



































































































































SpringschootitimeWaveFuction April10,2019

LectuediconsistencyconditiousaudhteractionPotentialI

considermultitime wave function 41K in iXi lxiixiixifxi4 lxi9xi ElR4

N multi timeequations i f g HjY j h N

recallexamplefromlecture1 4 x x I e
H

e
iH 4 10 1 iq 1

eiHzxieiHixi411o 1,19in

need e
iHii

e
iHexi O Hi Hi O

ok for noninteractingparticles i e Hjactsonlyon j thvariable

H H H HE 1 Hz

commonsolution of Nequations only for someHj
thesehavetosatisfycertain conditions likeTH He 0

called consistency conditions

I RigorousFormulations of consistencyCondition

www.rmwrmmfirstnecessary conditionforsolutions

considersolutionto UTeyes 4 1124N Clk 4 ed twicecoutdifferentiable

Then lift Hj if Hu 4 0 V j.tk
Lightacton allvariables






































































































































now anygiven t tn canbe times forspecifyinginitialdata
3 Lhs O HY 3 I 1 0 everywhere

note if Hiiftu Hu 4 0

Liftlift 4 lift Hu 4 Hj if Yt HitHut4 0

014 4 if y t.FI F
sfiffIu iEIjtEHjiHuI 4 0

next considerHilbertspace framework 4 IRI H e g H LYNNEK
EHilbertspace Espinspace

note notwhat we ultimatelywantrather 4 5 sickw
but technically nicetohandle setofspacelikeconfigurations

theorem let H Hn self adjoint andtime independent on H Then

Solution to MTey s exists V initial411941 taxi
s

HiHu1 0 tf JFK
note o Solheremeans 4ft tn eiHiti4lt ti O ti tu I

for unbounded Hj HjHu f O isdef viaspectralprojections
IIA Ht Ha Hull O Vtjitr.GR

pn e iHitj eiHutuJ O s HjHk f O D






































































































































Next time dependent Hi Hilt tn

theorem let Hs Hj IRIS te besmooth SHHbandedoperators H oH Their

Solution to MTey s exists V initial411941 taxi
s

lift Hi if Hk O Fj k

Proofi
recall i date Hq H timeindependent

aHI fifty10 Hselfadjoint s WH unitarypropagator

Huitt It EI I It E l it ftDT die dtu Hh

I
n

now idf HAIleft
HH UHslats HHself adjoint ft acts unitary

Dyson series UH s It If I 11 dT DI I dTuHIT I HCI
Je istHITIDT

note H boarded hail bounded
U Itis I Uts.tl I U Itis l Uts r Ult r






































































































































similarly for 4 takeN 2 4lti.to Ultus ite14ls.itc

uithUHnsiite1 7tE l iH dTifdI diu Hittite Hiltuite
Dysonseries

write 4ft.it Ultnsiitz Uls.itusz 4lsiisz

Ultiitusc Ultiisiiszl4lsnsal

So existence of solution V 4ls.is or t 410,01bygroupproperty

3 UItns.it Uls.itusz Ultiit s Ult s is Fs su iitzelR
paths I

Cz C

s

4 0

S t

now consider f It
trite

Taylor expansion for Hfs si HjHiiHtElsutu1ftiultntzltoHwoCSt1St

s0s Ofast
UH 1ft t.it 1 iSdTiHilTnt1

t

tat dIH.ltutzIH.II.li OCSt3

1 iHiHnHSt EfIIHnHSt2 EH.H.t.lbt'tout't






































































































































computation forother 4 s yields

les 0 1 EH He i III ti IIIHat tt tout't

concatentationof a proves statement 0

Note different point ofview

define Ug Te ifEHidt foranypath in It tn plane
Cz

consistency path independence fixedstartlend
t points

differentialgeometrylanguage basemanifoldIRN

e

fiberspaceHlateachpoint
4 cross sectionofvectorbundle
covariantderivativeDj iHj
kg parallel transport

pathindependence curvatureFjuI
consistencyconditionfrombefore






































































































































I InteractionPotentials
nvm

recall q tix In 41Hix I It Et

and i Hj f e
H

in nonrelativistic quantummechanics oneoftenconsiders

It Eiftfreethtt t Uti Ej e.g
Coulombpotential VIII
Hite fi Hite HDiracnoninteractingpart interaction

obviousidea choosepartialHamiltonians Hj HjfeetY.lk w

note preferably fifty H 4 0 shouldbe Lorentz invariant

Hj HjteetVjXj Vjc IR clearlynon interacting
but

gauge
transformation E e O 4 satisfies iftp.o IHjfheeyvj 4

TjIx Xu ingeneral
SeeExerciseSession

3 Def Hj interacting no
gauge

transformationgives II HjtreetFix 1

theorem let Him freeDirac Vj IR smooth Then

Consistency Conditionholds Hjnot interacting

Interactionbypotentials riledout forsomeclassI






































































































































Proofidirect computation

O Hi HiI i 8 ti 9

LHiteVif t IVi HEY i9 ti 8
iE laid xia I i too ET

note 1 aim q linearlyindependent

Vj Vj Ej t tr

next use fY 8 toconcludeVj F1 tj 00H.int
dtj

canberemovedbygaugetransformation
0

Generalizations

consistencycord only on
Hfree i A4x t B K AY 1 liuindep AYBi smooth

V matrixactingon s thspinspace
HIM secondorder

theoremDeckertNickel2016
let Y E C fN nor S a kik

J Sol 4 E CZ toMTey s t 4110,51 lo in1 E C
ThenVj isnotPoincareinvariant

note F counterexampleswithnon trivialspindependence see ExerciseSession






































































































































Proofisketch o evaluatecondition

uselinearindependence

K spannedby Hzand j
translationinvariance explicitexpressionsforK K whicharenot

Lorentzinvariant

III S rangeInteractionsMmmmm

otheridea pointlike interactionswhenXi xj possiblywithboundaryconditionsou dS
see lecture3

Note forfreeDirac in 3 1 din if IFHDjir y ou 11124N I D
somex Xj

butthenonecanshowthatsameeeholdson allof
N

lecture3 model in It 1dim

Otheridea introducecutoff 8 O

groupparticlesintofamilieswithti tj partition f Si S S c l if
Sgp KiicSa ti Tj Hafs ie g jess Iii EjI Hi t l tf
at

i xx x
You f f's p

E

MTeq s onTsp idaff HP tEje WHEj1 Y
4 4 L WlI1 0 for III f




























































theorem MTeys consistent forsmoothW

Proofsketchi inductionin L

start ok lonetimeevolution1
6step crucial14 t I determinedbyinitialdataonBt Hi

then use consistencyconditiontoshowthat the
new4satisfiesMTeqS
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