemes and their
subschemes is the Hilbert Samuel function of the structure sheaf, that is of
the corresponding Artinian ring.

Definition 3.1
Let I <1 R be a zero-dimensional ideal.

(a)

(b)

(c)

The function
dimg (R/(I +m®1)), d>0,
Hyp: 7 —7:d— e (R/( )
0, d <0,
is called the Hilbert Samuel function of R/I.
We define the slope of the Hilbert Samuel function of R/I to be the func-

tion
Thus
HY)(d) = dime (m?/((I nm?) +m?)),
is just the number d + 1 of linearly independent monomials of degree d
in m?, minus the number of linearly independent monomials of degree d
in (I Nm?) 4+ md*L,
Note that if m = m// denotes the maximal ideal of R/ and Gr(R/I) =
P 45 M/t the associated graded ring, then
Hp)y(d) = dime (m?/m*)
is just the dimension of the graded piece of degree d of Gr,(R/I).
Finally, we define the multiplicity of I to be
mult(7) := min { mult(f) | 0 # f € I},

and the degree bound of I as

d(I) :=min{d € N | m? C I'}.

Let us gather some straight forward properties of the slope of the Hilbert
Samuel function.

Lemma 3.2
Let J C I <1 R be zero-dimensional ideals.

(a)

Hp,(d) =d+1forall 0 < d < mult(I).
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(b) HY,(d) < HY,(d— 1) for all d > mult(D).

(c) H}%/I(d) < mult(]).

(d) Hy,(d)=0foralld>d(I)and Hy,, # 0 for all d < d(I). In particular

d(n-1
dime(R/I) = Z HY, (d)

(e) HY,(d) < HY,,(d) forall d € IN.

(®) d(I) and mult(I) are completely determined by H} e

Proof: For (a) we note that 7 C m? for all d < mult(/) and thus HY J(d) =
dime (m?/mé*!) = d + 1 for all 0 < d < mult(]).

By definition we see that i}, / 9 :(d) is just the number of linearly independent
monomials of degree d in m?, which is d + 1, minus the number of linearly
independent monomials, say m,...,m,, of degree d in (I Nm?) + m?™. We
note that then the set

{amq, ..., amy,ymy, . ym} Cme (INm?) +m®) C (Inm*) + m??

contains at least r + 1 linearly independent monomials of degree d + 1, once
r was non-zero. However, for d = mult(/) and ¢ = ¢4 + h.o.t € I with ho-
mogeneous part g; # 0 of degree d, we have g; € (I N m?) + m?*!, that is,
d = mult(7) is the smallest integer d for which there is a monomial of degree d
n (I nm?) + m?*. Thus for d > mult(/) — 1

Hpy(d+1) < (d+2) = (r+1)=d+1—r= Hp;(d),
which proves (b), while (c¢) is an immediate consequence of (a) and (b).
Ifd > d(I), then H}%/I(d) = dimg(R/I) is independent of d, and hence H%/I(d) =
0 for all d > d(I). In particular,

d(I)—1
> Hpyy(d) = Hpyy(d(I) = 1) = Hpyy(=1) = dimg(R/T).

=0

Moreover, m0~1 T # [ = [+m?"), so that H}, ,(d(I)—1) # 0, and by (b) then
R/I( ) # 0 for all d < d(I). This proves (d), and (e) and (f) are obvious. O

Remark 3.3
Let < be a local degree ordering on R, then the Hilbert Samuel functions of
R/I and of R/L_(I) coincide by Proposition 2.3, and hence we have as well

HI%/I :H%/L<(I), d(7) :d(L<([)), and mult(/) = mult (L<(I)),

since by the previous lemma the multiplicity and the degree bound only de-
pend on the slope of the Hilbert Samuel function.
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Remark 3.4

The slope of the Hilbert Samuel function of R/I gives rise to a histogram
as the graph of the function HY, /1~ By the Lemma 3.2 we know that up to
mult(/) — 1 the histogram is just a staircase with steps of height one, and from
mult(/) — 1 on it can only go down, which it eventually will do until it reaches
the value zero for d = d(I). This means that we get a histogram of form shown
in Figure 1.

Hyy,(d)

mult(/)

muft(f) d(E]) d

FIGURE 1. The histogram of 7}, ; for a general ideal I.

Note also, that by Lemma 3.2 (a) the area of the histogram is just dim¢(R/1)!

Example 3.5
In order to understand the slope of the Hilbert Samuel function better, let us
consider some examples.

(a) Let f =a2%—y*' k> 1,and let I = I°°(f) = (x,y*) the equisingularity
ideal of an Aj-singularity. Then d(I) = &k, mult(/) = 1 and dim¢(R/I) = k.

k

FIGURE 2. The histogram of HY T for an A,-singularity

(b) Let f=a2% —y* ', k>4, andlet [ = I*(f) = (xy, 2> — (k — 1) - y*72) the
equisingularity ideal of a D,-singularity. Then 23, zy,y*~! € I, and thus
mk=1 C [, which gives d(/) = k — 1, mult(/) = 2 and dime(R/I) = k, which
shows that the bound in Lemma 3.10 need not be obtained.

(c) Let f =2° —y*andlet I = I°(f) = (22, 1?) the equisingularity ideal of
an Fgs-singularity. Then d(/) = 4, mult(/) = 2 and dim¢(R/I) = 6.

Let f = 23 — xy3 and let I = I°(f) = (32% — y3, zy?) the equisingularity
ideal of an E;-singularity. Then 22, xy%,y° € I, and thus m® C I, which
gives d(/) = 5, mult(/) = 2 and dime(R/I) = 7.
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k-1

FIGURE 3. The histogram of HY I for a Dj-singularity

Let f = 2® — y° and let I = I*(f) = (22, y*) the equisingularity ideal of
an Eg-singularity. Then d(/) = 6, mult(/) = 2 and dim¢(R/I) = 8.

4 5 | 6

FIGURE 4. The histogram of HY )1 for Eg, E7 and E.

(d) Let I = (23 2%y,y%), then d(I) =4, mult(/) = 3 and dim¢(R/I) = 7.

4

FIGURE 5. The histogram of i}, for I = (2%, 2%y, y°).

The following result providing a lower bound for the minimal number of gen-
erators of a zero-dimensional ideal in R is due to A. Iarrobino.

Lemma 3.6
Let I << R be a zero-dimensional ideal. Then I cannot be generated by less than
1+ sup {H%/I(d —-1)— H%/I(d) | d> mult([)} elements.

In particular, if I is a complete intersection ideal then for d > mult([)

Hp(d—1) =1 < Hp(d) < Hp)r(d —1).
Proof: See [Iar77] Theorem 4.3 or [Bri77] Proposition I11.2.1. O

Moreover, by the Lemma of Nakayama and Proposition 2.3 we can compute
the minimal number of generators for a zero-dimensional ideal exactly.

Lemma 3.7
Let I <1 R be zero-dimensional ideal and let < denote any local ordering on R.
Then the minimal number of generators of I is

dimg(I/mI) = dimg (R/L-(I)) — dimg (R/L(mI)).
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Remark 3.8
If we apply Lemma 3.6 to a zero-dimensional complete intersection ideal / <R,

i. e. a zero-dimensional ideal generated by two elements, then we know that
the histogram of HY, /1 will be as shown in Figure 6; that is, up to the value

mult(/)

mulit([) d(il')

FIGURE 6. The histogram of 7, ; for a complete intersection.

d = mult(I) the histogram of HY, )1 is an ascending staircase with steps of
height and length one, then it remains constant for a while, and finally it is
a descending staircase again with steps of height one, but a possibly longer
length. In particular we see that

AL 5 d(1) is odd,

N [—

mult(/) < 3.1)

Q.

[~
N

—

: if d(/) is even.

Example 3.9
Let I = m* for £ > 1. Then d(I) = mult() = k and dime(R/1) = (*]1).

k

FIGURE 7. The histogram of HJ, e The shaded region is the
maximal possible value of dim¢(R/I) for a complete intersection
ideal I containing m*.

Lemma 3.10
Let I <1 R be a zero-dimensional complete intersection ideal, then

dime(R/T) < (d(I) — mult(]) + 1) - mult([).
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In particular
WHD® i d(1) odd,
dime(R/1) < ! F )

dD*2d) - if (1) even.

Proof: By Remark 3.4 we have to find an upper bound for the area A of the
histogram of H} Ne This area would be maximal, if in the descending part the
steps had all length one, i. e. if the histogram was as shown in Figure 8. Since

Hyy,(d)

mult(7)

muft(f) d(I) - imult(]) d(I) d

FIGURE 8. Maximal possible area.

the two shaded regions have the same area, we get
A< (d(I) — mult() + 1) - mult(]).
Consider now the function
V: [mult(]),d(gﬁ} — R:z— (d(I)—z+1) -1,

then this function is monotonously increasing, which finishes the proof in view
of Equation (3.1). O

Corollary 3.11
For an ordinary m-fold point M,, we have

mi)? - ifm > 3 odd,

(M) = { miem

, If m > 4even,

1, if m=2.

Proof: Let f be a representative of M,,. Then

of 0
I°(f) = <a—£ a—£> +m",

and as in the proof of Proposition 1.12 we may assume that f is a homoge-
neous of degree m.

In particular, if m = 2, then /*°(f) = m is a complete intersection and
75 (My) = 1. We may therefore assume that m > 3.
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For any complete intersection ideal I with m™ C I°°(f) C I we automatically
have d(/) < m, and by Lemma 3.10

+1” - Sf i odd,

4
<y
s,

if m > 4 even.

Consider now the representative f = 2™ —y™. If m = 2k is even, then the ideal
I = (2%, y**1) is a complete intersection with I°*(f) C I and

m? +2m

—

Similarly, if m = 2k — 1 is odd, then the ideal I = (2%, 4*) is a complete inter-
section with 7°*(f) C I and

7o (f) = dime(R/1) = k* + k =

242 1
T (f) 2 dime(R/T) = k= T
U

Remark 3.12
Let I < R be any zero-dimensional ideal, not necessarily a complete intersec-
tion, then still

mult(l) — 1

&maRﬂ>s<an— :

) -mult(7]).

Proof: The proof is the same as for the complete intersection ideal, just that
we cannot ensure that the histogram goes down to zero at d(/) with steps of
size one. The dimension is thus bounded by the region of the histogram in
Figure 9. O

Hyy,(d)

mult(/)

muft([) d(il') d

FIGURE 9. Maximal possible area.

4. Semi-Quasihomogeneous Singularities

Definition 4.1

A non-zero polynomial of the form f = aep2y” is called quasihomo-

a-p+B-q=d
geneous of (p, q)-degree d. Thus the Newton polygon of a quasihomogeneous

polynomial has just one side of slope —2.
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A quasihomogeneous polynomial is said to be non-degenerate if it is reduced,
that is if it has no multiple factors, and it is said to be convenient if 2,9 < 7,
and a4 , and a, « are non-zero, that is if the Newton polygon meets the r-axis
and the y-axis. ’

If f = fo+ f1 with f, quasihomogeneous of (p, ¢)-degree d and for any monomial
2%y? occurring in f; with a non-zero coefficient we have o -p+ - q > d, we say
that f is of (p, ¢)-order d, and we call f, the (p, ¢)-leading form of f and denote
it by lead, ) (f). We denote the (p, ¢)-order of f by ord, ¢ (f).

A power series [ € R is said to be semi-quasihomogeneous with respect to the
weights (p, ¢) if the (p, ¢)-leading form is non-degenerate.

Remark 4.2
Let f € R with deg, ., (f) = pq and let f; denote its (p, ¢)-leading form.

(a) Ifgced(p, q) = r, then f, has r factors of the form a;z+ — by, i=1,...,7.
If, moreover, f; is non-degenerate, then these will all be irreducible and
pairwise different, i. e. not scalar multiples of each other.

(b) If f is irreducible, then f; has only one irreducible factor, possibly of
higher multiplicity.

(o) If f, is non-degenerate, then f has r = gcd(p,q) branches fi,..., f,,
which are all semi-quasihomogeneous with irreducible (p,q)-leading
form a;z7 — by~ for pairwise distinct points (a; : b;) € B}, i =1,...,7.
The characteristic exponents of f; are ? and 2 for alli = 1,...,7, and
thus f; admits a parametrisation of the form

(zi(t),yi(t)) = (ait% + h.ot, Bitr + h.o.t).

(d) If f, is non-degenerate, i. e. [ is semi-quasihomogeneous, and g € R,
then

i(f,9) > Ord(pvq) (9).

Proof:

(@) If ap+ g = pqg, then p | B¢ and hence p | fr, so that § - T is a natural
number. Similarly « - £ is a natural number. We may therefore consider
the transformation

fo(ﬁ,?/%) € Clz,yl,
which is a homogeneous polynomial of degree r. Thus f (xg , yi) factors
in r linear factors a;x — by, i = 1,...,r, so that f; factors as

fo=T] (@z = biy"). (4.1)
=1
Since ged (2,4) = 1, the factors a;z+ — by~ are irreducible once neither

a; nor b; is zero.
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If f, is non-degenerate, then the irreducible factors of f; are pairwise
distinct. So, a; = 0 implies r = p and still a;z* — byr = by irreducible,
while b; = 0 similarly gives » = ¢ and a;rr — bl-yg = g,z irreducible.
Thus, in any case the factors in (4.1) are irreducible and, hence, pairwise
distinct.

(b) With the notation from Lemma 4.3 and the factorisation of f; from (4.1)

we get
b prg a rq
[T, auT v — b v !
g - q - H(azu - bz)
u*Pyr

By assumption f is irreducible, hence according to Lemma 4.3 g has at
most one, possibly repeated, zero. But thus the factors of f; all coincide
— up to scalar multiple.

(c) The first assertion is an immediate consequence from (a) and (b), while
the “in particular” part follows by Puiseux expansion.

(d) Let go be the (p, g)-leading form of g. Using the notation from (c) we have

z‘(f,g>=Z (fir9) Zord (1))
! ord

— Z ord <g0 (Ozit%, ﬁl —l— h.o. t) > Z = ordp,q)(9)-
i=1

=1

O

Lemma 4.3
Let f € R with ord(, ¢ (f) = pq and let f, denote its (p,q)-leading form. Let
r = ged(p, q) and a,b > 0 such that q¢b — pa = r. Finally set

fo (ubvg , u“v%)
= 2q
uePy -
Then the number of different zeros of g is a lower bound for the number of

branches of f.

€ Clul.

Proof: See [BrK86] Remark on p. 480. O

The following investigations are crucial for the proof of Proposition 1.13.

Lemma 4.4
Let f € R be convenient semi-quasihomogeneous with leading form f, and
ordg.q (f) = pg, let I = (z*y® | ap + Bq > pq), and let h € R. Then

dime R/ ((h) + I(f)) < dime R/ ((h) +I).
In particular, if L, (h) = y® with B < p, then

B-1

dime R/(h) + I°(f) < Bg—1- Y |%].

i=1
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Proof: As
1°(f) = (g5 550 + 1.
it suffices to show that
1°(f) & () + 1,
which is the same as showing that not both % and g—g belong to (h) + I.
Suppose the contrary, that is, there are h,, h, € R such that

S =h,-h(modl) and L =h, h(modI).

We note that

lead(pvq) (%) = % and lead(nq) (Z—ch) = %—J;O,

and none of the monomials involved is contained in /. Therefore

lead . g) (hs) - lead g (h) = % and lead, g (hy) - lead o (h) = %—J;),

which in particular implies that % and %—JZ) have a common factor. This, how-
ever, is then a multiple factor of the quasihomogeneous polynomial f;, in con-
tradiction to f being semi-quasihomogeneous.

&

ap + Bq > pq

FIGURE 10. A Basis of R/(h) + I.

For the “in particular” part, we note that by Proposition 2.3
dime R/(h) + I = dim¢ R/L., , ((h) +I) < dim¢ R/{y") + 1,

and the monomials 2%y” with ap + 3¢ < pq and § < B form a C-basis of the
latter vector space (see also Figure 10). Hence,

B-1 B-1

dime R/(h) +1 < {q—%W:Bq—ZLZiJ.

1=0 i=1
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Lemma 4.5
Let g,h € R such that L, (9) = z*y? and Ly, ,(h) = y°, and consider the
ideals J = (x*y®,y°, 2°y® | ap + Bq > pq) and J' = (g,h, x>y’ | ap + Bq > pq).
Then
dime R/J' < dime R/J,
and if Ap + Bq < pgand B < C < p, then
A-1 B-1 p—1

dime R/J = Ap+ Bq—AB =Y [2] =Y | 4] —Zmin{A, [q— %},

=1 i=1
Moreover, if B =0, then dim¢ R/J < A - C.
Proof: By Proposition 2.3
dime R/J' < dimg R/L<,, (J') < dimg R/J.

Let I = (z*y” | ap + Bq > pq). Then the monomials 2°y® with (a,3) € A =
{(a,3) e Nx N | ap+ g < pq} form a basis of R/I. Moreover, the monomials
ry” with (o, 3) € A; U A, are a basis of J/I, where

A ={(a,8)eAN|a>Aand > B}
and

(See also Figure 11.) This gives rise to the above values for dim¢ R/J.

ap + Bq > pq

FIGURE 11. A Basisof R/J.

Lemma 4.6
Let q > p be such that 1 < d;fl for some integer d > 2, and let 0 < A < d.
p

(@) If Lpg(g) = a?, then L, (g9) =z,
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(b)
(c)
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mP ! C (zf, Pt 2yP | ap + Bg > pq).
If I is an ideal such that g,h,z°y® € I for ap + Bq > pq and where
Lo, (9)=a%and L. (h)=y""", then d(I) <p+ 1
Moreover, if L.,  (g) is minimal among the leading monomials of ele-
mentsin I w. r t. <(,,), then mult(l) = A.

Proof: It suffices to consider the case A = d, since this implies the other cases.

Note that by assumption d < p.

(a)

(b)

(c)

Since 27 is less than any monomial of degree at least d with respect
to <4, we have to show that in ¢ no monomial of degree less than d
can occur with a non-zero coefficient. 2¢ being the leading monomial
of g with respect to <(,,, it suffices to show that a + § < d implies

ap + fq < dp, or alternatively, since ¢ < 74,

d
— <.
a+p TS
For a + 3 < d the left hand side of this inequality will be maximal for

a=0and § =d— 1, and thus the inequality is satisfied.

We only have to show that z7y*™' =7 € (x4, y*~, 2*y? | ap + Bq > pq) for
v = 3,...,d — 1, since the remaining generators of m?*! definitely are.
However, by assumption % < d%‘ll < %, and thus v-p+(p+1—7)-¢ > pq.
By the assumption on I we deduce form (a) and (b) that d (L. (I)) <
p+ 1. However, by Remark 3.3 d(I) = d (L., (I)), which proves the first
assertion.

Suppose now that mult(/) < A, i. e. there is an f € [ such that
mult(f) < A—1. The considerations for (a) show that then L. (f) <"
in contradiction to the assumption.

O



PAPER III

Reducible Families of Curves with Ordinary Multiple
Points on Surfaces in P}

Abstract: In [Kei03], [Kei0O5a] and [KeiO5b] we gave numerical
conditions which ensure that an equisingular family is irreducible
respectively T-smooth. Combining results from [GLS01] and an idea
from [ChC99] we give in the present paper series of examples of
families of irreducible curves on surfaces in P with only ordinary
multiple points which are reducible and where at least one compo-
nent does not have the expected dimension. The examples show
that for families of curves with ordinary multiple points the condi-
tions for T-smoothness in [Kei05b] have the right asymptotics.

This paper is published as [Kei06] Thomas Keilen, Reducible fami-
lies of curves with ordinary multiple points on surfaces in P?, Comm.
in Alg. 34 (2006), no. 5, 1921-1926.

Throughout this article ¥ will denote a smooth projective surface in P? of
degree n > 2, and H will be a hyperplane section of . For a positive integer
m we denote by M, the topological singularity type of an ordinary m-fold
point, i. e. the singularity has m smooth branches with pairwise different
tangents. And for positive integers d and r we denote by Vgﬁ‘ (rM,,) the family
of irreducible curves in the linear system |dH | with precisely r singular points
all of which are ordinary m-fold points. Vi (rM,,) is called T-smooth if it is
smooth of the expected dimension
2
. —4

expdim (Vi (rM,,)) = dim [dH| — 7 - %
Theorem 1.1
For m > 18n there is an integer ly = lo(m, X) such that for all | > |, the family
Vi (rMy,) with d = 2lm + L and r = 41°n has at least one T-smooth component
and one component of higher dimension.

Moreover, the T-smooth component dominates Sym' (%) under the map
Wéﬁ‘(rMm) — Sym" (%) : C'+ Sing(C)

sending a curve C to its singular locus, and the fundamental group = (% \ C)
of the complement of any curve C € Vg]g‘ (rM,,) is abelian.
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Before we prove the theorem let us compare the result with the conditions for
T-smoothness in [Kei05b] and for irreducibility in [KeiO5a].

Here we have given examples of non-T-smooth families V;z|(rM,,) where
r-m?=n-d

if we neglect the terms of lower order in ml. If n > 4 and the Picard number of
Y is one, then according to [Kei05b] Corollary 2.3 respectively Corollary 2.4
— neglecting terms of lower order in m and d —

1
2n — 6
would be a sufficient condition for T-smoothness. Similarly, if n = 2, then X is

n - d?

r-m?<

isomorphic to Enl X IP‘Dl and we may apply [Kei05b] Theorem 2.5 to find that
1
2 2
r-m 3 n

implies T-smoothness. Since the families fail to satisfy the conditions only by
a constant factor we see that asymptotically in d, m and r the conditions for
T-smoothness are proper.

For irreducibility the situation is not quite as good. The conditions in
[KeiO5a] Corollary 2.4 for irreducibility if n > 4 and the Picard number of

Y is one is roughly

. A
’r‘ . m J—
n2m?2

and similarly for n = 2 [KeiO5a] Theorem 2.6 it is

n-d?

2 2
r-m°-<——-n-d°.
6m?2

Here the “constant” by which the families fail to satisfy the condition depends
on the multiplicity m, so that with respect to m the asymptotics are not proper.
However, we should like to point out that it does not depend on the number »
of singular points which are imposed.

The families in Theorem 1.1 thus exhibit the same properties as the families
of plane curves provided in [GLS01], which we use to construct the non-T-
smooth component. The idea is to intersect a family of cones in P? over the
plane curves provided by [GLS01] with ¥ and to calculate the dimension of
the resulting family. Under the conditions on m and [ requested this family
turns out to be of higher dimension than the expected one. The same idea
was used by Chiantini and Ciliberto in [ChC99] in order to give examples
of nodal families of curves on surfaces in P? which are not of the expected
dimension. We then combine an asymptotic h!-vanishing result by Alexander
and Hirschowitz [AIHO00] with an existence statement from [KeTO02] to show
that there is also a T-smooth component, where actually the curves have their
singularities in very general position.
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Proof of Theorem 1.1: Fix a general plane P in P’ and a general point p.
By [GLSO01] there is an integer I; = [;(m) such that for any [ > max{l;, m} the
family of curves in P of degree 2Im + [ with 4/? ordinary m-fold points as only
singularities has a component I/ of dimension

(l+1)é(l+2)+(2l+1)-(25+2>_4

Pm + 90> + 3lm + 151 + 2m — 4
5 :
Let W be the family of cones with vertex p over curves C in W, then dim(W) =

dim(W) > (m+1) -

dim (W), since a cone is uniquely determined by the curve C' and the vertex
p. Moreover, any cone in W has precisely 4/? lines of multiplicity m, so that
when we intersect it with ¥ we get in general an irreducible curve in ¥ with
4Pn ordinary m-fold points. In particular, V{i5/ ., (4/*nM,,) must have a
component I’ of dimension
Pm +91% 4 3lm + 151 + 2m — 4

2

However, since the dimension of the linear system |dH]| is

dim |dH| = (d_g?’) - (d+§_n) 1,

dim(W') > dim(W) >

and since

. 1
is the expected number of conditions imposed by an ordinary m-fold point, the
expected dimension of Vi ., (41°ndM,,) is

expdinn (Vi (420M,.)) ) = dim | (2lm + D H| — 420" (M)
_1712n+ (4n — n2) 1-(2m+1) N nd —6n2+ 1ln

2 6
Due to the conditions on m and [ this number is strictly smaller than the
dimension of WW’. It remains to show that Vjii; ., H‘(4l2an) also has a T

smooth component, after possibly enlarging /.

For z = (z1,...,2.) € ¥ we denote by X (m;z) the zero-dimensional scheme
with ideal sheaf Jx...) given by the stalks

my , ifze{xn,. ... 2},
jX(m;g),z -
Os., else,

where Oy, , denotes the local ring of ¥ at z and my, , is its maximal ideal.

By [AIHOO] Theorem 1.1 there is an integer I, = ls(m, ) such that for [ > [,
and z € X" in very general position the canonical map

H°(2,05((2lm + 1 = 1)H)) — H°(Z, Ox(mz)((2lm + 1 — 1)H))
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has maximal rank. In particular, since h' (2, Ox((2lm + 1 — 1)H)) = 0 we have
A (S, Txmz) (2lm + 1 — 1)H)) = 0,

once deg (X (m; 2)) < h°(Z, Ox((2lm + 1 — 1)H)), which is equivalent to

4Pn-m-(m+1) < (21m+l+2) B (21m+l+2—n)
2 - 3 3 ’

or alternatively
nl-(I—(n—2)-(2m+1)) Jr77;9’—3712+2n >0.
2 6
The latter inequality is fulfilled as soon as [ > (n — 2) - (2m + 1). Moreover,

under this hypothesis we have
(2m +1)-H* —2g(H) = 2lm +1)-n—(n—1)- (n—2) > 2m,

where g(H) denotes the geometric genus of H, and

(2lm +1)* - H* > 41*nm?. (1.1)
Thus [KeT02] Theorem 3.3 (see also [Kei01] Theorem 1.2) implies that the
family V{57 |, 5 (4°nM,,) has a non-empty T-smooth component, more pre-
cisely it contains a curve in a T-smooth component with singularities in
21,...,%. In particular, since there is only a finite number of components
and z is in very general position, some T-smooth component must dominate

Sym”(X). Actually, due to [Los98] Proposition 2.1 (e) and since 1'(3, Os) = 0
every T-smooth component dominates Sym”(X).

Thus the statement follows with

lo(m, X)) := max {l1(m), lr(m, %), (deg(X) — 2) - (2m + 1), m}.

It just remains to show that the fundamental group of the complement of
a curve C' € Vi (rMy,) is abelian. Note first of all that by the Lefschetz
Hyperplane Section Theorem X is simply connected. But then m (X \ C) is
abelian by [Nor83] Proposition 6.5 because of (1.1). O



PAPER IV

Some Obstructed Equisingular Families of Curves on
Surfaces in P?

Abstract: Very few examples of obstructed equsingular families
of curves on surfaces other than P? are known. Combining results
from [Wes04] and [Hir92] with an idea from [ChC99] we give in
the present paper series of examples of families of irreducible curves
with simple singularities on surfaces in P} which are not T-smooth,
i.e. do not have the expected dimension, (Section 1) and we compare
this with conditions (showing the same asymptotics) which ensure
the existence of a T-smooth component (Section 2).

This paper has been accepted for publication in the Proceedings of
the Conference on “Singularities”, C.I.R.M., 2005, [Mar05].

Below we are going to construct two series of equisingular families of curves
on surfaces in P?. In both examples the families are obstructed in the sense
that they do not have the expected dimension. However, while in the first
example at least the existence of such curves was expected, the families in
the second example were expected to be empty. It would be interesting to
see if the equisingular families contain further components which are well-
behaved. However, the families which we construct fail to satisfy the numer-
ical conditions for the existence of such a component given in Section 2 by a
factor of two. We do not know whether the families are reducible or not, or if
they are smooth.

1. Examples of obstructed families

Throughout this section ¥ will denote a smooth projective surface in P? of
degree n > 2, and H will be a hyperplane section of ¥.. S = {S;,...,S,} will
be a finite set of simple singularity types, that is the S; are of type A, (given
by 22 — y**1 =0, k > 1), D, (given by 2%y — y*~! = 0, k > 4), or E}, (given by
22—yt =0, 23 —xy® =0, 0or 2> —y° = 0 for k = 6, 7, 8 respectively). In general, for
positive integers 1, ..., r, and d we denote by V@}f}‘ (r181, . . ., 7sSs) the family of
irreducible curves in the linear system |dH| with precisely r = r + ... + 7,
singular points, r; of which are of the type S;,i = 1, ..., s, where S; may be any
analytic type of an isolated singularity. V@%(rﬁh ..., 1sSs) is called T-smooth
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or not obstructed if it is smooth of the expected dimension
expdim (Vi (1181, . . ., 7S,)) = dim |[dH| — Z ri - 7(8;)
=1

nd* 4 (4n —n?)d  n®—6n® +1ln—6
5 + ; =) i 7(S),

i=1

where 7(S) = dime C{z, y}/ (4L, g—g, f) is the Tjurina number of the singularity

type S given by the local equation f = 0. Note that 7(Ay) = 7(Dy) = 7(Ex) = k.
In this note we give examples of such equisingular families of curves which
are obstructed in the sense that they have dimension larger than the expected
one. We use the idea by which Chiantini and Ciliberto in [ChC99] showed the
existence of obstructed families of nodal curves.

Let us fix a plane P in P3, a point p outside P, and a curve C of degree d > 1 in
P. If we intersect the cone K, over C' with vertex p with ¥, this gives a curve
(" = K¢,NY in |dH| which is determined by the choice of C' and p (see Lemma
3.1). In particular, if C varies in an N-dimensional family in P, then C’ varies
in an N-dimensional family on ¥, and if C is irreducible, then for a general
choice of p the curve C’ will be irreducible as well (see Lemma 3.2). Moreover,
if C has a singular point ¢ of (simple) singularity type S and ¥ meets the line
joining p and ¢ transversally in n points, then C’ will have a singularity of the
same type in each of these points.

Example 1.1
Fix the set S = {S;,...,S;} and let m = max{7r(S) | S € S}. Suppose that
n>2m+4and d >> n,and let r,...,r, > 0 be such that

s

2 _ 2 _ d 2
P+ (4—-n)d+2 < Yrors) < &+ (4—n)d+

5 A 5 +m — 1.
=1
Then
° d? 4 —n)d+2 d?
i=1

Hence, by [Wes04] Remark 3.3.5 the family V = V/"(rS,,...,rS,) of irre-
ducible plane curves C' of degree d with precisely »r = r; + ... + r, singular
points, r; of which are of type S;, is non-empty, and we may estimate its di-
mension:

s

dim(V) > expdim(V) = dd+3) Zm -7(S;)

2

2 _ _
Zd(al2+3)_d +(42n)d+2_m+1:n2 1

-d—m.
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By the above construction we see that hence the family of curves C’ satisfies

n—1

dim (W@Z‘(nrl&, nrsSs)) > -d—m.
However, the expected dimension of this family is

expdim (Wé’}g‘(nm&, . ,m“SSS))

nd*>+ (4n —n?)d  n®—6n> +1ln—6
= 5 + 6 —;R'H'T(Si)

nd®> + (4n —n?)d n®—6n*+11n—6 >+ (4—n)d+2
= 2 * 6 - 2

~ n®—6n*+5n—06
= G .
For d >> n, more precisely for

nd —6n% +5n — 6+ 6m
d> ;
3n —3
the expected dimension will be smaller than the actual dimension, which

proves that the family is obstructed.
In particular, if S = {S}, S € {Ay, Dy, Ex}, and
{dQ +(4—n)d+ 2-‘
r= Y

2k
then V|4 ((nrS) is obstructed, once d >> n > 3k + 4.

Note that in the previous example

3 _6n2+5n—6
expdim (V|dH‘(m’1$1, . ,n’r’sSs)) > n n 6+ i —n-(m—1)>0,

that is, the existence of curves in |dH| with the given singularities was ex-

pected. This not so in the following example.

Example 1.2
Let k£ be an even, positive integer, m > 1,d = 2(k + 1)™, and
3-(k+1)- ((F+1)*—1)
- (k+1)2—1 '
Hirano proved in [Hir92] the existence of an irreducible plane curve of degree
d with precisely r singular points all of type A,. Thus the above construction
shows that

V\g}% (nrAy)
is non-empty. However, the expected dimension is
nd*> + (4n —n?)d  n®—6n*+ 11n —6
2 + 6

- (2 - %) (k+ 1) +o((k+1)™),

expdim (ng‘(nrAk)) = — knr
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which is negative for m sufficiently large, since
3-(k*+ k)

k? + 2k
This shows that Vi (nrAy) is obstructed for sufficiently large k.

> 2.

2. Some remarks on conditions for T-smoothness

Unless otherwise specified in this section ¥ will be an arbitrary smooth pro-
jective surface, H a very ample divisor on ¥, and S, . .., S, arbitrary (not nec-
essarily different) topological or analytical singularity types. As in Section 1
we denote for d > 0 by \42’;}‘(81, ..., Ss) the equisingular family of irreducible
curves in |dH| with precisely s singular points of types Si,...,S;, and again
the expected dimension is

expdim (Vi (Si, ..., S,)) = dim|dH| = > 7(S)).

i=1
Vi (Si, - .., Ss) is called T-smooth if it is smooth of the expected dimension.

By [KeiO1] Theorem 1.2 and 2.3 (which is a slight improvement of [KeT02]
Theorem 3.3 and Theorem 4.3) there is a curve C' € V‘Z%(Sl, oo, Sy)if

o d- H? —g(H) Zmi+mj, and
o W2, Tx(msz)/=((d —1)H)) = 0 for z € ¥ very general,

where m = (mq,...,m,) with m; = €¢*(S;), a certain invariant which only de-
pends on S;. Moreover, ‘/I%\(Sl’ ..., S;) is T-smooth at this curve C (see e.g.
[Shu99] Theorem 1). Finally, by [AIH00] Theorem 1.1 there is a number d(m)
depending only on m = max{m,,...,m,}, such that for all d > d(m) and for

z € X" very general the map
H(2,05((d— 1)H)) — H°(E, Oxmz)s((d — 1)H))
has maximal rank. In particular, if

dim |(d — 1)H| > deg (X (m; 2)) = Z W,

i=1

then 1! (3, Jx(m.)s((d — 1)H)) = 0. This proves the following Proposition.

Proposition 2.1
Let S ={S1,...,S;} be a finite set of pairwise different topological or analytical
singularity types. Then there exists a number d(S) such that for all d > d(S)
and rq,...,rs > 0 satisfying
SCIRGLIS
! 2

< dim |(d —1)H| (2.1)
i=1

the equisingular family V‘g}% (r181, ..., 7sSs) has a non-empty T-smooth compo-

nent.
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In [Shu03] upper bounds for ¢*(S) are given. For a non-simple analytical
singularity type we have

e"(S) = e*(S) <3/ u(S) —2
where 11(S) is the Milnor number of S, and for any topological singularity type

“(S) — ¢ N _
e(S)-e(S)S\/g 5(S) —1,

where 0(S) is the delta invariant of S.

For simple singularity types there are the better bounds

S e*(S) S e*(S)

Al 2 D4 3

Ay 3 Ds 4

A k=3,...,7 4 Dy, k<6,...,10 5

A, k=8,...,10 5 Dy k<11,...,13 6

Ak >1 <2-|VE+5]| | Dp,k>1 <2 |VE+T7]+1

EG E7 4

Ey )
In particular, if S = {S;,...,S,} is a finite set of simple singularities, then
there is a d(.S) such that for all d > d(S) and all 7, ..., 7, > 0 satisfying

2.3, (T(sl-) +of T(Sﬂ)) < dim |dH| (2.2)
=1

the family %3’}1}‘ (nr1Sy, ..., nrS;) has a non-empty T-smooth component.

The families in Example 1.1 fail to satisfy this condition roughly by the factor
2. We thus cannot conclude that these families are reducible as we could in a
similar situation in [Kei06].

However, if we compare Condition 2.1 respectively 2.2 to the conditions in
[GLSO00] or [Kei05b] which ensure that the equisingular family is T-smooth
at every point, the latter basically invole the square of the Tjurina number
and are therefore much more restrictive. This, of course, was to be expected.

3. Some remarks on cones

In this section we collect some basic properties on cones used for the constru-
cion in Section 1, in particular the dimension counts.

For points py,...,p, € P2 we will denote by p1..-p, the linear span in P? of
pi,...,pr, 1.e. the smallest linear subspace containing p, ..., p,.
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Let P C P2 be a plane, C' C P a curve, and p € P? \ P a point. Then we denote
by
KC,p = U @
qeC

the cone over C' with vertex p. Note that

KC,p: U @
quC,p
and that
Kep,NP=C.

We first show that C' and p fix the cone uniquely except when C'is a line.

Lemma 3.1
Let P C P3 be a plane, and C C P be an irreducible curve which is not a line.

Then for p,p' € P} with p # p' we have that K¢, # Kc,py.

Proof: Suppose there are points p # p’ such that K-, = K¢ ,. Choose a point
xz € C'\ pp’ and let E = zpp'. Then for any point y € 7p C K¢, = K¢,y we have
w C KC,p’a

and thus F =, yp’ C K¢, . This, however, implies that the line

yeTp
|=ENPCKepyNP=C

is contained in C, and since C is irreducible we would have C' = [ in contradic-
tion to our assumption that C'is not a line. Hence, K¢, # K¢, for p #p. 0O

Finally we show that for a general p the cone K, intersects ¥ in an irre-
ducible curve.

Lemma 3.2

Let 3 C B2 be a smooth projective surface, P C P? be a plane such that P # 3,
and C C P an irreducible curve which is not a line and not contained in Y.
Then for p € B3\ P general K¢, N Y is irreducible.

Proof: Consider the linear system £ in P? which is given as the closure of

{KC,p|p€IP03\P}’
and set for g € PP\ P

L,={D e L]|qe D}.
First we show that for ¢ € C'and ¢ ¢ P

() Kep=Cuqd. (3.1)

p€aq’
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Choose pairwise different point py,...,p, € ¢¢' \ {¢, ¢'}. Suppose that there is
aze(, Kep \(CUgq). Since z € K¢, there is a unique intersection point

and these points z,, . .., z, are pairwise different, since z € q¢' = p;p; for i # j.
However,

x; € Zp; C Zpipj = 2qq’
and z; € C C P, so that

qd,x1,...,20 € PN2qq
and ¢, xy, ..., x, are pairwise different collinear points on C. Since C is irre-
ducible but not a line, this implies deg(C') > n + 1. In particular, if n > deg(C),
then

ﬂ KC,pi =CU W?
=1

which implies (3.1).
Note that by (8.1) for ¢ € P\ P

A Dp<S () Kew=()[) Ko=) (CUa) =CU{q},

DecL, Kepely 7€C peqq’ 7eC

and thus
ﬂDg ﬂ ﬂD:C. (3.2)
DeL qeRJ\P DeLy

Consider now the linear systems

Ls={DNY|DeL} and L,x={DNS|DeL}={DeLs]|qe D}

Suppose that Ly, does not contain any irreducible curve. By (3.2) and since
C ¢ ¥ the linear system Ly has no fixed component. Thus by Bertini’s Theo-
rem Ly must be composed with a pencil 5, and since for a general point ¢ €
the pencil B contains only one element, say C, through ¢, the linear system
L,s has a fixed component C. But then

Cc () bnr=Cns.

DeL,
However, C' N ¥ is zero-dimensional, while C' has dimension one.

This proves that Ly, contains an irreducible element, and thus its general
element is irreducible. In particular, for p € B} \ P general K., N ¥ is irre-
ducible. O
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PAPER V

A Note on Equimultiple Deformations

Abstract: While the tangent space to an equisingular family of
curves can be discribed by the sections of a twisted ideal sheaf, this
is no longer true if we only prescribe the multiplicity which a sin-
gular point should have. However, it is still possible to compute
the dimension of the tangent space with the aid of the equimulit-
plicity ideal. In this note we consider families £,, = {(C,p) €
|L| x S | mult,(C) = m} for some linear system |L| on a smooth
projective surface S and a fixed positive integer m, and we compute
the dimension of the tangent space to £,, at a point (C, p) depending
on whether p is a unitangential singular point of C or not. We de-
duce that the expected dimension of £,, at (C,p) in any case is just
dim|L| — w + 2. The result is used in the study of triple-point
defective surfaces in [ChMO07a] and [ChMO07b].

The paper is based on considerations about the Hilbert scheme of curves in a
projective surface (see e.g. [Mum66], Lecture 22) and about local equimultiple
deformations of plane curves (see [Wah74b]).

Definition 1.1
Let T be a complex space. An embedded family of curves in S with section over
T is a commutative diagram of morphisms

C(—>T><S

where codimy, 5(C) = 1, ¢ is flat and proper, and ¢ is a section, i.e. ¢ o 0 = idy.
Thus we have a morphism Oy — ¢, O¢ = @, (OTxg / jc) such that ¢,O¢ is a flat
Or-module.

The family is said to be equimultiple of multiplicity m along the section o if
the ideal sheaf 7, of C in O, g satisfies

Je C Ty and  Je & TN
where J,(r) is the ideal sheaf of o(T) in Opys.

Remark 1.2
Note that the above notion commutes with base change, i.e. if we have an
81
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equimultiple embedded family of curves in S over 1" as above and if o : 7" — T
is a morphism, then the fibre product diagram

T xS > T x S

o/

gives rise to an embedded equimultiple family of curves over 7" of the same
multiplicity, since locally it is defined via the tensor product.

Example 1.3
Let us denote by 7. = Spec(C[e]) with €2 = 0. Then a family of curves in S
over T is just a Cartier divisor of 7. x S, that is, it is given on a suitable open
covering S = (J,., U\ by equations

fr+e-gxn € Cle] ®c I'(Uy, Os) = T'(Uy, Orxs),
which glue together to give a global section {$} _, in H°(C,O¢(C)), where
C' is the curve defined locally by the f) (see e.g. [Mum66], Lecture 22).

A section of the family through p is locally in p given as (z,y) — (x4, y) =
(x+¢e-a,y+e-b) for some a,b € C{z,y} = Og,.

Example 1.4
Let H be a connected component of the Hilbert scheme Hilbg of curves in S,
then H comes with a universal family

7T H— H:(C,p)—C. (1.1
Let us now fix a positive integer m and set
Hn ={(C,p) € Hx S|C € Hmult,(C) =m}.

Then H,, is a locally closed subvariety of H x S, and (1.1) induces via base
change a flat and proper family 7, = {(C,,q) € H,, xS | C, = (C,p) € Hpn,q €
C'} which has a distinguished section o

<fm —— H, xS5 (1.2)
H,

sending C, = (C,p) to (C,,p) € F,,. Moreover, this family is equimultiple
along o of multiplicity m by construction.

Example 1.5
Similarly, if |L| is a linear system on S, then it induces a universal family

m:L={(C,p)e|L|xS|peC}—|L|:(C,p)+—C. (1.3)
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If we now fix a positive integer m and set
L., ={(C,p)e|L| xS|Ce|L|,mult,(C)=m}.

Then L,, is a locally closed subvariety of |L| x S, and (1.3) induces via base
change a flat and proper family G,, = {(C,,q) € L, x S| C, = (C,p) € L1, q €
C'} which has a distinguished section o

Gm —— L, x5 (1.4)

(1

sending C, = (C,p) to (C,,p) € G,,. Moreover, this family is equimultiple along
o of multiplicity m by construction.

We may interpret £,, as the family of curves in |L| with m-fold points together
with a section which distinguishes the m-fold point. This is important if the
m-fold point is not isolated or if it splits in a neighbourhood into several sim-
pler m-fold points.

Of course, since (1.3) can be viewed as a subfamily of (1.1) we may view (1.4)
in the same way as a subfamily of (1.2).

Definition 1.6

Let ty € T be a pointed complex space, C' C S a curve, and p € C' a point of
multiplicity m. Then an embedded (equimultiple) deformation of C' in S over
to € T with section o through p is a commutative diagram of morphisms

S——T xS

where the right hand part of the diagram is an embedded (equimultiple) fam-
ily of curves in S over T with section 0. Sometimes we will simply write (¢, o)
to denote a deformation as above.

Given two deformations, say (¢,0) and (¢’,0’), of C over t, € T as above, a
morphism of these deformations is a morphism v : ¢’ — C which makes the
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obvious diagram commute:

T xS T xS

This gives rise to the deformation functor

Def 25 : (pointed complex spaces) — (sets)

of embedded equimultiple deformations of C with section through p from
the category of pointed complex spaces into the category of sets, where for
a pointed complex space t, € T’

Def 25 /5(to € T) = {isomorphism classes of embedded equimultiple
deformations (p,0) of C'in S over ¢, € T

with section through p}.
Moreover, forgetting the section we have a natural transformation
Defse7 — Defos; (1.5)
where the latter is the deformation functor
Defr)s; : (pointed complex spaces) — (sets)
of embedded deformations of C in S given by

Def/5(to € T') = {isomorphism classes of embedded deformations

of C'in S overt, € T }.

Example 1.7
According to Example 1.3 a deformation of C' in S over 7. along a section
through p is given by

e local equations f + ¢ - g such that f is a local equation for C' and the %
glue to a global section of O¢(C),

e together with a section which in local coordinates in p is given as o :
(x,y) = (2q,1) = (x +-a,y+¢-b) for some a,b € C{z,y}.
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If we forget the section it is well known (see e.g. [Mum66], Lecture 22) that
two such deformations are isomorphic if and only if they induce the same
global section of Oq(C) and this one-to-one correspondence is functorial so
that we have an isomorphism of vector spaces

Def,5(T) — H(C, 0c(C)).

Considering the natural transformation from (1.5) we may now ask what the
image of Def .7 (T) in H°(C,Oc(C)) is. These are, of course, the sections
which allow a section o through p along which the deformation is equimulti-
ple, and according to Lemma 1.8 we thus have an epimorphism

Del 47 (T2) = HY(C, Tye(C)),

where Jc is the restriction to C' of the ideal sheaf 7, on S given by

Os.q, if ¢ # p,
Tra=14 1 (1.6)

EG)+ wym, ifg=p,
here f is a local equation for C in local coordinates x and y in p.

It remains the question what the dimension of the kernel of this map is, that
is, how many different sections such an isomorphism class of embedded defor-
mations of C'in S over 7. through p can admit.

J. Wahl showed in [Wah74b], Proposition 1.9, that locally the equimultiple
deformation admits a unique section if and only if C' in p is not unitangential.
If C is unitangential we may assume that locally in p it is given by f = y™ +
h.o.t.. If we have an embedded deformation of C'in S which along some section
is equimultiple of multiplicity m, then locally it looks like

af )
f+e-@-%+w-%+40

with h € (z,y)". However, since % € (z,y)™ the deformation is equimultiple
along the sections (z,y) — (z+e-(c+a),y+¢-b) for all ¢ € C. Thus in this case
the kernel turns out to be one-dimensional, i.e. there is a one-dimensional
vector space K such that the following sequence is exact:

0 — K — Def 27 /6(T2) — H°(C,J7c(C)) — 0. 1.7

Lemma 1.8
Let f+¢-g be a first-order infinitesimal deformation of f € C{x,y}, m = ord(f),
a,be C{x,yl,and z, =x+c-a,yp =y +¢c-b

Then f + ¢ - g is equimultiple along the section (z,y) — (x,,y) if and only if
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In particular, f + ¢ - g is equimultiple along some section if and only if

af of m
€ <%,a—y>+<£€,y> .

Proof: If a,b € C{z,y} and h € (x,y)™ then by Taylor expansion and since
e? = 0 we have

f+€' (a%+bg_§+h> :f(ffaa?/b)+5'h($a>?/b)a

where f(zq,y), M(2a, ) € (Ta, o)™, i.€. the infinitesimal deformation f +¢- (a-
Y tp. g—]yc + h) is equimultiple along (z,y) — (24, ys).

Conversely, if f + ¢ - g is equimultiple along (z,y) — (z,, y,) then
f(xa y) +e- g(x, y) = F(l‘a, yb) +e- G(xaayb)

with F(za, 1), G(Ta, Ys) € (Ta, y»)™. Again, by Taylor expansion and since e? = 0

we have
F@y) = f(@a, ) — - (a L (g, ) + b g—i(xa,yb))
and
e-g(x,y) =c-g(xa,mp)-
Thus
F(za,y) = f(a: yp)
and

(Tar )™ 3 G0, 06) = 9(Tar ) — @ G (w0, ) = b+ G (wa, 1),

Example 1.9
If we fix a curve C' C S and a point p € C such that mult,(C) = m, i.e. if using
the notation of Example 1.4 we fix a point C}, = (C,p) € H,,, then the diagram

§—— 5 {C,} x S¢ s H,, X S (1.8)

7

C—{(Cpq)| g€ CY— Fp

| L

D Y — Y

is an embedded equimultiple deformation of C' in S along the section o
through p. Moreover, any embedded equimultiple deformation of C' in S with
section through p as a family is up to isomorphism induced via (1.1) in a
unique way and thus factors obviously uniquely through (1.8). This means
that every equimultiple deformation of C in S through p is induced up to iso-
morphism in a unique way from (1.8).
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We now want to examine the tangent space to H,, at a point C,, = (C, p), which
is just
Te,(Hm) = Homyoe— g — a1y (O, Cle]) = Hom (1%, (Hyn, C)),
where (H,,, C,) denotes the germ of H,, at C,,. However, a morphism
Vi T — (Hm, Cy)

gives rise to a commutative fibre product diagram

TEX’Hmfm—>fm
D
¥

T. — Hn

sending the closed point of 7. to C. Thus (¢',0") € Def Z77(T:) is an embedded

equimultiple deformation of C'in S with section through p. The universality of
(1.8) then implies that up to isomorphism each one is of this form for a unique
¢, and this construction is functorial. We thus have

Toy (Hun) = Def254m (1),

and hence (1.7) gives the exact sequence
0— K — To,(Hm) — H°(C, Jzc(C)) — 0.

In particular,

dime H°(C, Jz/c(C)) — 2, if C is unitangential,

dime (T, (Hm)) =
dime H°(C, J7/c(C)) — 1, else.

Example 1.10
If we do the same constructions replacing in (1.8) the family (1.2) by (1.4) we
get for the tangent space to £,,, at C;, = (C, p) the diagram of exact sequences

0o— K — Tcp(Hm) s HO(C, jZ/C<C)) —0

| ] ]

0 — K — Tc, (L) — H(S, J2(C))/H(Os) — 0.
In order to see this consider the exact sequence
0— 05 — O0s(C) — Oc(C)—0

induced from the structure sequence of C. This sequence shows that the
tangent space to |L| at C' considered as a subspace of the tangent space
H°(C,0c(C)) of H at C is just H°(S,0s(C))/H(S,0s) — that is, a global
section of O (C) gives rise to an embedded deformation of C' in S which is
actually a deformation in the linear system || if and only if it comes from a
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global section of O5(C'), and the constant sections induce the trivial deforma-
tions. This construction carries over to the families (1.2) and (1.4).
In particular we get the following proposition.

Proposition 1.11
Using the notation from above let C be a curve in the linear system |L| on S
and suppose that p € C such that mult,(C) = m.

Then the tangent space of L, at C, = (C, p) satisfies

dime H°(S, Jz(C)) — 2, if C is unitangential,

dime H°(S, J2(C)) — 1, else.

Moreover, the expected dimension of Tt (L,,) and thus of L, at C, is just

(m+1)-m

expdime, (L) = expdimg (T¢, (L)) = dim [L] — 5

+ 2.

For the last statement on the expected dimension just consider the exact se-
quence
0 — HO (S, jz(C)) — HO (S, OS(L)) — HO(S, Oz)

and note that the dimension of H°(S, J77(C)), and hence of ¢, (C), attains the
minimal possible value if the last map is surjective. The expected dimension
of H(S, J7(C)) hence is

expdimg H%(S, J7(C)) = dim |L| + 1 — deg(Z),

and it suffices to calculate deg(Z). If C' is unitangential we may assume that
C'locally in p is given by f = y™ + h.o.t., so that

Ozp = Cl,y}/(y"™ ) + (z.9)™,
and hence deg(Z7) = W — 1. If C' is not unitangential, then we may assume
that it locally in p is given by an equation f such that f,, = jet,,(f) =z -y" - g,
where x and y do not divide g, but 1 and v are at least one. Suppose now
that the partial derivatives of f,, are not linearly independent, then we may
assume %’Cn =a- ‘9(;0—;" and thus

n dg dg
= VT oary s — — XY + —
Hyg g Y a Yo

which would imply that y divides ¢ in contradiction to our assumption. Thus
the partial derivatives of f,, are linearly independent, which shows that

deg(2) = dime (C{a y} /(3. 5) + (@)™ =

Example 1.12

(m+1)-m
2

— 2.

Let us consider the Example 1.5 in the case where S = P? and L = Op:(d).
We will show that £,, is then smooth of the expected dimension. Note that
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7(L,,) will only be smooth at C' if C has an ordinary m-fold point, that is, if all
tangents are different.

Given C, = (C,p) € L,, we may pass to a suitable affine chart containing p as
origin and assume that H°(IP?, Op:(d)) is parametrised by polynomials
d
F,=71+ Z ai; - a'y’,
i+5=0

where f is the equation of C in this chart. The closure of 7(L£,,) in |L| locally
at C is then given by several equations, say Fi,..., F; € Cla;;|i +j =0,...,d|,
in the coefficients a; ;. We get these equations by eliminating the variables «
and y from the ideal defined by

IVF, | .
< iy 1+ 7 :0,...,m—1>.
And £,, is locally in C), described by the equations
ai+jFa
F,=0,... F =0, 40, i+j=0,...,m— L
oxtyd

However, the Jacoby matrix of these equations with respect to the variables

x,y,a;,; contains a diagonal submatrix of size w with ones on the diag-
onal, so that its rank is at least w, which — taking into account that

|L| = P(H°(P?, Op2(d))) — implies that the tangent space to £,, at C,, has codi-

{(m+1)

mension at least ™5 — 1 in the tangent space of L. By Proposition 1.11 we

thus have
i : . m-(m+ 1)
dime, (£,,) < dime T¢, (L) < dime T, (£) — — +1
: 1
_ dim(L) — % 1
: 1
= dim |L| — % Iy

= expdimg, (£,,) < dime, (L),

which shows that £,, is smooth at C, of the expected dimension.
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PAPER VI

Triple-Point Defective Regular Surfaces

Abstract: In this paper we study the linear series |L — 3p| of hy-
perplane sections with a triple point p of a surface ¥ embedded via
a very ample line bundle L for a general point p. If this linear se-
ries does not have the expected dimension we call (3, L) triple-point
defective. We show that on a triple-point defective regular surface
through a general point every hyperplane section has either a triple
component or the surface is rationally ruled and the hyperplane sec-
tion contains twice a fibre of the ruling.

This paper is a joint work with Luca Chiantini, Siena, [ChMO07al].

1. Introduction

Throughout this note, ¥ will be a smooth projective surface, X = Ky will
denote the canonical class and I will be a divisor class on ¥ such that L and
L — K are both very ample.

The classical interpolation problem for the pair (3, L) is devoted to the study
of the varieties:

Ve . ={C €L |pi,...,pn € ¥ general, mult,,(C) > m,}.

In a more precise formulation, we start from the incidence variety:

Long,omn = {(C (pry -5 pn)) € |L| x 5" | multy, (C) > mi}

.....

together with the canonical projections:

Loy ———5 ¥ (1.1)

.....

|L| = T (H°(L)")

As for the map «, the fibre over a fixed point (p;,...,p,) € X" is just the
linear series |L —myp; — - - - — m,p,| of effective divisors in |L| having a point of
multiplicity at least m; at p;,. These fibres being irreducible, we deduce that if

«is dominant then L,,, ., has a unique irreducible component, say £ ,

,,,,, M1,y Mp

which dominates Y. The closure of its image

m"(za L) = ﬁ(ﬁgfln,,mn)
91
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under [ is an irreducible closed subvariety of |L|, a Severi variety of (3, L).

m;+1

Imposing a point of multiplicity m; corresponds to killing ( 2

) partial deriva-
tives, so that

dim |L —mypy — -+ — mpp| 2max{—1,dim|L|—Z (m; )},

i=1

and we expect that the previous inequality is in fact an equality, for the choice
of general points py,...,p, € 2.

When this is not the case, then the surface is called defective and is endowed
with some special structure.

The case when m; = 2 for all i has been classically considered (and solved) by
Terracini, who classified in [Ter22] double—point defective surfaces. In any
event, the first example of such a defective surface which is smooth is the
Veronese surface, for which n = 2.

It is indeed classical that imposing multiplicity two at a general point to a
very ample line bundle || always yields three independent conditions, so that
dim |L—2p| = dim |L| —3 and the corresponding Severi variety has codimension
lin |L].

Furthermore, when ¥ is double-point defective, then any general curve C' €
|L —2p; — -+ — 2p,| has a double component passing through each point p;.

When the multiplicities grow, the situation becomes completely different.
Even in the case ¥ = P, the situation is not understood and there are sev-
eral, still unproved conjecture on the structure of defective embeddings (see
[Cil01] for an introductory survey).

When ¥ is a more complicated surface, it turns out that even imposing just
one point of multiplicity 3, one may expect to obtain a defective behaviour.

Example 1.1
Let ¥ = F. = R.! be a Hirzebruch surface, ¢ > 0. We denote by F a fibre
of 7 and by Cj the section of 7 of minimal self intersection C3 = —e — both
of which are smooth rational curves. The general element C; in the linear
system |Cy+eF’| will be a section of 7 which does not meet () (see e.g. [FuP00],
Theorem 2.5).

Consider now the divisor L =2 - F'+ C}, = (2 +e¢) - '+ Cy. Then for a general
p € ¥ there are curves C, € |C; — p| and there is a unique curve [}, € |F — p|,
in particular p € F,, N C,. For each choice of C;, we have

2F,+C, € |L—3p|.
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Since F.L =1 = F.(L — F) we see that every curve in |L — 3p| must contain £,
as a double component, i.e.

|L = 3p| = 2F, +|Cy — p|.
Moreover, since p € X is general we have (see [FuP00], Lemma 2.10)
dim |Cy — p| = dim |C4] — 1 = A° (R}, Op,1) + (R, Opi(e)) —2=¢

and, using the notation from above,

dim(V3) > dim |C) —p| +2 =€+ 2.
However,

dim |L| = h*(R.', O, (2)) + h° (R, Op1(2+€)) —1=e+5,
and thus
expdim(V3) =dim |L| —4=e+ 1 < e+ 2 =dim(V).

We say, (IF., L) is triple-point defective, see Definition 1.2.
Note, moreover, that

(L — K)*> = (4F + 3Cy)* = 24 > 16.

O

It is interesting to observe that, even though, in the previous example, the
general element of |L — 3p| is non reduced, still the map [ of Diagram (1.1)
has finite general fibers, since the general element of |L — 3p| has no triple
components.

The aim of this note is to investigate the structure of pairs (X, L) for which the
linear system | L —3p| for p € ¥ general has dimension bigger that the expected
value dim |L| — 6, or equivalently, the variety £, defined as in Diagram (1),
has dimension bigger than dim |L| — 4.

Definition 1.2
We say that the pair (X, L) is triple-point defective or, in classical notation,
that (X, L) satisfies one Laplace equation if

dim |L — 3p| > max{—1,dim |L| — 6} = expdim |L — 3p|
for p € ¥ general.

Remark 1.3
Going back to Diagram (1), one sees that (X, L) is triple-point defective if and
only if either:

e dim|L| <5 and the projection « : £3 — 3 dominates, or

e dim |L| > 5 and the general fibre of the map a has dimension at least
dim |L| — 5.
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In particular, (X, L) is triple-point defective if and only if the map « is domi-
nant and

dim(£{™) > dim |L| — 4.

The particular case in which the general fiber of the map 3 in Diagram (1) is
positive-dimensional, (i.e. the general member of V5 contains a triple compo-
nent through p) has been investigated in [Cas22], [FrI01], and [BoCO05]. We
will recall the classification of such surfaces in Theorem 2.2 below.

Even when [ is generically finite, one of the major subjects in algebraic inter-
polation theory, namely Segre’s conjecture on defective linear systems in the
plane, says in our situation that, when (X, L) is triple-point defective, then
the general element of | — 3p| must be non-reduced, with a double component
through p (exactly as in the case of Hirzebruch surfaces).

We are able to show, under some assumptions, that this part of Segre’s con-
jecture holds, even in the more general setting of regular surfaces.

Indeed our main result is:

Theorem 1.4

Let ¥ be a regular surface, and suppose that with the notation in (1.1) « is
dominant. Let L be a very ample line bundle on ¥, such that L. — K is also very
ample. Assume (L — K)*> > 16 and (3, L) is triple-point defective.

Then Y. is rationally ruled in the embedding defined by L. Moreover a general
curve C € |L — 3p| contains the fibre of the ruling through p as fixed component
with multiplicity at least two.

Remark 1.5

In a forthcoming paper [ChMO07b] we classify all triple-point defective linear
systems L on ruled surfaces satisfying the assumptions of Theorem 1.4, and
it follows from this classification that the linear system |L — 3p| will contain
the fibre of the ruling through p precisely with multiplicity two as a fixed
component. In particular, the map  will automatically be generically finite.

Our method is based on the observation that, when (X, L) is triple-point de-
fective, then at a general point p € ¥ there exists a non-reduced scheme Z,
supported at the point, such that

h'(S, Iz, (L)) # 0.

By Serre’s construction, this yields the existence of a rank 2 bundle £, with
first Chern class L — K, with a global section whose zero-locus is a subscheme
of length at most 4, supported at p. Moreover the assumption (L — K)? > 16
implies that &, is Bogomolov unstable, thus it has a destabilizing divisor A.
By exploiting the properties of A and B = L — K — A, we obtain the result.
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In a sort of sense, one of the main points missing for the proof of Segre’s
conjecture is a natural geometric construction for the non—reduced divisor
which must be part of any defective linear system.

For double-point defective surfaces, the non-reduced component comes from
contact loci of hyperplanes (see [ChCO02]).

In our setting, the non—reduced component is essentially given by the effective
divisor B above, which comes from a destabilizing divisor of the rank 2 bundle.

The result, applied to the blowing up of %, leads to the following partial proof
of Segre’s conjecture on defective linear systems in the plane.

Corollary 1.6

Fix multiplicities m; < my < --- < m,. Let H denote the class of a line in
P2 and assume that, for pi, . ..,p, general in B2 the linear system M = rH —
mipr — - -+ — M,py LS defective, i.e.

dim | M| >max{—1, <T;2) —; <m22+ 1)}

Let 7 : ¥ — P be the blowing up of P> at the points p., ..., p, and set L :=
rm*H — moFEy — - -+ — m, E,, where E; = ©*(p;) is the i-th exceptional divisor.
Assume that L is very ample on S, of the expected dimension ("1?)=>"1, (™.,
and that also L — K is very ample on 3, with (L — K)? > 16. Assume, finally,

m1§3

Then m, = 3 and the general element of M is non-reduced. Moreover L embeds
Y as a ruled surface.

Proof: Just apply the Main Theorem 1.4 to the pair (3, ). O

The reader can easily check that the previous result is exactly the transla-
tion of Segre’s and Harbourne—Hirschowitz’s conjectures on defective linear
systems in the plane, for the case of a minimally defective system with lower
multiplicity 3. The (—1)—curve predicted by Harbourne—Hirschowitz conjec-
ture, in this situation, is just the pull-back of a line of the ruling.

Although the conditions “L and L — K very ample” is not mild, we believe
that the previous result could strengthen our believe in the general conjec-
ture. Combining results in [Xu95] and [Laz97] Corollary. 2.6 one can give
numerical conditions on r and the m; such that L respectively L — K are very
ample.

The paper is organized as follows.

The case where [ is not generically finite is pointed out in Theorem 2.2 in Sec-
tion 2. In Section 3 we reformulate the problem as an h!'-vanishing problem.
The Sections 4 to 7 are devoted to the proof of the main result: in Section 4
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we use Serre’s construction and Bogomolov instability in order to show that
triple-point defectiveness leads to the existence of very special divisors A and
B on our surface; in Section 5 we show that |B| has no fixed component; in
Section 6 we then list properties of B and we use these in Section 7 to classify
the regular triple-point defective surfaces.

2. Triple components

In this section, we consider what happens when, in Diagram (1), the general
fiber of /3 is positive-dimensional, in other words, when the general member
of V5 contains a triple component through p.

This case has been investigated (and essentially solved) in [Cas22], and then
rephrased in modern language in [FrI01] and [BoCO05].

Although not strictly necessary for the sequel, as our arguments do not make
any use of the generic finiteness of 3, (and so we will not assume this), for the
sake of completeness we recall in this section some example and the classifi-
cation of pairs (X, L) which are triple-point defective, and such that a general
curve L, € |L — 3p| has a triple component through p.

The family £; of pairs (L,p) € |L| x ¥ where L € |L — 3p| has dimension
bounded below by dim |L| — 4, and in Remark 1.3 it has been pointed out that
(3, L) is triple-point defective exactly when « is dominant and the bound is
not attained.

Notice however that dim |L| — 4 is not necessarily a bound for the dimension
of the subvariety V3 C |L|, the image of £3 under 5. The following example
(exploited in [LaMO02]) shows that one may have dim(V3) < dim|L| — 4 even
when (X, L) is not triple-point defective.

Example 2.1 ((see [LaMO02]))
Let ¥ be the blowing up of P,* at 8 general points ¢, . .., ¢s and L corresponds
to the system of curves of degree nine in B,?, with a triple point at each ¢;.

dim |L| = 6, but for p € ¥ general, the unique divisor in |L — 3p| coincides with
the cubic plane curve through ¢4, .. ., ¢s, p, counted three times. As there exists
only a (non-linear) 1-dimensional family of such divisors in |L|, then dim(V3) =
1 < dim |L| — 4. On the other hand, these divisors have a triple component, so
that the general fibre of § has dimension 1, hence dim(£;3) =2 = dim |L| — 4.

The classification of triple-point defective pairs (X, L) for which the map ( is
not generically finite is the following.

Theorem 2.2
Suppose that (X, L) is triple-point defective. Then for p € ¥. general, the general
member of |L — 3p| contains a triple component through p if and only if 3. lies
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in a threefold W which is a scroll in planes and moreover W is developable, i.e.
the tangent space to W is constant along the planes.

Proof: (HINT) First, since we assume that Y is triple-point defective and
embedded in " via L, then the hyperplanes 7 that meet X in a divisor H =
¥ N 7 with a triple point at a general p € ¥, intersect in a P,*. Thus we may
project down X to P.* and work with the corresponding surface.

In this setting, through a general p € ¥ one has only one hyperplane = with a
triple contact, and 7 has a triple contact with 3 along the fibre C of 5. Thus
V3 is a curve.

If H', H" are two consecutive infinitesimally near points to 4 on V3, then C
also belongs to H N H' N H”. Thus C is a plane curve and X is fibred by a
1-dimensional family of plane curves. This determines the threefold scroll V.

The tangent line to V5 determines in (P,°)* a pencil of hyperplanes which are
tangent to X at any point of C, since this is the infinitesimal deformation of a
family of hyperplanes with a triple contact along any point of C. Thus there
is a P, = H. which is tangent to ¥ along C.

Assume that C is not a line. Then C spans a B> = 7. fibre of W, moreover the
tangent space to I/ at a general point of C' is spanned by 7~ and T, p, hence it
is constantly equal to H.. Since C spans 7¢, then it turns out that the tangent
space to W is constant at any point of 7, i.e. W is developable.

When (' is a line, then arguing as above one finds that all the tangent planes
to ¥ along C belong to the same P.. This is enough to conclude that ¥ sits in
some developable 3-dimensional scroll.

Conversely, if ¥ is contained in the developable scroll 11/, then at a general
point p, with local coordinates z, y, the tangent space ¢t to 1V at p contains the
derivatives p, p,, Dy, Pux, Pzy (here z is the direction of the tangent line to C).
Thus the P.* spanned by ¢, p,, intersects ¥ in a triple curve along C. O

3. The Equimultiplicity Ideal

If L, is a curve in | L — 3p| we denote by f, € C{z,,y,} an equation of L, in local
coordinates z, and y, at p. If mult,(L,) = 3, the ideal sheaf [7,, whose stalk at
p is the equimultiplicity ideal

of f, defines a zero-dimensional scheme 7, = Z,(L,,) concentrated at p, and the
tangent space T(;,, ,)(L3) of L3 at (L,,p) satisfies (see [Mar06] Example 10)

T, (Ls) = (H (3, Tz, (Ly)) [ H (3, 05)) © K,
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where K is zero unless L, is unitangential at p, in which case K is a one-
dimensional vector space.

In particular, £; is smooth at (L,,p) of the expected dimension (see [Mar06]
Proposition 11)

expdim(L3) = dim|L| — 4
as soon as
h(, Tz, (L)) = 0.
We thus have the following proposition.

Proposition 3.1

Let ¥ be regular and suppose that « is surjective, then (X, L) is not triple-point
defective if

h (2, Tz,(L)) =0
for general p € ¥ and L, € |L| with mult,(L,) = 3.

Moreover, if L is non-special the above h'-vanishing is also necessary for the
non-triple-point-defectiveness of (X, L).

4, The Basic Construction

From now on we assume that for p € ¥ general 3 L, € |L| s.t.

W(S, T, (L)) # 0.

Then by Serre’s construction for a subscheme 7, C 7, with ideal sheaf J, =
Jz; of minimal length such that ' (%, 7,(L)) # 0 there is a rank two bundle &,
on X and a section s € H°(X, £,) whose 0-locus is 7}, giving the exact sequence

0—-0s—& — J(L—-K)—D0. (4.1)
The Chern classes of £, are
a(&)=L—-K and (&)= length(Z)).

Moreover, 7} is automatically a complete intersection.

We would now like to understand what 7, is depending on jet,(f,), which in
suitable local coordinates will be one of those in Table (4.2). For this we first of
all note that the very ample divisor L separates all subschemes of Z, of length
at most two. Thus Z, has length at least 3, and due to Lemma 4.1 below we
are in one of the following situations:
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jets(fp) N length(Z,) |  J, | ca(&y)
=Y | () 4 @2 | 4
TpYp | (@ Tpp Yp) 4 (@ yd) | 3 (4.2)
O RO 7 B B SR R () B
v | (22w, vn) 5 (T 2) | 3

Lemma 4.1

If f € R = C{z,y} with jet;(f) € {23 — 3, 2%y, 23}, and if I = (g, h) < R such
that dimc(R/I) > 3 and (4L, g—£> + (z,y)® C I, then we may assume that we are
in one of the following cases:

(@) I=(2%y°) and jets(f) € {z* —y*,2°}, or
(b) I =(z,y°) and jet;(f) € {a?y,2*}.

Proof: If > is any local degree ordering on R, then the Hilbert-Samuel
functions of R/I and of R/L-(I) coincide, where L. (/) denotes the leading
ideal of I (see e.g. [GrP02] Proposition 5.5.7). In particular, dim¢(R/I) =
dime(R/L~ (1)) and thus

Lo(I) € {(z®, 2y*, v*), (2%, 2y, v?), (2, 2y, y*), (2, %), (2, v*) },
since (z2, zy?, y?) C I.

Taking >, for a moment, to be the local degree ordering on R with y > = we
deduce at once that I does not contain any power series with a linear term in
y. For the remaining part of the proof > will be the local degree ordering on R
with z > 4.

1st Case: L. (I) = (2%, zy% y?) or Lo (I) = (2 zy,y*). Thus the graph of the
slope H}, ; of the Hilbert-Samuel function of R/I would be as shown in Figure
1, which contradicts the fact that / is a complete intersection due to [Iar77]
Theorem 4.3.

L g

3 2

FIGURE 1. The graphs of [}, , respectively of

x2,zy?y3 z2,xy,y2)"
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2nd Case: L~ (I) = (x*, vy, y>). Then we may assume
g=2*+a-y*+hot. and h=ay+ 3 -y>+hot.
Since 22 € I there are power series a,b € R such that
?=a-g+b-h

Thus the leading monomial of « is one, a is a unit and g € (2 h). We may
therefore assume that g = 22. Moreover, since the intersection multiplicity of
g and h is dim¢(R/I) = 4, g and h cannot have a common tangent line in the
origin, i. e. 3 # 0. Thus, since g = 2%, we may assume that h = xy + y* - u with
u = (8 + h.o.t a unit.
In new coordinates 7 =z - /uand y =y - ﬁ we have

I= {7y +7).
Note that by the coordinate change jet;(f) only changes by a constant, that
2,4 € I and that (7,7)° C I, but 7y, §* & I. Thus jet,(f) = 2.
Setting now 7 = 7 and y = 7 + 2y, then *> = 2°> + 4 - (25 + 3?) € I and thus,
considering colengths,

I= (5%

Moreover, the 3-jet of / does not change with respect to the new coordinates,
so that we may assume we worked with these from the beginning.

3rd Case: L. (I) = (z%,y?). Then we may assume
g=ax*4+a-zy+hot. and h=y>+hot.

As in the second case we deduce that w.l.o.g. ¢ = 2% and thus h = 2 - u, where
v is a unit. But then I = (22, ¢?).

4th Case: L. (I) = (z,3?). Then we may assume
g=x+hot. and h=y>+hot.

since there is no power series in [ involving a linear term in y. In new coordi-
nates & = g and y = y we have

1={(3,h),

and we may assume that h = y° - u, where u is a unit only depending on 7.
Hence, I = (7,7?). Moreover, the 3-jet of f does not change with respect to
the new coordinates, so that we may assume we worked with these from the
beginning. O

From now on we assume that (L — K)? > 16.
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Thus
Cl(gp)z —4- Cz(gp) > 0,

and hence &, is Bogomolov unstable. The Bogomolov instability implies the
existence of a unique divisor A, which destabilizes &,. (See e. g. [Fri98] Sec-
tion 9, Corollary 2.) In other words, setting B, = L — K — A, i. e.

Ay +B,=L—K, (4.3)
there is an immersion

0— Ox(4,) — &, (4.4)
where (4, — B,)?> > ¢1(€,)? — 4 - 2(&,) > 0 and (A, — B,).H > 0 for every ample

H. From this we deduce the following properties:

(a) &,(—A,) has a section that vanishes along a subscheme Z, of codimen-
sion 2, and

A,.B, <length(Z)). (4.5)
The previous immersion gives rise to a short exact sequence:
0— Os(4y) — & — T3 (By) — 0. (4.6)
(b) The divisor B, is effective and we may assume that Z, C B,.

(c) A, — B, is big, and hence dim (|k - (4, — B,)|) = const - k* 4+ o(k) > 0 for
k >> 0. In particular

(A, — B,).M > 0 4.7)

if M is big and nef or if M is an irreducible curve with M? > 0 or if M is
effective without fixed part.

(d) A, is big.

Proof: (a) Sequence (4.6) is a consequence of Serre’s construction. The first
assertion now follows from Sequence (4.6), and Equation (4.5) is a con-
sequence of

(Ap — B,)* = c1(&,)” — 2(&,) = (Ap + B,)* — 4 - length(Z)).
(b) Observe that (24, — (L — K)).H > 0 for any ample line bundle H, and

thus
L — .
PRI ST
Thus H°(Ox(—4,)) = 0 and twisting the sequence (4.1) with — A, we are
done.

(¢) Since (4, — B,)? > 0 and (A4, — B,).H > 0 for some ample H Riemann-
Roch shows that A, — B, is big, i. e. dim (|k - (A4, — B,)|) grows with £?.
The remaining part follows from Lemma 4.2.



102 VI. TRIPLE-POINT DEFECTIVE REGULAR SURFACES

(d) This follows since A, — B, is big and B, is effective.

Lemma 4.2
Let R be a big divisor. If M is big and nef or if M is an irreducible curve with
M? > 0 or if M is an effective divisor without fixed component, then R.M > 0.

Proof: If R is big, then dim |k - R| grows with 2. Thus for k£ >> 0 we can write
k-R = N'+ N” where N’ is ample and N” effective (possibly zero). To see this,
note that for £ >> 0 we can write |k - R| = |N’| + N”, where N” is the fixed
part of |k - R| and N’ N C # () for every irreducible curve C. Then apply the
Nakai-Moishezon Criterion to N’ (see also [Tan04]).

Analogously, if M is big and nef, for j >> 0 we can write j - M = M’ + M"
where M’ is ample and M” is effective. Therefore,

1
RM = ~- (N".M'+ N'"M" + N".M) > 0,
J
since N'.M' > 0, N'.M" > 0and N".M > 0.

Similarly, if M is irreducible and has non-negative self-intersection, then

1
RM = (N".M +N".M) >0.

And if M is effective without fixed component, we can apply the previous
argument to every component of M. 0]

Now let p move freely in ¥. Accordingly the scheme 7 moves, hence the
effective divisor B, containing Z, moves in an algebraic family B C | B|, which
is the closure of {B, | p € ¥, L, € |L—3p|, both general} and which covers ¥. A
priori this family B might have a fixed part C, so that for general p € ¥ there
is an effective divisor D, moving in a fixed-part free algebraic family D C |D|,
such that

B,=C+D,.

Whenever we only refer to the algebraic class of A, respectively B, respec-
tively D, we will write A respectively B respectively D for short.

For these considerations we assume, of course, that
length(Z)) is constant for p € X general, so either
length(Z)) = 3 or length(Z) = 4.
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5. C=0.

Our first aim is to show that actually C = 0 (see Lemma 5.5). But in order to
do so we first have to consider the boundary case that A,.B, = length(Z)).

Proposition 5.1
If A,.B, = length(Z)), then there exists a non-trivial global section 0 # s €
H°(B,, jZHBp(Ap)) whose zero-locus is Z),

In particular, A,.D, = A,.B, = length(Z)) and A,.C = 0.

Proof: By Equation (4.6) we have

Ap.B, =length(Z)) = () = Ap.B, + length (Z,).

Thus Z, = 0.

If we merge the sequences (4.1), (4.6), and the structure sequence of B twisted
by B we obtain the following exact commutative diagram in Figure 2, where

0 0
0 > Oy, > Oy, >0
0—— Ox(4,) > &y > Oxn(B,) —— 0

FIGURE 2. The diagram showing Op, = J7;,5,(4,).

Os,(By) = Jz8,(4p + By), or equivalently Op, = J7;/5,(4,). Thus from the
rightmost column we get a non-trivial global section, say s, of this bundle
which vanishes precisely at 7, since 7 is the zero-locus of the monomorphism
of vector bundles Oy, — &,. However, since p is general we have that p ¢ C
and thus the restriction 0 # sp, € H°(D,, Jz/p,(4,)) and it still vanishes
precisely at Z). Thus A,.D, = length(Z)) = A,.B,, and A,.C = A,.B, — A,.D, =
0. 0]

Lemma 5.2
Ap,.B, > 1+ Bg.
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Proof: Let B = P + N be a Zariski decomposition of B, i. e. P and N are
effective Q-divisors such that in particular P is nef, PN = 0 and N? < 0
unless N = 0.
If N #0, then

0< (A+ B).N=A.N + N?,
since A + B is very ample and N is effective. Moreover, since P is nef and
A — B big we have (A — B).P > 0 and hence

A.P > B.P = P~
Combining these two inequalities we get

AB=AP+ AN > P?> - N?> P24+ N? = B2

If N = 0, then B is nef and, therefore, B2 > 0. If, actually B? > 0, then B is
big and nef, so that by (4.7) (A — B).B > 0. While if B?> = 0 then

B*=0<B.(A+B)=AB
since A + B is very ample and B is effective. O

Lemma 5.3
Let p € ¥ be general and suppose length(Z)) = 4.

(a) If D, is irreducible, then dim(D) > 2 and D > 3.

(b) If D, is reducible but the part containing p is reduced, then either D, has
a component singular in p and Dg > 5 or at least two components of D,
pass through p and D2 > 2.

(c) IfD; <1, then D, =k E, where k > 2, E, is irreducible and E = 0. In
particular, D7 = 0.

Proof: (a) If D, is irreducible, then dim(D) > 2, since D,, containing 7, is
singular in p by Table (4.2) and since p € ¥ is general. If through p € &
general and a general ¢ € D, there is another D’ € D, then due to the
irreducibility of D,

D> = D,.D" > mult,(D,) 4+ multy(D,) > 3.

Otherwise, D is a two-dimensional involution whose general element
is irreducible, so that by [ChCO02] Theorem 5.10 D must be a linear
system. This, however, contradicts the Theorem of Bertini, since the
general element of D would be singular.

(b) Suppose D, = Zle E, , is reducible but the part containing p is reduced.
Since D, has no fixed component and p is general, each E; , moves in an
at least one-dimensional family. In particular E7, > 0.
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If some E,;,, say i = 1, would be singular in p for p € X general we
could argue as above that £} ) > 3. Moreover, either E,, is algebraically
equivalent to £y, and E3, > 3, or £y, and E,, intersect properly, since
both vary in different, at least one-dimensional families. In any case we
have

D2 > (Eyp+ Eyp)® > 5.

Otherwise, at least two components, say £, and E,, pass through p,
since D, is singular in p and no component passes through p with higher
multiplicity. Hence, E; ,.E>, > 1 and therefore

D> >2-Fy,.Fyy, > 2.

(¢) From the above we see that D, is not reduced in p. Let therefore D, =,
kE, + E' where k > 2, E, passes through p and £’ does not contain any
component algebraically equivalent to E,,.

Suppose E’ # 0. Since D, has no fixed component both, £, and E’ vary
in an at least one dimensional family covering ¥ and must therefore
intersect properly. In particular, E, £’ > 1 and 1 > D2 > 2k - E,.E' > 4.
Thus, £/ = 0.
We therefore may assume that D, = kE, with £ > 2. Then 0 < Eg =
2 - D2 < 1, which leaves only the possibility £E2 = 0, implying also
D2 = 0.

0]

Lemma 5.4
Suppose that R C Y is an irreducible curve.

(a) If(L—K).R e {1,2}, then Ris smooth, rational and R* < (L—K).R—3 <
-1

(b) If (L — K).R = 3, then R*> < 0, and either R is a plane cubic or it is a
smooth rational space curve.

Proof: Note that ¥ is embedded in some F." via |L — K| and that deg(R) =
(L—K).R is just the degree of R as a curve in F,". Moreover, by the adjunction
formula we know that

R?+ RK
pal(R) = 55 41,
and since L is very ample we thus get
1<LR=(L-K)R+RK=(L-K).R+2-(p(R)—1) — R*. (5.1)

(a) If deg(R) € {1,2}, then R must be a smooth, rational curve. Thus we
deduce from (5.1)

R*<(L-K).R-3.
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(b) Ifdeg(R) = 3, then R is either a plane cubic or a smooth space curve of
genus 0. If p,(R) = 1 then actually L.R > 3 since otherwise |L| would
embed R as a rational curve of degree 1 resp. 2 in some projective space.
In any case we are therefore done with (5.1).

O

Lemma 5.5
C=0.

Proof: Suppose C # 0 and r is the number of irreducible components of C.
Since D has no fixed component we know by (4.5) that (A — B).D > 0, so that
AD>BD+1=D.C+D*+1 (5.2)

or equivalently
D.C <AD-D*-1. (5.3)

Moreover, since A + B is very ample we have r < (A+ B).C = A.C + D.C + C?
and thus

AC+D.C=(A+B).C-C?*>r—C* (5.4)
1st Case: C? < 0. Then (5.4) together with (5.2) gives
AB=AC+AD>AC+DC+D*+1>r+(-CH+D*+1>2, (5.5)
or the slightly stronger inequality
length(Z)) > A.B > (A+ B).C + (—=C?) + D* + 1. (5.6)

2nd Case: C? > 0. Then by Lemma 5.2 simply

length(Z)) > AB>B*+1=D>+2-CD+C*+1>2. 5.7

Since all the summands involved in the right hand side of (5.5) and (5.7) are
non-negative and since by Lemma 5.3 the case D? = 1 cannot occur when
length(Z)) = 4, we are left considering the cases shown in Figure 3, where for
the additional information (the last four columns) we take Proposition 5.1 and
Lemma 5.3 into account.

Let us first and for a while consider the situation length(Z)) = 4 and D* = 0,
so that by Lemma 5.3 D = kFE for some irreducible curve F with £ > 2 and
E? = 0. Applying Lemma 5.4 to E we see that (A + B).E > 3, and thus

6 <3k < (A+B).D=AD+C.D. (5.8)

If in addition A.D < 4, then (5.3) leads to
6<AD+CD<4+CD<T, (5.9)
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length(Z)) | D* | C* |C.D|r| AB |AD|AC D

1) 4 0 |—-2 1 4 4 0 |kEkE>2
2) 4 0 | -1 o 4 | 4| 0 |kEKk>2
3) 4 010 3 4 | 4| 0 |kEk>2
4) 4 0| -1 1| 3,4 kE, k> 2
5) 4 210 1 4 4 0

6) 4 0 21 3,4 kE. k> 2
7) 4 010 12,34 kE k> 2
8) 3 0 ]-1 1 3 3 0

9) 010 2 3 3 0

10) 1] o0 1l 3 | 3| o

11) 3 0] o0 1] 2.3

12) 4 0] 1 1 4 4 0 |kEE>2
13) 4 211 0 4 4 0

14) 4 0] 1] 0 2.3, 4 kE, k> 2
15) 4 02| 0 3.4 kE. k> 2
16) 3 111 0 3 3 0

17) 3 0] 1 0 2,3

FIGURE 3. The cases to be considered.

This outrules Case 12.

CD=k-C.E=2.

which is only possible for £k =2, C.E' =1 and

2=AC+C.D>r—C?=3.

3>B>=2.-CD+C*>2-C.D >0,

107

(5.10)

In Cases 1, 2 and 3 we have A.D = 4, and we can apply (5.10), which by (5.4)
then gives the contradiction

If, still under the assumption length(Z)) = 4 and D? = 0, we moreover assume
2 > (C? > 0 then by Lemma 5.2
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and thus C.D < 1 and C.D + C? < 2, which due to (5.8) implies A.D > 5. But
then by Proposition 5.1 we have A.B < 3 and hence A.C = A.B— A.D < -2,
which leads to the contradiction

(A+B).C=AC+D.C+C*<0, (5.11)
since A + B is very ample. This outrules the Cases 6, 7, 14 and 15.
In Case 4 Lemma 5.4 applied to C' shows

2<(A+B).C=AC+D.C+C* (5.12)

If in this situation A.B = 4, then Proposition 5.1 shows A.C = 0 and A.D =
A.B = 4, and therefore (5.10) leads a contradiction, since the right hand side
of Equation (5.12) is A.C + D.C +C? = 0+ 2 — 1 = 1. We, therefore, conclude
that A.B = 3, and as above we get from Lemma 5.2
2>B°=2-CD+C?*=2k-CE-1>4-CE—-1> -1,

which is only possible for C.E = C.D = 0. But then (5.12) implies A.C' >
3, and since A is big and D has no fixed component Lemma 4.2 gives the
contradiction

1<AD=AB-ACKNO.
This finishes the cases where length(Z)) = 4 and D* = 0.

In Cases 5, 10 and 11 we apply Lemma 5.4 to the irreducible curve C' with
C? = 0 and find
(A+ B).C > 3.

In Cases 5 and 10 Equation (5.6) then gives the contradiction
4>AB>3-C*+D*+1>5,
and similarly in Case 11 we get
3>AB>3-C*+D*+1=4.
In very much the same way we get in Case 8
(A+B).C >2
and the contradiction

3>AB>2-C*+D*+1=4.

Let us next have a look at the Cases 16 and 17. Consider the decomposition of
the general D = "7 | E; into irreducible components, none of which is fixed.
In Case 16 we have D? = 0, and thus E,.E; = 0 for all i, j, while in Case 17 we
have D? = 1 and we thus may assume E£? = 1 and E;.E; = 0 for all (i, j) # (1,1).
Moreover, in both cases C.D = 0 and thus C.E; = 0 for all i. Applying Lemma
5.4 to E; we find

A.E;=(A+ B).E; — E.E; > 3,
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and by (5.4) we get
AC=AC+DC>r—-C*>0. (5.13)
But then .
3>AB=AC+Y AE;>3s,

i=1
which implies s = 1 and A.C = 0. From (5.13) we deduce that » = C? = 1, and
thus C is irreducible with C? = 1. Similarly in Case 13 we have by (5.4)

0=AC+DC>r—C*=r—1>0,
and again C is irreducible with C? = 1. Applying now Lemma 5.4 to C we get
in each of these three cases the contradiction
4<(A+B).C=AC+DC+C*=1.
This outrules the Cases 13, 16, and 17.

It remains to consider Case 9. Here we deduce from (5.6) that
2>(A+B).C>r=2,

and hence
2=(A+B).C=AC+D.C+C*=D.C.

But then Lemma 5.2 leads to the final contradiction

2=AB-1>B>=D*4+2-D.C+C?=4.

It follows that B, = D,, B = D, and that B, is nef.

6. The General Case

Let us review the situation and recall some notation. We are considering a
divisor L such L and L — K are very ample with (L — K)> > 16, and such
that for a general point p € 3 the general element L, € |L — 3p| has no triple
component through p and that the equimultiplicity ideal of L, in p in suitable
local coordinates is one of the ideals in Table (4.2) — and for all p the ideals
have the same length. Moreover, we know that there is an algebraic family
B={B,|peX} C|B|, without fixed component such that for a general point
peEX
By € |Tzye(L — K = A,

where 7 is the equimultiplicity scheme of L, and A, is the unique divisor
linearly equivalent to L — K — B, such that B, and A, destabilize the vector
bundle &, in (4.1). Keeping these notations in mind we can now consider the
two cases that either length(Z,) = 4 or length(Z,) = 3.
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Proposition 6.1

Let p € ¥ be general and suppose that length(Z)) = 4. Then B, = E, + F,
E, and F, are irreducible, smooth, elliptic curves, E; = F} = 0, E,.F, = 1,
AE,=AF, =2 LE,=LF, =3 AB =4, KE, = KF, =0, and 3 s €
H°(B,, Op,(Ay)) such that Z, = {s = 0}.

Moreover, neither |E|, and |F|, is a linear system, but they both induce an
elliptic fibration with section on X over an elliptic curve.

Proof: Since A > 0 we can apply the Hodge Index Theorem (see e.g.
[BHPV04]), and since (A + B)? > 17 by assumption and A.B < 4 by Equa-
tion (4.5) we deduce

16 > (A.B)> > A*- B* = ((A+ B)* —2A.B — B*).B*
> (9-B%-B* (6.1)
In Section 5 we have shown that B = D is nef, and thus Lemma 5.2 together

with Equation (6.1) shows

0<B*<2. (6.2)
Then, however, Lemma 5.3 implies that B, must be reducible.
Let us first consider the case that the part of B, through p is reduced. Then
by Lemma 5.3, Lemma 5.2, and Equations (4.5) and (6.2) we know that B, =

E, + F, + R, where E, and F,, are irreducible and smooth in p. In particular,
E,.F, > 1, and thus

2>B*=FE+2-E,F,+F.+2-(E,+ F,).R+ R
>2+42-(E,+F,).R.

Since E,.F, = 1 and since the components E, and F, vary in at least one-
dimensional families and R has no fixed component, (£, + F,).R > 1, unless
R = 0. This would however give a contradiction, so R = 0. Therefore nec-
essarily, B, = E, + F,, E,.F, = 1, and E = F? = 0. Then by Lemma 5.4
(A+ B).E, >3 and (A + B).F, > 3, so that

4>AB>(A+B).E,+(A+ B).F,— B*>>4

implies E,.A, =2 = F,.A, and (A+ B).E, = 3 = (A + B).F,. Applying Lemma
5.4 once more, we see that

pa(Ep) <1 and p,(F,) < 1. (6.3)

We claim that in p the curve L, can share at most with one of £, or F, a
common tangent, and it can do so at most with multiplicity one. For this
consider local coordinates (z,,y,) as in the Table (4.2). Since length(Z)) = 4
we know that J, , = (27, y;) does not contain z,y,, and since B, = E, + F, €
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|Jz, (L — K — A)|, where £, and F, are smooth in p, we deduce that in local
coordinates their equations are

zp,+a-y,+ hot. respectively xz,—a-y,+ h.ot.,

where a # 0. By Table (4.2) the local equation f, of L, has either jets(f,) = «}
and has thus no common tangent with either E, or F},, or jets(f,) = :cf, — yg’ and
it is divisible at most once by one of =, — ay, or x, + ay, .

In particular, E, can at most once be a component of L,, and we deduce

0, ifE,¢ L,
E,Ky=E,L,—E, A,— E, B,=E, L,—3>
-1, if E, C L,.
But then, since the genus is an integer,
E?+ E, K E, K
Pal(Bp) = ——— 1= PRz

in which case (6.3) gives p,(E,) = 1. This shows, in particular, that

KE,=0 and L, E,=3.

By symmetry the same holds for F,.

Since E2 = 0 the family | £|, is a pencil and induces an elliptic fibration on %
(see [Kei01] App. B.1). In particular, the generic element £, in |E|, must be
smooth (see e.g. [BHPVO04] p. 110). And with the same argument the generic
element £}, in |F|, is smooth.

Suppose now that |E|, is a linear system. Since E£.F = 1 and for ¢ € F,
general E,NF, = {¢} the linear system |OF, (F)| is a g{ on the smooth curve F,
implying that F, is rational contradicting p,(F,) = 1. Thus |E|, is not linear,
and analogously |F|, is not.

It remains to consider the case that B, is not reduced in p. Using the notation
of the proof of Lemma 5.3 we write B, = k- E, + E' with &k > 2, E, irre-
ducible passing through p and E’ not containing any component algebraically
equivalent to E,. We have seen there (see p. 105) that £’ # 0 implies Bg >4
in contradiction to Lemma 5.2. We may therefore assume B, = k - E, with
E?2 > 0. If E? > 1, then again B2 > 4. Thus E? = 0. Applying Lemma 5.4 to E,
we get

3<(A+ B).E, = AE,,
and hence the contradiction

4>AB=k-AE,>6.

Therefore, B, must be reduced in p. O
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Proposition 6.2

Let p € ¥ be general and suppose that length(Z)) = 3. Then B, is an irreducible,
smooth, rational curve in the pencil |B|, with B> = 0, AB = 3and 3 s €
H°(B,,0p,(A,)) such that Z) is the zero-locus of s.

In particular, ¥ — |B|, is a ruled surface and 2B, is a fixed component of
|L — 3p|.

Proof: Since A> > 0 we can apply the Hodge Index Theorem (see e.g.
[BHPV04]), and since (A + B)? > 17 by assumption and A.B < 3 by Equa-
tion (4.5) we deduce

9> (A.B)> > A*. B* = ((A+ B)> —2A.B — B*) > (11 — B%) - B2,

Since in Section 5 we have shown that B is nef, this inequality together with
Lemma 5.2 implies
B? =0. (6.4)

Once we have shown that B, is irreducible and reduced, we then know that
| B|. is a pencil and induces a fibration on ¥ whose fibres are the elements of
|B|, (see [Kei01] App. B.1). In particular, the general element of | B|,, which
is B,, is smooth (see [BHPV04] p. 110).

Let us therefore first show that B, is irreducible and reduced. Since B has no
fixed component we know for each irreducible component B; of B, = Y/ | B;
that B? > 0, and hence by Lemma 5.4 that (A + B).B; > 3. Thus by (4.5) and
(6.4)

3-1r<(A+B).B=AB+B*=AB<3,
which shows that B, is irreducible and reduced and that A.B = 3. Moreover,
(A+ B).B = 3, and Lemma 5.4 implies that

pa(B,) < 1. (6.5)

Since A.B = 3 = length(Z,) Proposition 5.1 implies that there is a section
sp € H'(B,, Op,(A,)) such that Z/ is the zero-locus of s,, which is just 3p. Note
that for p € ¥ general and ¢ € B, general we have B, = B, since |B|, is a
pencil, and thus by the construction of B, and B, we also have

Ay~ L—K—B,=L—K — By~ A,.

But if A, and A, are linearly equivalent, then so are the divisors s, and s,
induced on the curve B, = B,. The curve B, therefore contains a linear series
|Og,(Ap)| of degree three which contains 3¢ for a general point ¢ € B,. If
B, was an elliptic curve, then |Op (4,)| would necessarily have to be a g3
embedding B, as a plane curve of degree three and the general point ¢ would
be an inflexion point. But that is clearly not possible. Thus

pa(Bp) =0,
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and by the adjunction formula we get

K.B=2p,(B)—2—-B*=-2. (6.6)

Note also, that Z, C B, in view of Table (4.2) implies that B, and L, have a
common tangent in p. Suppose that B, and L, have no common component, i.
e. B, ¢ L,, then

3 < mult,(B,) - mult,(L,) < L.B=AB+B*+ K.B=3+K.B=1,

which contradicts (6.6). Thus, B, is at least once contained in L,. Moreover,
if 2B, ¢ L, then by Table (4.2) L), := L, — B, has multiplicity two in p, and it
still has a common tangent with B, in p, so that

3<L,B,=LB-B*=AB+KB=3+KB=1 (6.7)

again is impossible. We conclude finally, that B, is at least twice contained in
L

p

Note finally, since dim | B|, = 1 there is a unique curve B, in | B|, which passes
through p, i. e. it does not depend on the choice of L,, so that in these cases B,
respectively 2B, is actually a fixed component of |L — 3p|. O

7. Regular Surfaces

Theorem 7.1 (“If ¥ is regular, then X is a rationally ruled surface.”)

More precisely, let 3. be a regular surface and L a line bundle on ¥ such that L
and L— K are very ample. Suppose that (L—K)? > 16 and that for a general p €
Y. the linear system |L — 3p| contains a curve L, which has no triple component
through p, but such that h' (j ZP(L)) # 0 where Z, is the equimultiplicity scheme
of L, at p.

Then there is a rational ruling 7 : ¥ — P! of ¥ such that L, contains the fibre
over w(p) with multiplicity two.

Proof: Let us suppose that ¥ is regular, so that each algebraic family is in-
deed a linear system, and let p € 3 be general.

The case length(Z) = 4 is excluded since by Proposition 6.1 the algebraic
families |F|, and |F|, would have to be linear systems. Thus necessarily
length(Z]) = 3, and we are done by Proposition 6.2. O
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PAPER VII
Triple-Point Defective Ruled Surfaces

Abstract: In [ChMO07a] we studied triple-point defective very am-
ple linear systems on regular surfaces, and we showed that they can
only exist if the surface is ruled. In the present paper we show that
we can drop the regularity assumption, and we classify the triple-
point defective very ample linear systems on ruled surfaces.

This paper is a joint work with Luca Chiantini, Siena, [ChMO07al].

1. Introduction
Let ¥ be a smooth projective surface, K = Ky the canonical class and L a
divisor class on X

We study a classical interpolation problem for the pair (X, L), namely whether
for a general point p € ¥ the linear system |L — 3p| has the expected dimension

expdim |L — 3p| = max{—1,dim |L| — 6}.
If this is not the case we call the pair (%, L) triple-point defective.

This paper is indeed a continuation of [ChMO07a], where some classification
of triple point defective pairs is achieved, under the assumptions:

L,L — K very ample, and (L — K)* > 16,
conditions that we will take all over the paper.

With these assumptions, the main result of [ChMO07a] says that all triple-
point defective regular surfaces are rationally ruled.

We tackled the problem by considering |L — 3p| as fibres of the the map « in
the following diagram,

L] = B(HO(L)) <2 £y > 5 (1.1)
where L3 denotes the incidence variety
L3 ={(C,p) € |L] x X | mult,(C) > 3}

and « and [ are the obvious projections.
115
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Assuming that for a general point p € X there is a curve in L, with a triple-
point in p — and hence « surjective, we considered then the equimultiplicity
scheme Z, of a curve L, € |L — 3p| defined by

_/0fy Ofp 3
ijvP - <axp’ ayp + <xp7 yp> .

One easily sees that (3, L) triple-point defective necessarily implies that
h' (3, Tz, (L)) # 0.

Non-zero elements in H' (X, Jz,(L)) determine by Serre duality a non—trivial
extension &, of 7, (L — K) by Oy, which turns out to be a rank 2 bundle on the
surface. Due to the assumption (L — K)? > 16, £, is Bogomolov unstable. We
then exploited the destabilizing divisor A, of £, in order to obtain the above
mentioned result.

For non-regular surfaces, the argument of [ChMO07a] shows the following
lemma (see [ChMO07a], Prop. 17 and Prop. 18):

Proposition 1.1
Suppose that, with the notation in (1.1), « is surjective, and suppose as usual
that L and L — K are very ample with (L — K)? > 16.

For p general in X and for L, € |L—3p| general, call Z) the minimal subscheme
of the equimultiplicity scheme Z, of L, such that

B(S, Tz (L)) #0.
Then either:

1) length(Z)) = 3 and X is ruled; or

2) length(Z)) = 4 and, for p € X general, there are smooth, elliptic curves
E, and F, in ¥ through p such that E? = F? =0, E,.F, = 1 and L.E, =
L.F, = 3. In particular, both |E|, and |F|, induce an elliptic fibration
with section on X over an elliptic curve.

This is our starting point. We will in this paper show that the latter case
actually cannot occur, and we will classify the triple-point defective linear
systems L as above on ruled surfaces. It will in particular follow that the
fibre of the ruling is contained exactly twice, and thus that the map 3 above
is generically finite.

Our main results are:

Theorem 1.2
Suppose that the pair (X, L) is triple-point defective where L and L — K are
very ample with (L — K)? > 16. Then Y admids a ruling = : 3 — C.
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For the classification, call C a section of the ruled surface ¥, ¢ the line bundle
on the base curve given by the determinant of the defining bundle, and call FE;
the exceptional divisors (see pp. 122 and 125 for a more precise setting of the
notation):

Theorem 1.3
Assume that 7 : ¥ — C'is a ruled surface and that the pair (X, L) is triple-point
defective, where L and L — K are very ample with (L — K)? > 16.

Then w is minimal, i.e. X is geometrically ruled, and for a general point p € ¥
the linear system |L — 3p| contains a fibre of the ruling as fixed component with
multiplicity two.

Moreover, in the previous notation, the line bundle L is of type Cy+*b for some
divisor b on C such that b + ¢ is very ample.

In Section 2 we will first show that a surface > admitting two elliptic fibra-
tions as required by Proposition 1.1 would necessarily be a product of two
elliptic curves and the triple-point defective linear system would be of type
(3,3). We then show that such a system is never triple-point defective, setting
the first part of the main theorem.

In Section 3 we classify the triple-point defective linear systems on ruled sur-
faces, thus completing our main results.

2. Products of Elliptic Curves

In the above setting, consider a triple-point defective tuple (3, L) where the
equimultiplicity scheme Z, (see [ChMO07a]) of a general element L, € |L — 3p|
admitted a complete intersection subscheme 7 of length four with

W (%, Tz (L)) £ 0.

As explained in the introduction, Prop. 1.1, after [ChMO07a] we know that, for
p € ¥ general, there are smooth, elliptic curves £, and F}, in ¥ through p such
that £2 = F2 =0, E,.F, = 1 and L.E, = L.F, = 3.

In particular, both |E|, and |F|, induce an elliptic fibration with section on X

over an elliptic curve.

We will now show that this situation indeed cannot occur. Namely, for general
p and L, there cannot exist such a scheme 7.

Lemma 2.1
Suppose that the surface ¥ has two elliptic fibrations «© : ¥ — FEy and 7 :
Y — Iy with general fibre E respectively F satisfying E.F = 1.

Then E, and F, are elliptic curves, and X is the blow-up of a product of two
elliptic curves ¥ = Ex Eg = E x F.
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Proof: Since F.I' = 1 we have that F' is a section of 7, and thus ' = F, via 7.
In particular, F, and, similarly, F|, are elliptic curves.

It is well known that there are no non—constant maps from a rational curve
to a curve of positive genus ((Har77], IV.2.5.4). Thus any exceptional curve of
) sits in some fiber. Thus we can reach relatively minimal models of = and =’
by successively blowing down exceptional —1-curves which belong to fibres of
both 7 and 7/, i.e. we have the following commutative diagram

where Y’ is actually a minimal surface. Since a general fibre of 7 or 7’ is not
touched by the blowing-down ¢ we may denote the general fibres of 7 and 7’
again by F respectively F', and we still have £.F = 1.

We will now try to identify the minimal surface ¥’ in the classification of min-
imal surfaces.

By [Fri98] Ex. 7.9 the canonical divisor Ky is numerically trivial, since Y’ is
a minimal surface admitting two elliptic fibrations over elliptic curves.

But then we can apply [Fri98] Ex. 7.7, and since the base curve E; of the
fibration 7 is elliptic we see that the invariant d = deg(L) = deg ((R'1.Ox/)™!)
of the relatively minimal fibration 7 mentioned in [Fri98] Cor. 7.17 is zero, so
that the same corollary implies that the fibration has at most multiple fibres
with smooth reduction as singular fibres. However, since 7 has a section F
there are no multiple fibres, and thus all fibres of 7 are smooth.

Moreover, since the canonical divisor of ¥’ is numerically trivial it is in partic-
ular nef, and by [Fri98] Thm. 10.5 we get that the Kodaira dimension ~(%’)
of ¥’ is zero.

Moreover, by [Fri98] Cor. 7.16 the surface >’ has second Chern class c,(¥') =
0, since the invariant d = deg ((R'm.Os/)') = 0 as already mentioned above.
Thus by the Enriques-Kodaira Classification (see e.g. [ BHPV04] Thm. 10.1.1)
Y must either be a torus or hyperelliptic (where the latter is sometimes also
called bielliptic). A bielliptic surface has precisely two elliptic fibrations, but
one of them is a fibration over a P,' and only one is over an elliptic curve
(see e.g. [Rei97] Thm. E.7.2). Thus Y’ is not bielliptic. Moreover, if ¥’ is a
torus then Ky is trivial and thus so is (R'7,Os/)~!, which by [Fri98] Cor. 7.21
implies that ¥ is a product of the base curve with a fibre. O
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Lemma 2.1 implies that in order to show that the situation of Proposition 1.1
cannot occur, we have to understand products of elliptic curves.

Let us, therefore, consider a surface ¥ = C; x C, which is the product of two
smooth elliptic curves.

Let us set some notation. We will use some results by [Kei01] Appendices G.b
and G.c in the sequel.

The surface ¥ is naturally equipped with two projections 7; : ¥ — C;. If a is
a divisor on C; of degree a and b is a divisor on C of degree b then the divisor
mya + b ~, aCy 4+ bCy, where by abuse of notation we denote by C; a fixed
fibre of 7, and by C; a fixed fibre of 7;. Moreover, K& is trivial, and given two
divisors D ~, aCy + bCy and D’ ~, a’C; + b'C5 then the intersection product is

D.D/ = (CLCl + bCQ).(a'Cl + b,02> =a- b, —+ CL/ : b

We will consider first the case
L =m3(a) + m(b)

where both b on (| and a on C; are divisors of degree 3. The dimension of
the linear system |L| is dim |L| = 8, and thus for a point p € X the expected
dimension is expdim |L — 3p| = dim |L| — 6 = 2.

Notice that a divisor of degree three on an elliptic curve is always very ample
and embeds the curve as a smooth cubic in P,%. Since the smooth plane cubics
are classified by their normal forms z2* —y - (y —z) - (y — A - x) with A # 0
the following example reflects the behaviour of any product of elliptic curves
embedded via a linear system of bidegree (3, 3).

Example 2.2
Consider two smooth plane cubics

Cy=V(zz —y-(y—2)-(y—az))
and
Co=V(zz" —y-(y—2)-(y—b2)).

The surface ¥ = C; x (5 is embedded into P.® via the Segre embedding

o :BExP? —DRS: ((xo =1 :22), (Yo : 1 y2)) — (ToYo : - - T2ya).

We may assume that both curves contain the point p = (1 : 0:0) as a general
non-inflexion point, and the point (p, p) is mapped by the Segre embedding to
¢(p,p) = (1:0:...:0). If we denote by 2 ;, i, € {0, 1,2}, the coordinates on P.®
as usual, then the maximal ideal locally at ¢(p, p) is generated by 2, and 2,
i.e. these are local coordinates of ¥ at ¢(p,p). A standard basis computation
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shows that locally at ¢(p, p) the coordinates z; ; satisfy modulo the ideal of ¥
and up to multiplication by a unit the following congruences (note, 2,0 = 1)

1 1 1
— 2 — 2 — 2 2
2071 =— - Z 2 ZLO =—Z Zl,l =— " Z - Z
b 0,27 a 2,00 ab 0,2 2,00
_1 2 _1 2 —
21,2 :5 * 20,2 " 2270, 221 :Z . 2072 . 2270, 2272 =202 " 2270.

Thus a hyperplane section H = ag o200 + - .. + a22%22 of ¥ is locally in ¢(p, p)
modulo m?® = (24, 220)® given by

ao,1

b
and hence the family of hyperplane sections having multiplicity at least three
in ¢(p, p) is given by

H= 2 aio0 o
= Qo0 1+ Qp,220,2 + A2,022,0 + "2y T 0 250t G2220,2%2,0,

app = Gp,1 = A1,0 = Qo2 = A9 = g2 = 0.

But then the family has parameters a, 1, a1 2, as1, and its dimension coincides
with the expected dimension 2. Moreover, the 3-jet of a hyperplane section H
through ¢(p, p) with multiplicity at least three is

. _ ai2 421
jets(H) = 202 - 220 - (7 22,0+ B 2)

which shows that for a general choice of a;; and a; > the point ¢(p,p) is an

ordinary triple point.

Remark 2.3

We actually can say very precisely what it means that p is general in the
product, namely that neither m(p) is a inflexion point of C}, nor m(p) is a
inflexion point of C5.

Indeed, since a is very ample of degree three, for each point p € ¥ there is a
unique point ¢, € C; such that ¢, + 2 - m3(p) ~; a. When m,(p) is a inflexion
point of Cy, then ¢, = m(p) and thus the two-dimensional family

3C1m@ + 77 (0)] C |L — 3p|
gives a superabundance of the dimension of | — 3p| by one.

Similarly one can argue when 7 (p) is a inflexion point of (.

Now we are ready for the proof of Theorem 1.2.

Proof of Theorem 1.2: By Proposition 1.1, it is enough to prove that when
Y has two elliptic fibrations as in the proposition, then ¥ is not triple—point
defective.

By Lemma 2.1, ¥ is the blow-up 7 : ¥ — ¥’ of a product ¥’ = C; x C; of two
elliptic curves, and we may assume that the curves £, and F), in Proposition
1.1 are the fibres of 7, respectively .
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Our first aim will be to show that actually ¥ = Y. For this note that
k
Pic(X) = @) E: @ 7 Pic(¥),
i=1

where the F; are the total transforms of the exceptional curves arising
throughout the blow-up, i.e. the E; are (not necessarily irreducible) rational
curves with self-intersection £? = —1 and such that E;,.E; = 0 for i # j and
E;. m*(C) = 0 for any curve C on Y. In particular, since Ky is trivial we have
that Ky, = Y27, Fj,andif L = 7 L/'=%  ¢;E;then L-K = 7L/~ (e;41)E..
We therefore have

k

16 < (L—K)?=(L')* =Y (ei+1)%

i=1

or equivalently
k

(L) =17+ (e +1)* > 17+ 4k, (2.1)

i=1
where the latter inequality is due to the fact that e; = L.F; > 0 since L is very
ample. By the assumption of Proposition 1.1 we know that L'.C}, = L.E, = 3

and L'.C, = L.F, = 3, and therefore by [Har77] Ex. V.1.9
(L')? <2-(L'.Cy) - (L'.Cy) = 18. (2.2)
But (2.1) and (2.2) together imply that no exceptional curve exists, i.e. ¥ = ',

Since now X is a product of two elliptic curves, by [LaB92] we know that
the Picard number p = p(X) satisfies 2 < p < 4, and the Néron-Severi group
can be generated by the two general fibres C; and C; together with certain
graphs Cj, 3 < j < p, of morphisms ¢; : C; — (5. In particular, C;.C; =1
and C;.C; = deg(p;) > 1 for 3 < j < p. Moreover, these graphs have self
intersecting zero. If we now assume that L ~,, Z§:1 a;C; then

L2 =2. Zai . Clj . (CZC])
i<j
is divisible by 2, and since L = L — K with (L — K)? > 16 we deduce with
[Har77] Ex. V.1.9 that

L= (L-K)*=18=2-(L.Cy) - (L.Cy),
and thus that
L ~, 3C + 3C5,
or in equivalently, that
L =nja+ b

for some divisors a on C; and b on Cy, both of degree 3. That is, we are in
the situation of Example 2.2, and we showed there that (X, L) then is not
triple-point defective. H
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Remark 2.4
Notice that, in practice, since

W1 (3, L) = h°(Ch,b) - ' (Cy, a) + h°(Cy, a) - h'(Cy, b) = 0,

the non-triple-point defectiveness shows that for general p € ¥ and L, € |L —
3p| no Z, as in the assumptions of Proposition 1.1 can have length 4.

3. Geometrically Ruled Surfaces

Let ¥ =P.(§) =+ C be a geometrically ruled surface with normalized bundle
£ (in the sense of [Har77] V.2.8.1). The Néron-Severi group of X is

NS(S) = CoZ & f7Z,

—e 1
10 ’
where f = P.! is a fixed fibre of 7, C;y a fixed section of 7 with Ox(Cj) =
Or,e)(1), and e = — deg(e) > —g where ¢ = A*E. If b is a divisor on C' we will

with intersection matrix

write bf for the divisor 7*(b) on 3, and so for the canonical divisor we have

KZ ~1 _2CO+(KC+e)f ~a _2CO+(29_2_6)f7
where g = ¢(C) is the genus of the base curve C.
Example 3.1
Let b be a divisor on C' such that b and b + ¢ are both very ample and such that
b is non-special. If C' is rational we should in addition assume that deg(b) +
deg(b +¢) > 6. Then the divisor L = Cj + bf is very ample (see e.g. [FuP00]
Prop. 2.15) of dimension

dim |L]| = h°(C,b) + h°(C,b+¢) — 1
Moreover, for any point p € 3 we then have (see [FuP00] Cor. 2.13)
dim | Cy + (b — 27(p)) - f| = dim | Cy + bf| — 4 = h*(C,b) + h°(C,b +¢) — 5,

and we have for p general

dim | Cy + (b —27(p)) - f —p| = h°(C, b) + h*(C, b + ¢) — 6.

For this note that b and b + ¢ very ample implies that this number is non-
negative — in the rational case we need the above degree bound.

If we denote by f, = 7*(w(p)) the fibre of m over m(p), then by Bézout and since
L.f,=(L— f,).f, = 1 we see that 2f, is a fixed component of |L — 3p| and we
have

L —3p|=2f,+|Co+ (b —2n(p) - f—p|,
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so that

dim |L — 3p| = h°(C,b) + h°(C,b +¢) — 6 = dim |L| — 5
> dim |L| — 6 = expdim |L — 3p|.

This shows that (X, L) is triple-point defective and |L — 3p| contains a fibre of
the ruling as double component. Moreover, for a general p the linear series
|L — 3p| cannot contain a fibre of the ruling more than twice due to the above
dimension count for | Cy + (b — 27(p)) - f — p|.

Next we are showing that a geometrically ruled surface is indeed triple-point
defective with respect to a line bundle L which fulfills our assumptions, and in
Corollary 3.6 we will see that this is not the case for non-geometrically ruled
surfaces.

Proposition 3.2

On every geometrically ruled surface ¥ = B.(§) —— C there exists some very
ample line bundle L such that the pair (X, L) is triple-point defective, and
moreover also L — K is very ample with (L — K)? > 16.

Proof: It is enough to take L = C; + bf, with b = deg(b) = 3a such that
a,a—e,a+ea—2g9+2+ea—2g+2— e are all bigger or equal than 2¢g + 1.
Indeed in this case b and b + ¢ are both very ample. For p € C general, we
also have that both b — p and b + ¢ — p are non-special. It follows that L is
very ample (by [Har77] Ex. V.2.11.b) and (X, L) is triple point defective, by
the previous example. Moreover, in this situation we have:

L—K~3Cy+(b—Kg—e)-f
Hence
(L — K)? = (3Co + (deg(b) =29 +2+¢) - f)* > 18 > 16.
Finally, if we fix a divisor a of degree a on C, then L — K is the sum of the

divisors Cy + (a — K¢) - f, Co + (a —¢) - f, Co + af, which are very ample
([Har77] Ex. V.2.11). Thus L — K is very ample. O

Next, let us describe which linear systems L on a ruled surface > determine a
triple-point defective pair (%, L).
We will show that example 3.1 describes, in most cases, the only possibilities.

In order to do so we first have to consider the possible algebraic classes of
irreducible curves with self-intersection zero on a ruled surface.

Lemma 3.3
Let B € [bCy + V' f|, be an irreducible curve with B? = 0 and dim |B|, > 0, then
we are in one of the following cases:

(a.1) B ~, f,
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(a.2) e=0,b>1, B~,bCy and |B|, = |B|, or
(@3) e<0,b>210b=2%<0,Bn~,bCo+ 2ef and |B|, = |B|;.

Moreover, if b =1, then ¥ = C, x P,1.
Proof: See [Kei01] App. Lemma G.2. O

We can now classify the triple-point defective linear systems on a geometri-
cally ruled surface. In order to do so we should recall the result of [ChM07a]
Prop. 18.

Proposition 3.4

Suppose that, with the notation in (1.1), « is surjective, and suppose that L
and L — K are very ample with (L — K)* > 16. Moreover, suppose that for p € &
general and for L, € |L — 3p| general the equimultiplicity scheme Z, of L, has
a subscheme Z), of length 3 such that h' (3, Jz (L)) # 0.

Then for p € 3 general there is an irreducible, smooth, rational curve B, in a
pencil |B|, with B> =0, (L — K).B=3and L — K — B big.

In particular, ¥ — |B|, is a ruled surface and 2B, is a fixed component of
|L — 3p].

Theorem 3.5

With the above notation let 7 : ¥ — C be a geometrically ruled surface, and let
L be a line bundle on ¥ such that L and L — K are very ample. Suppose that
(L — K)? > 16 and that for a general p € ¥ the linear system |L — 3p| contains
a curve L, such that h*(3, Jz,(L)) # 0 where Z, is the equimultiplicity scheme
of L, at p.

Then L = Cy + b - f for some divisor b on C such that b + ¢ is very ample and
|L—3p| contains a fibre of 7 as fixed component with multiplicity two. Moreover,
if e > —1 then deg(b) > 2g + 1 and we are in the situation of Example 3.1.

Proof: As in the proof of [ChMO07a] Thm. 19, since the case in which the
length of Z, is 4 has been ruled out in Remark 2.4, we only have to consider
the situations in Proposition 3.4 above.

Using the notation there we have a divisor A .= L — K — B ~, aCy + d'f and
a curve B ~, bCy + V' f satisfying certain numerical properties, in particular
pa(B) =0, B> =0, and a > 0 since A is big. Moreover,

3=A.B=—cab+ab +d'b (8.1)
and

a-(2a —ae)=A*=(L—-K)?-2-AB-B*>17-2-AB-B*=11. (3.2)
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By Lemma 3.3 there are three possibilities for B to consider. If ¢ < 0 and
B ~, bCy + %b - f with b > 2, then Riemann-Roch leads to the impossible
equation

—2=2p,(B)—2=B.K =(29—2)-b.
Ife =0and B ~, bCy, then similarly Riemann-Roch shows

—2=B.K=(2g—2)-b,

which now implies that b = 1 and ¢ = 0. In particular, ¥ = P! x P! and
L~y A+ B+ K ~,(a—1)-Cy+ f, since 3 = A.B = a'. But this is then one of
the cases of Example 3.1.

Finally, if B ~, f then (3.1) gives a = 3, and thus
L~y A+ B4+ K ~, Co+ (d +7(p)+ Ko +¢) - f,

where A = 3Cy + a' - f. Moreover, by the assumptions of Case (b) the linear
system |L — 3p| contains the fibre of the ruling over p as double fixed com-
ponent, and since L is very ample it induces on C the very ample divisor
e+ (a' + 7(p) + K¢ + ¢). Note also, that (3.2) implies that
a—2—e> E,
2
and thus for e > —1 we have

deg(a' +7(p)+ Kg+e¢) =29+ 14 (a'—2—¢) >2g+1,

so that then the assumptions of Example 3.1 are fulfilled. This finishes the
proof. O

If 7 : ¥ — (' is a ruled surface, then there is a (not necessarily unique (if
g(C) = 0)) minimal model

NN
s

Y —C,

and the Néron-Severi group of ¥ is

k
NS(D)=Co-Za [ ZaPE Z
i=1
where f is a general fibre of 7, C is the total transform of section of 7, and
the FE; are the total transforms of the exceptional divisors of the blow-up ¢.
Moreover, for the Picard group of > we just have to replace f - Z by n* Pic(C).
We may, therefore, represent a divisor class A on X as

k
L:a~CO+7r*b—ZciEi. (3.9)

i=1
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Corollary 3.6

Suppose that (X, L) is a tuple as in Proposition 1.1 with ruling = : ¥ — C, and
suppose that the Néron-Severi gruop of ¥ is as described before with general
fibre f = B,

Then X is minimal, L = Cy+ 7*b for some divisor b on C such that b + ¢ is very
ample and |L — 3p| contains a fibre of 7 as fixed component with multiplicity
two.

Proof: Let L = Cy + 7*b — >.F_| ¢;;, as described in (3.3). Then

k
L-K=(a+2) Co+m(b—Kc—e)— > (c+1) E,

i=1

and thus considering Proposition 3.4

3=(L—K)B=a+?2.

The very ampleness of L implies thus that ¢; > 0 for all .. But then, if ¥ is
not minimal and [’ is the strict transform of a fiber of the minimal model,
meeting some F;, then L - [/ <0, a contradiction. O

By [ChMO07a] we get Theorem 1.3 as an immediate corollary.
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PAPER VIII

Standard Bases in K{[t,...,t,]][z1,...,z,)°

Abstract: In this paper we study standard bases for submodules
of K[[t1,...,tm]][z1,--.,x,]° respectively of their localisation with re-
spect to a t-local monomial ordering. The main step is to prove the
existence of a division with remainder generalising and combining
the division theorems of Grauert-Hironaka and Mora. Everything
else then translates naturally. Setting either m = 0 or n = 0 we
get standard bases for polynomial rings respectively for power se-
ries rings as a special case. We then apply this technique to show
that the ¢-initial ideal of an ideal over the Puiseux series field can be
read of from a standard basis of its generators. This is an important
step in the constructive proof that each point in the tropical variety
of such an ideal admits a lifting.

[Mar07]

The paper follows the lines of [GrP02] and [DeS07] generalising the results
where necessary. Basically, the only original parts for the standard bases
are the proofs of Theorem 2.1 and Theorem 3.3, but even here they are easy
generalisations of Grauert-Hironaka’s respectively Mora’s Division Theorem
(the latter in the form stated and proved first by Greuel and Pfister, see
[GGM94], [GrP96]; see also [Mor82], [Gra94]). The paper should therefore
rather be seen as a unified approach for the existence of standard bases in
polynomial and power series rings, and it was written mostly due to the lack
of a suitable reference for the existence of standard bases in K{[t]][z1,...,x,]
which are needed when dealing with tropical varieties. Namely, when we
want to show that every point in the tropical variety of an ideal J defined over
the field of Puiseux series exhibits a lifting to the variety of .J, then, assuming
that J is generated by elements in K [[t¥]][z1,...,x,], we need to know that
we can compute the so-called ¢-initial ideal of J by computing a standard basis
of the ideal defined by the generators in K[[t~]][z,...,2,] (see Theorem 6.10
and [JMMO7]).

An important point is that if the input data is polynomial in both ¢ and x«
then we can actually compute the standard basis since a standard basis com-
puted in K[ti,...,tm]w, . t)[21,- .., 2,] Will do (see Corollary 4.7). This was
previously known for the case where there are no z; (see [GrP96]).

129
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In this paper we treat only formal power series, while Grauert (see [Gra72])
and Hironaka (see [Hir64]) considered convergent power series with respect
to certain valuations which includes the formal case. It should be rather
straight forward how to adjust Theorem 2.1 accordingly. Many authors con-
tributed to the further development (see e.g. [Bec90] for a standard basis
criterion in the power series ring) and to generalisations of the theory, e.g. to
algebraic power series (see e.g. [Hir77], [AMR77], [ACHO05]) or to differential
operators (see e.g. [GaHO05]). This list is by no means complete.

In Section 1 we introduce the basic notions. Section 2 is devoted to the proof
of the existence of a determinate division with remainder for polynomials in
K([t1,...,tm]][z1,...,2,]° which are homogeneous with respect to the x;. This
result is then used in Section 3 to show the existence of weak divisions with
remainder for all elements of K|[t1,...,t,]][z1,...,z,]*. In Section 4 we intro-
duce standard bases and prove the basics for these, and we prove Schreyer’s
Theorem and, thus Buchberger’s Criterion in Section 5. Finally, in Section
6 we apply standard bases to study ¢-initial ideals of ideals over the Puiseux
series field.

1. Basic Notation

Throughout the paper K will be any field, R = K{[[t,...,t,]] will denote the
ring of formal power series over K and

Rlzy, ...z, = K[[t1,. .., tw]l[x1, ..., z4)

denotes the ring of polynomials in the indeterminates z1,...,z, with coeffi-
cients in the power series ring R. We will in general use the short hand nota-
tion x = (zy,...,z,) and t = ({4, ..., 1), and the usual multi index notation

ia:t‘f‘l...tf‘nm and QBISL’?IH-JZZ”,

fora=(aq,...,a,) € N"and g = (f1,...,0,) € N".

Definition 1.1
A monomial ordering on

Mon(t, z) = {za P ’ aeN" [ e ]N”}

is a total ordering > on Mon(¢,z) which is compatible with the semi group
structure of Mon(¢, z), i.e. such that for all o, o/, ¢” € N™ and 3, 3, 3" € N"

1. 2P > 1 g s pate” BT S gl BB

We call a monomial ordering > on Mon(t, x) t-local if its restriction to Mon(t)
is local, i.e. t; < 1foralli = 1,...,m. We call a t-local monomial ordering on



1. BASIC NOTATION 131

Mon(t, z) a t-local weighted degree ordering if there is a w = (wy,. .., Wyin) €
RZ, x R™ such that for all o, 0’ € N™ and 3, 3’ € N"

w-(a,B)>w- () = t*-2’ >t 2",

where w - (o, 3) = wy a1 + ... + Wy * Ay + W1+ B1 + - .. + wy, - 3, denotes the
standard scalar product. We call w a weight vector of >.

Example 1.2
The t-local lexicographical ordering >, on Mon(t, z) is defined by

-2’ >
if and only if

3]6{1,777,} : 512517"'7ﬁj*1:ﬁ]{—17 and ﬁ]>ﬁ],,

or
(B=pandIje{l,....m} : o1 =0f,...,a;_1 =0a)_;,a; <a)).

Example 1.3

Let > be any t-local ordering and w = (wy, ..., Wp4n) € RZ)xR", then t*-z° >,

t* . 2% if and only if w - (o, B) > w - (o, 3') or
(w-(a,8) =w-(a/,#) and t*-2° > e -gﬁl)

defines a t-local weighted degree ordering >, on Mon(t, ) with weight vector
w.

Even if we are only interested in standard bases of ideals we have to pass to
submodules of free modules in order to have syzygies at hand for the proof of
Buchberger’s Criterion via Schreyer orderings.

Definition 1.4
We define

Mon®(t, z) := {za-gﬁ-ei lae N", e N i = 1,...,5},

where e; = (0;;);=1,.s is the vector with all entries zero except the i-th one
which is one. We call the elements of Mon®(¢, ) module monomials or simply

monomials.

For p,p’ € Mon®(¢,z) U {0} the notion of divisibility and of the lowest common
multiple lem(p, p’) are defined in the obvious way.

Given a monomial ordering on Mon(t,z), a t-local monomial ordering on
Mon®(t,z) with respect to > is a total ordering >,, on Mon’(¢,z) which is
strongly compatible with the operation of the multiplicative semi group
Mon(t, z) on Mon®(¢, z) in the sense that

! / " /! /+ 1" /+ i
R R T R Yy
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and
Eazﬁ >£o/‘£ﬁ/ — za‘zﬁ‘ei >m Io/‘zﬁ/‘ei
fOI' all ﬁ7ﬁ,7ﬁ” € ]Nn, OZ,O/,O// € ]Nm7i7j S {17 ey S}.

Note that due to the second condition the ordering >,, on Mon®(¢, z) deter-
mines the ordering > on Mon(t, z) uniquely, and we will therefore usually not
distinguish between them, i.e. we will use the same notation > also for >,,,
and we will not specify the monomial ordering on Mon(¢t, z) in advance, but
instead refer to it as the induced monomial ordering on Mon(t, z).

We call a monomial ordering on Mon®(¢,z) t-local if the induced monomial
ordering on Mon(t, z) is so.

We call a t-local monomial ordering on Mon®(t, z) a t-local weight ordering if
thereis a w = (w1, ..., Wninys) € RZ) x R™ x R® such that for all a,a’ € N,
B, e N*and i, € {1,...,s}

w'(a7ﬁuei)>w'<0/7ﬁ/7€j) — Ea'£6'6i>za/'£6/'ej7
and we call w a weight vector of >.

Example 1.5

Let w € R, x R"** and let > be any ¢-local monomial ordering on Mon®(t, x)
such that the induced ¢-local monomial ordering on Mon(t, z) is a t-local
weighted degree ordering with respect to the weight vector (wy, ..., wyin)-
Then

/

-z e >y 172 e

if and only if

/

w- (o, B,6;) >w- (o, 7, e;)

or
(w ’ <a767€i) =w- (0/75/7 ej) and Ea ' @IB “ep > Ea/ ' @IB/ ) ej)
defines a t-local weight monomial ordering on Mon®(¢, ) with weight vector w.

In particular, there exists such a monomial ordering.

Remark 1.6

In the following we will mainly be concerned with monomial orderings on
Mon®(t, ) and with submodules of free modules over R[z], but all these results
specialise to Mon(¢, z) and ideals by just setting s = 1. 0

For a t-local monomial ordering we can introduce the notions of leading mono-
mial and leading term of elements in R[x]°.

Definition 1.7
Let > be a t-local monomial ordering on Mon®(¢, z). We call

s d 9]
0 =33 tupi-t* 2’ e € Rlal",

=1 |B]=0|a|=0
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with a, 3, € K, |6| = 51+ ...+ 5, and |a| = a; + ... + o, the distributive
representation of f, My := {t*-z”-¢; | an,3; # 0} the set of monomials of f and
T; = {aap; 1 27 - ¢ | anp; # 0} the set of terms of f.

Moreover, Im..(f) := max{t*-2° - ¢; | t*-2° - ¢, € M;} is called the leading
monomial of f. Note again, that this maximum exists since the number of
(’s occurring in f and the number of i’s is finite and the ordering is local with
respect to t.

If lm. (f) = t* - 2° - ¢; then we call lc~(f) := a, 5, the leading coefficient of f,
ltw (f) := aapgi-1° - 2° - e; its leading term, and tails (f) := f — lt=(f) its tail.

For the sake of completeness we define Im.(0) := 0, 1t-(0) := 0, 1lc=(0) :=
0, tails(f) =0,and 0 <t*- 2% - ¢, VaeN™ e N"icN.

Finally, for a subset G C R[z]* we call the submodule
Lo (G) = (Imx(f) | f € G) < K[t, z]

of the free module Kt, z]* over the polynomial ring K¢, x| generated by all the
leading monomials of elements in G the leading submodule of G.

We know that in general a standard basis of an ideal respectively submodule
I will not be a generating set of [ itself, but only of the ideal respectively
submodule which I generates in the localisation with respect to the monomial
ordering. We therefore introduce this notion here as well.

Definition 1.8

Let > be a t-local monomial ordering on Mon(¢, ), then S. = {u €
Rlz] | lIt~=(u) = 1} is the multiplicative set associated to >, and R[z]. =
SZ'R[z] = {i ’ f € R[z],u e S>} is the localisation of R|x] with respect to >.

u

If > is a t-local monomial ordering with z; > 1 foralli=1,...,n (e.g. >, from
Example 1.2), then S. C R*, and therefore R[z|. = R[z].

It is straight forward to extend the notions of leading monomial, leading term
and leading coefficient to R[z]. and free modules over this ring.

Definition 1.9

Let > be a ¢-local monomial ordering on Mon®(¢, z), g = 5 € R[z]2 withu € S,
and G C R[z]2. We then define the leading monomial, the leading coefficient
respectively the leading term of g as

Im. (g) :==1m<(f), les=(g):=1les(f), resp. lt=(g) :=lt=(f),

and the leading ideal (if s = 1) respectively leading submodule of G

Lo(G) = {(m-(h) | h € G) < K[t,2)"
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These definitions are independent of the chosen representative, since if g =
5 = 5—; then ' - f = u - f’, and hence

s (f) =1t (u) - W (f) = s (u' - f) = Tts(u- f1) =1ts (u) - 1t () = 1t (f).

Remark 1.10

Note that the leading submodule of a submodule in R[z]? is a submodule in
a free module over the polynomial ring K|t, 2| over the base field, and note
that for J < R[z]? we obviously have L. (J) = L. (J N R[z]*), and similarly for
I < R[z]* wehave L. (I) = L~ ((I) gl ), since every element of (I) ). is of the
form 5 with f e Tand u € S..

In order to be able to work either theoretically or even computationally with
standard bases it is vital to have a division with remainder and possibly an
algorithm to compute it. We will therefore generalise Grauert-Hironaka’s and
Mora’s Division with remainder. For this we first would like to consider the
different qualities a division with remainder may satisfy.

Definition 1.11

Let > be a ¢-local monomial ordering on Mon®(¢,z), and let A = R[z] or A =
Rz]-, where we consider the latter as a subring of K{[t,z]] in order to have
the notion of terms of elements at hand.

Suppose we have f,¢g1,...,g.,7 € A*and ¢y, ..., q. € A such that
f=q - g+ ... +q gt (1.1)

With the notation r = > _°

i1 TG € Ty Ts € A, we say that (1.1) satisfies with

respect to > the condition

(ID1): iff Im- (f) > Im-(q; - g;) forall i = 1,... k,

(ID2): iff Im-(g;) f lm~(r)fori=1,... k, unless r =0,

(DD1): iff for j < i no term of ¢; - Im- (¢g;) is divisible by lm- (g;),
(DD2): iff no term of r is divisible by Im. (¢g;) fori =1,... k.
(SID2): iff Im. (¢;) [ lm-(r;-e;) unless r; =0 for all 7 and j.

Here, “ID” stands for indeterminate division with remainder while “DD”
means determinate division with remainder and the “S” in (SID2) represents
strong. Accordingly, we call a representation of f as in (1.1) a determinate di-
vision with remainder of f with respect to (g1, ..., gx) if it satisfies (DD1) and
(DD2), while we call it an indeterminate division with remainder of f with
respect to (g1, ..., gx) if it satisfies (ID1) and (ID2). In any of these cases we
call r a remainder or a normal form of f with respect to (g1, ..., gx).

If the remainder in a division with remainder of f with respect to (¢, ..., gx)
is zero we call the representation of f a standard representation.
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Finally, if A = R[z] then for u € S. we call a division with remainder of u - f
with respect to (g1,...,9x) also a weak division with remainder of f with re-
spect to (g1,...,9%), @a remainder of u - f with respect to (g1, ..., gx) is called a
weak normal form of f with respect to (g1, ..., gx), and a standard representa-
tion of v - f with respect to (g1, ..., gx) is called a weak standard representation
of f with respect to (g1,...,9x)-

It is rather obvious to see that (DD2) < (SID2)<— (ID2), that (DD1)+(ID2)
<= (ID1), and that the coefficients and the remainder of a division satisfying
(DD1) and (DD2) is uniquely determined.

We first want to generalise Grauert-Hironaka’s Division with Remainder to
the case of elements in R[z| which are homogeneous with respect to z. We
therefore introduce this notion in the following definition.

Definition 1.12
Let f =30, S o Yacnn Gai 1% 2° - ¢ € Rlz]".
(a) We call deg,(f) := max {|3| | anp,; # 0} the a-degree of f.

(b) f € R[z]® is called z-homogeneous of z-degree d if all terms of f have
the same z-degree d. We denote by R[z]; the R-submodule of R[z]® of z-
homogeneous elements. Note that by this definition 0 is z-homogeneous
of degree d for all d € IN.

(¢) If > is at-local monomial ordering on Mon®(¢, z) then we call

ecarts (f) := deg, (f) — deg, (Im~(f)) > 0

the ecart of f. It in some sense measures the failure of the homogeneity
of f.

2. Determinate Division with Remainder in K[[t]][z]}

We are now ready to show that for z-homogeneous elements in R[z] there
exists a determinate division with remainder. We follow mainly the proof of
Grauert-Hironaka’s Division Theorem as given in [DeS07].

Theorem 2.1 (HDDwR)
Let f,q1,...,q. € R[z]° be z-homogeneous, then there exist uniquely determined
¢, ---,q € Rlz] and r € R[z]® such that

f=a g+ . ta-gtr
satisfying (DD1), (DD2) and

(DDH): q1, ..., qk, 7 are z-homogeneous of x-degrees deg,(q;) = deg,(f) —
deg, (1m-(g;)) respectively deg,(r) = deg,(f).
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Proof: The result is obvious if the ¢; are terms, and we will reduce the general
case to this one. We set f; = f and for v > 0 we define recursively

k k
fu - fu—l - Z%,V g — Ty = Zqi,u . (( - tall(gz))a
=1 =1
where the ¢;, € R[z] and r, € R[z]® are such that

fufl = (11,1/ : 1t>(91) +...+ Qk,z/ : lt><gk) + Ty (21)

satisfies (DD1), (DD2) and (DDH). Note that such a representation of f,_;
exists since the 1t (g;) are terms.

We want to show that f,, ¢;,, and r, all converge to zero in the (¢, ...,t,,)-adic
topology, that is that for each N > 0 there exists a uy > 0 such that for all

V> UN
fo,my € {t1, .. t) - Rlz]* resp.  qi, € (tr, ... tm)".

By Lemma 2.3 there is t-local weight ordering >, such that
Im-(¢;) =1m>(g;) foralli=1,... k.

If we replace in the above construction > by >,, we still get the same se-
quences (f,)%%, (¢in)s2; and (r,)2,, since for the construction of ¢;, and r,
only the leading monomials of the g; are used. In particular, (2.1) will sat-
isfy (DD1), (DD2) and (DDH) with respect to >,,. Due to (DDH) f, is again
z-homogeneous of x-degree equal to that of f,_;, and since (DD1) and (DD2)
imply (ID1) we have

lm>w(fV—1) Z max{1m>w (Q’i7V) ' lm>w (gl) | Z = 17 trt k:}
> max { Ims, (¢;y) - Ims, ( — tail(gi)) ’ 1=1,..., k:} >1m.  (f,).

It follows from Lemma 2.4 that f, converges to zero in the (ti,...,t,)-adic
topology, i.e. for given N there is a ;i such that

f, € (ty,... . tm)" - R[z]® forall v > p.
But then, by construction for v > uy
T, € (t, . tm) - R[z)®
and
G € (t1, .o t) V%,

where d; = deg (Im.(g;)) — deg, (1m-(g;)) is independent of ». Thus both, r,
and ¢, ,, converge as well to zero in the (¢, ...,t,,)-adic topology.

But then
gi == Zqi,,, € Rlz] and r:= Zr,, € R[z)’
v=1

v=1
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are z-homogeneous of z-degrees deg,(¢;) = deg,(f) — deg, (Im-(g;)) respec-
tively deg,(r) = deg,(f) unless they are zero, and

f=a -+ ... +q- g+
satisfies (DD1), (DD2) and (DDH).

The uniqueness of the representation is obvious. O

The following lemmata contain technical results used throughout the proof of
the previous theorem.

Lemma 2.2
If > is a monomial ordering on Mon®(z) with z = (t,z), and M C Mon®(z) is
finite, then there exists w € Z™ "5 with

w; < 0, leZ < 1, and w; > 0, leZ > 1,
such that for 27 - e;,27 - e; € M we have
Ve > 2V ey = w-(v,e) > w-(V,e).

In particular, if > is t-local then every t-local weight ordering on Mon®(t, x)
with weight vector w coincides on M with >.

Proof: The proof goes analogous to [GrP02, Lemma 1.2.11], using [Bay82,
(1.7)] (for this note that in the latter the requirement that > is a well-ordering
is superfluous). O

Lemma 2.3

Let > be a t-local ordering on Mon®(t,z) and let ¢i,...,9x € Rlz|® be z-
homogeneous (not necessarily of the same degree), then thereis a w € 77 ) xZ""*
such that any t-local weight ordering with weight vector w, say >, induces the
same leading monomials as > on ¢i,. .., g, L.e.

Im-(g;) =1lm>,(g;) foralli=1,... k.

Proof: Consider the monomial ideals I; = (M) in K[t, 2] generated by
all monomials of tail(g;), i« = 1,...,k. By Dickson’s Lemma (see e.g. [GrP02,
Lemma 1.2.6]) I; is generated by a finite subset, say B, C M..iy,), of the
monomials of tail(g;). If we now set

M =B U...UB,U{lm-(¢1),...,lms(gx)},

then by Lemma 2.2 there is w € Z7, x Z"** such that any ¢-local weight
ordering, say >,,, with weight vector w coincides on M with >. Let now t*-2°-¢,
be any monomial occurring in tail(g;). Then there is a monomial t* - 2% -¢, € B;
such that

ta/'gﬁl'eu}ia'zﬁ'ew
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which in particular implies that e, = e,. Since g; is z-homogeneous it follows
first that | 3| = |#’| and thus that 5 = . Moreover, since >, is t-local it follows
that t* >, t* and thus that

2 ey 2t 2 e,
But since > and >,, coincide on {lm.(g;)} U B; C M we necessarily have that
Ims (gi) >0 t* 2% e, >0t 2" e,
and hence Im. (g;) = Im-(g;). O

Lemma 2.4

Let > be a t-local weight ordering on Mon®(t, z) with weight vector w € 7, x
Z7"t5, and let (f,),cn be a sequence of x-homogeneous elements of fixed z-degree
din R[x]® such that

Imo(f,) > lmo(f,+1) forall veN.
Then f, converges to zero in the (ti,...,t,,)-adic topology, i.e.
VN>03puy>0: Vv>puy wehave f, € (ty,... tn)" - R[z]*.

In particular, the element Y - | f, € R[z]} exists.

Proof: Since wy,...,w,, <0 the set of monomials

is finite for a any fixed & € IN.

Let N > 0 be fixed, set 7 = max{|w1|,...,|Wnint+s|} and k& := (N +nd+1) - 7,
then for any monomial t* - 27 - ¢; of z-degree d
t* a2’ e; € My = t*-a’ e €(t,....tn)" - Rz]%, (2.2)
since " .
Zai-wi < —k—Z@' Wi — Wity < —k+(nd+1) -7
=1 =1
and thus

|oz|:§ Oéz‘Zg - ——>——nd—1=N.
T T
i=1 i=1

Moreover, since M, is finite and the lm. (f,) are pairwise different there are
only finitely many v such that Im.(f,) € M. Let 1 be maximal among those
v, then by (2.2)

Ims (f,) € (t1, ..., tm)" - R[z]® forall v > pu.

But since > is a t-local weight ordering we have that lm. (f,) ¢ M, implies
that no monomial of f, is in M}, and thus f, € (t1,...,t,,)" - R[z]* for all v >
by (2.2). This shows that f, converges to zero in the (¢, ...,t,,)-adic topology.
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Since f, converges to zero in the (¢, ...,t,,)-adic topology, for every monomial
texh e; there is only a finite number of ’s such that t* - P e; is a monomial
occurring in f,. Thus the sum > 7, f, exists and is obviously z-homogeneous
of degree d. O

From the proof of Theorem 2.1 we can deduce an algorithm for computing

the determinate division with remainder up to arbitrary order, or if we don’t

require termination then it will “compute” the determinate division with re-

mainder completely. Since for our purposes termination is not important, we

will simply formulate the non-terminating algorithm.

Algorithm 2.5 (HDDwR)

INPUT: (f,G) with G = {g1,...,9¢} and f,¢1,...,9x € Rlz]® a-
homogeneous, > a t-local monomial ordering

OUTPUT: (qi,...,q, 1) € Rlz]* x R[z]* such that

f=a g+ .. +ta-gtr
is a homogeneous determinate division with remainder
of f satisfying (DD1), (DD2) and (DDH).
INSTRUCTIONS:

° fo:=1f
o7 :=0
e FORi=1,...,kDO ¢ =0
o v:=0
e WHILE f, # 0 DO
- qop =0
-FORi=1,...,kDO

* hiy = ZpeTf,, +1m (g;) | p P

i,V

* Qv = T (g

* Qi =G T qip
-r=fy— @t (g1) — o = Gy - 15 (k)
-ri=r-+r,
- fuon :fu—(h,u'gl—---—Qk,u'gk—'f’u
-v=v+1

Remark 2.6

If m = 0, i.e. if the input data f,¢1,...,g;r € Klz]®, then Algorithm 2.5 termi-
nates since for a given degree there are only finitely many monomials of this
degree and therefore there cannot exist an infinite sequence of homogeneous
polynomials (f,),cn of the same degree with

Im (f1) > Im> (fo) > Im>(fs) > ...
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3. Division with Remainder in K{[t]][z]°®

We will use the existence of homogeneous determinate divisions with remain-
der to show that in R[z]®* weak normal forms exist. In order to be able to
apply this existence result we have to homogenise, and we need to extend our
monomial ordering to the homogenised monomials.

Definition 3.1
Let z;, = (z0,2) = (%0, ..., Tpn)-

(a) For 0 # f € R[z]*. We define the homogenisation f" of f to be

deg, (f) Zy Ln
fh =Ty 'f(ta_u' ) ER[xh]deg (f)

Zo .’L‘O
and 0" := 0. If T C R[z)* then we set T" := { " | f € T}.

(b) We call the R[z]-linear map d : R[z,]* — R[z]* : g — ¢% := gzp=1 the
dehomogenisation with respect to x.

(¢) Given a t-local monomial ordering > on Mon®(t,z) we define a ¢-local
monomial ordering >, on Mon’(t, z,,) by

-2l af e >y 72 e
if and only if
Bl +a> |5 +d
or
(18| +a=1|08]+d and t*-2°-¢; > 2 -ej),

and we call it the homogenisation of >.

In the following remark we want to gather some straight forward properties
of homogenisation and dehomogenisation.

Remark 3.2

Let f,g € R[z]* and F € R|z,];. Then:
(@) f=(M"
0 F = ()P os

(© lms, (f7) =25 I ().
(d) lm., (g")] lm>} (fh) <= lm.(g)|Im=(f) A ecart(g) < ecart(f).
(F

ecart(Fd)ereglh (F)—deg, (f)

() lm.,(F)=ux, lms (F9).
Theorem 3.3 (Division with Remainder)
Let > be a t-local monomial ordering on Mon®(t, z) and ¢, ..., gr € R[z]®. Then

any [ € R[z|® has a weak division with remainder with respect to g1, . .., g.
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Proof: The proof follows from the correctness and termination of Algorithm
3.4, which assumes the existence of the homogeneous determinate division
with remainder from Theorem 2.1 respectively Algorithm 2.5. O

The following algorithm relies on the HDDwR-Algorithm, and it only termi-
nates under the assumption that we are able to produce homogeneous deter-
minate divisions with remainder, which implies that it is not an algorithm
that can be applied in practise.

Algorithm 3.4 (DwR - Mora’s Division with Remainder)
INPUT: (f,G) with G = {¢1,...,9x} and f,g1,...,9x € R[z]?, > a
t-local monomial ordering

OUTPUT: (u,q,..-,qr,7) €S> X Rlz]* x R[z]* such that

u-f=q -g+...+q gt+r

is a weak division with remainder of f.
INSTRUCTIONS:

o T':= (g1, k)
o D:={g; €T | lm-(g;) divides Im-(f)}
e IF f £ 0 AND D # () DO
- IF e := min{ecart~(g;) | g; € D} — ecart~(f) > 0 THEN
x (Q),...,Q,, R') :=HDDwR (:ES-fh,(lt>h(g?),...,lt>h(g£))
o [ = (g - Qe gl
* (v’ qf,. .. q 7)== DwR (f’, (gl,...,gk,f))
* ::ql'/Jru”-Q;d, i=1,...,k
*uc=u" —qp
- ELSE
x (Q,...,Q, R) ::HDDWR(fh,(g{’,...,gZ))
* (u,qf,...,ql41,7) :==DwR (R, T)
* ::q§/+u-Q§d, 1=1,...,k
e ELSE (u,q,...,q,7) = (1,0,...,0, f)

Proof: Let us first prove the termination. For this we denote the numbers,
ring elements and sets, which occur in the v-th recursion step by a subscript
v, eg. e, [,orT,. Since

ThCTPrCTiC ...
also their leading submodules in K[t, z,]° form an ascending chain
Ly, (TV) € Ly (1) € L, (T3) € ...,
and since the polynomial ring is noetherian there must be an /N such that

L. (T}) = L, (Ty) Yv=N.
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If g; v € T such that Im- (g; v) | Im- (fx) With ecarts (¢; n) < ecart-(fy), then

Im,, (gzh,N) ’ Im, (f]l\l/)

We thus have either lm., (¢/'y) | lm.,(f}) for some g; € DY C TN or fy €
Tn.1, and hence

Ims,, () € Lo, (Ths1) = Ls, ().
This ensures the existence of a ¢g; y € Ty such that
lm>h<gzh,N> ‘ 1m>h(fJF\L7>

which in turn implies that

Im (gi,v) | Ims(fn),

en < ecarts(g; n) — ecarts(fn) < 0and Ty = Ty1;. By induction we conclude
T, =Ty Yv3>N,

and

e, <0 Vv>N. 3.1)

Since in the N-th recursion step we are in the first “ELSE” case we have
(R\)? = fni1, and by the properties of HDDwR we know that for all g € Ty

o s (g) = s, (6) ) s, (RY)

and that

1m>h(R§V) = zq - 1m>h(f1}\l/+1) = x8+ecart>(fN+1) lms (fns)

for some a > 0. It follows that, whenever Im- (¢) | lm-(fx+1), then necessarily

ecarts (g) > a + ecarts (fy+1) > ecarts (fyi1). (3.2)

Suppose now that fyy1 # 0 and Dyy; # 0. Then we may choose ¢; v11 €
DN+1 - TN+1 = TN such that
I (g v1) | Ims (faga)
and
ent1 = ecarts (g; ny1) — ecarts (fyi1).

According to (3.1) ey, is non-positive, while according to (3.2) it must be
strictly positive. Thus we have derived a contradiction which shows that ei-
ther fy.1 = 0or Dy, = (), and in any case the algorithm stops.

Next we have to prove the correctness. We do this by induction on the number
of recursions, say N, of the algorithm.

If N =1 then either f = 0 or D = (), and in both cases

1-f=0-g14+...+0-gp+ f
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is a weak division with remainder of f satisfying (ID1) and (ID2). We may
thus assume that N > 1 and e = min{ecart~(g) | g € D} — ecart~ (f).

If e < 0 then by Theorem 2.1
ff=Q g+ +Q g + R
satisfies (DD1), (DD2) and (DDH). (DD1) implies that for eachi =1,... k we
have
xgcart>(f) ms (f) = lm>h(fh) >
Im.., (Q}) - Ims, (g7) = 5™ Im. (Q/) - Im. (g1)

for some a; > 0, and since f* and Q. - ¢! are z;,-homogeneous of the same
z,-degree by (DDH) the definition of the homogenised ordering implies that
necessarily

Ims (f) > Ims (Q) -lms(g) Vi=1,... k.
Note that

k d k
(R)* = (fh—Z@;-g?> =f=> Q" g
i=1 =1
and thus )
Im ((R)7) = Im. (f -y @ gi> < Im.(f).
=1
Moreover, by induction
u-(R)'=q¢ ~gi+...q0 g +r
satisfies (ID1) and (ID2). But (ID1) implies that
s (f) > Ims (R)7) = Ima (g - g:),

so that
k

u-f=> (a4 +u-Q)-gi+r
i=1
satisfies (ID1) and (ID2).
It remains to consider the case e > 0. Then by Theorem 2.1
ngh:Qlllt>h<g?)++Q;clt>h<glg)+Rl (33)
satisfies (DD1), (DD2) and (DDH). (DD1) and (DD2) imply (ID1) for this rep-
resentation, which means that for some a; > 0

x(@)+ecart>(f) . lm>(f) = 1m>h(x8 . fh) >

1m>h(Q;) ’ lm>h (lt>h (gzh)) = x8i+ecart>(gi) -Im (Q;d) -Ims (gi)>
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and since both sides are z,-homogeneous of the same z,-degree with by (DDH)
we again necessarily have

Im. (f) > Im. (Q ) Im., (g;).

Moreover, by induction

k k
u”-(f—ZQ;d-gZ)=qu’-gi+q,;’+1-f+r (3.4)
=1 =1
satisfies (ID1) and (ID2).

Since lt- (u”) = 1 we have

Ims (f) > Ims (¢ +u” - Q%) - Im=(g:),

fori=1,...,k and therefore

(" = gisn) - f = Z P Q) gt

satisfies (ID1) and (ID2) as well. It remains to show that v = v" — ¢, , € S5,
or equivalently that

Its (v —qpq) = 1.
By assumption there is a g; € D such that Im.(g;) | Im-(f) and ecart~(g;) —
ecarts (f) = e. Therefore, lm.., (¢*) | z§-1m-., (f) and thus in the representation
(3.3) the leading term of z - / has been cancelled by some Q- lts, (g]h), which
implies that

k
I, (f") > I, <fh Y- gf) ,
i=1

and since both sides are z,-homogeneous of the same z,-degree, unless the
right hand side is zero, we must have

k
Im (f) > Im. <f - ZQ;d : gi) > 1ms (g - f),
i=1

where the latter inequality follows from (ID1) for (3.4). Thus however
Im (g, ,) < 1, and since Im-, (u") = 1 we conclude that

It (u” — ‘Jl/cl+1) =lt- (u") = 1.
This finishes the proof. O

Remark 3.5

As we have pointed out our algorithms are not useful for computational pur-
poses since Algorithm 2.5 does not in general terminate after a finite number
of steps. If, however, the input data are in fact polynomials in ¢ and z, then we
can replace the t; by z,,; and apply Algorithm 3.4 to K{z1,...,x,..,]°, so that
it terminates due to Remark 2.6 the computed weak division with remainder

u-f=q -g1+...+q-gt+r



4. STANDARD BASES IN K/[t]][z]* 145

is then polynomial in the sense that u,q,...,q € K[t,z] and r € K|[t, z]*. In
fact, Algorithm 3.4 is then only a variant of the usual Mora algorithm.

In the proof of Schreyer’s Theorem we will need the existence of weak di-
visions with remainder satisfying (SIDZ2), the proof is the same as [GrP02,
Remark 2.3.4].

Corollary 3.6
Let > be a t-local monomial ordering on Mon®(t,z) and g1, ..., gr € R[z]%. Then
any f € R[z]3 has a division with remainder with respect to g1, . . ., g, satisfying
(SID2).

4. Standard Bases in K|[t]][z]®
Definition 4.1

Let > be t-local monomial ordering on Mon’(t,z), I < R[z]®* and J < R|z]%
be submodules. A standard basis of I is a finite subset G C [ such that
L.(I) = L-(G). A standard basis of J is a finite subset G C J such that
L.(J) = L-(G). A finite subset G C R|z]? is called a standard basis with
respect to > if G is a standard basis of (G) < R[z]%.

The existence of standard bases is immediate from Hilbert’s Basis Theorem.

Proposition 4.2
If > is a t-local monomial ordering then every submodule of R[x]° and of R[z|%
has a standard basis.

Standard bases are so useful since they are generating sets for submodules
of R[z]¢ and since submodule membership can be tested by division with re-
mainder.

Proposition 4.3

Let > be t-local monomial ordering on Mon®(t,z), I,J < R[z]S submodules,
G = (g1,.-.,9x) C J a standard basis of J and f € R[z]3 with division with
remainder f=q - g1+ ...+ q. g +7. Then:

(@) fe Jifandonlyifr =0.
(b) J=(G).
(o0 IfICJand L-(I)=L-(J), then I = J.

Proof: Word by word as in [GrP02, Lemma 1.6.7]. O

In order to work, even theoretically, with standard bases it is vital to have a
good criterion to decide whether a generating set is standard basis or not. In
order to formulate Buchberger’s Criterion it is helpful to have the notion of an
s-polynomial.
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Definition 4.4
Let > be a t-local monomial ordering on R[z]® and f,g € R[z]°. We define the
s-polynomial of f and g as

lem (1m>(f)7 lm>(g)) o lem (1m>(f)7 lm>(g))
It (f) It>(g)
Theorem 4.5 (Buchberger Criterion)

spoly(f, g) :== g

S

Let > be a t-local monomial ordering on Mon®(t,z), J < R[z]2 a submodule
and g1, ...,gr € J. The following statements are equivalent:

(a) G=(gq1,-..,9x) is a standard basis of J.
(b) Every normal form with respect to G of any element in J is zero.
(c) Every element in J has a standard representation with respect to G.

(d) J = (G) and spoly(g;, g;) has a standard representation for all i < j.

Proof: In Proposition 4.3 we have shown that (a) implies (b), and the impli-
cation (b) to (c) is trivially true. And, finally, if / € J has a standard represen-
tation with respect to G, then Im.(f) € L.(G), so that (c) implies (a). Since
spoly(gi, g;) € J condition (d) follows from (c), and the hard part is to show that
(d) implies actually (c). This is postponed to Theorem 5.3. O

Since for G C R[z]* we have L. ((G)r) = L>({G)rp. ) we get the following
corollary.

Corollary 4.6 (Buchberger Criterion)
Let > be a t-local monomial ordering on Mon®(t,x) and g1,...,9x € I < R[z].
Then the following statements are equivalent:

(@ G=(g1,---,9%) is a standard basis of I.
(b) Every weak normal form with respect to G of any element in [ is zero.

(c) Every element in I has a weak standard representation with respect to
G.

(d) (I)rw. = (G)r- and spoly(g;, g;) has a weak standard representation
forall i < j.

When working with polynomials in x as well as in ¢ we can actually compute
divisions with remainder and standard bases (see Remark 3.5), and they are
also standard bases of the corresponding submodules considered over R[z| by
the following corollary.

Corollary 4.7

Let > be a t-local monomial ordering on Mon®(t, z) and let G C K]|t, z]° be finite.
Then G is a standard basis of (G)ky.q if and only if G is a standard basis of
(G) Ria)-
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Proof: Let G = (g1, ..., gx). By Theorem 3.3 and Remark 3.5 each spoly(g;, g;)
has a weak division with remainder with respect to G such that the coeffi-
cients and remainders involved are polynomials in z as well as in t. But by
Corollary 4.6 G is a standard basis of either of (G) ., and (G)g|, if and only
if all these remainders are actually zero. O

And thus it makes sense to formulate the classical standard basis algorithm
also for the case R[z].

Algorithm 4.8 (STD — Standard Basis Algorithm)
INPUT: (f1,...,fx) € (R[@]S)k and > a t-local monomial ordering.
OUTPUT: (fi,..., fi) € (R[g]s)l a standard basis of (fi,..., fi) Rl

INSTRUCTIONS:

e G=1(f1,..., fx)
o P=((fif))|1<i<j<k)
e WHILE P # () DO
— Choose some pair (f,g) € P

- P=P\{(f,9)}
- (u,q,7) = DwR (spoly(f, 9), G)
- IF r # 0 THEN
« P=PU{(f,r)| f € G}
* G=GU{r}
Remark 4.9
If the input of STD are polynomials in K [t, z] then the algorithm works in prac-
tise due to Remark 3.5, and it computes a standard basis G of (f1,..., fi) k[t

which due to Corollary 4.7 is also a standard basis of (fi,..., fi)r[, since G
still contains the generators fi, ..., f.

Having division with remainder, standard bases and Buchberger’s Criterion
at hand one can, from a theoretical point of view, basically derive all the stan-
dard algorithms from computer algebra also for free modules over R[z| re-
spectively R[z].. Moreover, if the input is polynomial in ¢ and z, then the
corresponding operations computed over K|t, z|. will also lead to generating
sets for the corresponding operations over R|x]-.

5. Schreyer’s Theorem for K|[t, ..., t,]|[z1,...,z,)°

In this section we want to prove Schreyer’s Theorem for R[z]°* which proves
Buchberger’s Criterion and shows at the same time that a standard basis of
a submodule gives rise to a standard basis of the syzygy module defined by it
with respect to a special ordering.



148 VIIL. STANDARD BASES IN K[[t1, ..., tm]|[z1,. .., 2a]*

Definition 5.1 (Schreyer Ordering)
Let > be a t-local monomial ordering on Mon®(t,z) and ¢i,...,gr € Rz]3.
We define a Schreyer ordering with respect to > and (¢1,...,9x), say >g, on
Mon(t, z) by
2 e >5 t 2" g
if and only if
t* 2" Ima(g;) > -2 - Ims(gy)
or
t -z’ Ims (g;) = - 2” -Im(g;) and i < j,
where ¢, = (0;;),=1,...x is the canonical basis with i-th entry one and the rest
zZero.

.....

Moreover, we define the syzygy module of (g1, ..., gi) to be

syz(g1,-- -, 91) = {(q1,-- @) € R[&]’; |11+ ...+ @ - gr = 0},
and we call the elements of syz(g1, ..., gx) syzygies of g1, ..., g.

Remark 5.2
Let > be a t-local monomial ordering on Mon®(¢,z) and ¢, ..., g € R[z]2. Let
us fix for each i < j a division with remainder of spoly(g;, g;), say

spoly(gi, 9;) qu v + 735, (5.1)
and define
S lem (1ms (g;),m~(g;))
s lm>(gi) ’
so that
Iy (g, i g
spoly(gi, 9;) = (o) ? o~ (g)) 9
Then
mjl-
Sij 1= C& — qi.jv EI/ER
7 les(gi) lC> 9] Z 7 BE
has the property

sij € syz(gr, ..., qx) <<= 1 =0.
Theorem 5.3 (Schreyer)
Let > be a t-local monomial ordering on Mon®(t,z), ¢1,...,g9r € R[z]S and
suppose that spoly(g;, g;) has a weak standard representation with respect to
G=1(g1,...,9x) foreach i < j.

Then G is a standard basis, and with the notation in Remark 5.2 {s;; | i < j}
is a standard basis of syz(qi, . . ., gr) with respect to >g.

Proof: The same as in [GrP02, Theorem 2.5.9]. O
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6. Application to ¢-Initial Ideals

In this section we want to show that for an ideal J over the field of Puiseux
series which is generated by elements in K[[t~]][z] respectively in K[t~ z]
the ¢-initial ideal (a notion we will introduce further down) with respect to
w € Q<o X Q" can be computed from a standard basis of the generators.

Definition 6.1
We consider for 0 # N € N the discrete valuation ring

Ry[[t~]] = {Zaa-t% | o € K}
a=0
of power series in the unknown ¢~ with discrete valuation
val iaa-t% = ord, iaa-t :min{g)aa#O}Ei-Z
g N N 7

a=0
and we denote by Ly = Quot(Ry) its quotient field. If N | M then in an
obvious way we can think of Ry as a subring of R,;, and thus of Ly as a

zle

subfield of L;;. We call the direct limit of the corresponding direct system

L= K{{t}} =limLy = | Ln

N>0

the field of (formal) Puiseux series over K.

Remark 6.2

If0 £ N € N then Sy = {1,t%,t%,t%, ...} is a multiplicative subset of Ry,
and obviously Ly = Sy'Ry = {t~ - f | f € Ry,a € N}, since Ry = {>.°° , aq -
t¥ | ap # 0}. The valuations of Ry extend to Ly, and thus L, by val (5) =
val(f) — val(g) for f,g € Ry with g # 0.

Definition 6.3

For 0 # N € N if we consider ¢~ as a variable, we get the set of monomials
Mon (t~,z) = {t¥ - 2° | €N, 3 € N"} in t~ and z. If N | M then obviously
Mon (t%,g) C Mon (tﬁ,g).

Remark and Definition 6.4

Let 0 # N € N, w = (wp,...,w,) € Rep x R"*, and ¢ € R.

We may consider the direct product

5]

‘/q,w,N = H K- t% .
(a7 6) c INn+1

w(%vﬁ):q
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of K-vector spaces and its subspace
Wy = @ K -1% .
(a, f) € N™H1

w(%vﬁ):q

S

As a K-vector space the formal power series ring K [[t¥,z]] is just
K[[t7,2]] = T] Vawn,
qgeR

and we can thus write any power series [ € K [ [t% , @]] in a unique way as

F= fow with fou € Voun.

geR

Note that this representation is independent of N in the sense that if f €
K Ht%, z]] for some other 0 # N’ € N then we get the same non-vanishing
fqw if we decompose f with respect to V'.

Moreover, if 0 # f € Rylz] C K Ht%, z]], then there is a maximal ¢ € R such
that f; ., # 0 and f,,, € W, ~ for all ¢ € R, since the z-degree of the monomi-
als involved in f is bounded. We call the elements f, , w-quasihomogeneous
of w-degree deg,, (f,w) = ¢ € R,

iy, (f) = fouw € K[tV 2]

the w-initial form of f or the initial form of f w.r.t. w, and

ord, (f) = G = max{deg,, (fyu) | fouw # 0}
the w-order of f. For I C Ry|z] we call

in,(I) = (in,(f) | fel) QK [t~ a]

the w-initial ideal of I. Note that its definition depends on V!
Moreover, we call

teing (f) = i (F)(1, 2) = ing (/s € Klz]

the t-initial form of f w.rt. w, and if f =t~ - g € L[z] with g € Ry[z] we set
t-in,, (f) = t-in,(g). This definition does not depend on the particular repre-
sentation of f. If I C L[z] is an ideal, then

t-ing (1) = (t-in, (f) | f € I) < Kla]
is the t-initial ideal of I, which does not depend on any V.

Note also that the product of two w-quasihomogeneous elements f,,, - fy ., €
Vyt+qw.n, and in particular, in, (f - g) = in,(f) - in,(g) for f,g € Ry[z], and for
f,9 € Liz] t-in,(f - g) = t-in,(f) - t-in,(g). An immediate consequence of this is
the following lemma.
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Lemma 6.5
If0 # f = Zlegi - h; with f,g;,h; € Rylz] and ord,(f) > ord,(g; - h;) for all
i=1,...,k then

ing(f) € (inw(g1), ..., n,(g)) < K[t%,g}.

Proof: Due to the direct product decomposition we have that
k

ing(f) = fow = Z(gz “hi)gw

=1
where ¢ = ord,,(f). By assumption ord,,(g;)+ord,, (h;) = ord,(g;-h;) < ord,(f) =
¢ with equality if and only if (g¢;- h;)5., 7# 0. In that case necessarily (g¢;- h;)gw =
iny (g;) - in,(h;), which finishes the proof. O

In order to be able to apply standard bases techniques we need to fix a ¢-local
monomial ordering which refines a given weight vector w.

Definition 6.6
Fix any global monomial ordering, say >, on Mon(z) and let w = (wy, ..., w,) €
]R,<0 X Rn.

We define a t-local monomial ordering, say >,,, on Mon (t% ,z) by

if and only if

or
/

w - (%ﬁ) =w- (%,B’) and 2z’ > 2%
Note that this ordering is indeed ¢-local since wy, < 0, and that it depends on
w and on >, but assuming that > is fixed we will refrain from writing >, -

instead of >,,.

Remark 6.7

If N | M then Mon (t¥,2) C Mon (t3,z), as already mentioned. For w ¢
R.o x R™ we may thus consider the ordering >,, on both Mon (t%, g) and on
Mon (tﬁ, z), and let us call them for a moment >,, v respectively >, ;. It is
important to note, that the restriction of >, ,; to Mon (ﬁ,@) coincides with
>~ We therefore omit the additional subscript in our notation.

We now fix some global monomial ordering > on Mon(z), and
given a vector w € Ry x R™ we will throughout this section
always denote by >,, the monomial ordering from Definition
6.6.
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Proposition 6.8
If w e Reg x R" and [ € Rylz] with 1t~ (f) = 1, then in,(f) = 1.

Proof: Suppose this is not the case then there exists a monomial of f, say
1#t*- 2% € My, such that w- (o, 3) > w - (0,...,0) = 0, and since lm-.,(f) = 1
we must necessarily have equality. But since > is global 2 > 1, which implies
that also t* - z° >,, 1, in contradiction to lm.(f) = 1. O

Proposition 6.9
Let w € Rg x R", I < Ry[z] be an ideal, and let G = {g, ..., g} be a standard
basis of I with respect to >, then

in,(I) = {iny(g1), - .., ing(ge)) < K [t7, 2],
and in particular,

t-ing, (1) = ( t-iny(g1), - - -, t-iny, (gx) ) < Kz].

Proof: If G is standard basis of I then by Corollary 4.6 every element [ € [
has a weak standard representation of the form u- f = ¢;-g1+. ..+ qx - gr, Where
It~ (u) =1 and Im-  (u- f) > 1ms (g; - g;). The latter in particular implies that

ordy(u - f) = deg,, (lm>w (u- f)) > deg,, (lm>w(qi . gz)) = ordy(q; - i)

We conclude therefore by Lemma 6.5 and Proposition 6.8 that
iny(f) = inw(u - f) € (inu(gr), ., inw(ge)).

For the part on the t-initial ideals just note that if f € [ then by the above
in,(f) =S, hy; - in,(g;) for some h; € K[t%,g], and thus

t-in, (f) = Z hi(1, z) - t-iny,(g;) € (t-inw(g1), - - 7t‘inw(gk>>K[£]'

i=1
O
Theorem 6.10

Let J 4 Ljz] and I < Ry|z] be ideals with J = (I) 1), let w € Rog x R", and let
G be a standard basis of I with respect to >,,. Then

t-ing, (J) = t-in, (1) = { t-in,(G)) < K|z].

Proof: Since Ry[z] is noetherian, we may add a finite number of elements of
I to G so as to assume that G = (g1, ..., gx) generates /. Since by Proposition
6.9 we already know that the ¢-initial forms of any standard basis of / with
respect to >, generate t-in, (/) this does not change the right hand side. But
then by assumption J = (G) [, and given an element f € J we can write it as

f:ZtN_'—%'ai'gz‘
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for some M >> 0, a; € Ry.)r and o € IN. It follows that
k

{N-M - f = Zai " gi € <G>RN»M[£}'
=1

Since G is a standard basis over Ry[z] with respect to >,, on Mon (t%, z) by
Buchberger’s Criterion 4.6 spoly(g;, 9;), @ < j, has a weak standard represen-
tation u;; - spoly(g;,9;) = 25:1 Qijv + 9» With w;;,¢i;, € Ry[z] € Ry.v[z] and
lt-, (u;;) = 1. Taking Remark 6.7 into account these are also weak stan-
dard representations with respect to the corresponding monomial ordering
>, on Mon(tﬁ,g), and again by Buchberger’s Criterion 4.6 there exists a
weak standard representation u -t~ - f = Zle qi - g;- By Propositions 6.5 and
6.8 this implies that

tNN Sing, (f) = iny, (u N f) € <inw(G)>.
Setting t = 1 we get t-in,,(f) = (¥ - in,,( ) iy € (tin(@)). O

Corollary 6.11
Let J = (I')py with I' < K[t%,g}, w € Reg x R" and G is a standard basis of I’
with respect to >,, on Mon (t% ,z), then

t-ing, (J) = t-in,(I') = (t-in,(G)) < K|z].

Proof: Enlarge G to a finite generating set G’ of I’, then (' is still a standard
basis of I’. By Corollary 4.7 G’ is then also a standard basis of

L= (G ryw) = (frs -5 Ji) Rnla)
and Theorem 6.10 applied to I thus shows that
t-in(J) = ( t-iny, (G")).
However, if f € G' C I’ is one of the additional elements then it has a weak

uf=Y q-g

geG

standard representation

with respect to G and >,, since G is a standard basis of I’. Applying Propo-
sitions 6.5 and 6.8 then shows that in,(f) € (in,(G)), which finishes the
proof. O

Remark 6.12
Note that if / < Ry[z] and J = (I) 1y, then

J N Rylz] =T : (tv),

but the saturation is in general necessary.
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Since Ly C L is a field extension Corollary 6.13 implies J N Ly[z] = (I) 1y
and it suffices to see that

<[>LN[§} N RN[Q] =1: <t%>oo.

If I N Sy # 0 then both sides of the equation coincide with Ry[z], so that we
may assume that /NSy is empty. Recall that Ly = Sy' Ry, so that if f € Ry[z]
with ¢t~ - f € I for some «, then

tN -

= gf € (I)Lyfa) N Rylz].
it~
Conversely, if f = -+ € (I); 5 N Ryz] with g € I, then g = ¢tV - f € I and thus
tN

f is in the right hand side.

Corollary 6.13
Let F' C I be a field extension and I < F(z|. Then I = (I)py N Fz].

Proof: The result is obvious if [ is generated by monomials. For the general
case fix any global monomial ordering > on Mon(z) and set ¢ = () p[y. Since
I C I°N Flz] C I¢ we also have

Lo(I) C Lo (I° N Flz]) C L.(I°) N Fla]. (6.1)

If we choose a standard basis G = (g1, . . ., gi) of I, then by Buchberger’s Crite-
rion G is also a Grobner basis of /¢ and thus

Lo(I)=(Imx(g;) | i =1,...,k)p
and
Lo(I9) = (ma(gi) [ i =1, k) gy = (Lo (1)) gy

Since the latter is a monomial ideal, we have
L.(I9 1 Fla] = L.(1).
In view of (6.1) this shows that
L.(I) = L (I° N F[z]),
and since [ C [° N F[z] this finishes the proof by Proposition 4.3. O

We can actually show more, namely, that for each I < Ry[z] and each M > 0
(see Corollary 6.15)

<I>RM-N[£} N RN[i] =1,
and if ] is saturated with respect to ¢~ then (see Corollary 6.18)
in, (<I>R]M<N[E]) = <inw(G)>7
if G is a standard basis of I with respect to >,,.

For this we need the following simple observation.
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Lemma 6.14
Ry.mlz] is a free Ry[z]-module with basis {1,t¥ ...t~ },

Corollary 6.15
IfI < RN[ ] then (I < >RN.M[£} N RN[Q] =L

Proof: If f = g-h € (I)p, ,,z) N Rylz] with g € I and h € Ry.y[z] then by
Lemma 6.14 there are uniquely determined h; € Ry such that h = Zf\i 0 Yh, -
¢t¥w, and hence f = Ef\igl(g h;) -t~ with g - h; € Ry[z]. By assumption
[ € Ry[z] = Rn.m[z] N (1)ry and by Lemma 6.14 we thus have g - h,

Oforallz’:1,...,M—1.Butthenf—g ho € I. O

Lemma 6.16
Let I < Ry[z] be an ideal such that T = I : (t~)™, then for any M > 1

<‘[>RN»JVI[E] = <I>RN Mz <tNM>
Proof: Let f.h € Ry.[z], @ € N, g € I such that
t~a - f =g-h. (6.2)

We have to show that f € (1), - For this purpose do division with remain-
der in order toget a =a-M +b with 0<0b < M. By Lemma 6.14 there are
hi, fi € Rylz] such that f = S M1 £t and h = S by - t~w. (6.2) then
translates into

M-1-b M-1 M- .
Z ¢S Y . f thﬁiy.%. Zg'hi'tﬁ,
i=0 i=M—b =0
and since {1,tﬁ, N M} is Ry[z]-linearly independent we can compare
coefficients to find t% - f; = g- hpps € [ fori =0,..., M —b—1, and t'~ s - fi =
g-hyriy € Ifori=M—0b,...,M — 1. In any case, since [ is saturated with
respect to ¢~ by assumption we conclude that f; € I foralli = 0,..., M — 1,
and therefore f € (I)r, ,/[2- O
Corollary 6.17

Let J < Lz] be an ideal such that J = (J N Ry|z]) 11z, let w € R x R", and let
G be a standard basis of J N Ry[z] with respect to >,,.

Then for all M > 1
inw (J N RNM[Q]) = <1Hw(G)> < K[tﬁ,g}
and

t-in, (Jﬁ Ryn.yv(z ) = <t in,, G)> = t-in,, (Jﬁ RN[Q]) < Klz).

Proof: Enlarge G to a generating set G’ of I = J N Ry[z] over Ry[z] by adding
a finite number of elements of /. Then

(L>,(G) € (L>, (1)) = (L>,(G)) € (L>,(G"))
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shows that G’ is still a standard basis of I with respect to >,. So we can
assume that G = G'.

By Proposition 6.9 it suffices to show that G is also a standard basis of J N
Ry.ulz]. Since by assumption J = (I) 1y = (G) 1, Corollary 6.13 implies that

J O Lyy[z] = (G) Lynsie) = Snoar{G) By ors izl

Moreover, by Remark 6.12 the ideal I = (G)r,(y is saturated with respect to
¢t~ and by Lemma 6.16 therefore also (G) Rw.ulz) 18 saturated with respect to
¢t~ , which implies that

J N Ry. M[ ] SJ:T M<G>RN.M[£} N RN-M[E] - <G>RN.M[£}'

Since G = (g1,...,9x) is a standard basis of I every spoly(g;,g;), ¢ < j, has a
weak standard representation with respect to G and >,, over Ry|z] by Buch-
berger’s Criterion 4.6, and these are of course also weak standard represen-
tations over Ry.)/[z], so that again by Buchberger’s Criterion G is a standard
basis of (G) 2] = J N Ryalz]. O

Ry.mz

Corollary 6.18
Let I < Rylz] be an ideal such that I =1 : <tN> , let w e Reg x R™, and let G
be a standard basis of I with respect to >,

Then for all M > 1
iy (D) ry.ie) = {n(G)) < K [t557, 2]

and

t-ing, ((I) ry sz) = {100 (G) ) = t-in,, (1) < K [z]

Proof: If we consider J = (I);[; then by Remark 6.12 J N Ry[z] = I, and

moreover, by Lemma 6.16 also (I) ] 1s saturated with respect to N, S0

Rn.m

that applying Remark 6.12 once again we also find J N Ry.x[z] = (I) gy ala)-
The result therefore follows from Corollary 6.17. O

Corollary 6.19
Let J < L[z] be an ideal such that J = (J N Ry[z]) 1w, let w = (—1,0,...,0) and
let M > 1. Then

1 € in, (J N RN[Q]) <— 1¢€in, (Jﬂ RNM[Q])

Proof: Suppose that f € J N Ry.y[z] with in,(f) = 1, and let G = (g1, ..., gx)
be standard basis of J N Ry[z] with respect to >,,. By Corollary 6.17

1 =in,(f) € (inu(g1), ..., inu(ge)) < K[tﬁ,g},



6. APPLICATION TO ¢-INITIAL IDEALS 157

and since this ideal and 1 are w-quasihomogeneous, there exist w-
quasihomogeneous elements hy,..., h, € K [tﬁ, z] such that

k
1= Z hi - ing,(g:),
i=1

where each summand on the right hand side (possibly zero) is w-

quasihomogeneous of w-degree zero. Since w = (—1,0,...,0) this forces
hi € Klz] for all i = 1,...,k and thus 1 € in,(J N Ry[z]). The converse is
clear anyhow. O

We want to conclude the section by a remark on the saturation.

Proposition 6.20
Iffl)"'afk; € K[taz] and I = <f17'-'7fk> ﬁK[t]@)[g] then

<[>R1[§} ()™ = <[ : <t>oo>Rl[£]'

Proof: Let >; be any global monomial ordering on Mon(z) and define a ¢-local
monomial ordering on Mon (t, z) by

tez? >

if and only if

a o

% > z% or (f:f' and a < o).
Then

{fefz]| s(f) =1} ={1+1t-p|pe K[},
and thus

Ri[z]s = Ri[z] and K[t z]s = K[t]y[z].

Using Remark 4.9 we can compute at the same time a standard basis of
(DR ¢ (0 and of (I)k(y =) ¢ (t)>° with respect to >. Since a standard
basis is a generating set in the localised ring the result follows. O
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PAPER IX
An Algorithm for Lifting Points in a Tropical Variety

Abstract: The aim of this paper is to give a constructive proof of
one of the basic theorems of tropical geometry: given a point on a
tropical variety (defined using initial ideals), there exists a Puiseux-
valued “lift” of this point in the algebraic variety. This theorem is so
fundamental because it justifies why a tropical variety (defined com-
binatorially using initial ideals) carries information about algebraic
varieties: it is the image of an algebraic variety over the Puiseux
series under the valuation map. We have implemented the “lifting
algorithm” using SINGULAR and Gfan if the base field is Q. As a
byproduct we get an algorithm to compute the Puiseux expansion of
a space curve singularity in (K1, 0).

This paper is a joint work with Anders Nedergaard Jensen, Berlin,
and Hannah Markwig, Minneapolis, [JMMO07].

1. Introduction

In tropical geometry, algebraic varieties are replaced by certain piecewise lin-
ear objects called tropical varieties. Many algebraic geometry theorems have
been “translated” to the tropical world (see for example [Mik05], [Vig04],
[SpS04a], [GaM07a] and many more). Because new methods can be used in
the tropical world — for example, combinatorial methods — and because the
objects seem easier to deal with due to their piecewise linearity, tropical ge-
ometry is a promising tool for deriving new results in algebraic geometry. (For
example, the Welschinger invariant can be computed tropically, see [Mik05]).

There are two ways to define the tropical variety Trop(J) for an ideal J in the
polynomial ring K{{t}}[z1,...,x,] over the field of Puiseux series (see Defi-
nition 2.1). One way is to define the tropical variety combinatorially using
t-initial ideals (see Definition 2.4 and Definition 2.10) — this definition is
more helpful when computing and it is the definition we use in this paper.
The other way to define tropical varieties is as (the closure of) the image of
the algebraic variety V' (J) of J in K{{t}}" under the negative of the valuation
map (see Remark 2.2) — this gives more insight why tropical varieties carry
information about algebraic varieties.
159
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It is our main aim in this paper to give a constructive proof that these two con-
cepts coincide (see Theorem 2.13), and to derive that way an algorithm which
allows to lift a given point w € Trop(J) to a point in V' (J) up to given order
(see Algorithms 3.8 and 4.8). The algorithm has been implemented using the
commutative algebra system SINGULAR (see [GPS05]) and the programme
Gfan (see [Jen07]), which computes Grobner fans and tropical varieties.

Theorem 2.13 has been proved in the case of a principal ideal by [EKL04],
Theorem 2.1.1. There is also a constructive proof for a principal ideal in
[Tab05], Theorem 2.4. For the general case, there is a proof in [SpS04b], The-
orem 2.1, which has a gap however. Furthermore, there is a proof in [Dra06],
Theorem 4.2, using affinoid algebras, and in [Kat06], Lemma 5.2.2, using flat
schemes. A more general statement is proved in [Pay07], Theorem 4.2. (Note
that what we call a tropical variety is called a Speyer-Sturmfels set in Payne’s
paper.) Our proof has the advantage that it is constructive and works for an
arbitrary ideal J.

We describe our algorithm first in the case where the ideal is 0-dimensional.
This algorithm can be viewed as a variant of an algorithm presented by
Joseph Maurer in [Mau80], a paper from 1980. In fact, he uses the term
“critical tropism” for a point in the tropical variety, even though tropical va-
rieties were not defined by that time. Apparently, the notion goes back to
Monique Lejeune-Jalabert and Bernard Teissier! (see [LJT73]).

This paper is organised as follows: In Section 2 we recall basic definitions
and state the main result. In Section 3 we give a constructive proof of the
main result in the 0-dimensional case and deduce an algorithm. In Section 4
we reduce the arbitrary case algorithmically to the 0-dimensional case, and
in Section 5 we gather some simple results from commutative algebra for the
lack of a better reference. The proofs of both cases heavily rely on a good un-
derstanding of the relation of the dimension of an ideal J over the Puiseux

!Asked about this coincidence in the two notions Bernard Teissier sent us the following
kind and interesting explanation: As far as I know the term did not exist before. We tried to
convey the idea that giving different weights to some variables made the space “anisotropic”,
and we were intrigued by the structure, for example, of anisotropic projective spaces (which are
nowadays called weighted projective spaces). From there to “"tropismes critiques” was a quite
natural linguistic movement. Of course there was no “tropical” idea around, but as you say, it
is an amusing coincidence. The Greek "Tropos” usually designates change, so that “tropisme
critique” is well adapted to denote the values where the change of weights becomes critical.
The term “Isotropic”, apparently due to Cauchy, refers to the property of presenting the same
(physical) characters in all directions. Anisotropic is, of course, its negation. The name of
Tropical geometry originates, as you probably know, from tropical algebra which honours a
Brazilian computer scientist living close to the tropics, where the course of the sun changes
back to the equator. In a way the tropics of Capricorn and Cancer represent, for the sun,
critical tropisms.
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series with its ¢-initial ideal respectively with its restriction to the rings Ry|[z]
introduced below (see Definition 2.1). This will be studied in Section 6. Some
of the theoretical as well as the computational results use Theorem 2.8 which
was proved in [Mar07] using standard bases in the mixed power series poly-
nomial ring K|[[t]|[z]. We give an alternative proof in Section 7.

We would like to thank Bernd Sturmfels for suggesting the project and for
many helpful discussions, and Michael Brickenstein, Gerhard Pfister and
Hans Schonemann for answering many questions concerning SINGULAR.
Also we would like to thank Sam Payne for helpful remarks and for point-
ing out a mistake in an earlier version of this paper.

Our programme can be downloaded from the web page

www.mathematik.uni-kl.de/"keilen/en/tropical.html.

2. Basic Notations and the Main Theorem

In this section we will introduce the basic notations used throughout the pa-
per.

Definition 2.1

Let K be an arbitrary field. We consider for N € IN., the discrete valuation
ring

B — K[[14]] = {ia % | a e K}

a=0

of formal power series in the unknown t~ with discrete valuation

o N o a
1 o 1% | = ord W tF ) =min {2
va <O{Z:0a N) ordg <O{Z:0a ) min N
and we denote by Ly = Quot(Ry) its quotient field. If N | M then in an
obvious way we can think of Ry as a subring of R,;, and thus of Ly as a
subfield of L;;. We call the direct limit of the corresponding direct system
L=K{{t}}=limLy= ] Ly

N>0

1

aa#O}GN-ZU{oo},

=

the field of (formal) Puiseux series over K.

Remark 2.2
If0 # N € N then Sy = {1, EN NN, } is a multiplicatively closed subset
of Ry, and obviously

LN:SNlRN:{tf\?'f'feRN,Oze]N}.

The valuation of Ry extends to Ly, and thus L, by val (5) = val(f) — val(g) for
f,9 € Ry with g # 0. In particular, val(0) = oc.
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Notation 2.3

Since an ideal J < L[] is generated by finitely many elements, the set
N(J)={N €Ny | (JNRy[z])r) = J}

is non-empty, and if N € N(J) then N -Z C N(J). We also introduce the

notation Jg, = J N Ry[z].

Remark and Definition 2.4
Let N € N.g, w = (wp, ..., w,) € Rp x R*, and ¢ € R.

We may consider the direct product

VownN = H K -t% . g°
(a, B) € N7 H!
w-(§,0) =4
of K-vector spaces and its subspace
Wywn = @ K-t%-gﬁ.
(a, ) € N+

w- (§.0) =4
As a K-vector space the formal power series ring K [[t¥,z]] is just
K[[t7,2]] = ][ Vaww.
geR

and we can thus write any power series f € K| [t% ,z]] in a unique way as

F=Y fow with fi, € Vyun.
geR
Note that this representation is independent of N in the sense that if f €
K Ht% ,z]| for some other N’ € N., then we get the same non-vanishing f,.,
if we decompose f with respect to N'.

Moreover, if 0 # f € Ry[z] C K Ht%, z]], then there is a maximal § € R such
that f;., # 0 and f,, € W,y for all ¢ € R, since the z-degree of the monomi-
als involved in f is bounded. We call the elements f, , w-quasihomogeneous
of w-degree deg,, (f,w) = ¢ € R,

iny(f) == fow € K[t¥,2]
the w-initial form of f, and

ordy(f) := ¢ = max{deg, (fow) | fow # 0}

the w-order of f. Set €, (0) = 0. If t°z~ # t% 2%’ are both monomials of in,,(f),
then o # o'.

For I C Ry|z] we call

in, (1) = {iny(f) | fEI>§K[t%,g}
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the w-initial ideal of I. Note that its definition depends on N.

Moreover, we call for [ € Ry[z]

t-in,, (f) = in, (f)(1,2) = inw(f)\t:l € Kz]

the t-initial form of f w.rt. w, and if f =t~ - g € L[z] with g € Ry[z] we set

t-iny, (f) := t-in,(g).
This definition does not depend on the particular representation of f.

If J C Liz] is a subset of L[z], then
t-iny (J) = (t-inw(f) | f € J) < K]z]
is the t-initial ideal of J, which does not depend on any N.

For two w-quasihomogeneous elements f,, € W, ,~ and fy., € Wy, n We
have fq,w : fq/,w € Wquq’,w,N- In particular, inw(f ' g) = le(f) ’ 1nw<g) for fug €
Rylz], and t-iny(f - g) = t-iny(f) - t-iny (g) for f, g € L[z].

Example 2.5
Let w =(—-1,-2,—1) and

F= (2042 4+ 82) 2 4+ (=363 + 2 - y? + Pay® + (t+3%) -2y
Then ord,,(f) = —5, in,(f) = 2tx? — 3t3y?, and t-in,(f) = 22% — 3y*.

Notation 2.6
Throughout this paper we will mostly use the weight —1 for the variable ¢,
and in order to simplify the notation we will then usually write for w € R"™

in, instead of in_,
and
t-in, instead of t-in_i,).
The case that w = (0,...,0) is of particular interest, and we will simply write
ing respectively t-ing.
This should not lead to any ambiguity.

In general, the t-initial ideal of an ideal J is not generated by the t-initial
forms of the given generators of J.

Example 2.7
Let J = (tx +y,x +1t) < L[z,y] and w = (1, —1). Then y — t* € J, but

y = t-in, (y — %) & (t-in, (tx + y), t-in, (z + 1)) = (z).

We can compute the ¢-initial ideal using standard bases by [Mar07], Corollary
6.11.



164 IX. AN ALGORITHM FOR LIFTING POINTS IN A TROPICAL VARIETY
Theorem 2.8

Let J = (I)p, with I < K[t%,g}, w € Q" and G be a standard basis of I with
respect to >, (see Remark 3.7 for the definition of > ).

Then t-in,(J) = t-in,(I) = ( t-in,(G)) < K|z].

The proof of this theorem uses standard basis techniques in the ring K{[t]][z].

We give an alternative proof in Section 7.

Example 2.9
In Example 2.7, G = (tx +y,x +t,y — t*) is a suitable standard basis and thus

t-in, (J) = (z,y).
Definition 2.10
Let J < L[z] be an ideal then the tropical variety of J is defined as

Trop(J) = {w € R" | t-in,(J) is monomial free}.

Example 2.11

Let J = (xr +y+ 1) C L[x,y]. As J is generated by one polynomial f which
then automatically is a standard basis, the ¢-initial ideal t-in,(.J) will be gen-
erated by t-in,(f) for any w. Hence t-in,(.J) contains no monomial if and only
if t-in, (f) is not a monomial. This is the case for all w such that w; = wy, > 0,
or wy = 0 > ws, or we = 0 > w;. Hence the tropical variety Trop(J) looks as
follows:

We need the following basic results about tropical varieties, which are easy to
prove.

Lemma 2.12
Let J, Jy, ..., Jiy < L[z] be ideals. Then:

(@ J,CJ, = Trop(J;) 2 Trop(J),
(b) Trop(JiN...NJg) = Trop(Jy) U...UTrop(Jy),

(@) Trop(J) = Trop (V') = Upeminass(s) Trop(P), and
(d) Trop(J; + J») C Trop(J;) N Trop(Ja).

We are now able to state our main theorem.

Theorem 2.13
If K is algebraically closed of characteristic zero and J < K{{t}}|z] is an ideal
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then
weTrop(J)NQ" << dpeV(J): —val(p) =w € Q",
where val is the coordinate-wise valuation.
The proof of one direction is straight forward and it does not require that K
is algebraically closed.

Proposition 2.14
If J < Ljz] is an ideal and p € V(J) N (L*)", then —val(p) € Trop(J).

Proof: Letp = (p1,...,pn), and let w = —val(p) € Q™. If f € J, we have to show
that t-in,(f) is not a monomial, but since this property is preserved when
multiplying with some ¢~ we may as well assume that f € Jg,. Asp € V(J),
we know that f(p) = 0. In particular the terms of lowest ¢-order in f(p) have

to cancel. But the terms of lowest order in f(p) are in,(f)(a; - t“*, ..., a, - t“"),
where p; = a; - t“ + h.o.t.. Hence in,(f)(a1t**,...,a,t*") = 0, which is only
possible if in,(f), and thus t-in,(f), is not a monomial. O
Remark 2.15

If the base field K in Theorem 2.13 is not algebraically closed or not of charac-
teristic zero, then the Puiseux series field is not algebraically closed (see e.g.
[Ked01]). We therefore cannot expect to be able to lift each point in the tropi-
cal variety of an ideal J <« K{{t}}[z] to a point in V' (J) C K{{t}}". However, if
we replace V(J) by the vanishing set, say W, of .J over the algebraic closure L
of K{{t}} then it is still true that each point w in the tropical variety of J can
be lifted to a point p € W such that val(p) = —w. For this we note first that if
dim(J) = 0 then the non-constructive proof of Theorem 3.1 works by passing
from J to (J)7|,, taking into account that the non-archemdian valuation of a
field in a natural way extends to its algebraic closure. And if dim(J) > 0 then
we can add generators to .J by Proposition 4.6 and Remark 4.5 so as to reduce
to the zero dimensional case before passing to the algebraic closure of K{{t}}.

Note, it is even possible to apply Algorithm 3.8 in the case of positive char-
acteristic. However, due to the weird nature of the algebraic closure of the
Puiseux series field in that case we cannot guarantee that the result will co-
incide with a solution of J up to the order up to which it is computed. It may
very well be the case that some intermediate terms are missing (see [Ked01]
Section 5).

3. Zero-Dimensional Lifting Lemma

In this section we want to give a constructive proof of the Lifting Lemma 3.1.

Theorem 3.1 (Lifting Lemma)
Let K is an algebraically closed field of characteristic zero and L = K{{t}}. If
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J < Lx] is a zero dimensional ideal and w € Trop(J) N Q" then there is a point
p € V(J) such that —val(p) = w.

Non-Constructive Proof: If w € Trop(J) then by Lemma 2.12 there is an
associated prime P € minAss(J) such that w € Trop(P). But since dim(J) = 0
the ideal P is necessarily a maximal ideal, and since L is algebraically closed
it is of the form

P={(xy—p1,....,x5 — pn)
with py,...,p, € L. Since w € Trop(P) the ideal t-in,(P) does not contain any

monomial, and therefore necessarily ord,(p;) = —w; for all i = 1,...,n. This
shows that p = (py,...,p,) € V(P) C V(J) and val(p) = —w. O

The drawback of this proof is that in order to find p one would have to be able
to find the associated primes of J which would amount to something close to
primary decomposition over L. This is of course not feasible. We will instead
adapt the constructive proof that L is algebraically closed, i.e. the Newton-
Puiseux Algorithm for plane curves, which has already been generalised to
space curves (see [Mau80], [AMNR92]) to our situation in order to compute
the point p up to any given order.

The idea behind this is very simple and the first recursion step was basically
already explained in the proof of Proposition 2.14. Suppose we have a polyno-
mial f € Ry[z] and a point

p= (ul-tm+v1-t51+...,...,un-ta"+vn-t6”+...) € L[z].
Then, a priori, the term of lowest t-order in f(p) will be in_, (f)(uy - t**, ..., uy, -
t®*). Thus, in order for f(p) to be zero it is necessary that t-in, (f)(uy,...,u,) =

0. Let p’ denote the tail of p, that is p; = u; - t* + t* - p.. Then p' is a zero of
= (u +an), .t (un + ).

The same arguments then show that t-in,_3(f’)(v4,...,v,) = 0, and assuming
now that none of the v; is zero we find t-in,_s(f’) must be monomial free, that
is @ — [ is a point in the tropical variety and all its components are strictly
negative.

The basic idea for the algorithm which computes a suitable p is thus straight
forward. Given w = —a in the tropical variety of an ideal J, compute a point
u € t-in,(J) apply the above transformation to J and compute a negative-
valued point in the tropical variety of the transformed ideal. Then go on
recursively.

It may happen that the solution that we are about to construct this way has
some component with only finitely many terms. Then after a finite number
of steps there might be no suitable w in the tropical variety. However, in that
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situation we can simply eliminate the corresponding variable for the further
computations.

Example 3.2

Consider the ideal J = (f1,..., fa) < L[z, y] with
fi= APy + (8 + 2t — 17),
fo= (1+t)-z—y+ (=t —3t?),
fa= ay+(—t+8) -+ —th),
fi= 2% =2z + (12 —13).

The t-initial ideal of J with respect tow = ( — 1,—2) is

t-ing, (J) = (y* — 1,2 — 1),

so that w € Trop(J) and v = (1,1) is a suitable choice. Applying the trans-
formation v, : (z,y) — (t- (1 + z),t2 - (14 y)) to J we get J' = (f{,..., f1)
with

flo =02+ (283 + 4t3) -y + (403 4 2t — 1),

fo =@+ -z —t7y+ (=12 —20),
t

ot

cay+ (=B oty (8 1Y),

fi =t — 1%

ot
Il

This shows that the z-coordinate of a solution of J' necessarily is © = =+t2,
and we could substitute this for x in the other equations in order to reduce
by one variable. We will instead see what happens when we go on with our
algorithm.

The ¢-initial ideal of .J’ with respect to w’ = ( — ) is

N[

1
2 )
t'inw’(‘]/) - <y + 27 T — 1>7
so that ' € Trop(J’) and v’ = (1, —2) is our only choice. Applying the trans-

formation v, ., : (z,y) — (t% (14 a2)t7 - (=24 y)) to J' we get the ideal
J'={(f{,..., f}) with

Vo=t 4 2tsy + (- 2t — 19,
él :(t%+t%)~x—t2.y+t3’

7
" =
3 =tz

cay+ (2P —t2) a (B t) oy (— 2 — ),

o= 4 283
If we are to find an w” € Trop(J”) then f implies that necessarily w} = 0. But
we are looking for an w” all of whose entries are strictly negative. The reason
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why this does not exist is that there is a solution of J” with x = 0. We thus
have to eliminate the variable z, and replace J” by the ideal J"” = (") with

f/// —y— t%
Then w” = —% € Trop(J”) and t-in,»(f”) = y — 1. Thus v” = 1 is our only
choice, and since f”(u"” - ") = f"(tz) = 0 we are done.

Backwards substitution gives
p= (tm . (ul + tw’l . (u/l + 0)) ’th . <u2 + twé . (u; + twg/ ) u///)))

:(t- (1+t%>,t%~(1+t%~(—2+t%)>>
3 .3 9 5
:(t+t2,t2 — 2t +t2>

as a point in V(J) with val(p) = (1,2) = —w. Note that in general the proce-

dure will not terminate.

For the proof that this algorithm works we need two types of transformations
which we are now going to introduce and study.

Definition and Remark 3.3
For ' € Q" let us consider the L-algebra isomorphism
®y : Lz — Llz] : 2y — 7% - 2,
and the isomorphism which it induces on L"
G L — L™ (P, ..., p)) — (t*“’i Pl Lt p;)

Suppose we have found a p’ € V(®.,/(J)), then p = ¢.,(p') € V(J) and val(p) =

val(p') — w'.

Thus choosing v’ appropriately we may in Theorem 3.1 assume that w € Q7
which due to Corollary 6.15 implies that the dimension of J behaves well when
contracting to the power series ring Ry[z| for a suitable N.

Note also the following properties of ¢, which we will refer to quite fre-
quently. If J < L[z] is an ideal, then

dim(J) = dim (®./(J)) and t-ing (J) = t-ing (Pur(J)),
where the latter is due to the fact that

deg,, (t*- gﬁ) = —a+uw - =deg, (ta*“’lﬂ -gﬁ) = deg, (Do (t* - xﬁ))

with w = (—-1,0') and v = (—1,0,...,0).

Definition and Remark 3.4

For u = (uy,...,u,) € K", w € Q" and w = (—1,w) we consider the L-algebra
isomorphism

Yo,u - L[E] B L[E] X e (uz +{L‘Z),
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and its effect on a w-quasihomogeneous element

fq’w: Z aa’ﬁ.t%.gﬁ.
(o, B) € N+
- +w-B=gq
If we set
i=1
then
Vw,u(fq,w) — E aa,,@ . t% . H t*wi'ﬁi . (ul _'_ xl)ﬁl
— & twB=q =1
— N tw-B=q (3]_)
=t (0t T )
— 5 tw-B=¢
= 177 few(lu) +t79 “Pfgwus
with
Dfyru = Z Aap - Pp € (X1, ..., Tn) I K]z].
— 5 tw-B=q

In particular, ifw € & - Z"and f =3 __. fyw € Ry[z] with ¢ = ord,(f) then

q<q
Youlf) =11 g
where
g= Z (tq_q Sfow(Lou) + 17 pr ) € Rylzl.

<4
O
The following lemma shows that if we consider the transformed ideal ~,, ., (/)N
Ry|z] in the power series ring K Ht%, z]] then it defines the germ of a space
curve through the origin. This allows us then in Corollary 3.6 to apply nor-
malisation to find a negative-valued point in the tropical variety of ~, ,.(/).

Lemma 3.5
Let J <1 L[z], let w € Trop(J) N+ - Z", and u € V (t-in,(J)) C K. Then

YoulJ) N Ry[z] C <t%,x1, ..., Zn) < Rylz].

Proof: Let w = (—1,w) and 0 # f = y,u(h) € Ywu(J) N Ry[z] with h € J. Since
f is a polynomial in z we have

h:’y;,t(f):f(tt‘)lxl_ula7twnxn_un)€tmRN[£]

1

for some m € § - Z. We can thus decompose g := ¢t~ - h € Jg, into its w-

quasihomogeneous parts, say

tfm.h:g:qum”

q<q
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where ¢ = ord, (¢g) and thus g;,, = in,(g) is the w-initial form of g. As we have
seen in Remark 3.4 there are polynomials p,, . € (21,...,z,) <K[z] such that
You(Gaw) = 7+ Ggaw(L,w) 877 Pyy e
But then
f=u(h) =7 g) =" Youlg) =" Yo (Z gq,w)

q<g

=t". Z (t_q “Ggu(l u) +177 'pgq’w’u)

q<q

= 1" gga(1,u) + ™1 “Pgguwu + Z 1" (gaaw(1 ) + Pyyu)-

q<q

However, since g € J and u € V (t-in,(J)) we have
9g0(1,u) = t-iny,(g)(u) =0
and thus using (3.1) we get
Pogae =17 (You(9g) =77 ggu(l,1)) =7 0u(g40) # 0,

since ¢4, = in,(g) # 0 and ~,,, is an isomorphism. We see in particular, that

m —§ > 0 since f € Ry[z] and py, , . € (z1,...,7,) < K[z], and hence
g m— 1
f = tm b pgq,w,U _'_ Zt b (gq,w(17u> _'_pgq,w,u) € <tN,.T1, c 7xn>-
q<q

O

The following corollary assures the existence of a negative-valued point in the
tropical variety of the transformed ideal — after possibly eliminating those
variables for which the components of the solution will be zero.

Corollary 3.6

Suppose that K is an algebraically closed field of characteristic zero. Let J <
Lz] be a zero-dimensional ideal, let w € Trop(J) N Q", and u € V(t-in,(J)) C
K". Then

Ip=(p1,...,pn) € V(%M(J)) : Vi: val(p;) € Qso U {oc}.
In particular, if n, = #{p; | pi # 0} > 0and z, = (v; | p; # 0), then

Trop (You(J) N Llz,]) N QY # 0.

Proof: We may choose an N € N (v,.(/)) and such that w € < - Z2%,. Let
I =~,.(J)N Ry[z].

Since 7,,,, is an isomorphism we know that

0 = dim(J) = dim (7,()).
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and by Proposition 5.3 we know that
Ass(I) = {Pg, ’ P € Ass (vou(J)) }-
Since the maximal ideal
m= <t%,x1, . ,:cn>RN[£] < Rylz]

contains the element ¢~, which is a unit in L[z], it cannot be the contraction
of a prime ideal in L[z]. In particular, m ¢ Ass(7). Thus there must be a
P € Ass(I) such that P & m, since by Lemma 3.5 I C m and since otherwise m
would be minimal over / and hence associated to .

The strict inclusion implies that dim(P) > 1, while Theorem 6.10 shows that
dim(P) < dim(J) < dim (1u(J)) + 1 = 1.

Hence the ideal P is a 1-dimensional prime ideal in Ry[z] C K| [t% ,z]], where
the latter is the completion of the former with respect to m. Since P C m, the
completion P of P with respect to m is also 1-dimensional and the normalisa-
tion
(1 K[[t%,gﬂ/p R
gives a parametrisation where we may assume that w(t%) = sM gince K is
algebraically closed and of characteristic zero (see e.g. [DeP00] Cor. 4.4.10 for
K = C). Let now s; = ¢(z;) € K][[s]] then necessarily a; = ord(s;) > 0, since
1 is a local K-algebra homomorphism, and f(s¥,s,...,s,) = ¥(f) = 0 for all
f e P. Taking I C P C P and ~,,(J) = (I) into account and replacing s by
tVT we get
Ft¥,p)y =0 forall fen,,(J)
where
p= (51 (tﬁ), e sn(tﬁ)) € Ry CL"
Moreover,
val(p;) = NC_LZM € Q-0 U {oc},
and every [ € m, ©o,.(J/) vanishes at the point p’ = (p; | p; # 0). By Proposi-
tion 2.14

—val(p') € Trop (Yu,u(J) N Llz,]) N QL.
0]

Constructive Proof of Theorem 3.1: Recall that by Remark 3.3 we may
assume that w € Q7,. It is our first aim to construct recursively sequences
of the following objects for v € IN:

natural numbers 1 < n, <n,

natural numbers 1 <i,; < ... <i,,, <

n,
subsets of variables z, = (szy,p e ,SC@-D,M),
ideals J, < L[z, ],
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e ideals J, < L[z, ],
e vectors w, = (Wyi, ;- Wyi,,, ) € Trop(J,) N (Q<o)™, and
e vectors u, = (Uy,,,- -\ U, ) € V(t-ing, (J,)) N (K*)™.

Wesetng =n,z_, =z, =2z, Jo = J, = J, and wy = w, and since t-in,(J) is
monomial free by assumption and K is algebraically closed we may choose a
up € V (t-ing,(Jo)) N (K*)™. We then define recursively for v > 1

Jl// = fywu—lyuy—l (Jl’*l)'

By Corollary 3.6 we may choose a point ¢ € V(J)) C L™ such that val(g;) =
ord;(¢;) >0 foralli=1,...,n,1. As in Corollary 3.6 we set

ny, = #{QZ | qi 7£ 0} € {07---7nz/71}7

and we denote by
1<iy1 <...<iyn <n

the indexes i such that ¢; # 0.

If n, = 0 we simply stop the process, while if n, £ 0 we set
2, = (Tiy1, - Tiyn,) € Zyy
We then set
Jy = (J, + (2,1 \ ) N L[z, ],

and by Corollary 3.6 we can choose

Wy = (Wyiy s+ s Wriy,) € Trop(J,) N QL.
Then t-in,, (J,) is monomial free, so that we can choose a

Uy = (Ui 5 Uniy,) € V(ting, () N (K*)™.

Next we define

£; = sup {y ’ ie{ivg,... ,il,,ny}} € NU{co} and

min{e;,u}
pM,Z = Z uV,’i : t_ Zj:o Wi
v=0
fori=1,...,n. Allw,; are strictly negative, which is necessary to see that the

pui converge to a Puiseux series. Note that in the case n = 1 the described
procedure is just the classical Puiseux expansion (see e.g. [DeP00] Thm. 5.1.1
for the case K = C). To see that the p,; converge to a Puiseux series (i.e. that
there exists a common denominator N for the exponents as u goes to infinity),
the general case can easily be reduced to the case n = 1 by projecting the
variety to all coordinate lines, analogously to the proofin section 3 of [Mau80].
The ideal of the projection to one coordinate line is principal. Transformation
and intersection commute.
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It is also easy to see that at p = (p1,...,p,) € L™ all polynomials in J vanish,
where

pi = lim p,; = Zu,,,i T 2= € Ry C L.

oo V=0
[
Remark 3.7
The proof is basically an algorithm which allows to compute a point p € V(J)
such that val(p) = —w. However, if we want to use a computer algebra system

like SINGULAR for the computations, then we have to restrict to generators of
J which are polynomials in ¢t~ as well as in z. Moreover, we should pass from
¢t~ to t, which can be easily done by the K-algebra isomorphism

Uy : Lz — Liz] : t = Y, 2, — ;.

Whenever we do a transformation which involves rational exponents we will
clear the denominators using this map with an appropriate N.

We will in the course of the algorithm have to compute the ¢-initial ideal of .J
with respect to some w € Q", and we will do so by a standard basis computa-
tion using the monomial ordering >, given by

28 >, v 2 =
—a4w-f>—-d4w-for(—a+w -f=—a+w-F and 2’ > ),
where > is some fixed global monomial ordering on the monomials in z.

Algorithm 3.8 (ZDL — Zero Dimensional Lifting Algorithm)
INPUT: (m, f1,..., fr,w) € Ny x K[t, z]* x Q" such that dim(.J) = 0
and w € Trop(J) for J = (f1, ..., fu)Lia]-

OUTPUT: (N,p) € N x K[t,t']" such that p(t~) coincides with the
first m terms of a solution of V(.J) and such that val(p) =
—W.

INSTRUCTIONS:

e Choose N > 1 such that NV -w € Z".
e FORi=1,...,kDO f; := Un(fy).
e w =N w
e IF some w; > 0 THEN
“FORi—1,....kDO f,:= d,(f;) -t (20)
- W= w.
-w:=(0,...,0).
e Compute a standard basis (g1,...,9) of (fi,..., fr)k[t] With respect to
the ordering > .
e Compute a zero u € (K*)" of (t-in,(g1), ..., t-in,(91)) k(-
e IFm =1THEN (N,p) := (N, up -t Uy t*“’”).
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e ELSE
- Set G = (voulfs) |i=1,.... k).
-FOR:i=1,...,nDO
* Compute a generating set G’ of (G, z;) k4 1 (1)
« IF G’ C (t,z) THEN
cx=z\ {a}
- Replace G by a generating set of (G') N K|t, z].
- IF 2z = ) THEN (N, p) := (N,u1 ST ..,un-t*“’").

- ELSE
x Compute a point «’ in the negative orthant of the tropical
variety of (G) [y
x (N',p')=ZDL(m—1,G,u").
x N:=N-N'.

«* FORj=1,...,n DO
- IF ; € x THEN p; := ¢t~ . (u; + p).
- ELSE p; := t =N . u,.
e IF some ©; > 0 THEN p := (t‘“vl ST 'pn)-

Proof: The algorithm which we describe here is basically one recursion step
in the constructive proof of Theorem 3.1 given above, and thus the correctness
follows once we have justified why our computations do what is required by
the recursion step.

If we compute a standard basis (g1, ..., q) of (fi,..., fx) k[t.o) With respect to >,
then by Theorem 2.8 the ¢-initial forms of the g; generate the ¢-initial ideal of
J = (f1,---, fx)Llz)- We thus compute a zero u of the ¢-initial ideal as required.

Next the recursion in the proof of Theorem 3.1 requires to find an w € (Q>0 U
{oo})", which is — val(q) for some ¢ € V/(J), and we have to eliminate those
components which are zero. Note that the solutions with first component zero
are the solutions of J + (z;). Checking if there is a solution with strictly
positive valuation amounts by the proof of Corollary 3.6 to checking if (J +
(z1))NK[[t]}[z] C (t,z), and the latter is equivalent to G’ C (¢, z) by Lemma 3.9.
If so, we eliminate the variable z; from (G’) k{: ,), which amounts to projecting
all solutions with first component zero to L"~!. We then continue with the
remaining variables. That way we find a set of variables {z;,,...,z;.} such
that there is a solution of V' (.J) with strictly positive valuation where precisely
the other components are zero.

The rest follows from the constructive proof of Theorem 3.1. O

Lemma 3.9
Let fla"')fk € K[taz]: J = (fl)'”afk)L[g}: I = <f17"'7fk>K[t,§] : <t>oo’ and let G
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be a generating set of I. Then:

JNK[H]lz] € (t,z) <= [C(tz) < GC(t ).

Proof: The last equivalence is clear since [ is generated by G, and for the
first equivalence it suffices to show that J N K[[t]][z] = (I) k(-

For this let us consider the following two ideals I' = (fi,..., fu) k()2 : (6)™
and I” = (f1,..., fr)k(, L ¢ (1) By Lemma 6.6 we know that J N K[[t]][z] = I
and by [Mar07] Prop. 6.20 we know that I’ = (I") k{ig. It thus suffice to show
that 1" = (I) k1. Obviously I C I”, which proves one inclusion. Conversely,
if f € I” then f satisfies a relation of the form

k
tm'f'uzzgi'fh
i=1

with m > 0, v € KJt], w(0) = 1 and ¢1,...,9x € K[t,z]. Thus f-u € I and
f=Lr e Dk -

Remark 3.10

In order to compute the point w’ we may want to compute the tropical variety
of (G) (2. The tropical variety can be computed as a subcomplex of a Grobner
fan or more efficiently by applying Algorithm 5 in [BJST07] for computing
tropical bases of tropical curves.

Remark 3.11

We have implemented the above algorithm in the computer algebra system
SINGULAR (see [GPS05]) since nearly all of the necessary computations are
reduced to standard basis computations over K|[t,z] with respect to certain
monomial orderings. In SINGULAR however we do not have an algebraically
closed field K over which we can compute the zero u of an ideal. We get
around this by first computing the absolute minimal associated primes of
(t-iny,(g1), - - ., t-iny,(gk)) kjt.) @ll of which are maximal by Corollary 6.15, us-
ing the absolute primary decomposition in SINGULAR. Choosing one of these
maximal ideals we only have to adjoin one new variable, say «, to realise the
field extension over which the zero lives, and the minimal polynomial, say m,
for this field extension is provided by the absolute primary decomposition. In
subsequent steps we might have to enlarge the minimal polynomial, but we
can always get away with only one new variable.

The field extension should be the coefficient field of our polynomial ring in
subsequent computations. Unfortunately, the program gfan which we use in
order to compute tropical varieties does not handle field extensions. (It would
not be a problem to actually implement field extensions — we would not have
to come up with new algorithms.) But we will see in Lemma 3.12 that we
can get away with computing tropical varieties of ideals in the polynomial
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ring over the extension field of K by computing just over K. More precisely,
we want to compute a negative-valued point w’ in the tropical variety of a
transformed ideal ~, ,(/). Instead, we compute a point («’,0) in the tropical
variety of the ideal v, ,(J)+(m). So to justify this it is enough to show that w is
in the tropical variety of an ideal J < K{a]/(m){{t}}[z] if and only if (w,0) is in
the tropical variety of the ideal J + (m) < K{{t}}[z, a]. Recall that w € Trop(J)
if and only if t-in, (/) contains no monomial, and by Theorem 2.8, t-in,(J) is
equal to t-in,(Jg, ), where N € N'(J).

Lemma 3.12

Let m € K|[a] be an irreducible polynomial, let ¢ : k[t~ ., z,a] — (k[a]/(m))[t~, z]
take elements to their classes, and let I < (k[a]/(m))[t~ , z]. Then in,(I) contains
no monomial if and only if in, o (¢~ (1)) contains no monomial. In particular,
the same holds for t-in,(I) and t-in(, 0 (¢~ (1)).

Proof: Suppose in(, o ¢ '(I) contains a monomial. Then there exists an
f € ¢ }(I) such that ing,)(f) is a monomial. The polynomial ¢(f) is in I.
When applying ¢ the monomial in(, ¢ (f) maps to a monomial whose coeffi-
cient in k[a]/(m) has a representative h € k[a| with just one term. The rep-
resentative i cannot be 0 modulo (m) since (m) does not contain a monomial.
Thus ¢ (inw,e) () ) = in.(¢(f)) is a monomial.

For the other direction, suppose in, (/) contains a monomial. We must show
that ing, (¢ '(I)) contains a monomial. This is equivalent to showing that
(ing0) (¢ 1(I)) = ((t~ -2 ---2,)®) contains a monomial. By assumption there
exists an f € I such that in,(f) is a monomial. Let g be in ¢~ '(/) such that
g maps to f under the surjection ¢ and with the further condition that the
support of g projected to the (t%, z)-coordinates equals the support of f. The
initial form in(, ) (¢9) is a polynomial with all exponent vectors having the
same (t~,z) parts as in,(f) does. Let ¢’ be in, 0)(g) with the common (t~, z)-
part removed from the monomials, that is ¢’ € k[a]. Notice that ¢(¢") # 0. We
now have ¢’ ¢ (m) and hence (¢', m) = k[a] since (m) is maximal. Now m and ¢’
are contained in (in, o) (¢~ (1)) : (t¥ 21 - - - 2,)™), implying that (in.0) (o~ (1)) :
(tv-xy - --2,)®) D kla]. This shows that in(, (' (I)) contains a monomial. [

Remark 3.13

In Algorithm 3.8 we choose zeros of the ¢-initial ideal and we choose points
in the negative quadrant of the tropical variety. If we instead do the same
computations for all zeros and points of the negative quadrant of the tropical
variety, then we get Puiseux expansions of all branches of the space curve
germ defined by the ideal (fi, ..., fi) ko in (K™, 0).
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4. Reduction to the Zero Dimensional Case

In this section, we want to give a proof of the lifting Theorem 3.1 for any ideal
J of dimension dim J = d > 0, using our algorithm for the zero-dimensional
case.

Given w € Trop(J) we would like to intersect Trop(.J) with another tropi-
cal variety Trop(J’) containing w, such that dim(J + J’) = 0 and apply the
zero-dimensional algorithm to J + J'. However, we cannot conclude that
w € Trop(J + J') — we have Trop(J + J') C Trop(J) N Trop(J’) but equality
does not need to hold. For example, two plane tropical lines (given by two
linear forms) which are not equal can intersect in a ray, even though the ideal
generated by the two linear forms defines just a point.

So we have to find an ideal .J’ such that J + J’ is zero-dimensional and still
w € Trop(J + J') (see Proposition 4.6). We will use some ideas of [Kat06]
Lemma 4.4.3 — the ideal J’ will be generated by dim(.J) sufficiently general
linear forms. The proof of the proposition needs some technical preparations.

Notation 4.1
We denote by

Vo=Hag+a - t“* o1+ ...+ a, -t -z, | a; € K}

the n + 1-dimensional K-vector space of linear polynomials over K, which in
a sense are scaled by w € Q". Of most interest will be the case where w = 0.

The following lemma geometrically says that an affine variety of dimension
at least one will intersect a generic hyperplane.

Lemma 4.2

Let K be an infinite field and J <1 L[x] an equidimensional ideal of dimension
dim(J) > 1. Then there is a Zariski open dense subset U of Vi such that (f)+Q #
Liz] for all f € U and @ € minAss(J).

If V is an affine variety which meets (K*)" in dimension at least 1, then a
generic hyperplane section of IV meets (K*)" as well. The algebraic formula-
tion of this geometric fact is the following lemma:

Lemma 4.3
Let K be an infinite field and I < K[z] be an equidimensional ideal with
dim(I) > 1 and such that z,---x, ¢ /1, then there is a Zariski open subset

U of Vo such that ©y-- -z, € \/I+ (f) for f € U.

The following lemma is an algebraic formulation of the geometric fact that
given any affine variety none of its components will be contained in a generic
hyperplane.

Lemma 4.4
Let K be an infinite field, let R be a ring containing K, and let J < R[z| be
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an ideal. Then there is a Zariski open dense subset U of V; such that f € U
satisfies f ¢ P for P € minAss(J).

Remark 4.5

If #K < 0o we can still find a suitable f € K[z] which satisfies the conditions
in Lemma 4.2, Lemma 4.3 and Lemma 4.4 due to Prime Avoidance. However,
it may not be possible to choose a linear one.

With these preparations we can show that we can reduce to the zero dimen-
sional case by cutting with generic hyperplanes.

Proposition 4.6
Suppose that K is an infinite field, and let J <1 L[z]| be an equidimensional ideal
of dimension d and w € Trop(J).

Then there exist Zariski open dense subsets Uy,...,U; of V., such that
(fi,-- s fa) eUr x ... xUgand J = (fi1,..., [a) Lz SQLISfY:

o dim(J + J') = dim ( t-in,,(J) + t-in,(J')) =0,

e dim (t-in,(J")) = dim(J') =n —d,

oz 1, & \/t-in,(J) + t-in,,(J'), and

o \/t-in, (J) + t-in, (J') = \/t-in, (J + J').

In particular, w € Trop(J + J').

Proof: Applying ¢, to J first and then applying ®_, to J' later we may as-
sume that w = 0. Moreover, we may choose an N such that N € N(J) and
N € N(P) for all P € minAss(J). By Lemma 6.7 then also t-iny(J) = t-ing(Jg, )
and t-ing(P) = t-ing(Pg, ) for P € minAss(J).

By Lemma 6.16
minAss(Jgy) = {Pry | P € minAss(J)}. (4.1)

In particular, all minimal associated primes Pg, of Jg, have codimension n—d
by Corollary 6.9.

Since 0 € Trop(J) there exists a P € minAss(.J) with 0 € Trop(P) by Lemma
2.12. Hence 1 ¢ t-ing(P) and we conclude by Corollary 6.17 that

dim(J) = dim (t-ing(J)) = dim(Q) (4.2)

for all Q € minAss (t-ing(/)). In particular, all minimal associated prime
ideals of t-ing(J) have codimension n — d.

Moreover, since 0 € Trop(J/) we know that t-iny(./) is monomial free, and in

particular
Ty Ty & A/ t-ing(J). (4.3)

If d = 0 then J' = (0) = {0} works due to (4.2) and (4.3). We may thus assume
that d > 0.
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Since K is infinite we can apply Lemma 4.2 to J, Lemma 4.4 to J < L[z], to
Jry < Rylz] and to t-ing(J) < K[z] and Lemma 4.3 to t-ing(J) < K|z| (take (4.3)
into account), and thus there exist Zariski open dense subsets U, U’, U”, U"”
and U" in Vj such thatno f, e Uy = UNU' NU"NU" NU" is contained in any
minimal associated prime of either J, Jz, or t-ing(J), such that 1 & J + (f1) [y
and such that x; - - - x,, & \/t-ing(J) + (f1). Since the intersection of four Zariski
open and dense subsets is non-empty, there is such an f; and by Lemma 5.6

the minimal associated primes of the ideals J + (fi) L), Jry + (f1) Ry, and
t-ing(J) + (f1) x|z all have the same codimension n — d + 1.

We claim that ¢t~¥ ¢ Q for any Q € minAss(Jg, + (/1) Rnlz])- Suppose the con-
trary, then by Lemma 6.8 (b), (f) and (g)

dim(Q) = n + 1 — codim(Q) = d.
Consider now the residue class map
7 Rylz] — Ryla]/(t¥) = K[z
Then t-ing(J) = 7(Jry + (tV)), and we have
teing(J) + (1)) © 7 (ry + (L7, i) ryial) € 7(Q):

Since t~ € Q the latter is again a prime ideal of dimension d. However, due
to the choice of f; we know that every minimal associated prime of t-iny(.J) +
(f1)k[z) has codimension n — d + 1 and hence the ideal itself has dimension
d — 1. But then it cannot be contained in an ideal of dimension d.

Applying the same arguments another d — 1 times we find Zariski open dense
subsets Us, ..., U of V; such that for all (fy,..., fy) € Uy x --- x Uy the minimal
associated primes of the ideals

+ (frse o S
respectively
Jry + (f1s- -+ fo) Ralal
respectively
t-ing(J) + (f1, - - fr) K[l
all have codimension n — d + k for each £k = 1,...,d, such that 1 ¢ J +
(fi,---, fr) L[, and such that

xng\/tlno +{f1s s fo) K

Moreover, none of the minimal associated primes of Jz, + (f1, ..., fi)ry[2) COD-

tains tv.
In particular, since f; € K[z] we have (see Theorem 2.8)
t-ing (J') = t-ing ((f1,-- -, fa) kftal) = (f1s- - fa) K[als

and J’ obviously satisfies the first three requirements of the proposition.
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For the fourth requirement it suffices to show
minAss (t-ing(J) + t-ing(J')) = minAss ( t-ing(J + J')).
For this consider the ring extension
Rylz] € Sy'Rylz] = Ly|z]

given by localisation and denote by /¢ = I N Ry[z] the contraction of an ideal /
in Ly[z] and by I° = (I) [z the extension of an ideal I in Ry[z]. Moreover, we
set Jo = JNLy[z] and J| = J’ﬂLN[ ], sothat J§ = Jp, and Ji* = (f1,. .., fa) Ry[a]-

Note then first that
(J5 +J0°)° = I + ™ = Jo + T,

and therefore by the correspondence of primary decomposition under locali-
sation (see [AtM69] Prop. 4.9)

minAss ((Jo + J§)°) = {Q € minAss(J§ + J)°) | v ¢ Q} = minAss (J§ + J§°).
This then shows that

VIS + I =/ (Jo + Jp)e,
and since 7(J§) = t-ing(Jry) = t-ing(J), 7(J) = t-ing(J’) and 7 ((Jo + J§)°) =
t-ing(J + J') we get

Vt-ing(J) + t-ing(J") = /7 (JS) + n(J)) =7 (\/J§+ J(’)C>

:7‘(‘( J0+J0 ) A/ TT J0+J0 \/t1n0J+J’

It remains to show the “in particular” part. However, since

Tn & \/t-ing (J) + t-ing, (J') = \/t-in,(J + J'),

the ideal t-in, (J + J’) is monomial free, or equivalently w € Trop(J + J'). O

Remark 4.7

Proposition 4.6 shows that the ideal J’ can be found by choosing d linear forms
i = > aji-t“ - x; + ajo with random «;; € K, and we only need that K is
infinite.

We are now in the position to finish the proof of Theorem 2.13.

Proof of Theorem 2.13: If w € Trop(J) N Q" then there is a minimal associ-
ated prime ideal P € minAss(J) such that w € Trop(P) by Lemma 2.12. By
assumption the field K is algebraically closed and therefore infinite, so that
Proposition 4.6 applied to P shows that we can choose an ideal P’ such that
w € Trop(P + P’) and dim(P + P’) = 0. By Theorem 3.1 there exists a point
p € V(P + P') C V(J) such that val(p) = —w. This finishes the proof in view of
Proposition 2.14. [
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Algorithm 4.8 (RDZ - Reduction to Dimension Zero)
INPUT: a prime ideal P € K(t)[z] and w € Trop(P).

OUTPUT: an ideal J such that dim(J) =0, P C J and w € Trop(J).

INSTRUCTIONS:
o d:=dim(P)
o J =P

e WHILE dim(.J) # 0 OR t-in,(.J) not monomial-free DO
- FOR j = 0 TO d pick random values ay j,...,a,; € K, and define
fi=ao; +> a;; tz,.
-J=P+{f1,..., fa)

Proof: We only have to show that the random choices will lead to a suitable
ideal J with probability 1. To see this, we want to apply Proposition 4.6. For
this we only have to see that P = (P).[, is equidimensional of dimension
d = dim(P). By [Mar07] Corollary 6.13 the intersection of P° with K(¢)[z],
Pec, is equal to P. Using Proposition 5.3 we see that

{P} = minAss(P*) C {Q° | Q € minAss(P)} C Ass(P) = {P}.

By Lemma 5.4 we have dim () = dim(P) = d for every ) € minAss(P¢), hence
P¢ is equidimensional of dimension d. O

Remark 4.9

Note that we cannot perform primary decomposition over L[z] computation-
ally. Given a d-dimensional ideal J and w € Trop(.J) in our implementation
of the lifting algorithm, we perform primary decomposition over K (t)[z]. By
Lemma 2.12, there must be a minimal associated prime P of J such that
w € Trop(P). Its restriction to K (¢)[z] is one of the minimal associated primes
that we computed, and this prime is our input for algorithm 4.8.

Example 4.10
Assume P = (z+y+t)<L[x,y],and w = (—1, —2). Choose coefficients randomly
and add for example the linear form f = —2xt~! +2t72y — 1. Then J = (v +y +
t, f) has dimension 0 and w is contained in Trop(.J). Note that the intersection
of Trop(P) with Trop(f) is not transversal, as the vertex of the tropical line
Trop(f) is at w.

5. Some Commutative Algebra

In this section we gather some simple results from commutative algebra for
the lack of a better reference. They are primarily concerned with the dimen-
sion of an ideal under contraction respectively extension for certain ring ex-
tensions. The results in this section are independent of the previous sections
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Notation 5.1

In this section we denote by ¢ = (I) ' the extension of I<IR and by J¢ = ¢~ (/)
the contraction of /< R/, where ¢ : R — R'is a ring extension. If no ambiguity
can arise we will not explicitly state the ring extension.

We first want to understand how primary decomposition behaves under re-
striction. The following lemma is an easy consequence of the definitions.

Lemma 5.2

If o : R — R'is any ring extension and Q < R’ a P-primary ideal, then Q¢ is
Pe-primary.

Proposition 5.3

Let ¢ : R — R’ be any ring extension, let J < R' be an ideal such that (J°)¢ = J,
and let J = Q1N ...NQk be a minimal primary decomposition. Then

Ass(J¢) = {Pc ‘ Pe Ass(J)} = {\/@c i = 1,...,k},

and J¢ = « Qp 1s a minimal primary decomposition, where
PecAss(Je)

- N @
VQi‘=P

Moreover, we have minAss(J¢) C {P° | P € minAss(J)}.

Note that the \/Q;° are not necessarily pairwise different, and thus the cardi-
nality of Ass(J¢) may be strictly smaller than k.

Proof: Let P = {\/Q," | i=1,...,k} and let Qp be defined as above for P € P.
Since contraction commutes with intersection we have

J= ) Qp. (5.1)

PeP

By Lemma 5.2 the Q¢ with P = \/Q,;" are P-primary, and thus so is their inter-
section, so that (5.1) is a primary decomposition. Moreover, by construction
the radicals of the Qp are pairwise different. It thus remains to show that
none of the Qp is superfluous. Suppose that there is a P = /Q," € P such

that
Jc = ﬂ QP’ g m Qja
P'eP\{P} i
then
J=(T) @) <
J#i J#i

in contradiction to the minimality of the given primary decomposition of J.
This shows that (5.1) is a minimal primary decomposition and that Ass(J¢) =
P.

Finally, if P € Ass(J) such that P° is minimal over J°¢ then necessarily there
is a P € minAss(J) such that P¢ = P°.
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O

We will use this result to show that dimension behaves well under extension
for polynomial rings over a field extension.

Lemma 5.4
If F C F'is a field extension, I < Fz]| is an ideal and 1° = (I) /[y then

dim(7¢) = dim(7).
Moreover, if I is prime then dim(P) = dim(!) for all P € minAss(/°¢).

Proof: Choose any global degree ordering > on the monomials in z and com-
pute a standard basis G’ of I with respect to >. Then G’ is also a standard
basis of /¢ by Buchberger’s Criterion. If M is the set of leading monomials of
elements of G’ with respect to >, then the dimension of the ideal generated
by M does not depend on the base field but only on M (see e.g. [GrP02] Prop.
3.5.8). Thus we have (see e.g. [GrP02] Cor. 5.3.14)

dlm([) = dim (<M>F[g]) = dim (<M>F’[g]) = dim([e). (52)

Let now I be prime. It remains to show that /¢ is equidimensional.

If we choose a maximal independent set ' C z of L.(I°) = (M), then
by definition (see [GrP02] Def. 3.5.3) (M) N F'[z'] = {0}, so that necessarily
(M)p,) N Fl2'] = {0}. This shows that 2’ is an independent set of L. (/) =
(M) Fg, and it is maximal since its size is dim(/¢) = dim(/) by (5.2). Moreover,
by [GrP02] Ex. 3.5.1 2’ is a maximal independent set of both I and 7¢. Choose
now a global monomial ordering >" on the monomials in z” = z \ 2.

We claim that if G = {g1,...,gx} C F|[z] is a standard basis of (/) () With
respect to >’ and if 0 # h = lem (les/(g1), ..., les/(gx)) € F[2'], then I¢: (h)>™ =
I¢. For this we consider a minimal primary decomposition /¢ = Q; N...NQ; of
I¢. Since /¢ = I° we may apply Proposition 5.3 to get

(VQ [i=1,...,1} = Ass(I*) = {I}, (5.3)

where the latter equality is due to /°° = [ (see e.g. [Mar07] Cor. 6.13) and to
I being prime. Since z’ is an independent set of / we know that h ¢ [ and
thus (5.3) shows that ™ ¢ /Q; for any i = 1,...,] and any m € IN. Let now
f € I¢: (h)~, then there is an m € IN such that A - f € I C @); and since Q);
is primary and h™ ¢ +/Q; this forces f € ;. Butthen f € Q, N ...NQ, = I¢,
which proves the claim.

With the same argument as at the beginning of the proof we see that G is a
standard basis of (I°) p/ ()7, and we may thus apply [GrP02] Prop. 4.3.1 to
the ideal /¢ which shows that 7¢ : (h)> is equidimensional. We are thus done
by the claim. O



184 IX. AN ALGORITHM FOR LIFTING POINTS IN A TROPICAL VARIETY

If the field extension is algebraic then dimension also behaves well under
restriction.

Lemma 5.5
Let F C [’ be an algebraic field extension and let J < F'[z] be an ideal, then
dim(J) = dim(J N F[z]).

Proof: Since the field extension is algebraic the ring extension Flz| C F'[z]
is integral again. But then the ring extension F[z|/J N Flz] — F'[z]/J is
integral again (see [AtM69] Prop. 5.6), and in particular they have the same
dimension (see [Eis96] Prop. 9.2). O

For Section 4 — where we want to intersect an ideal of arbitrary dimension to
get a zero-dimensional ideal — we need to understand how dimension behaves
when we intersect. The following result is concerned with that question. Ge-
ometrically it just means that intersecting an equidimensional variety with a
hypersurface which does not contain any irreducible component leads again
to an equidimensional variety of dimension one less. We need this result over
Ry instead of a field K.

Lemma 5.6
Let R be a catenary integral domain, let I < R with codim(Q) = d for all Q) €
minAss([), and let f € R such that f ¢ Q for all Q € minAss(I). Then

minAss(I + (f)) = U minAss(Q + (f)).

Q€minAss(])

In particular, codim(Q') = d + 1 for all () € minAss(I + (f)).

Proof: If )’ € minAss(/ + (f)) then @’ is minimal among the prime ideals
containing / + (f). Moreover, since I C ()’ there is a minimal associated prime
() € minAss(I) of I which is contained in @’. And, since f € ()" we have
Q + (f) € Q" and Q" must be minimal with this property since it is minimal
over [ + (f). Hence )’ € minAss(Q + (f)).

Conversely, if ()’ € minAss(Q + (f)) where ) € minAss(/), then I + (f) C @'.
Thus there exists a Q" € minAss(I + (f)) such that Q" C . Then I C Q"
and therefore there exists a Q) € minAss(I) such that Q C Q”. Moreover, since
f & Qbut f € Q" this inclusion is strict which implies

codim(Q’) > codim(Q") > codim (Q) + 1 = codim(Q) + 1,

where the first inequality comes from Q" C ()’ and the last equality is due to
our assumption on /. But by Krull’s Principal Ideal Theorem (see [AtM69]
Cor. 11.17) we have

codim(Q/Q) = 1.
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since )'/Q by assumption is minimal over f in R/() where f is neither a unit
(otherwise @ + (f) = R and no @)’ exists) nor a zero divisor. Finally, since R is
catenary and thus all maximal chains of prime ideals from (0) to @’ have the
same length this implies

codim(Q") = codim(Q) + 1. (5.4)

This forces that codim(Q’) = codim(Q”) and thus Q' = Q" € minAss(I + (f)).

The “in particular” part follows from (5.4). O

6. Good Behaviour of the Dimension

In this section we want to show (see Theorem 6.14) that for an ideal J < L[z],
N € N(J) and a point w € Trop(P) N Q%, in the non-positive quadrant of the
tropical variety of an associated prime P of maximal dimension we have

dim(Jg,) = dim ( t-in,(J)) + 1 = dim(J) + 1.
The results in this section are independent of Sections 2, 3 and 4.

Let us first give examples which show that the hypotheses on w are necessary.

Example 6.1
Let J = (1 + tz) < L[z| and consider w = 1 € Trop(J). Then t-in,(J) = (1 + z)
has dimension zero in K|z], and

I =JNRy[z] = (1+tx)p,

has dimension zero as well by Lemma 6.8 (d).

Example 6.2

Let J = (x—1) < Ljz] and w = —1 ¢ Trop(J), then t-in,(J) = (1) has dimension
—1, while J N R;[z] = (z — 1) has dimension 1.

Example 6.3

Let J=P-Q = PNQ<L[x,y, 2zl with P = (tz—1) and Q = (x—1,y—1,2—1), and
let w = (0,0,0) € Trop(Q) N Q%,. Then t-in,(J) = (z — 1,y — 1,2 — 1) < K[z, v, 2]
has dimension zero, while B

JN Ry[x,y, 2] = (PN Rylx,y, 2]) N (Q N Ry[z,y, 2])

has dimension two by Lemma 6.8 (d).

Before now starting with studying the behaviour of dimension we have to
collect some technical results used throughout the proofs.

Lemma 6.4
Let J < L[z] be an ideal and Trop(J) N Q~L, # 0, then 1 & ing(Jgy ).
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Proof: Let w € Trop(J) N Q%, and suppose that f € Jp, with inyg(f) = 1. If
t* - 2” is a monomial of f with ¢ - 2% # 1, then inyg(f) = 1 implies a > 0, and
hence —a+ G- wi+...+ 8, -w, <0, since wy,...,w, <0and G,...,5, > 0. But
this shows that in,(f) = 1, and therefore 1 € t-in,(/), in contradiction to our
assumption that t-in, (/) is monomial free. O

Lemma 6.5
Let I < Ry|z] be an ideal such that I = 1 : <tN> and let P € Ass(I), then
P=P:{tv)" and t~ ¢ P.

Proof: Since Ry[z]| is noetherian and P is an associated prime there is an
f € Ry[z] such that P =1 : (f) (see [AtM69] Prop. 7.17).

Suppose that t¥ - g € P for some g € RN[ Jand o > 0. Then ¢t~ - g- f € I, and
since [ is saturated with respect to ¢t~ it follows that g - f € 1. This, however,
implies that ¢ € P. Thus P is saturated with respect to t~. If t¥ € P then
1 € P, which contradicts the fact that P is a prime ideal. O

Contractions of ideals in L[z] to Ry[z] are always ¢~ -saturated.

Lemma 6.6
Let I <\ Ry[z] be an ideal in Rylz] and J = ()1, then Jg, = I : (%)~

Proof: Since Ly C L is a field extension [Mar07] Corollary 6. 13 implies J N
Ly[z] = (I)1yp), and it suffices to see that (I);, ) N Rylz] = I : (t¥)™. If
INSy # 0 then both sides of the equation coincide with Ry[z ] S0 that we may
assume that I N Sy is empty. Recall that Ly = Sy'Ry, so that if f € Ry|z]
with t¥ - f € I for some «, then

Q
N

F= 0 e 1y 0 Rl

2|p

Conversely, if
f =2 € (I)ryw N Rula]
tN
with g € I, then ¢ =t~ - f € I and thus f is in the right hand side. O

Lemma 6.7
Let J Q L[z) and N € N(J). Then t-ing(J) = t-ing(Jr, ), and

1 g t—ino(J) — 1 g iIlo(JRN).

Proof: Suppose that f € Jg, C J then t-ing(f) € t-ing(J), and if in addition
ing(f) = 1, then by definition 1 = t-iny(f) € t-ing(J).

Let now f € J, then by assumption there are fi,..., fi € Ry.[z] for some
M>1,q,...,9x € Jr, and some a > 0 such that

tﬁf:f1g1++fkgk€RNM[£]
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By [Mar07] Corollary 6.17 we thus get

t-ino(f) = t-ing (tﬁ . f) € t'iHO(JRN.M) = t—ino(JRN).

Moreover, if we assume that 1 = t-ing(f) = t-ing (¢¥ - f) then there is an
o' > 0 such that

!

f;M?tiN . t—ino(f) = iIlO (tﬁ . f) S in0<JRN.A1)'
This necessarily implies that each monomial in t¥% - f is divisible by tNC-Y—;w, or
by Lemma 6.5 equivalently that %37 - f € Jg, .. But then
1 =ing (¢34 - f) € ing(JRy.,,),

and thus by [Mar07] Corollary 6.19 also 1 € iny(Jg, ). O

In the following lemma we gather the basic information on the ring Ry[z]
which is necessary to understand how the dimension of an ideal in L[z] be-
haves when restricting to Ry|[z].

Lemma 6.8
Consider the ring extension Ry|x] C Ly[z]. Then:

(a) Ry is universally catenary, and thus Ry|z] is catenary.

(b) IfI < Ry[x], then the following are equivalent:
(1) 1¢ing(1).

(2) VpeRy[z] : 1+tv-p&l
(8) I+ (t¥) S Rylzl.
(4) 3 P < Rylz] maximal such that I C P and it~ € P.

(56) 3 P < Rylz] maximal such that I C P and 1 & iny(P).
In particular, if P < Rylz] is a maximal ideal, then

1 €ing(P) <= t~¥ € P.
(¢) If P < Ry|z] is a maximal ideal such that 1 ¢ ing(P), then every maximal
chain of prime ideals contained in P has length n + 2.

(d) If I < Rylz] is any ideal with 1 € ing(I), then Ry[z]/I = Ly|z]/{I), and
INSy =0 unless I = Ry|z]. In particular, dim(I) = dim ((I)[4])-

(e) If P < Ry|z]is a maximal ideal such that 1 € ing(P), then every maximal
chain of prime ideals contained in P has length n + 1.

(0 dim(Ry[z]) =n+ 1.
(g) If P < Rylz]is a prime ideal such that 1 ¢ ing(P), then

dim(P) + codim(P) = dim(Ry[z]) = n + 1.
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(h) If P < Ry[x] is a prime ideal such that 1 € inyg(P), then

dim(P) + codim(P) = n.

Proof: For (a), see [Mat86] Thm. 29.4.

In (b), the equivalence of (1) and (2) is obvious from the definitions. Let us
now use this to show that for a maximal ideal P < Ry[z]

1¢ing(P) < t~eP.

If t¥ ¢ P then t¥ is a unit in the field Ry[z]/P and thus there is a p € Ry|z]
such that 1 = ¢~ -p (mod P), or equivalently that 1 —¢~ -p € P. If on the other
hand ¢t~ € Pthen1+{v -p € P would imply that 1 = (1+t% -p) —tv-peP.

This proves the claim and shows at the same time the equivalence of (4) and

(5).

If there is a maximal ideal P containing / and such that 1 ¢ iny(P), then of
course also 1 € ing(/). Therefore (5) implies (1).

Let now I be an ideal such that 1 ¢ ing(/). Suppose that I + (tv) = Ry[z].
Thenl=gq+¢v-pwithge Iandp € Ry|z], and thus ¢ = 1 — ¢~ -p € I, which
contradicts our assumption. Thus I + (t¥) # Ry|z], and (1) implies (3).

Finally, if I + (t¥) # Ry[z], then there exists a maximal ideal P such that
I 4 (t~) C P. This shows that (3) implies (4), and we are done.

To see (c), note that if 1 ¢ inyg(P), then t¥ € P by (b), and we may consider
the surjection ¢ : Ry[z] — Ry[z]/{(t~) = K[z]. The prime ideals of K[z] are
in 1 : 1-correspondence with those prime ideals of Ry[z] which contain ¢~. In
particular, P/(t~) = ¢(P) is a maximal ideal of K[z] and thus any maximal
chain of prime ideals in P which starts with (¢t~), say (t¥) = Py C...C P, = P
has precisely n + 1 terms since every maximal chain of prime ideals in K|[z]
has that many terms. Moreover, by Krull’s Principal Ideal Theorem (see e.g.
[AtM69] Cor. 11.17) the prime ideal (¢~ ) has codimension 1, so that the chain
of prime ideals

(0)Cc ¢¥y=PyC...CP,=P

is maximal. Since by (a) the ring Ry[z] is catenary every maximal chain of
prime ideals in between (0) and P has the same length n + 2.

For (d), we assume that there exists an element 1 + ¥ - p € I due to (b). But
then ¢~ - (—p) = 1 (mod I). Thus the elements of Sy = {1,t%,t%,...} are
invertible modulo /. Therefore

Ry[z]/T = Sy (Rylz]/T) = Sy' Rylz]/Sy'T = Lylzl/{1).

In particular, if I # Ry[z] then (I) # Ly[z] and thus I NSy = 0.
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To show (e), note that by assumption there is an element 1 + tv -p € P due to
(b), and since P is maximal p ¢ Ry. Choose a prime ideal () contained in P
which is minimal w.r.t. the property that it contains 1+ ¢ - p. Since 1+ ¢ - pis
neither a unit nor a zero divisor Krull’s Principal Ideal Theorem implies that
codim(Q)) = 1. Moreover, since Q N Sy = () by Part (d) the ideal (Q). [, is a
prime ideal which is minimal over 1 + tw - p by the one-to-one correspondence
of prime ideals under localisation. Since every maximal chain of primes in
Ly(z] has length n , and by Part (d) we have dim(Q) = dim ((Q) 1) = n — 1.
Hence there is a maximal chain of prime ideals of length n from (Q);, . to
(P)Ly[z)- Since codim(Q) = 1 it follows that there is a chain of prime ideals of
length n+ 1 starting at (0) and ending at P which cannot be prolonged. But by
(a) the ring Ry|z] is catenary, and thus every maximal chain of prime ideals
in P has length n + 1.

Claim (f) follows from (c¢) and (e).

To see (g), note that by (b) there exists a maximal ideal ) containing P and
t~. If k = codim(P) then we may choose a maximal chain of prime ideals of
length £ + 1 in P, and we may prolong it by at most dim(P) prime ideal to
a maximal chain of prime ideals in (), which by (b) and (c) has length n + 2.
Taking (f) into account this shows that

dim(P) > (n+2) — (k+ 1) = dim(Ry[z]) — codim(P).
However, the converse inequality always holds, which finishes the proof.

For (h) note that by (b) there is no maximal ideal which contains ¢~ so that
every maximal ideal containing P has codimension n. The result then follows
as in (g). O

Corollary 6.9
Let P < L[z]| be a prime ideal and N > 1, then

dim(Pg,) =dim(P)+1 <= 1¢ing(Pgr,), and
dim(Pg,) = dim(P) <= 1€ ing(Pg,).

In any case

codim(Pg, ) = codim(P).
Proof: Since the field extension Ly C L is algebraic by Lemma 5.5 we have

dim(P) = dim (P N Ly|z]) (6.1)
in any case. If 1 € ing (Pg, ), then Lemma 6.8(d) implies

dim (Pry) = dim ((Pry)Ly(z) = dim (P N Ly[z]),

since Ly|z] is a localisation of Ry |x].

It thus suffices to show that dim (Pg,) = dim(P) + 1if 1 ¢ ing (Pr, ).
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Since P # L[z] we know that Sy N P = (). The 1 : 1-correspondence of prime
ideals under localisation thus shows that

[ := codim (P N Ly|z]) = codim (P, ).
Hence there exists a maximal chain of prime ideals
(0)=0QuS&...5 Q= Pry
of length [ 4+ 1 in Ry[z]. Note also that by (6.1)
[ = codim (PN Lyz]) = n — dim (P N Ly[z]) = n — dim(P), (6.2)
since Ly[z] is a polynomial ring over a field.

Moreover, since 1 ¢ ing (PRN) by Lemma 6.8(b), there exists a maximal ideal
() < Ry|z] containing Pg, such that 1 ¢ ing(Q)). Choose a maximal chain of
prime ideals

Pry =S Q1 G...CQr=0Q

in Ry[z]| from Pg, to @, so that taking (6.2) into account
dim(Pgy) >k —1 =k — n+ dim(P). (6.3)

Finally, since the sequence
0)=Q& & . . GQ&. . .5Aq=Q

cannot be prolonged and since 1 ¢ iny(Q)), Lemma 6.8(c) implies that £ = n+ 1.
But since we always have

dim (PRN) < dim (RN[Q]) — codim (PRN) =n+1-1,
it follows from (6.2) and (6.3)
dim(P) +1 < dim (Pgy) < n+1—1=dim(P)+ 1.

The claim for the codimensions then follows from Lemma 6.8 (g) and (h). O

As an immediate corollary we get one of the main results of this section.
Theorem 6.10
Let J < L[z) and N € N(J). Then dim (Jg,) = dim(J) + 1 if and only if 3 P €
Ass(J) s.t. dim(P) = dim(J) and 1 & ing (Pr, ). Otherwise dim (Jg, ) = dim(J).
Proof: If there is such a P € Ass(J) then Corollary 6.9 implies
dim (Pg, ) = dim
dim (Pg, ) < dim

(P)+1=dim(J) + 1 and
(P +1<dim(J) +1
for any other P’ € Ass(/J). This shows that
dim (Jg, ) = max{dim (Pf,) | P' € Ass(J)} = dim(J) + 1,

due to Proposition 5.3.
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If on the other hand 1 € ing (Pg, ) for all P € Ass(J) with dim(P) = dim(J),
then again by Corollary 6.9 dim(Pg, ) < dim(J) for all associated primes with
equality for some, and we are done with Proposition 5.3. O

It remains to show that also the dimension of the ¢-initial ideal behaves well.

Proposition 6.11
Let I < Ry|z] be an ideal such that I = I : (t¥)> and such that 1 & iny(P) for
some P € Ass(I) with dim(P) = dim(I). Then

dim(7) = dim ( t-ing(1)) + 1.

More precisely, dim(Q') = dim(P) — 1 for all Q' € minAss ( t-ing(P)).

Proof: We first want to show that
t-ing (1) = (I + <t%>) N K|z].

Any element [ ¢ <t%) + I can be written as f = t¥ - g+ h with g € Ry|x]
and h € I such that ing(h) € Klz], and if in addition f € K|[z]| then obviously
f =1ing(h) = t-ing(h) € t-ing(I). If, on the other hand, g = t-iny(f) € t-ing() for
some f € I, then t~ - g = iny(f) € ing(I) for some o > 0, and every monomial
in f is necessarily divisible by t~¥. Thus f = t¥ - h for some h € Ry[z] and
g = ing(h) = h (mod (¢t~)). But since I is saturated with respect to t¥ it
follows that h € I, and thus g is in the right hand side. This proves the claim.

Therefore, the inclusion K|z] <— Ry[z] induces an isomorphism
Klz)/ t-ing(I) = Ry[z]/ ((t~) + 1) (6.4)
which shows that

dim (K [z]/ t-ing(I)) = dim <RN 2] /(1 n <tfv>)). (6.5)

Next, we want to show that

dim (P + (t%)) = dim(P) — 1 = dim(7) — 1. (6.6)

For this we consider an arbitrary P’ € minAss (P + <t%>>. By Lemma 6.8 (b),
1 ¢ ing(P'). Applying Lemma 6.8 (g) to P and P’ we get

dim(Ry[z]) = dim(P) 4 codim(P) and dim(Ry[z]) = dim(P’) 4+ codim(P").

Moreover, since [ is saturated with respect to tw by Lemma 6.5 P does not
contain ¢~. Thus ¢~ is neither a zero divisor nor a unit in Ry[z]/P, and
by Krull’s Principal Ideal Theorem (see [AtM69] Cor. 11.17) we thus get
codim(P’) = codim(P) + 1, since by assumption P’ is minimal over ¢~ in
Ry|z]/P. Plugging the two previous equations in we get

dim(P') = dim(P) — 1. (6.7)
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This proves (6.6), since P’ was an arbitrary minimal associated prime of P +
().

We now claim that
dim (P + (1%)) = dim (14 (t%)). 6.8)
Suppose this is not the case, then there is a P’ € Ass (I + <t% >> such that
dim(P') > dim (P + (14) ) = dim(1) — 1,
and since I C P’ it follows that
dim(P") = dim(7).

But then P’ is necessarily a minimal associated prime of / in contradiction to
Lemma 6.5, since P’ contains ¢~ . This proves (6.8).

Equations (6.5), (6.6) and (6.8) finish the proof of the first claim. For the
“more precisely” part notice that replacing 7 by P in (6.4) we see that there is
a dimension preserving 1 : 1-correspondence between minAss (P + <t%>) and
minAss (t-ing(P)). The result then follows from (6.7). O

Remark 6.12

The condition that I is saturated with respect to ¢~ in Proposition 6.11 is
equivalent to the fact that I is the contraction of the ideal (7). Moreover,
it implies that Ry|z]/I is a flat Ry-module, or alternatively that the family

/" : Spec (Ry|[z]/I) — Spec(Ry)

is flat, where the generic fibre is just Spec (Ly[z]/(I)) and the special fibre is
Spec (K [z]/ t-ing(I)). The condition 1 ¢ iny(P) implies that the component of
Spec (Ry[z]/I) defined by P surjects onto Spec(Ry). With this interpretation
the proof of Proposition 6.11 is basically exploiting the dimension formula for
local flat extensions.

Corollary 6.13
Let J < Ljz] and w € Q", then

dim ( t-in,,(J)) = max { dim(P) } PeAss(J) : 1¢t-in,(P)}.
Moreover, if J is prime, 1 ¢ t-in,,(J) and )’ € minAss ( t-in,(J)) then

dim(Q") = dim(J).

Proof: Let J = QN ...N Q; be a minimal primary decomposition of ./, and

qu(J) = (I)w(Ql) n...nN qu(Qk)
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the corresponding minimal primary decomposition of ¢,(J). If we define a
new ideal

J' = ﬂ (I)w(Qi)a
1¢t-ing (1/2.(Q)))
then this representation is already a minimal primary decomposition of J'.
Choose an N such that N € N(J), N € N(J') and N € N (®,(Q;)) for all
i=1,..., k. By Lemma 6.7 we have

1¢t-in0( @w(Qi)) — 1din (\/éw(Qi)ﬂRN[QD. (6.9)

Proposition 5.3 implies
i=1.... k}

Ass(Jry) = {\/ (Qi) N Rylz

where the /o ) N Ry[z] are not necessarily pairwise different, and

Ass(Jy,) {WDRN ’19111(10(\/7(7}%]\/ )},

for which we have to take (6.9) into account.

Moreover, by Lemma 6.6 J; is saturated with respect to ¢t~. Thus we can
apply Proposition 6.11 to J; to deduce dim(J; ) = dim (t-ing(Jf,)) + 1.

Taking (6.9) into account we can apply Theorem 6.10 to J’ and deduce that
then dim(Jy, ) = dim(J’) + 1, but

dim(J') =max { dim (/®.,(Q;)) | 1 € t-ing (v/ P (Q:)) }
=max { dim (\/@) | 1 & t-in,, (\/@)}

It remains to show that t-ing(J, ) = t-in,(J). By Lemma 6.7 and Definition
3.3 we have t-ing(J ) = t-ing(J’) and

t-in, (J) = t-ing (P (J)) C t-ing(J"),
since J C J'. By assumption for any /®,(Q;) ¢ Ass(J') there is an f; €

., (Q;) such that t-ing(f;) = 1 and there is some m; such that ™ € ¢,(Q;).
If f € J' is any element, then for

g=f- I e I eu@))cy

v Pu(Qi)EAss(J) V Puw(Qq)EAss(J')
we have
t-ing (f) = t-ing(f) - 11 t-ing (f;)™ = t-ing(g) € t-ing(J).
v/ Pu(Qq)ZAss(J")

This finishes the proof of the first claim.

For the “moreover” part note that by Lemma 6.7

t-in,, (J) = t-ing (P, (J)) = t-ing (P (J) N Ry[z])
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and ®,(J) N Ry|z] is saturated and prime. Applying Proposition 6.11 to

Q' € minAss (t—ino (@ ()N RM@])) = minAss ( t-in,(J))

we get

dim(Q") = dim (®,,(J) N Ry[z]) — 1 = dim(J),
where the latter equality is due to Corollary 6.9. O
Theorem 6.14

Let J <1 Ljz), N €e N(J) and w € Q%
Ifthereis a P € Ass(J) with dim(P) = dim(J) and w € Trop(P), then

dim(Jg,) = dim(J) + 1 = dim (t-in,(J)) + 1.

Proof: By Lemma 6.4 the condition w € Trop(P) N Q%, implies that 1 ¢
ing(Pr, ). The result then follows from Theorem 6.10 and Corollary 6.13. [

Corollary 6.15
If J < L[z] is zero dimensional and w € Trop(J), then dim ( t-in,,(J)) = dim(J) =
0. If in addition Trop(J) N Q%, # 0 and N € N'(J) dim (Jg,) = 1.

Proof: Since dim(J) = 0 also dim(P) = 0 for every associated prime P. By
2.12 there exists a P with w € Trop(P). The first assertion thus follows from
Corollary 6.13. The second assertion follows from Theorem 6.14. O

When cutting down the dimension we need to understand how the minimal
associated primes of J and Jy, relate to each other.

Lemma 6.16
Let J <1 L[z] be equidimensional and N € N (J). Then

minAss(Jry) = {Pry | P € minAss(J)}.

Proof: The left hand side is contained in the right hand side by default (see
Proposition 5.3). Let therefore P € minAss(.J) be given. By Proposition 5.3
Pr, € Ass(J), and it suffices to show that it is minimal among the associated
primes. Suppose therefore we have () € Ass(J) such that Qr, C Pg,. By
Corollary 6.9 and the assumption we have

codim(Pg, ) = codim(P) < codim(Q) = codim(Qr, ),

so that indeed Pg, = Qr,- O

Another consequence is that the ¢-initial ideal of an equidimensional ideal is
again equidimensional.
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Corollary 6.17
Let J < L|z] be an equidimensional ideal and w € Q", then
minAss (t-in,(J)) = U minAss ( t-in, (P)).
PeminAss(J)

In particular, if there is a P € minAss(J) such that 1 ¢ t-in,(P) then t-in,(J) is
equidimensional of dimension dim(J).

Proof: Applying ®, we may assume that w = 0, and we then may choose an
N e N(J)and N € N(P) for all P € minAss(J).
Denoting by
m: Ryle] — Rylzl/(t¥) = Kla]
the residue class map we get
teing(J) = t-ing(Jpy) = 7 (Jry + (t¥)) and
t-ing(P) = t-ing(Pry ) = 7 (Pry + (t7))

for all P € minAss(J), where the first equality in both cases is due to Lemma
6.7 and where the last equality uses Lemma 6.6. Since there is a one-to-one
correspondence between prime ideals in K’[z] and prime ideals in Ry[z] which
contain t%, it suffices to show that

minAss (Jr, + <t%>) = U minAss (Pp, + <t%)).
PeminAss(J)

However, since the Py, are saturated with respect to tv by Lemma 6.6 they
do not contain ¢~. By Corollary 6.9 all Py, have the same codimension, since
the P do by assumption. By Lemma 6.16,

minAss(Jgy) = {Pry | P € minAss(J)}.
Hence the result follows by Lemma 5.6.

The “in particular” part follows from Corollary 6.13. O

7. Computing ¢-Initial Ideals

This section is devoted to an alternative proof of Theorem 2.8 which does not
need standard basis in the mixed power series polynomial ring K|[[t]][z].

The following lemma is easy to show.

Lemma 7.1
Let w € Reg x R™, 0 # f = Zlegi - h; with f,g;,h; € Ry|z] and ord,(f) >
ordy,(g; - hy) forall i =1,... k. Then

ing (f) € (inw(g1), ..., inu(g)) < K[t%,g}.
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Proposition 7.2
Let I < K[t%,g}, w € Q" and G be a standard basis of I with respect to the
monomial ordering >, introduced in Remark 3.7. Then

in, (1) = {in,(G)) AK[tv,z] and t-in,(I) = ( t-in,(G)) < K[z].

Proof: It suffices to show that in,(f) € (in,(G)) for every f € I. Since f € |
and G is a standard basis of I there exists a weak standard representation
u'f:ZQg'g (7.1)
geG
of f where the leading term of u with respect to >, is lt-_(u) = 1. But then the
definition of >, implies that automatically in,(u) = 1. Since (7.1) is a standard
representation we have Im._(u- f) > lm- (g, - g) for all g. But this necessarily
implies that ord,(f) > ord,(q, - g) where w = (—1,w). Since K[t¥,z] C Ry[z]
we can use Lemma 7.1 to show

iny (f) = in(u- f) € (inu(g) | g € G) QK[tv, a].

Proposition 7.3
Let I C K|t,z] be an ideal, J = (I) ;) and w € R". Then t-in, () = t-in,(J).

Proof: We need to prove the inclusion t-in, (/) O t-in,(.J). The other inclusion
is clear since I C J. The right hand side is generated by elements of the form
f = t-in,(g) where g € J. Consider such f and g. The polynomial g must
be of the form g = ) . ¢; - g; where g, € I and ¢; € L. Let d be the (—1,w)-
degree of in,(g). The degrees of terms in g; are bounded. Terms a - t° in ¢
of large enough t-degree will make the (—1,w)-degree of a -t - g; drop below
d since the degree of ¢ is negative. Consequently, these terms can simply be
ignored since they cannot affect the initial form of g = ). ¢; - g;. Renaming
and possibly repeating some g;’s we may write g as a finite sum g = >, ¢} - g,
where ¢, = a; - t% and g; € I with ¢; € K and 3; € Q. We will split the
sum into subsums grouping together the ¢;’s that have the same ¢-exponent
modulo Z. For suitable index sets A; welet g =3, G; where G; =3, ¢ gi.
Notice that all t-exponents in a GG; are congruent modulo Z while ¢-exponents
from different G;’s are not. In particular there is no cancellation in the sum
g = >_;Gj. As a consequence in,(g) = >, 5in,(G;) for a suitable subset S.
We also have t-in,(g) = >_ ¢ t-in,(G;). We wish to show that each t-in,(G))
is in t-in(/). We can write 7 - G; = }7,c, ¢ - ¢; - g; for suitable 7; € Q such
that ¢ - ¢, € K[t] for all i € A;. Observe that

t-in, (G;) = t-in,(t7 - G;) = t-inw< Z 7 - - gi> € t-in, (7).

iEAj

Applying t-in,(g) = >_,cq t-in,(G;) we see that f = t-in,(g) € t-in, (1) O
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By substituting ¢ := tw and scaling w we get Theorem 2.8 as a corollary.
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