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Zusammenfassung

Die Krümmung der Raumzeit wird durch die Gegenwart von Energie und Materie
verursacht und durch die Einsteinsche Feldgleichung beschrieben. Es existieren exakte
Lösungen dieser Gleichung, allerdings nur für Fälle mit speziellen Symmetrien. Aus die-
sem Grund stellt die Störungstheorie eine wichtige Methode zur Gewinnung näherungs-
weiser Lösungen dar. Die Anwendungen sind vielfältig und reichen hierbei beispielsweise
von der Behandlung kosmologischer Probleme, wie der Untersuchung des kosmischen
Mikrowellenhintergrunds, bis zur Beschreibung von Schwingungen kompakter Objekte
wie Neutronensternen und Schwarzen Löchern. An diesen Beispielen wird deutlich, dass
die Störungstheorie hier auch der Tatsache Rechnung trägt, dass in der Natur stets

”
Fluktuationen“ auftreten. Auch wenn exakte Lösungen existieren, wie in den genann-

ten Beispielen die Friedmann-Robertson-Walker- oder die Schwarzschild-Raumzeit, so
ist es doch von Interesse, kleine Abweichungen von diesen Lösungen zu betrachten.

Ein charakteristisches Merkmal der Allgemeinen Relativitätstheorie ist ihre Kovari-
anz. Geht man etwa zu einem anderen Bezugssystem über, so behält die Einsteinsche
Feldgleichung ihre Form. Die Kovarianz spiegelt sich auch in der Störungstheorie wieder,
in Form der Eichfreiheit, die es erlaubt, Störungsgrößen durch äquivalente Größen zu
ersetzen. Jede dieser Eichkonventionen hat besondere Eigenschaften. In Anwendungen
nutzt man diese Freiheit daher aus um die Störungsgleichungen in eine günstige Form
zu bringen. Gleichzeitig stellt sich dadurch aber auch die Frage nach der Vergleichbar-
keit, zum Beispiel der Vergleichbarkeit numerischer Simulationen, die unter Verwendung
verschiedener Eichungen durchgeführt wurden. Hierbei spielen eichinvariante Größen
eine entscheidende Rolle. Die Existenz und Konstruktion eichinvarianter Größen und
eichinvarianter Gleichungen waren daher schon Gegenstand vielfältiger Arbeiten. Für
die Schwarzschild-Metrik wurden entsprechende Gleichungen erstmals von Tullio Reg-
ge und John A. Wheeler [26] bzw. von Frank Zerilli [36] hergeleitet. Zur Konstruktion
eichinvarianter Größen und Gleichungen wurde in letzter Zeit auch eine neue Methode
durch Kouji Nakamura entwickelt, die nicht nur die Linearisierung, sondern auch höhere
Ordnungen abdeckt. Bisher wurde dieser Ansatz vornehmlich im Hinblick auf die kosmo-
logische Eichtheorie diskutiert. Die Methode ist aber auch auf den Fall relativistischer
Objekte wie Neutronensternen und Schwarzen Löchern anwendbar.

Diese Diplomarbeit verfolgt zwei wesentliche Ziele. Einerseits soll die gravitative
Störungs- und Eichtheorie ausgehend von einem mathematisch-differentialgeometrischen
und globalen, koordinatenfreien Standpunkt betrachtet werden. Andererseits wird ge-
zeigt werden, wie sich Nakamuras allgemeine Methode auf den Fall von Neutronenster-
nen und Schwarzen Löchern anwenden lässt und insbesondere wie die von Regge und
Wheeler bzw. von Zerilli gefundenen Gleichungen darin enthalten sind.

Die Arbeit gliedert sich folgendermaßen: Zunächst werden in Kapitel 1 die wesent-
lichen Konventionen für die Definition geometrischer Größen dargestellt werden, wie
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sie im Folgenden verwendet werden sollen. In Kapitel 2 wird dann hauptsächlich auf
die Störungstheorie in erster Ordnung eingegangen werden. Alle Ergebnisse werden in
koordinatenfreier Form vorgestellt werden. Zum Abschluss des Kapitels wird kurz auf
die Theorie zweiter Ordnung eingegangen werden. Der gewählte Zugang wird allgemein
gehalten sein und beliebige Hintergrundraumzeiten und Störungen zulassen. Im dritten
Kapitel besprechen wir die Eichtheorie zunächst elementar für die erste Ordnung. Au-
ßerdem soll der allgemeine Formalismus vorgestellt werden, der die Eichfreiheit mit dem
Kovarianzprinzip verbindet. Nakamuras Methode soll an dieser Stelle in vereinfachter
Form vorgestellt werden.

Störungstheorie in linearer Ordnung ist mit der Vorstellung von Gravitationswellen
verbunden, die man sich als kleine, zeitabhängige Schwankungen der Metrik vorstellt. Auf
diese Interpretation wird in Kapitel 4 eingegangen werden. In Raumzeiten mit Produkt-
struktur lassen sich zeitabhängige Störungen auf einem dreidimensionalen Riemannschen
Raum formulieren. Dieser Zugang wird sich auch als hilfreich bei der Formulierung “ver-
allgemeinerter Regge-Wheeler-Zerilli-Gleichungen”herausstellen. Kapitel 5 wendet sich
dann kurz der Berücksichtigung von Energie- und Materiebeiträgen in Form idealer
Fluide zu. Im sechsten Kapitel soll die Methode von Kouji Nakamura vorgestellt wer-
den. Anwendungen der Methode werden wir in den Kapiteln 7 und 8 besprechen. In
Kapitel 7 wird kurz auf die Konstruktion eichinvarianter Größen in der Kosmologie ein-
gegangen werden, die auch schon Thema anderer Arbeiten war, siehe zum Beispiel [19].
Kapitel 8 wendet sich dann der Anwendung auf den Fall nicht-rotierender, sphärisch-
symmetrischer Objekte wie Neutronensternen oder Schwarzen Löchern zu. Zum Ende
des Kapitels wird auch kurz auf die Erweiterung auf höhere Störungsordnungen und
rotierende Neutronensterne und Schwarze Löcher eingegangen werden.



Introduction

Curvature of space-times originates from the presence of energy and matter, and is de-
scribed by Einstein’s field equation. There are exact solutions to this equation, but
these are only known for cases of certain symmetries. This is why perturbation theory
is an important tool to find approximate solutions in gravitational theory. Applications
are manifold and range from the treatment of cosmological problems, as for instance
the exploration of the cosmic microwave background, up to the study of oscillations
of compact objects such as neutron stars and black holes. These examples reveal that
perturbation theory does also account for the fact that fluctuations do always exist in
nature. Although exact solutions exist and are known, as for example the Friedmann-
Robertson-Walker metric or the Schwarzschild metric, it is nonetheless interesting to
study small deviations from these solutions. A characteristic feature of General Rela-
tivity is the principle of general covariance. Changing our system of coordinates does
not change the structure of Einstein’s field equation. The principle of covariance is as
well reflected in perturbation theory, in the form of gauge freedom which allows us to
replace perturbative quantities with equivalent ones. Each of these conventions does
have characteristic properties, and these are made use of in applications, in order to put
perturbative equations in convenient shape. At the same time, however, this raises the
question of how to compare results. For instance, different conventions are applied for
numerical simulations, and thus it is essential to have a framework at hand that allows
comparing the results obtained with different gauge conventions. In this context, gauge
invariant quantities do play a crucial role, and therefore existence and construction of
gauge-invariant quantities and equations has been subject to various studies. For the
Schwarzschild metric, common gauge-invariant equations have been originally derived by
Tullio Regge and John A. Wheeler in their seminal 1957 paper [26], as well as by Frank
Zerilli [36]. Recently, a new method for the construction of gauge-invariant quantities
and equations has been developed by Kouji Nakamura. This method allows not only for
the treatment of linearisations, but covers as well higher order perturbations. So far,
this new method has been discussed primarily with regard to cosmological gauge theory.
It is, however, also suitable for the study of relativistic objects such as neutron stars and
black holes. This thesis has two principal objectives. First, gravitational perturbation
and gauge theory is to be considered mathematically from the viewpoint of a global,
coordinate-free formulation of differential geometry. On the other hand, it will be shown
how Nakamura’s general framework can be applied to the treatment of neutron stars
and black holes. A focus shall be the question how the equations found by Regge &
Wheeler, and Zerilli are contained in this framework.

The present work is organized as follows: In chapter 1 we will introduce basic con-
ventions and definitions of geometrical objects as they will be used for the following
analysis. In chapter 2, the focus is set on perturbation theory in linear order. All results
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will be presented in coordinate-free formulation. The end of the chapter will briefly
address second order perturbations. The chosen approach is kept general, and it will
allow for arbitrary background space-times and perturbations. In the third chapter, we
will discuss gauge theory, starting with elementary considerations for first order. Fur-
thermore, we will present the general framework of gravitational gauge theory. This
framework links gravitational gauge freedom with the principal of general covariance. In
this context we will introduce Nakamura’s method using a simplified approach.

Perturbation theory in linear order is connected with the notion of gravitational
waves. These can be imagined as a small, time-dependent warping of the metric. This
interpretation will be illuminated in chapter 4. On space-times with product structure,
time-dependent perturbations can be formulated on a three-dimensional, Riemannian
space. This approach will turn out to be useful as well for the formulation of “generalized
Regge-Wheeler-Zerilli equations”. Chapter 5 will go into the question on how to include
energy and matter contributions for a perfekt fluid. The sixth chapter is devoted to a
presentation of the method developed by Kouji Nakamura. Applications will be discussed
in chapters 7 and 8. In chapter 7, the construction of gauge-invariant quantities in
cosmology will be addressed briefly. There have been previous studies devoted to this
realm, for example [19]. Chapter 8 then turns towards applications for the study of
non-rotating, spherically symmetric objects such as neutron stars and black holes. At
the end of the chapter, we will also comment on extensions for higher order gauge theory
and rotating neutron stars and black holes.
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CHAPTER 1

Elements of Riemannian and Lorentzian geometry

In this section we shall introduce the notation used in this thesis, by way of a
compilation of basic relations and results from differential geometry. We denote the
tangent space in a point p ∈ M of a manifold M by TpM and the corresponding cotangent

space by T∗pM. Analogously, T(a,b)M shall denote the tensor space bundle with a tangent

and b cotangent components, so T(1,0)M = TM. We will often consider (0,2)-tensor fields.
In general relativity, spacetime is described by a 4-dimensional Lorentz manifold

with time orientation. We use the symbol1 L for Lorentz manifolds. The metric shall be
denoted by g. It is a family (gp)p of bilinear, symmetric and non-degenerate forms of
index 1 on the tangent space in each point of L, and it depends smoothly on the point p.

The metric g induces a covariant derivative g∇, i.e. the Levi-Civita connection that
is defined unambiguously by its metric and torsion free property [13]:

g∇g = 0 (metric connection)

[X,Y ] = g∇XY − g∇YX (torsion free property)
(1)

Here, the covariant derivative g∇g is defined by the following relation,
g∇Xg(Y,Z) = X

(
g(Y,Z)

)
− g
(
g∇XY, Z

)
− g
(
Y, g∇XZ

)
, (2)

with X,Y, Z ∈ Γ(TL) being (1,0)-vector fields. A corresponding relation defines deriva-
tives of arbitrary (0,2)-tensor fields. Due to the metric property of the covariant deriv-
ative, g∇g obeys

g∇Xg(Y,Z) = 0 ⇒ Xg(Y,Z) = g(g∇XY,Z) + g(Y, g∇XZ)

and from this it is possible to prove Koszul’s formula, cf. also [13]:

g(∇XY,Z) =
1

2

(
Xg(Y,Z) + Y g(X,Z)− Zg(X,Y )

+ g([X,Y ], Z)− g(X, [Y,Z])− g(Y, [X,Z])
)

(3)

In local coordinates x = (xi), we use the shorthand notations ∂i = ∂
∂xi

and ∇i = ∇∂i ,
and we define the Christoffel symbols of the second kind by ∇i∂j = Γkij∂k. Koszul’s

formula then reduces to Γkij = 1
2g
kl (∂igjl + ∂jgil − ∂lgij).

Instead of a local system of coordinates, we will often choose a local orthonormal
(Minkowski) frame (ei) as a basis for TU ⊂ TL around a point p ∈ L. Such a frame (or
vierbein) has mutually orthonormal unit vector fields, i.e. g(e0, e0) = −1, g(ei, ei) = 1
for i = 1, 2, 3, and g(ei, ej) = 0 for i 6= j [8, 24], see also appendix A.1.

1In this thesis we will use L for manifolds endowed with a Lorentz metric, while we denote general
and Riemann manifolds by the symbol M.
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8 Chapter 1. Elements of Riemannian and Lorentzian geometry

Based on the metric and the corresponding covariant derivative, one derives several
expressions. First, we can define the divergence of a tensor field A by

div(A) = trg1,2(∇A). (4)

We note that due to the Lorentz geometry one has to take into account a metric factor
for contractions, even when using a Minkowski frame2 (ei):

div(A)(p)(ξ1, ξ2, . . . ; η1, η2, . . . ) =
∑
i

γi(∇iA)p(ei, ξ1, ξ2, . . . , η1, η2, . . . )

where ξ1, ξ2, · · · ∈ TpL are tangent and η1, η2, · · · ∈ T∗pL cotangent vectors, γi = g(ei, ei)
and ∇i = ∇ei denotes the covariant derivative in direction ei.

Geometric information is kept by the Riemann Curvature Tensor. For given metric g
and corresponding covariant derivative ∇, the curvature tensor is defined as the (1,3)-
tensor field Rmn according to

Rmng(X,Y )Z ≡ Rmng(X,Y ;Z) = g∇Xg∇Y Z − g∇Y g∇XZ − g∇[X,Y ]Z. (5)

where X,Y, Z denote (1,0)-vector fields3. For a the flat spacetime, L = (R4, gMinkowski),
Rmn ≡ 0. Given the Riemann Curvature, there is a corresponding (0,4)-field, which we
obtain from

Rmg(X,Y, Z,W ) := g(Rmng(X,Y )Z,W ).

By grace of taking the (endomorphism) trace, the Ricci Tensor is derived from the
Riemann Curvature. In a point p ∈ L, let χ, η be two tangent vectors , and consider the
linear mapping F : TpL→ TpL, ζ 7→ Rmnp(ζ, χ; η). We then define the Ricci tensor in p
via the trace4

Ricp(χ, η) := Tr(F ) = Tr∗Rmnp(∗, χ; η). (6)

The Scalar Curvature is the contraction of the Ricci tensor,

Sg := trg(Ric) (7)

where the trace is defined with respect to the metric g. In a Minkowski frame (ei), this
reads

Sg :=
∑
i

γiRicg(ei, ei) =
∑
i

∑
j

γiγjRmg(ej , ei; ei, ej)

2We choose a Minkowski frame for convenience. If we instead use local coordinates (xi), definition (4)
will read div(A)k =

∑
i,j g

ij∇iAjk for a (0,2)-tensor A. In the case of a Riemannian manifold, we have

to replace the Minkowski frame by an orthonormal frame with g(ei, ej) = δij where δij is the Kronecker
symbol.

3A priori it is not clear that this definition yields a tensor field. Since Rmn is E(L)-linear in all its
three arguments, it is, however, possible to define, in each point p ∈ L, Rmnp(χ, η; ζ) ≡ g∇χg∇Y Z −
g∇ηg∇XZ − g∇[X,Y ]pZ for arbitrary extensions X,Y, Z of the tangent vectors ξ, η, ζ. Therefore, we can

regard Rmn, Rmn(p) = Rmnp, as a section in T(1,3)L, i.e. Rmn is a tensor field.
4In order to distinguish the trace of an endomorphism from the (metric-dependent contraction)

trace of a tensor in two covariant or two contravariant indices, we denote the trace of an endomorphism
with Tr (capital T), while we denote the metric-dependent trace by trab if it affects the a-th and b-th
argument of the tensor. Alternatively, we write Tr∗ and tr∗ to mark the argument with respect to which
the trace is to be performed.
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Finally, we define the Einstein tensor,

Eing = Ricg −
1

2
Sgg (8)

and we note that Ein = 0 is equivalent to Ric = 0. The reason is:

Ein = 0⇒ Ric =
1

2
Sg ⇒ trg(Ric) = 2S⇒ S = 0⇒ Ric = 0

and
Ric = 0⇒ trg(Ric) = 0⇒ S = 0⇒ Ein = Ric− 1

2Sg = 0.

We will also make use of the Hessian of a scalar function f ∈ E(L) which we define
point-wise by (

Hessg(f)
)
p
(χ, η) := (∇χdf)(η). (9)

Thus, via Hessg(f)(p) = (Hessg(f))p, we have defined a (0,2)-tensor field Hessg(f) =
∇df . Furthermore, we can infer that

Hessg(f)(X,Y ) = ∇X(df(Y ))− df(∇XY ) = X(Y (f))− (∇XY )f

for vector fields X,Y . Another common notation is Hessg(f) = ∇∇f where the first
(rightmost) derivative ∇ acting on E(L), while the second one acts on Γ(T∗L).

The trace of the Hessian on a Riemannian manifold M is the Laplace5 operator 44 ,
44 (f) = trgMHessM(f). On a Lorentz spacetime L, we similarly define the d’Alembertian
operator,

�g(f) = trgL(HessLg(f)).

Contractions of two (0,2)-tensors shall be denoted by

ctr(A,B) = tr2,3A⊗B
or, using a Minkowski frame (ei) in a neighborhood in L,

ctr(A,B)(X,Y ) =
∑
i

γiA(X, ei)B(ei, Y ).

We also define an inner product on T(0,2)L via

〈A,B〉 := tr1,2tr2,3 (A⊗B)

so 〈A,B〉g = trgctrg(A,B) if we explicitly specify the metric g with respect to which
the product is defined. However, we will sometimes drop the explicit notation of the
metric in order to simplify the notation. Using a local frame of coordinates (xi) for TpL,

the inner product reads 〈A,B〉 = AijB
ij = gkigljAijBkl. Note that 〈A,B〉 is linear in

both arguments, 〈aA, bB〉 = ab〈A,B〉, as well as 〈A1 + A2, B〉 = 〈A1, B〉+ 〈A2, B〉 and
〈A,B1 +B2〉 = 〈A,B1〉+ 〈A,B2〉.

5More precisely, it is the Laplace-Beltrami operator.
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Notation

We denote four-dimensional spacetimes by L. Lorentz metrics have index 1, which
means they can be represented by a diagonal matrix with the signature diag(−1, 1, 1, 1).
If calculations are done using a local system of coordinates, the Einstein summation
convention is applied for one upper and one lower index. If we use a Minkowski (vierbein)
frame (ei) for TL in a neighborhood around a point in L, we will usually denote the
covariant derivative with the shorthand convention ∇ei = ∇i.

If we consider global time coordinates, we write t for the coordinate, ∂t for its tangent
and dt for its corresponding cotangent vector field. We also make use of the shorthand
notation ∇∂t = ∇t.

We denote a three-dimensional space-like (Riemannian) hypersurface by M or, re-
spectively, Mt = {t} × M. Its normal vector field is denoted by N . The projection
π : L→ M onto the hypersurface will usually be dropped to simplify the notation.

With the help of a metric gp, tangent vectors can be translated into cotangent vectors,

and vice versa. We denote this by ] and [. For instance, given ξ ∈ TL, we define ξ[ ∈ T∗L
by ξ[(η) = gp(ξ, η). For s ∈ T∗L, s] is defined similarly, and the same translations will
be defined for Riemannian manifolds.

Typically we use the following symbols:
g A metric tensor field (on L), its variation is denoted δg = h
gM Metric tensor on a spacial hypersurface M, its variation is denoted by hM
α Lapse function with variation δα
β Shift (cotangent) vector field with variation δβ
K Extrinsic curvature with variation k
∇, ∇M Levi-Civita connection / Covariant derivative on L and, respectively, M
4, 4M Variations of the Levi-Civita connection on L and M respectively
Ylm Spherical harmonic function

A section is a smooth mapping L→ E for a vector bundle E, i.e. to each point p ∈ L we
assign an element in the corresponding fibre Ep. The space of these sections is denoted
Γ(L, E), or in brief Γ(E).

The variation of the Levi-Civita connection ∇, 4[h], is a section in Γ(L,T∗L ⊗
T∗L ⊗ TL). If we regard it as a derivation on the space of scalar functions, we use the
abbreviation (

4[h](f)
)
(X,Y ) :=

(
4[h](X,Y )

)
(f) (10)

which defines a section in Γ(T∗L× T∗L), 4[h](f). We furthermore define

K[h](X) := trg0∗ K0(4[h](∗, ∗), X)− tr∗K0(4[h](∗, X), ∗) + (tr12tr13h ⊗ ∇K0)(X) (11)

With a dot, we denote derivatives with respect to the variational parameter λ. The
prime ′ is used for two purposes: in chapter 3, it denotes gauge transformed quantities.
From chapter 5 onwards, however, it usually denotes derivatives with respect to the
radial coordinate r.



CHAPTER 2

Perturbation Theory

General Relativity is a non-linear theory. Gravitation is generated by the geometry
of the spacetime L,1 which is induced by the metric tensor field g. The metric tensor
field, and so the geometry, of L is governed by Einstein’s field equation

Ein(g) = T(g),

where T is the energy-momentum (or 4-momentum) tensor field. The Einstein tensor
field Ein contains g in a non-linear manner, rendering general relativity a non-linear
theory. In local coordinates x = (xi), the Einstein tensor can be written2 in the form

Einij = Ricij −
1

2
gijS

= ∂kΓ
k
ij − ∂jΓkki + ΓkklΓ

l
ji − ΓkjlΓ

l
ki

− 1

2
gijg

kl
(
∂mΓmkl − ∂lΓmmk + ΓmmnΓnlk − ΓmlnΓnmk

)
,

with Γkij denoting the Christoffel symbols of the second kind, Γkij = 1
2g
kl
(
∂jgli + ∂iglj −

∂lgij
)
.

We see that the Einstein field equation is a second-order system of differential equa-
tions. Furthermore, in many cases the spacetime manifold L itself is a priori unknown.
Finding solutions to Einstein’s equation hence is difficult, but exact solutions are known
for cases of certain symmetries.

Many important results, however, can already be obtained from a linear approxi-
mation. Perturbation Theory of Gravity follows this approach, deducing a linearised
version of Einstein’s equation.

In this chapter, we will first review perturbations of tensor fields within the calculus
of variations and we will derive the variation expressions of the Einstein tensor, the
Ricci tensor etc. Then, by help of these variation expressions we will consider linearised
gravitational perturbation theory. We will do the analysis for arbitrary background
metrics and rederive the governing equation. However, we will first consider the vacuum
case, and then proceed to the equations for matter fields present, T 6= 0. We conclude the
chapter with some remarks on second order variations, and on the energy of gravitational
waves.

1More precisely, we are dealing with the spacetime (L, g,O) with the spacetime manifold L, the
metric tensor field g and a given time orientation O.

2We use the usual shorthand notation Ein(∂i, ∂j) = Einij , Ric(∂i, ∂j) = Ricij etc.
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12 Chapter 2. Perturbation Theory

2.1. Calculus of Variations

In Perturbation Theory we study one-parameter differentiable families of certain
tensor fields on a given spacetime L, so these families are curves in the space of all such
tensor fields. For instance, for metric perturbations we consider a family of metric tensor
fields, (gλ)λ∈I with I = (−ε, ε),3 on a given manifold L. With L given, we have to specify
a background metric g0 in addition. We refer to the pair (L, g0) as the unperturbed
or the background spacetime. Having specified the background, we introduce tensor
perturbations as derivatives of such families with respect to the variational parameter,
and evaluated at the background metric, i.e. λ = 0.

Applying a more abstract approach, we consider the set of all Lorentz metrics on
our given spacetime L,

MetrL := {g : g is sym. tensor field on L, gp is non-degenerate and has index 1, ∀ p ∈ L}

We do not consider any further structure on MetrL, but we introduce the notion of
the “tangent” space of Metr at a given background metric g0: We write4

Tg0MetrL := {h ∈ Γ(T(0,2)L) : ∃g : I→ MetrL smooth, λ 7→ g(λ),

such that g(0) = g0, ġ(0) = h}.

We understand a family w : I → MetrL to be smooth if the section (λ, p) 7→ wp(λ) in

Γ(I× L; pr∗2(T(0,2)L)) is smooth, where pr∗2 : I× L→ L is the bundle projection. We can
then define a metric perturbation:

Definition 2.1. A tensor field h ∈ Tg0MetrL is called a metric perturbation field.
Then there is a smooth family g : I → MetrL of metric tensor fields such that g(0) = g0

and

h :=
d

dλ

∣∣∣∣
λ=0

g(λ) ∈ T(0,2)L.

We note that every symmetric tensor field h ∈ Γ(Sym2TL) can be expressed in
such a way, in case of a compact manifold e.g. by g(λ) := g0 + λh. Hence, because
h ∈ Tg0MetrL is automatically symmetric, we identify Tg0MetrL ' Γ(Sym2TL). As for
the interpretation of the “tangent” vector field h, we regard h as a small variation of
the background metric g0. For simplicity, we shall also use the shorthand notation
h := δg0g ∈ Tg0MetrL, where δg0g = d

dλ

∣∣
λ=0

g(λ).
In a similar manner, we define higher order perturbations by taking higher deriva-

tives, e.g. to second order we define

l := δ2
g0g :=

d2

dλ2

∣∣∣∣
λ=0

g(λ)

3We could also use any other open interval I ⊂ R such that 0 ∈ I. For instance, rather than
I = (−ε, ε), often an interval I = (−ε, 1 + ε) is considered because it allows for the interpretation that
λ = 0 gives the background spacetime which is provided “by hand” whereas λ = 1 would describe the
“physical” spacetime that is to be approximated by linearized treatment. So, we treat in a way with
two spacetimes, L0 = (L, g(0),O0) and L1 = (L, g(1),O1), cf. [19, p.4]. Note that in [19], the interval I
is chosen as I = R.

4Here, Γ(Sym2TL) = Γ(L;Sym2TL) denotes the space of sections s : L→ Sym2TL.
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Having defined the notion of a “tangent” space in g0 for MetrL, we now aim to define
the “differential” δg0w in g0 for mappings w on MetrL.

2.1.1. Variation of tensor fields.

Definition 2.2. Let W be a vector space, w : MetrL → W smooth5 The first order
variation δg0w[h] of w at g0 and in the direction h then is defined via the differential,

δg0w[h] :=
d

dλ

∣∣∣∣
λ=0

w(g(λ)).

where, given h ∈ Tg0MetrL, a curve g : I→ MetrL is to be chosen with ġ(0) = h, g(0) = g0.

In general, this definition might be dependent on the curve chosen, but it will turn
out that in all cases considered here, the first order variation formula will be independent
of the actual curve g that we choose for h in MetrL. Only the variational tensor field h
will appear in the resulting linear equations.

We also note that our generalized definition includes the metric perturbations via
W = MetrL, w = idMetrL ,

h ∈ Tg0MetrL ⇔ δg0 id[h] =
d

dλ

∣∣∣∣
λ=0

g(λ) = ġ(0) = h

2.1.2. Variation of the Levi-Civita connection. To each metric g ∈ MetrL
there is assigned a unique covariant derivative ∇, i.e. the Levi-Civita connection which
is linear in its first and derivative in its second argument, with respect to its module
structure over the ring E(L). For that reason, the covariant derivative is not a tensor

field. Considering the subtraction of two arbitrary connections (1)∇, (2)∇,

D1,2 := (2)∇− (1)∇,
we see, however, that the covariant derivatives on L form an affine space, since D1,2 is a
tensor field because D1,2 is R-bilinear, and E(L)-linear in the first argument. Besides,

D1,2(X, fY ) = (2)∇X(fY )− (1)∇X(fY )

= (Xf)Y + f (2)∇X(Y )− (Xf)Y − f (1)∇X(Y )

= fD1,2(X,Y ),

due to the derivative property of connections. This shows that, given one covariant
derivative (1)∇, we can identify tangents to connections with elements in the linear
space Γ(T(1,2)L). In the context of variational calculus, we take the covariant derivative
assigned to g0,

0∇ = g0∇, as the fiducial covariant derivative. Given a family of metric
tensor fields, we have, for each λ, the metric g(λ) and its assigned covariant derivative λ∇.
We define Dλ := λ∇− 0∇ for each λ, and we now can evaluate its variation at h = ġ(0)

4g0 [h] := δg0D[h] =
d

dλ

∣∣∣∣
λ=0

Dλ

5We understand w to be smooth if w ◦ g : I → W is smooth for all smooth g : I → MetrL. In
the case of W = Γ(T(a,b)L), we understand w ◦ g to be smooth if the section I × L → pr∗2(T(a,b)L),
(λ, p) 7→ (w ◦g)p(λ) is smooth, pr2 : I×L→ L. Similarly we can treat mappings I→W without referring
to a metric g. Then we would define δg0w := d

dλ

∣∣
0
w(λ) = limλ→0 (w(λ)− w(0)) /λ.
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Equivalently, we could have defined the variation of the covariant derivative by the
expression

4g0 [h] := lim
λ→0

λ∇− 0∇
λ

We will see later that 4g0 [h] is only dependent on g0 and h. In particular, it is indepen-
dent of the choice of g : I → MetrL as long as g(0) = g0, ġ(0) = h. Going back to the
definition of Dλ, we infer

4g0 [h] :=
d

dλ

∣∣∣∣
λ=0

λ∇ (12)

since 0∇ does not depend on λ. We can hence write 4g0 [h] = δg0∇[h]. In the following,
we will often drop the index g0 if there is no danger of confusion.

The variation of the covariant derivative is symmetric,

4g0 [h](Y,X) = 4g0 [h](X,Y ),

since

Dλ(Y,X) = λ∇YX − 0∇YX

= λ∇XY − [X,Y ]− 0∇XY + [X,Y ] = Dλ(X,Y )

In a local system of coordinates x = (xi) around p ∈ L, 4k
ij is the variation of a

Christoffel symbol, if we consider Γkij = Γkij(g) a functional MetrL → E(U) with U ⊆ R4.

With λΓkij = Γkij(g(λ)), we have:

4k
ij [h]∂k = 4g0 [h]p(∂i, ∂j) =

d

dλ

∣∣∣∣
0

λ∇∂i∂j =
d

dλ

∣∣∣∣
0

(
λΓkij∂k

)
=

(
d

dλ

∣∣∣∣
0

λΓkij

)
∂k.

Therefore: 4k
ij [h] = d

dλ

∣∣
0
λΓkij = δg0Γkij [h].

2.1.2.1. Corresponding (0,3)-tensor field. Besides the variation of the covariant de-
rivative, we consider the corresponding (0,3)-tensor field defined by

Ng0 [h](Z;X,Y ) :=
d

dλ

∣∣∣∣
λ=0

gλ(Dλ(X,Y ), Z).

Differentiating with respect to λ, we have

Ng0 [h](Z;X,Y ) = g0(4[h](X,Y ), Z)

because D0(X,Y ) = 0, ∀X,Y ∈ Γ(TL). From the symmetry of4g0 we find the symmetry
of Ng0 [h] in its latter two arguments,

Ng0 [h](Z;Y,X) = Ng0 [h](Z;X,Y )

(Thus the semicolon after the first argument).

Lemma 2.1. The unperturbed covariant derivative of h can be expressed via Ng0,

0∇Xh(Y,Z) = Ng0 [h](Z;X,Y ) + Ng0 [h](Y ;X,Z). (13)
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Proof. Because of compatibility of the metric tensor field gλ with its Levi-Civita
connection λ∇ = 0∇+Dλ,

0 = (λ∇Xgλ)(Y, Z)

= X(gλ(Y,Z))− gλ(λ∇XY,Z)− gλ(Y, λ∇XZ)

= X(gλ(Y,Z))− gλ(0∇XY, Z)− gλ(Dλ(X,Y ), Z)

− gλ(Y, 0∇XZ)− gλ(Y,Dλ(X,Z))

= (0∇Xgλ)(Y,Z)− gλ(Dλ(X,Y ), Z)− gλ(Dλ(X,Z), Y )

Differentiation with respect to λ and subsequent evaluation at λ = 0 yields

0 = 0∇Xh(Y, Z)− Ng0 [h](Z;X,Y )− Ng0 [h](Y ;X,Z)

because δg0(0∇Xgλ) = 0∇X(δg0g) (cf. the following lemma). �

Lemma 2.2. Variation and covariant derivative can be conducted interchangeably,

δg0(0∇Xgλ)[h] = 0∇Xh

Proof. Using equation 2,

d

dλ

(
(0∇Xgλ)(Y,Z)

)
=

d

dλ

(
Xgλ(Y,Z)− gλ(0∇XY,Z)− gλ(Y, 0∇XZ)

)
= X

d

dλ
gλ(Y, Z)−

(
d

dλ
gλ

)
(0∇XY,Z)−

(
d

dλ
gλ

)
(Y, 0∇XZ)

and hence

δg0((0∇Xgλ)(Y,Z)) =

[
X
dgλ
dλ

(Y, Z)− dgλ
dλ

(0∇XY, Z)− dgλ
dλ

(Y, 0∇XZ)

]
λ=0

= X (h(Y, Z))− h(0∇XY,Z)− h(Y, 0∇XZ)

= (0∇Xh)(Y,Z)

�

With the above results, we can find a formula giving Ng0 in terms of (background)
covariant derivatives of the metric perturbation h:

Proposition 2.1. The (0,3)-tensor Ng0 [h] is given by unperturbed covariant deriva-
tives of the metric variation h = δg0g,

Ng0 [h](Z;X,Y ) =
1

2

(
0∇Xh(Y, Z) + 0∇Y h(X,Z)− 0∇Zh(X,Y )

)
. (14)

Proof. With Lemma 2.1, we have (dropping [h] and the index g0 of N),
0∇Xh(Y, Z) + 0∇Y h(X,Z)− 0∇Zh(X,Y ) = N(Z;X,Y ) + N(Y ;X,Z)

+ N(Z;Y,X) + N(X;Y, Z)− N(Y ;Z,X)− N(X;Z, Y )

Due to the symmetry N(Z;X,Y ) = N(Z;Y,X) that has its origin in Dλ(X,Y ) =
Dλ(Y,X), which itself is induced by the torsion-free property of λ∇, ∀λ (the Lie bracket
term is absorbed by the subtraction in the definition of D), we finally obtain

0∇Xh(Y,Z) + 0∇Y h(X,Z)− 0∇Zh(X,Y ) = N(Z;X,Y ) + N(Z;Y,X) = 2N(Z;X,Y ).
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�

Note that the form of the formula in proposition 2.1 is similar to the formula for the
covariant derivative in terms of partial derivatives of the metric, see chapter 1. In local
coordinates (xi), we have the following representation:

δg0Γk ij = Ng0 [h](∂k; ∂i, ∂j) =
1

2

(
0∇ihjk + 0∇jhik − 0∇khij

)
2.1.3. Variation of the Riemann curvature. Since the definition of the Rie-

mann curvature includes only covariant derivatives, we can calculate its variation directly
using the above notation for covariant derivative variations:

Theorem 2.1 (Palatini’s equation6). The variation of the Riemann curvature tensor
field is

δg0Rmn(X,Y ;Z) = (0∇X4g0 [h])(Y,Z)− (0∇Y4g0 [h])(X,Z). (15)

Proof. Using the relations derived above, we calculate:

δRmn(X,Y ;Z) = d
dλ

∣∣
λ=0

(λ∇Xλ∇Y Z − λ∇Y λ∇XZ − λ∇[X,Y ]Z)

= d
dλ

∣∣
λ=0

(
λ∇X(0∇Y Z +Dλ(Y, Z))− λ∇Y (0∇XZ +Dλ(X,Z))

−
(

0∇[X,Y ]Z +Dλ([X,Y ], Z)
))

= (∗)
Now, we compute

λ∇X0∇Y Z + λ∇X(Dλ(Y,Z))

= 0∇X0∇Y Z +Dλ(X, 0∇Y Z) + 0∇X(Dλ(Y, Z)) +Dλ(X,Dλ(Y,Z)),

and hence we have

(∗) = d
dλ

∣∣
λ=0

(
0∇X0∇Y Z + 0∇X(Dλ(Y,Z)) +Dλ(X, 0∇Y Z) +Dλ(X,Dλ(Y,Z))

− 0∇Y 0∇XZ − 0∇Y (Dλ(X,Z))−Dλ(Y, 0∇XZ)−Dλ(Y,Dλ(X,Z))

− 0∇[X,Y ]Z +Dλ([X,Y ], Z)) = (∗∗)

We make use of the fact that 0∇XY − 0∇YX = [X,Y ]. Then, since D0 = 0∇− 0∇ = 0,
we infer d

dλ

∣∣
λ=0

Dλ(X,Dλ(Y,Z)) = 0 and conclude

(∗∗) = d
dλ

∣∣
λ=0

(Rmn0(X,Y )Z + (0∇XDλ)(Y, Z)− (0∇YDλ)(X,Z)

+Dλ(X,Dλ(Y,Z))−Dλ(Y,Dλ(X,Z)))

= d
dλ

∣∣
λ=0

(
(0∇XDλ)(Y, Z)− (0∇YDλ)(X,Z)

)
= (0∇X4g0 [h])(Y,Z)− (0∇Y4g0 [h])(X,Z)

�

In a local system of coordinates (xi), we can correspondingly write:

δg0Rmnl ijk = ∇iδg0Γl jk −∇jδg0Γl ik

6As reference for this terminology cf. [8, p. 211]
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2.1.4. Variation of the Ricci tensor. The Ricci tensor is given by the trace of
the Riemann curvature tensor, Ric(X,Y ) = Tr

(
Rmn(∗, X;Y )

)
. Here Tr is the usual

trace as defined for endomorphisms on the tangent space of L. We first prove that it is
sufficient to take the trace of the perturbed Riemann curvature, instead of evaluating
the trace before calculating the variation:

Lemma 2.3. Let W be a vector space and w : I→ (W → W ) a family of endomor-
phisms w(λ). For the variation of w at g0 there is the relation

δg0Tr(w) = Tr(δg0w) (16)

Proof. Making use of linearity and continuity of the trace operation for endomor-
phisms, we first calculate the derivative

d

dλ
Tr
(
w(λ)

)
= lim

λ→0

1

λ

(
Tr(w(λ))− Tr(w(0))

)
= lim

λ→0
Tr

(
1

λ

(
w(λ)− w(0)

))
= Tr

(
lim
λ→0

1

λ

(
w(λ)− w(0)

))
= Tr

(
d
dλw(λ)

)
Evaluating this result at λ = 0, we find the asserted relation,

δg0Tr(w) =
d

dλ

∣∣∣∣
0

Tr
(
w(λ)

)
= Tr

(
d

dλ

∣∣∣∣
0

w(λ)

)
= Tr(δg0w)

�

Theorem 2.2. The variation of the Ricci tensor is given by

δg0Ric[h] = −1

2

(
Hessg0(trg0(h)) + g0�h− 2divg0S (0∇h)

)
, (17)

where divg0S (0∇h) is defined by the symmetrized expression[
(divg0S )(0∇h)

]
p
(χ, η) := 1

2((divg0(0∇h))p(χ, η) + (divg0(0∇h))p(η, χ))

:= 1
2

(
(trg01,3

0∇0∇h)(χ, η) + (trg01,3
0∇0∇h)(η, χ)

)
.

Proof. Let p ∈ L be a point on the spacetime. In a neighbourhood U around p, we
choose a local Minkowski frame (ei) of TU ⊂ TL such that (0∇ei)(p) = 0, ∀i = 0, ..., 3.
Then choose parallel extensions X,Y ∈ Γ(TU) of tangent vectors χ, η ∈ TpL such that
χ = Xp, η = Yp, and (0∇X)(p) = (0∇Y )(p) = 0. Then, because Tr can be interchanged
with taking the variation, lemma 2.3, we calculate:

δg0Ricp(χ, η) = Tr?
(

0∇?4(X,Y )− 0∇X4(?, Y )
)
(p)

= −
(
Tr?
(

0∇X4(?, Y )− 0∇?4(X,Y )
)
(p)
)

= −
∑

i γi
(
g0(0∇X4(ei, Y ), ei)− g0(0∇ei4(X,Y ), ei)

)
(p)

where γi = g0(ei, ei) accounts for contractions. We now use relation (2) to write

δg0Ricp(χ, η) = −
∑

i γi
(
X(g0(4(ei, Y ), ei))− ei(g0(4(X,Y ), ei))

)
(p)

= −
∑

i γi
(
X(N(ei; ei, Y ))− ei(N(ei;X,Y ))

)
(p)
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Then, with proposition 2.1,

δg0Ricp(χ, η) = −1
2

∑
i γi
(
X
(

0∇ih(Y, ei) + 0∇Y h(ei, ei)− 0∇ih(ei, Y )
)
(p)

− ei
(

0∇Xh(Y, ei) + 0∇Y h(X, ei)− 0∇eih(X,Y )
)
(p)
)

Using once more relation (2), together with the parallel property of X,Y, (ei) in p:

− 2 δg0Ricp(χ, η) =
∑

i γi
(
X(0∇Y h(ei, ei))

− 0∇i0∇Xh(Y, ei)− 0∇i0∇Y h(X, ei) + 0∇i0∇ih(X,Y )
)
(p)

Due to the definition of the divergence, the Hessian, and the d’Alembertian, see chapter 1,
this is7

−2 δg0Ricp(χ, η)

=
(
X(Y (trg0h))

)
(p)− divg0(0∇χh)p(η)− divg0(0∇ηh)p(χ) +�g0hp(χ, η)

= Hessp(trg0h)(χ, η) +�g0hp(ξ, η)− 2
[
divg0S (0∇h)

]
p

(χ, η)

Since initially p, χ, η have been chosen arbitrarily, we can conclude that the assumption
holds generally. �

2.1.5. Variation of Scalar Curvature. In order to compute the variation of the
Einstein tensor, we finally have to consider the scalar curvature variation. First we prove
the following lemma:

Lemma 2.4. Let Q : I → Γ(Sym2(TL)) such that Q(λ) is a symmetric (0,2)-tensor
field in L; h ∈ Tg0MetrL. Then the variation of the trace of Q can be written

δg0trg(Q) = trg0(δg0Q)− 〈h,Q0〉 (18)

Proof. According to Karin Uhlenbeck’s trick, see appendix A.3, we use a moving
frame (eλi ),

0 = ġ(ei, ej) + g(ėi, ej) + g(ei, ėj),

hence 0 = h(ei, ej) + g0(ėi(0), ej) + g0(ei, ėj(0)), and

δg0(trgQ) = d
dλ

∣∣
0

∑3
i=0 γiQλ(eλi , e

λ
i ) =

∑
i γi
(
δg0Q(e0

i , e
0
i ) + 2Q0(ėi(0), e0

i )
)

= trg0(δg0Q) + 2
∑

i,j γiγjg(ėi(0), e0
j )Q0(e0

j , e
0
i )

= trg0(δg0Q)−
∑

i,j γiγjh(e0
i , e

0
j )Q0(e0

j , e
0
i )

= trg0(δg0Q− 〈h,Q0〉g0

because γi = g(λ)(eλi , e
λ
i ) = 0,±1 does not depend on λ (Uhlenbeck’s trick). �

Corollary 2.1. The variation of the scalar curvature is given by

δg0S = trg0(δg0Ric)− 〈h,Ric0〉 = divg0(divg0(h))−�g0(trg0h)− 〈h,Ric0〉 (19)

7 Note that X(0∇Y h(ei, ei)) = X(Y (h(ei, ei)) − X(2h(0∇Y ei, ei)) = X(Y (h(ei, ei))), since
h is symmetric, g0(ei, ej) ∈ {0,±1}, and hence

∑
i 2h(0∇Y ei, ei) =

∑
i,j(g0(0∇Y ei, ej) +

g0(0∇Y ej , ei))h(ei, ej) =
∑
i,j Y (g0(ei, ej))h(ei, ej) = 0.
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Proof. Since Sg = trgRicg, use lemma 2.4. Theorem 2.2 states

−2δg0Ric = Hessg0(trg0h) +�g0h− 2(divg0S )(0∇h).

By taking the trace of this expression, we find (cf. chapter 1)

−2trg0(δg0Ric) = �g0(trg0h) +�g0(trg0h)− 2tr?(tr∗(
0∇∗0∇?h(∗, ?)))

= 2
(
�g0(trg0h)− divg0(divg0(h))

)
�

2.2. Rewriting the linearised Ricci tensor and Scalar Curvature

Although h has the physical meaning of a variation of the metric tensor field, it is
sometimes more convenient to work with the transformed quantity h [11, 15], given by

h := h− 1

2
(trg0h)g0.

This is an isomorphism of Γ(Sym2(TL)). The inverse transformation has the same form:

h = h− 1

2
(trg0h)g0,

because trg0h = trg0h − 4
2trg0(h) = −trg0h (note that the isomorphism depends on the

background metric g0).

Proposition 2.2. Using h, we may write the Ricci tensor perturbation in the fol-
lowing form:

δg0Ric = −1

2

(
�g0h−

1

2
�g0(trg0h) g0 − 2 divg0S (0∇h)

)
. (20)

Proof. Let (ei) be a Minkowski frame for a neighborhood TU ⊂ TL around p ∈ L.
Hence, (∇ei)(p) = 0 and [ei, ej ](p) = 0. Furthermore, let X,Y be parallel extensions for
tangent vectors χ, η around p such that (∇X)(p) = 0 = (∇Y )(p); thus also [X,Y ](p) = 0.
We first conclude δg0Ricp(χ, η) = (δg0Ric(X,Y ))) (p), and then by grace of theorem 2.2

− 2δg0Ricp(χ, η) = [Hessg0(trg0h)]p (χ, η) +�g0hp(χ, η)− 2
[
divg0S (0∇h)

]
p

(χ, η)

= −
[
Hessg0(trg0h)

]
p

(χ, η) +
[
�g0(h− 1

2trg0(h) g0)
]
p

(χ, η)

− divg0(∇X(h− 1
2tr(h)g0))(p)(η)− divg0(0∇Y (h− 1

2tr(h)g0))(p)(χ)

Now, �(tr(h)g0) = �(tr(h))g0 because of (1), and

div(∇X(tr(h) g0))(p) =
∑
i

γi
[
ei(X(trh))

]
(p) · (g0)p(ei, η) = Hess(trh)p(η, χ)

Hence:

−2δg0Ricp(χ, η) = −Hess(trh)(χ, η) +�h(χ, η)− 1
2�(trh)(g0)p(χ, η)

− 2divS(∇h)p(χ, η) + 1
2Hess(trh)p(η, χ) + 1

2Hess(trh)p(χ, η)

= �g0h(χ, η)− 1
2�g0(trg0h)(g0)p(χ, η)− 2 divg0S (0∇h)(χ, η)

Since p, χ, η where chosen arbitrarily, we can conclude that the claimed relation holds
for all p. �
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Similar to definition (5) of the Riemann tensor for the (usual) Levi-Civita connection

∇ : Γ(TL)×Γ(TL)→ Γ(TL) for vector fields, we can define a “Riemann tensor” Rmn(0,2)

for the connection for (0,2)-tensors, cf. definition (2), by

Rmn(0,2)
p (χ, η)h = ∇χ∇Y h−∇η∇Xh−∇[X,Y ]ph (21)

where χ, η ∈ TpL are tangent vectors with arbitrary extensions X,Y ∈ Γ(TL).

Proposition 2.3. The variation of the Ricci curvature can be written in terms of h
as follows:

δg0Ric = −1

2

(
�g0h−

1

2

(
�g0trg0h

)
g0 + 2(Rh)− 2

(
0∇divg0

(
h
))
S

)
(22)

where we define

(Rh)p(χ, η) := −1

2

(
ctr(Ric0, h)p(χ, η) + ctr(Ric0, h)p(η, χ)

)
+ tr1,4tr4,5(Rm0 ⊗ h)p(χ, η)

and [
(0∇divg0(h))S

]
p

(χ, η) :=
1

2

(
(0∇Xdiv(h))p(η) + (0∇Y div(h))p(χ)

)
.

where X,Y are extensions of the tangent vectors χ, η in p ∈ L.

Proof. In a point p ∈ L, let χ, η, ζ, ε be tangent vectors with parallel exten-
sions X,Y,Z,E such that (∇X)(p) = · · · = (∇E)(p) = 0, [X,Y ](p) = 0 etc., cf. appen-
dix A.1:

Rmn(0,2)
p (χ, η)h(ζ, ε) = ∇χ∇Y h(ζ, ε)−∇η∇Xh(ζ, ε)

= χ
(
∇Y h(ζ, ε)

)
− η

(
∇Xh(ζ, ε)

)
= (∗)

Then, with equation (2),

(∗) =
[
X(Y (h(Z,E)))

]
(p) +

[
X(h(∇Y Z,E))

]
(p) +

[
X(h(Z,∇YE))

]
(p)

−
[
Y (X(h(Z,E)))

]
(p) +

[
Y (h(∇XZ,E))

]
(p) +

[
Y (h(Z,∇XE))

]
(p)

and then

(∗) = [X,Y ]p(h(Z,E))p + hp(∇χ∇Y Z −∇η∇XZ, ε) + hp(ζ,∇χ∇YE −∇η∇XE)

Altogether we infer, since [X,Y ](p) = 0,

Rmn(0,2)
p (χ, η)h(ζ, ε) = hp(Rmnp(χ, η)ζ, ε) + hp(ζ,Rmnp(χ, η)ε)

and thus

Rmn(0,2)(χ, η)h(ζ, ε) = tr4,5(Rm0 ⊗ h)(χ, η, ζ, ε) + tr4,5(Rm0 ⊗ h)(χ, η, ε, ζ)

Now, we compute the trace:

tr? Rmn(0,2)(?,X)h(?, Y )

= tr1,3

(
tr4,5(Rm0 ⊗ h)

)
(X,Y ) + tr1,4

(
tr4,5(Rm0 ⊗ h)

)
(X,Y )

= −ctr(Ric0, h)(X,Y ) + tr1,4tr4,5(Rm0 ⊗ h)(X,Y )
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Finally, the original assertion follows from

div(0∇χh)(η) + div(0∇ηh)(χ) =
∑

i γi
(
(0∇i0∇Xh)p(e

p
i , η) + (0∇i0∇Y h)p(e

p
i , χ)

)
=
∑

i γi

(
Rmn

(0,2)
p (epi , χ)h(epi , η) + (0∇X0∇ih)p(e

p
i , η)

+Rmn(0,2)
p (epi , η)h(epi , χ) + (0∇Y 0∇ih)p(e

p
i , χ)

)
= −2(Rh)(χ, η) + 2(0∇div(h))S(χ, η)

where we defined

−2(Rh)(χ, η) =
(
tr? Rmn(0,2)(?,X)h(?, Y )

)
(p)

= −ctr(Ric0, h)p(χ, η) + tr1,4tr4,5(Rm0 ⊗ h)p(χ, η)

− ctr(Ric0, h)p(η, χ) + tr1,4tr4,5(Rm0 ⊗ h)p(η, χ)

For Ric0 = 0, this simplifies to

(Rh)p(χ, η) = −tr1,4tr4,5(Rm0 ⊗ h)p(χ, η)

because of the following symmetry of which originates in the block symmetry of Rm0

and the symmetry of h,(
tr1,4tr4,5Rm0 ⊗ h

)
(Y,X) = tr∗tr?

(
Rm0(∗, Y,X, ?)h(?, ∗)

)
= tr∗tr?

(
Rm0(?,X, Y, ∗)h(∗, ?)

)
=
(
tr1,4tr4,5Rm0 ⊗ h

)
(X,Y ).

�

Proposition 2.4. Rewriting the scalar curvature S in terms of h, we find

δg0S = div(div(h)) +
1

2
�(trg0h)− 〈h,Ric0〉+

1

2
(trg0h) S0. (23)

Proof. We recall from corollary 2.1 that δg0S = trg0δRic − 〈h,Ric0〉. Then, using

proposition 2.3, we find with h instead of h:

δg0S = div(div(h− 1
2(trh) g0)) +�(trh)− 〈h− 1

2(trh) g0,Ric0〉
= div(div(h))− 1

2�(trh) +�(trh)− 〈h,Ric0〉+ 1
2(trh) 〈g0,Ric0〉

= div(div(h)) + 1
2�(trh)− 〈h,Ric0〉+ 1

2(trh) S0.

�

2.3. Linearisation for vacuum perturbations

With the relations that we determined in the previous sections, we are able to com-
pute the variation of the Einstein tensor, and thus to compute the linearisation of the
Einstein field equation. Nonetheless, we first consider the so-called vacuum case, i.e.
only such variations h ∈ Tg0MetrL that there is a curve g : I → MetrL with g(0) = g0,
ġ(0) = h and also Ein

q
(0) = Ein

q
(g(λ))

∣∣
λ=0

= 0. Defining the space of the “linearised
vacuum perturbations”,

ker(δg0Ein) = {h : ∃g : I→ MetrL, g(0) = g0, ġ(0) = h,Ein(0) = 0,Ein
q
(0) = 0},

we also write:
h ∈ ker(δg0Ein) ⊂ Tg0MetrL
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In a similar manner, we define

ker(δg0Ric) = {h : ∃g : I→ MetrL, g(0) = g0, ġ(0) = h,Ric(0) = 0,Ric
q
(0) = 0}.

The following lemma shall be useful:

Lemma 2.5. Linearised vacuum perturbations are elements in ker(δg0Ric):

ker(δg0Ein) = ker(δg0Ric) (24)

Proof. Perturbing the Einstein tensor field, we have

δEing0 [h] = δRicg0 [h]− 1

2
δSg0 [h]g0 −

1

2
S0h

and we know from corollary 2.1 that δg0S[h] = trg0(δg0Ric[h])− 〈h,Ric0〉.
“⇒” If h ∈ ker(δg0Ein), then Ein0 = 0, hence S0 = 0 and Ric0 = 0. Thus we have

0 = δEing0 [h] = δRicg0 [h]− 1

2
trg0(δg0Ric[h]) g0,

and the trace of this equation yields (tr(g0) = 4)

0 = −trg0(δg0Ric[h])

Hence δRicg0 [h] = δEing0 [h] = 0 and h ∈ ker(δg0Ric).
“⇐” If h ∈ ker(δg0Ric), then S0 = 0 and, again, δg0S[h] = trg0(δg0Ric[h]) = 0. Now

we immediately see

δEing0 [h] = δRicg0 [h]− 1

2
δSg0 [h]g0 −

1

2
S0h = 0

�

By grace of this lemma, we can write down the equation governing the linear theory of
the vacuum case: We only allow for metric perturbations h ∈ ker(δg0Ein) = ker(δg0Ric).
These are described by the equation δg0Ric = 0 or, via theorem 2.2,

Hessg0(trg0h) +�g0h− 2 divg0S (0∇h) = 0. (25)

Physically speaking, this equation describes perturbations of the spacetime which do
(in linear order) not affect the assumed absence of matter in the background space.
Contributions from matter fields or their perturbations are assumed not to show up
earlier than in second order. Note that the equation given here does not involve the
choice of a local system of coordinates. It is a pure tensor equation and valid in all
points of the spacetime L.

2.4. Linearisation including matter fields

So far, we have studied variations of the Einstein and the Ricci tensor, and we have
made use of these variations to describe first order vacuum perturbations of an empty
background space, i.e. metric perturbations h ∈ ker(δg0Ric).

Now, we will extend the treatment to include matter perturbations as well as non-
vacuum backgrounds. To do so, we have to find the linear perturbation of the energy-
momentum tensor field T (the background value may be denoted by T0). In principle
there are two possible ways to do this: Either we specify the direction of the perturbation,
δT ∈ Γ(Sym2(TL)) = TT0EnMom, such that we can find a family of energy-momentum
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tensors T : I → EnMom with T(0) = T0, Ṫ(0) = δT (where EnMom shall be the space
of the energy-momentum tensor fields). Or, we have the energy-momentum given as
a function, for instance T : MetrL → EnMom. Then we can define the perturbation
δg0T as in definition 2.2. Thus we can find a family of energy-momentum tensors,
T : I→ EnMom, via T(λ) := T(g(λ)), where g(λ) belongs to the metric perturbation h ∈
Tg0MetrL. In either case, we can write down a parameter-dependent Einstein equation

Ein(g(λ)) = Ric(g(λ))− 1

2
S(g(λ))g(λ) = T(λ).

Applying differentiation with respect to λ and evaluating the expression at λ = 0, we
find the perturbed equation

δg0Ein[h] = δg0Ric[h]− 1

2
S0 h−

1

2
trg0(δg0Ric[h]) +

1

2
〈h,Ric0〉 g0 = δT (26a)

Here we used the result from lemma 2.4 to find the variation of S. Alternatively, we
could have used Einstein’s equation in the form

Ric(g(λ)) = T(λ)− 1

2
tr(T(λ)) g(λ)

This would result in the following variational equation:

δg0Ric[h] = δT− 1

2
tr(T0)h− 1

2
trg0(δT) g0 +

1

2
〈h,T0〉 g0 (26b)

where again lemma 2.4 has been made use of.

2.4.1. Special case: vacuum background. We consider a vacuum background
with Ein0 = 0 (thus T0 = 0), but we allow for non-vacuum perturbations, i.e. all
h ∈ Tg0MetrL. The variational equations (26a) and (26b) simplify to yield

δg0Ric[h]− 1

2
trg0(δg0Ric[h]) = δT

δg0Ric[h] = δT− 1

2
trg0(δT) g0

(27)

2.4.2. Vacuum background and energy-matter perturbations without back-
reaction. A simple, but commonly used model for energy-matter perturbations is a
vacuum background (Ein0 = 0,T0 = 0) where the energy-matter perturbations are to
imply no back-reaction. This means that second and higher order perturbations of the
energy-matter are to vanish, δkg0T = 0, therefore δkg0Ein = 0 for all k ≥ 2. Thus, we
assume a linear interpolation for the energy-matter, T(λ,p) = λTp = λ pr∗2Tp. Physi-
cally, this interpolation amounts to a source that does not have any back-reaction on
space-time, T is independent of g (and vice versa). Making use of the first order Ricci
variations, (17), (20), and scalar curvature perturbations, (19), (23):

Corollary 2.2. The linearised Einstein equation in presence of matter perturbations,
but with vacuum background, i.e. Ein0 = 0, can be written as

2T = Hessg0(trg0h) +�g0h− 2 (divg0S )(0∇h)

−�g0
(
trg0h

)
g0 +

(
divg0(divg0(h))

)
g0
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or, respectively,

−2T = �h+
(
divg0(divg0(h))

)
g0 − 2 divg0S (0∇h)

This is a standard result for non-vacuum gravitational wave theory, cf. for instance [15].
For its interpretation, the interval I is typically assumed to be I = (−ε, 1 + ε) for a
small ε. While we still regard g(0) as the background metric, the metric g(1) ∈ MetrL
normally is considered to be “the physical metric tensor field” or rather: For λ = 0 the
Lorentz manifold (L, g(0)) (with its time orientation) is referred to as the background
spacetime while “the physical spacetime” is (L, g(1)). Together with its time orientation
(L, g(1)) is interpreted as the real spacetime that is to be approximated by linearisation.
If matter is present, one has to include a non-vanishing energy-momentum tensor T(1)
on (L, g(1)).

2.5. Second order perturbations: Energy of gravitational waves

We will now briefly discuss second order variations. The aim of this section is to
construct the second order Einstein equation. This will also lead to the notion of energy-
momentum for gravitational waves.

2.5.1. Second order Einstein equation. From now on, we denote the second
order metric perturbation tensor field by l,8

l := δ2
g0g =

d2

dλ2

∣∣∣∣
0

g(λ)

We first consider the compatibility relation (2) for a metric connection (1),

0 = X
(
gλ(Y, Z)

)
− gλ

(
λ∇XY, Z

)
− gλ

(
λ∇XZ, Y

)
,

where gλ : I → MetrL. Second order perturbations are computed by taking two deriva-
tives with respect to λ and evaluating the result at λ = 0. For the compatibility relation,
we end up with

0 = d
dλ

∣∣
0

(
X (ġ(Y,Z))− ġ(λ∇(X,Y ), Z)− gλ (∇

q
(X,Y ), Z)

−ġ(λ∇(X,Z), Y )− gλ (∇
q
(X,Z), Y )

)
= X(l(Y,Z))− l(0∇XY,Z)− 2h(4(X,Y ), Z)− g0(4

f2
(X,Y ), Z)

− l(Y, 0∇Y Z)− 2h(Y,4(X,Z))− g0(Y,4
f2

(X,Z))

= ∇X l(Y,Z)− 2h(4(X,Y ), Z)− 2h(4(X,Z), Y )

− N
f2

(Z;X,Y )− N
f2

(Y ;X,Z)

where we use the notation l = d2g
dλ2

∣∣
0

and 4
f2 = d2D

dλ2

∣∣
0

as well as N
f2 (Z;X,Y ) =

g0(4
f2 (X,Y ), Z).

8With this convention we follow the terminology used by Kouji Nakamura, compare e.g. [20, 21, 19].
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It is straightforward to calculate

∇X l(Y,Z) +∇Y l(X,Z)−∇Z l(X,Y )

= 2h(4(X,Y ), Z) + 2h(4(X,Z), Y ) + N
f2

(Z;X,Y ) + N
f2

(Y ;X,Z)

+ 2h(4(Y,X), Z) + 2h(4(Y,Z), X) + N
f2

(Z;Y,X) + N
f2

(X;Y,Z)

− 2h(4(Z,X), Y )− 2h(4(Z, Y ), X)− N
f2

(Y ;Z,X)− N
f2

(X;Z, Y )

= 2N
f2

(Z;X,Y ) + 4h(4(X,Y ), Z)

Therefore, we can write

N
f2

(Z;X,Y ) = N[l](Z;X,Y )− 2h(4(X,Y ), Z)

where we denote N[l](Z;X,Y ) = 1
2 (∇X l(Y, Z) +∇Y l(X,Z)−∇Z l(X,Y )) as defined in

paragraph 2.1.2.1.
We are now able to derive the second variation formula for the Riemann curvature.

From the proof of theorem 2.2, we can infer the first equation in the following calculation:

δ2
g0Rmn(X,Y )Z = d

dλ

∣∣
0

(
Rmn0(X,Y )Z + 0∇XḊλ(Y,Z)− 0∇Y Ḋλ(X,Z)

+ Ḋλ(X,Dλ(Y, Z)) +Dλ(X, Ḋλ(Y,Z))

−Ḋλ(Y,Dλ(X,Z))−Dλ(Y, Ḋλ(X,Z))
)

= ∇X4
f2

(Y, Z)−∇Y4
f2

(X,Z)

+ 24(X,4(Y, Z))− 24(Y,4(X,Z))

because D0 = 0. The second order Ricci curvature is, by grace of lemma 2.3, given by
the (endomorphism) trace of the second order Riemann curvature:

δ2
g0Ric(X,Y ) = Tr∗(∇X4

f2
(∗, Y )−∇∗4

f2
(X,Y ))

+ 2 Tr∗(4(X,4(∗, Y ))−4(∗,4(X,Z)).

Hence we write

δ2
g0Ric = δ2

g0Ric(1)[l] + δ2
g0Ric(2)[h]

where we defined

δ2
g0Ric(1)[l](X,Y ) = tr(∇X4[l](∗, Y )−∇∗4[l](X,Y ))

δ2
g0Ric(2)[h](X,Y ) = δ2

g0Ric(X,Y )− δ2
g0Ric(1)[l](X,Y )

Note that δ2
g0Ric(1) corresponds to δg0Ric if we replace h↔ l. In order to find the second

order Einstein equation, we further calculate the second order perturbation of the scalar
curvature,

δ2
g0S[h, l] = δ2

g0

(
trg(Ric(g(λ)))

)
= d

dλ

∣∣
0

(
trgRic

q
(λ)− 〈ġλ,Ric(gλ)〉

)
= trg0(δ2

g0Ric[h, l])− 2〈h, δg0Ric[h]〉 − 〈l,Ric0〉
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We also write δ2
g0S[h, l] = δ2

g0S(1)[l] + δ2
g0S(2)[h] with

δ2
g0S(1)[l] = δ2

g0Ric(1)[l]− 〈l,Ric0〉

δ2
g0S(2)[h] = δ2

g0Ric(2)[h]− 2〈h, δg0Ric[h]〉

Then, using Ein = Ric− 1
2Sg,

δ2
g0Ein[h, l] = δ2

g0Ric[h, l]− 1

2
lS0 −

1

2
δ2
g0S[h, l] g0 − hδg0S[h]

= δ2
g0Ein(1)[l] + δ2Ein(2)[h]

where we defined

δ2
g0Ein(1)[l] = δ2

g0Ric(1)[l]− 1

2
lS0 −

1

2
δ2
g0S(1)[l] g0

= δ2
g0Ric(1)[l]− 1

2
lS0 −

1

2
δ2
g0Ric(1)[l] g0 +

1

2
〈l,Ric〉 g0

δ2
g0Ein(2)[h] = δ2

g0Ein[h, l]− δ2Ein(1)[l]

= δ2
g0Ric(2)[h]− 1

2
δ2
g0S(2)[h] g0 − h δg0S[h]

With the second order perturbation δ2
g0T = d2

dλ2

∣∣∣
0

T(λ) of the energy-momentum, we can

now write down the second order Einstein equation:

δ2
g0Ric[h, l]− 1

2
lS0 −

1

2
δ2
g0S[h, l] g0 − hδg0S[h] = δ2

g0T

or δ2
g0Ein(1)[l] + δ2Ein(2)[h] = δ2

g0T.

2.5.2. Energy-momentum of gravitational waves. We just found the second
order Einstein equation

δ2
g0Ein(1)[l] + δ2Ein(2)[h] = δ2

g0T

where δ2
g0Ein(1)[l] is similar to the linearisation of the Einstein tensor, but one has to

replace h by l. Therefore, we write the second order perturbation of Einstein’s equation
in the form δ2

g0Ein(1) = δ2
g0T + t where we defined an effective gravitational wave energy

contribution [11, ch. 5.6],

t[h] = −δ2
g0Ein(2)[h]

We can then write the Einstein tensor in zeroth, first and second order:9

Ein0 = T0 Background equation

δg0Ein[h] = δg0T[h] Linearised Einstein equation

δ2
g0Ein(1)[l] = δ2

g0T[h, l] + t[h] Second order Einstein equation

While we regard the linearised equation as the governing equation for gravitational waves
(or, for the metric perturbation h), t is interpreted as the energy-momentum radiated
away by the emission of gravitational waves. This term, together with the original second

9We assume the energy-momentum to be a function of the metric, T : MetrL → EnMom, i.e. δg0T is
a functional of h, δ2g0T of h and l. If we drop this assumption, we replace δg0T[h] by δ0T and δ2g0T[h, l]

by δ20T.
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order energy-momentum perturbation δ2
g0T, then are the energy-momentum contribu-

tions for the determination of the second order metric perturbation l.10

In the simple example from subsection 2.4.2, we consider T(λ,p) = λTp, with an
empty background spacetime, T0 = 0, and linear, but not higher-order perturbations.
The second order Einstein equation, in this case, is similar to the linearised one. The
respective background, linear and second order equations read:11

Ein0 = 0 Background vacuum equation

δg0Ein[h] = T Linearised Einstein equation

δ2
g0Ein(1)[l] = t[h] Second order equation

Here, t[h] appears as the only energy-momentum contribution to the equation for the
second order metric perturbation l.

10Note, however, that the second order energy-momentum perturbation δ2g0T might still depend

on l.
11The problem however is that t is not gauge-invariant (see next chapter)[11]. In (3+1)-decom-

position, the energy of gravitational waves is defined by

E =

∫
Mt0

t(N,N)dω

for an observer field N , and at a fixed time t0, cf. also the considerations in chapter 4. This expression
can be shown to be gauge invariant [11].





CHAPTER 3

Gauge Freedom and Gauge Transformations

In the previous chapter, we derived the formalism for linearised gravity in the vacuum
case. In this linearisation, the Einstein field equation is replaced by its linearised form,

Hessg0(trg0h) +�g0h− 2divg0S (0∇h) = 0.

or, respectively,

�g0h−
1

2

(
�g0trg0h

)
g0 − 2divg0S (0∇h) = 0.

3.1. Linear Gauge Transformations

3.1.1. Solving the linearised equation. In this section we will derive a solu-
tion to the linearised Einstein equation. For the vacuum case, we will have to prove
δg0Ric[£ξg0] = 0, and we will see that the solution has the form h = £ξg0. First, we
provide the following relations:

Lemma 3.1. We prove the identity

δg0Rmn[£ξg0] = £ξRmn0

Proof. With the definition of the lie derivative,

£ξRmn0 = d
dλ

∣∣
0
φ∗Rmn(g0) = d

dλ

∣∣
0

Rmn(φ∗g0)

= δφ∗0g0Rmn[ d
dλ

∣∣
0
φ∗g0] = δg0Rmn[£ξg0]

where φ is the flow connected with the vector field ξ, i.e. φ̇ = ξ ◦ φ. �

Corollary 3.1. The previous lemma implies

δg0Ric[£ξg0] = £ξRic0 (28)

Proof. Use lemma 2.3 together with the following computation for a flow field φ,
φ̇ = X ◦ φ, as well as a 1-form α and a vector field v:

(φ∗(Tr(α⊗ v)))p = φ∗(α(v))p = (φ∗α)p(dφ
−1(v))

= Tr
(
(φ∗α)⊗ dφ−1(v)

)
p

= Tr(φ∗(α⊗ v))p

Hence, because the lie derivative, as well as the trace, is linear, and Rmn is a linear
combination of terms of the form α⊗ v (for fixed X,Y ), we write with h := £ξg0:

δg0Ric[h]p(χ, η) = Tr∗(δg0Rmn[h]p(∗, χ; η)) = Tr∗(£ξRmn[h]p(∗, χ; η))

= £ξ(Tr∗Rmnp(∗, χ; η)) = (£ξRic0)p(χ, η)

Since p has been arbitrarily chosen in the first place, we conclude that the claim is
correct. �

29
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Corollary 3.2 (Gauge Term in vacuum case). Let h = £ξg0 ∈ Tg0MetrL, and assume
Ric0(g0) = 0. For this metric perturbation, we find

δg0Ric[h] = 0.

Proof. An appropriate curve of metric tensor fields in MetrL is given by gλ =
g0 + λ£ξg0. Hence: ġ(0) = £ξg0 and g(0) = g0. The assertion then follows from
corollary 3.1, since we assumed a background metric obeying Ric0 = 0. �

Lemma 3.2. We prove the identity

δg0S[£ξg0] = £ξS0.

Proof. Using corollary 3.1, the shorthand h = £ξg0, and corollary A.1,

δg0S = δg0(trgRic) = tr(δg0Ric[h])− 〈h,Ric0〉
= trg0(£ξRic0)− 〈£ξg0,Ric0〉 = ξ(trg0Ric0) = ξ(S0) = £ξS0

where £ξS0 = ξ(S0) = d(S0)(ξ) has been used to stress the formal lie derivative corre-
spondence. �

Theorem 3.1 (Gauge Freedom). Let g0 be the background metric with a background
Einstein equation Ein0 ≡ Ein(g0) = T0. For the metric perturbation h = £ξg0, we find

δg0Ein[£ξg0] = £ξT0.

Proof. An appropriate family of metric tensor fields g : I → MetrL is given by
g(λ) = g0 + λ£ξg0. Then, ġ(0) = £ξg0 and g(0) = g0. Using corollary 3.1 and lemma
3.2, we find

δg0Ein[h] = δg0Ric[h]− 1

2
S0h−

1

2
δg0S[h]g0

= £ξRic0 −
1

2
S0£ξg0 −

1

2
ξ(S0)g0

= £ξRic0 −
1

2
£ξ(S0g0) = £ξEin0

The background Einstein equation now implies

δg0Ein[£ξg0] = £ξEin0 = £ξT0

�

3.1.2. Linear Gauge Transformations of second kind. With theorem 3.1 we
confirmed that h = £ξg0 solves the vacuum equation, and that it solves the general first
variation of the Einstein equation if δT = £ξT0. This establishes a gauge freedom for
the linearised equation: If we find any other solution h of the linearised equation, we
can evaluate the sum h̃ = h+ £ξg0 with an arbitrary tangent vector field ξ ∈ Γ(TL), in

order to obtain another solution (if we substitute δT 7→ δ̃T = δT + £ξT0 at the same
time).
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Gauge Transformations. We denote the transformation by Gξ : h 7→ h + £ξg0,
which shall be called a (linear) gauge transformation. For every solution h of the lin-
earised equation, it provides another solution h + £ξg0 (with the transformed energy-
momentum perturbation δT + £ξT0) of the linearised Einstein equation,

G : Γ(TL)× Γ(T(0,2)L)→ Γ(T(0,2)L),

G (ξ)(h) = h+ £ξg0

In linearised theory, this transformation is regarded as an ambiguity of the perturbed
equation, similar to the ambiguity when choosing a certain chart on the Lorentz mani-
fold L. Therefore, the terminology is to address a change of local coordinates as Gauge
transformations of first kind, while the transformation G is called a Gauge transformation
of second kind [23]. We will later explore in detail how both notions of gauge are con-
nected due to the fact that changes of local coordinates are described by diffeomorphisms
in the case of differentiable manifolds.

In the linear case, we can see this connection, assuming a coordinate frame (xi)
around p ∈ L given such that g = gijdx

i ⊗ dxj , cf. also [5]. With ξ = ξk∂k the gauge
transformation reads

gij 7→ gij + 0∇iξj + 0∇jξi

On the other hand, we may consider a infinitesimal coordinate transformation, yi =
xi + λξi. Then gij will be transformed as follows:

gij(x) 7→ g̃ij(y) = gkl∂
kyi∂

lyj

= gkl(δ
k
i + λ∂kξi + o(λ2))(δlj + λ∂lξj + o(λ2))

= gij + λgkj∂
kξi + gilλ∂

lξj + o(λ2)

= gij + λ(£ξg)ij + o(λ2)

Therefore, differentiating with respect to λ and evaluating at λ = 0 gives

d

dλ

∣∣∣∣
λ=0

(g̃ij(y)) = (£ξg)ij

In this sense, (linear) gauge transformations of the second kind as defined above are
equivalent to linearised changes of the local system of coordinates, i.e. the linearisation
of a gauge transformation of the first kind.

3.1.3. Expressions when using h. If we prefer using h instead of h, the gauge
transformation of second kind is given by the following proposition:

Proposition 3.1 (Gauge Transformation for h). The gauge transformation h 7→
h+ £ξg0 corresponds to the gauge transformation

h 7→ h+ £ξg0 −
1

2
trg0(£ξg0) g0 = h+ £ξg0 − divg0(ξ) g0.
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Proof. Let p ∈ L. We compute the transformed h
′

of h by

h
′
= h′ − 1

2
tr(h′) g0

= h+ £ξg0 −
1

2
tr(h) g0 −

1

2
tr(£ξg0) g0

= h+ £ξg0 −
1

2
tr(£ξg0) g0

Now, let (ei) be a Minkowski frame around p such that (∇ei)(p) = 0. Then,

trg0(£ξg0)(p) = 2
∑
i

γi(g0)p(
0∇ei(p)ξ, ei(p))

= 2
∑
i

γi(ei(g0(ξ, ei)))(p) = 2 divg0p (ξ)

and we conclude that the claim is true. �

3.2. Application: Simplification of linearised equations

Gauge transformations can be applied in order to simplify the linearised equation.
Such transformations do not change the space of solutions since we can reobtain the
original solution by adding (substracting) a term of the form £ξg0.

Lemma 3.3. The divergence of h transforms like

div(h) 7→ div(h) + (�ξ)[ + Rc0(ξ) (29)

where we define Rc0(ξ)(X) := Ric0(X, ξ) for a vector field X ∈ Γ(TL). Hence, div(h
′
)

vanishes iff

(�ξ)[ + Rc0(ξ)
!

= −div(h).

Proof. Let p ∈ L and choose a Minkowski frame (ei) around p such that (∇ei)(p) =
0, let χ ∈ TpL with parallel extension X such that (∇X)(p) = 0. Then, using proposi-
tion 3.1,

divp(h
′
)(χ) = div(h)p(χ) + div(£ξg0)p(χ)− divp

(
div(ξ) g0

)
(χ)

= div(h)p(χ) +
∑

i γie
p
i (£ξg0(ei, X))−

∑
i γie

p
i (div(ξ)) (g0)p(e

p
i , χ)

= div(h)p(χ) +
∑

i γie
p
i (£ξg0(ei, X))− χ(div(ξ))

Now, we compute

χ(div(ξ)) =
∑

i γiχ(g0(0∇eiξ, ei)) =
∑

i γi(g0)p(
0∇χ0∇eiξ, e

p
i )

and∑
i γie

p
i (£ξg0(ei, X)) =

∑
i γie

p
i

(
g0(0∇eiξ,X) + g0(ei,

0∇Xξ)
)

=
∑

i γi(g0)p(
∇
ei(p)

0∇eiξ, χ) + (g0)p(e
p
i ,

0∇ei(p)0∇Xξ)

= (�ξ)[p(χ) + (g0)p(e
p
i ,

0∇ei(p)
0∇Xξ)
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Finally, we see that∑
i γie

p
i (£ξg0(ei, X))− χ(div(ξ))

= (�ξ)[p(χ) +
∑

i γi(g0)p(e
p
i ,

0∇ei(p)0∇Xξ)− (g0)p(
0∇χ0∇eiξ, e

p
i )

= (�ξ)[p(χ) +
∑

i γi(g0)p(
0∇ei(p)0∇Xξ − 0∇χ0∇eiξ, e

p
i )

= (�ξ)[p(χ) + (Ric0)p(χ, ξp) = (�ξ)[p(χ) + (Rc0)p(ξp)(χ)

The assertion hence is true since Ric0 = 0. �

Corollary 3.3. If we choose ξ such that

(�ξ)[ + Rc(ξ) = −div(h),

the equation for h
′

simplifies to

�h− 1

2
(�trh) g0 + 2 (Rh)S = 0. (30)

where we omitted the prime ′.

Proof. The assertion follows directly from lemma 3.3, in combination with propo-
sition 2.3. �

Observation. There is a wave equation for the trace of h. Recall equation (22),

tr((Rh)S) = −〈Ric0, h〉+
∑
i,j,k

γiγjγkRm0(ej , ek, ek, ei)h(ei, ej) = −〈Ric0, h〉+〈Ric0, h〉 = 0

Hence, taking the trace of (30) yields a wave equation for tr(h),

�g0(trg0h) = 0. (31)

Therefore the perturbed equation reads, after applying the gauge transformation,

�g0h+ 2 (Rh)S = 0. (32)

Corollary 3.4. Using h instead of h, equation (30) becomes

�g0h+ 2 (Rh)S = 0. (33)

Proof. Insert h = h − 1
2tr(h) g0 into (32), and recall �trh = −�trh = 0. Then

compute with a Minkowski basis (epi ) of TpL, p ∈ L:

ctr(Ric0, tr(h)g0)p(χ, η) = tr(h)p
∑

i Ric0(χ, epi ) g0(epi , η) = tr(h)p Ric0(p)(χ, η)

Due to the symmetry of the Ricci tensor, we then infer

[(R(tr(h) g0))S ]p (χ, η)

= −tr(h)p Ric0(p)(χ, η)−
∑
i,j

γiγj Rmnp(e
p
j , χ, η, e

p
i ) (g0)p(e

p
i , e

p
j ) tr(h)p

= −tr(h)p Ric0(p)(χ, η) + tr(h)p (Ric0)p(χ, η) = 0

�
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For a flat background spacetime, Rmn0 = 0, equations (32) and (33) simplify further:

�h = �h = 0 (34)

since RhS = tr1,4tr4,5Rm0⊗h = 0. In a suitable coordinate system (xi) = (t, xα)α=1,2,3

this reads −∂2
t hij + ∂2

αhij = 0, so (34) is a hyperbolic partial differential equation for
each component of h.

3.3. General Framework

In the previous section we have seen that if the linearised equation has a solution
h, also h + £ξg0 is a solution. The purpose of this section is to put these gauge trans-
formations into a broader framework that allows for the notion of higher order gauge
transformations, and which relates gauge transformations to general relativity’s princi-
ple of covariance. We base our considerations mainly on the ideas developed in [5], [12]
and outlined in [19].

To each metric perturbation h ∈ Tg0MetrL, we can find a family of metric tensor fields
g : I → Metr(L), such that g(0) = g0 is the background metric, and ġ(0) = h. Given
the family g, we can derive a linearised Einstein equation, as was shown previously. For
each λ, g(λ) fulfils an Einstein field equation with a proper family of energy-momentum
tensor fields T(λ) = T(g(λ)), cf. section 2.4. The linearised equation with respect to g0 is
derived by way of performing one derivative with respect to λ and subsequent evaluation
at λ = 0. The linearisation depends only on g0 and h = ġ(0). Previously, we have seen
explicitly that if the linearised equation holds for h, it will also hold for h+ £ξg0. This
is the gauge invariance of the second kind, and in first order.

It is a common convention to define the super-space N = I×L as the product space of
the interval for the variation, and the space-time manifold L. By virtue of the pullback
and the pushforward, , and vector fields on N can be converted into vector fields on L by
virtue of the pushforward Φ∗ with a mapping Φ : N → L. The pushforward is given by
the differential Φ∗ = dΦ, i.e. (Φ∗V )p = dΦp(V ). Similarly, forms on L can be converted
into forms on N = I × L by virtue of the pullback Φ∗ with Φ. For a (0,2)-tensor field

A ∈ Γ(T(0,2)L), for instance:

(Φ∗A)q(V,W ) = AΦ(q)(dΦq(V ), dΦq(W ))

where V,W ∈ Γ(TqN) are tangent vectors on N, cf. [5].
Recall as well that the lie derivative of a cotangent tensor Q, with respect to a

vector field ξ, is defined via the pullback with the (unique) flow φ connected with ξ,
£ξQ = d

dλ

∣∣
0
φ∗Q.

If Φ is a diffeomorphism between two manifolds (later we consider Φ : N → N and
Ψ : L → L, then a corresponding “pullback” for vector fields, or “pushforward” for
differential forms, can be defined by use of the inverse mapping Φ−1 [5].

On the other hand, two isometric space-times are to be considered equivalent, i.e.
(L, g) ∼ (L′, g′) iff there is a diffeomorphism φ : L→ L′ such that φ∗(g′) = g [12].

Using the pullback, tensors are related between L and L′, and for the Einstein equa-
tion on L we will find an equivalent Einstein equation on L′ via the pullback with the
diffeomorphism Φ : L→ L:

Ein(g) = T ⇔ Φ∗Ein(g) = Φ∗T ⇔ Ein(Φ∗g) = Φ∗T
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We now consider diffeomorphisms N → N, but we are not interested in diffeomor-
phisms that mix different space-time leafs, and since we study a fixed background metric
g0, we do not intend to have the background metric changed. For convenience, we re-
strict ourselves to such diffeomorphisms that can be written as knight diffeomorphisms,
i.e. diffeomorphisms that can, in a point, be written as a composition of flows. More
precisely, we define knight diffeomorphisms as follows:

Definition 3.1 (Knight Diffeomorphisms). Let X1, ..., Xn be vector fields on L and

denote their respective flows by φ(1), ..., φ(2). Then

Ψλ := φ
(n)
λn/n!

◦ ... ◦ φ(1)
λ

is called the knight diffeomorphism of n-th order with generators X1, ..., Xn.

We then define the notion of a gauge mapping as follows:

Definition 3.2. Let g : I→ MetrL be a smooth family of metric tensor fields.A diffeo-
morphism Φ : N = I× L→ N shall be called a gauge mapping iff

(i) Φ is smooth
(ii) Φ(0, p) = (0, p), i.e. Φ

∣∣
λ=0

= idL

(iii) For each λ, the restriction of Φ to λ is a diffeomorphism, Φλ : L → Lλ ' L where
Lλ := {λ} × L. This means that Φλ can be interpreted as a mapping L → L,
p 7→ Φλ(p) which identifies (or transforms) points on L.

(iv) In addition, Φ shall be required to be a knight diffeomorphism.

The pullback of a tensor field by help of a gauge mapping Φ will be called a Φ-gauging
(and under certain preconditions also gauge choice or gauge transformation, see later in
this section).

We note that the requirement Φλ : L → Lλ ' L, for each λ, allows for two interpre-
tations. Either we can interpret Φλ as an identification map, assigning points in Lλ to
points in L which are to be regarded as the “same point”. Or, equivalently, we can regard
Φλ a mapping which transports points on L in the following sense: Identify Lλ ' L by
virtue of the projection pr2 : I × L → L, (λ, p) 7→ p. Then a point p is transported to
Φλ(p) via the gauge-mapping Φ.
The requirement that Φ is a knight diffeomorphism is motivated by a theorem by Bruni
et al. [5] stating that an arbitrary family of diffeomorphisms (with appropriate analytic
properties) can be written in form of a knight diffeomorphism, cf. appendix B:

Theorem 3.2. Let Ψλ : I× L→ L be a diffeomorphism with sufficient analyticity.1.
Then, there are vector fields X1, X2, ... with flows φ(1), φ(2), ... such that

Ψλ = · · · ◦ φ(k)

λk/k!
◦ · · · ◦ φ(1)

λ

Assuming each flow to be analytic, it is shown in [5] that it is possible to expand a
one-parameter smooth family g̃(λ) = Φ∗λg(λ) around λ = 0 according to

g̃(λ) = Φ∗λg(λ) = g(λ) + λ£ξ1g(λ) + o(λ2) (35)

The idea is to represent Φλ in terms of a knight diffeomorphism, and expanding each
flow into its series around λ = 0, see appendix B for details.

1Especially, it will be necessary to resolve Ψ∗f around λ = 0 for an unspecified f ∈ E(L).
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3.3.1. First variations. Now, we have expressed the Φ-gauging in such a way, that
we can immediately find the first variation of the gauged metric tensor field. This first
variation is given by

h̃ = δg0 g̃ = d
dλ

∣∣
0

Φ∗λg(λ) = δg0g + £ξ1g0 = h+ £ξ1g0

where the notation is δg = h, δg̃ = h̃. Since the resulting linearised Einstein tensor field
only depends on g0 and h, and since it is linear in h, we have

δg0(Φ∗Ein(g)) = d
dλ

∣∣
0

Ein(Φ∗λg(λ)) = δg0Ein[h+ £ξ1g0] = δg0Ein[h] + δg0Ein[£ξ1g0]

Here, we have denoted the g0-linearised Einstein tensor field by δg0Ein. We have already
seen that δg0Ein[£ξ1g0] = £ξ1T0 in theorem 3.1. On the other hand, consider Φ∗λT(λ)
where T : I → EnMom. If it is possible to resolve this into a Taylor series according to
appendix B, we find

Φ∗λT(λ) = T(λ) + λ£ξ1T(λ) + o(λ2)

around λ = 0, and thus

δ0(Φ∗T(λ)) = δ0T + £ξ1T0

This legitimates the considerations in subsection 3.1.2.
Using knight diffeomorphisms in a general manner (without resolving into a Taylor

series), we consider φ
(2)

λ2/2
◦ φ(1)

λ with corresponding vector fields ξ1, ξ2, and we calculate

d
dλ

∣∣
0
(φ

(2)

λ2/2
◦ φ(1)

λ )∗g(λ) = d
dλ

∣∣
0

(φ
(1)
λ )∗

(
(φ

(2)

λ2/2
)∗g(λ)

)
= d

dλ

∣∣
0

(φ
(1)
λ )∗

(
(φ

(2)
0 )∗g(0)

)
+ (φ

(1)
0 )∗

(
d
dλ

∣∣
0

(φ
(2)

λ2/2
)∗g(λ)

)
= £ξ1g0 + ġ(0) = £ξ1g0 + h

(36)

since
d

dλ

∣∣∣∣
0

φ
(2)

λ2/2
= λ|λ=0

d

dµ

∣∣∣∣
0

φ(2)
µ = 0 · ξ2 = 0

In a similar way, the calculation for higher order knight diffeomorphisms will yield the
same result, i.e. we conclude

δg0Φ∗g = h+ £ξ1g0.

and similarly for the cases considered before using the Taylor series expansion.

3.3.2. Gauge choices. In the literature, cf. e.g. [19, 5], gaugings are split into
two categories. Firstly, we may aim at simplifying the equations, or fixing the properties
of the metric perturbation. Therefore, we try and find Φ such that these requirements
are met for Φ∗g. In this case, the Φ-gauging is called a gauge-choice.

Secondly, if we are given two gauge choices, we may want to transform quantities
given in one choice into the corresponding form of a second gauge choice. Let Φא and
Φצ| be two gauge choices. Then consider the composition Ψ := Φ−1

|צ ◦ Φא. From the
definition, we infer that also Ψ is a gauge mapping, and Ψ∗ changes between the gauge
choices given by Φא and Φצ|,

Ψ∗Φ∗צ|g = (Φא ◦ Φ−1
|צ ◦ Φצ|)

∗g = Φ∗אg
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Following the convention in [19], we denoted gauge choices by hebrew letters ,א .|צ Later,
we will also label linearised expressions in this way, e.g. d

dλ

∣∣
0

Φ∗אg = hא, d
dλ

∣∣
0

Φ∗צ|g = hצ|,

cf. [19]. Then, the linearised gauge transformation d
dλ

∣∣
0

Ψ∗Φ∗צ|g = d
dλ

∣∣
0

Φ∗אg is denoted by

hצ| = hא + £ξ1g0

with the appropriate ξ1, cf. appendix B and equation (36).

3.3.3. Coordinate expression and interpretation of gauge changes. Gauge
mappings Φ assign (depending on the value of λ) to each point p ∈ L a point q ∈ L
via q = Φλ(p). There are two interpretations for this in the literature [5, 19]. One is
the so-called active interpretation: For each λ, consider the restriction Φλ as a mapping
identifying points in L with points in Lλ = {λ}×L ⊂ N, or transporting points within L.
Using a local system of coordinates (i.e. a chart) ϕ around p and ψ around q, with

Figure 1. Sketch of the correspondence of gauge choices, gauge trans-
formations, and coordinate transformations. Using local coordinates, the
diffeomorphism Ψ is represented by a diffeomorphism τ . At the same
time, τ can be regarded as a change of local coordinates, from the chart
ϕ to the chart ψ̃ := ψ ◦Ψ.

coordinate representations x, y for p, q, we can write

y = ψ(q) = ψ(Ψ(p)) = ψ ◦Ψ ◦ ϕ−1(x) =: τ(x)

The active interpretation states that x is transported into y by virtue of the mapping
Ψ. For arbitrary tensor fields Q on L, we are interested in the pullback,

(Φ∗Q)p(V1, V2, ...) = QΦ(p)(dΦ(V1), dΦ(V2), ...)

which means that points are assigned with Φ, while vectors are transported by the
differential mapping DΦ between the vector spaces in p and Φ(p). In local coordinates
this reads

Q̃ij···(y) = Qkl···(x)
dyk

dxi
(x) · dy

l

dxj
(x) · · ·

In the active interpretation this expression is regarded as the pullback of the tensor
field Q from Φ(p) to the point p, i.e. a change of Q itself. In local coordinates, however,
the expression for the pullback is identical to a change of coordinates for the same
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(unchanged) tensor field Q, but in a different system of coordinates. This leads to the
passive interpretation. It states that

y = ψ(q) = ψ(Ψ(p)) = ψ ◦Ψ ◦ ϕ−1(x)

should be read differently. Not that it were a transportation of a point into another point,
but rather as a change of the label for the same p, i.e. a change from the coordinate
system given by ϕ to another, given by the chart ψ ◦Ψ.

These considerations make clear that gauge transformations of first and second kind,
though dealing with different quantities (one point vs. two points; one tensor field vs.
a tensor field and its pullback), are so-to-say equivalent when using a local coordinates

frame. Now, consider ψ̃ = ψ ◦ Ψ, and denote explicitly the index λ (that has been

suppressed so far). More precisely, we hence write ψ̃ = ψ ◦Ψλ (and ψ is a chart around
Ψ(p) if ϕ has been one around p. In this way, we have obtained a λ-dependent chart

ψ̃λ = ψ ◦ Ψλ around p ∈ L. Accordingly, a gauge transformation can be perceived as a
change of local coordinates which is dependent on the value of λ [6].

3.3.4. Equivalence Relations. First order gauge transformations establish an
equivalence relation. Note that diffeomorphisms establish an equivalence relation if we
define (for tensor fields Q1, Q2):

Q1 ' Q2 ⇔ ∃ diffeomorphism Φ : Q2 = Φ∗Q1

(The symmetry follows by using Φ−1, Q2 = Φ∗Q1 ⇔ Q1 = (Φ−1)∗Q2. Reflexivity is
obtained using Φ = id, and for the transitivity use the composition of diffeomorphisms).

For first order perturbations, consider the definition

Q1
1' Q2 ⇔

{
(i) Q1(0) = Q2(0)

(ii) ∃ξ : δQ2 = δQ1 + £ξQ1(0)

Symmetry is obvious (use the vector field −ξ. For the reflexivity, ξ = 0 eliminates the
lie derivative term, so δQ1 = δQ1 + £0Q1(0). Finally, the reflexivity can be proven
simply using the sum of both ξ: Let Q1 ' Q2 (via ξ1) and Q2 ' Q3 (via ξ2). Then
Q3(0) = Q2(0) = Q1(0) is clear, and δQ3 = δQ2 + £ξ2Q2(0) = δQ1 + £ξ2+ξ1Q1(0).

3.3.5. Vacuum case. For vacuum perturbations h ∈ ker(δg0Ric) ⊂ Tg0MetrL, we
find a family g : I → MetrL such that g(0) = 0, ġ(0) = h, but also Ric0 = 0 and
Ric

q
(0) = 0. For such g, we consider Φ∗λRic(λ). The linearisation is (recall (36))

δg0(Φ∗λRic(g(λ))) = d
dλ

∣∣
0

Ric(Φ∗λg(λ)) = δg0Ric( d
dλ

∣∣
0

Φ∗λg(λ)) = δg0Ric[h+ £ξ1g0]

The gauge-transformed, linearised Einstein equation is thus given by inserting for h the
transformed metric variation field from subsection 3.1.2. Note that in corollary 3.1, we
already proved explicitly that δg0Ric(£ξg0) = 0.

3.3.6. Non-vacuum case. In the general case a non-vanishing background energy-
matter tensor T0 6= 0, and non-vanishing perturbations of T are allowed. How do the
perturbations δT behave under gauge transformations? Let T : I → EnMom be, as
always, a suitable family, and consider Φ∗λT(λ). First, let us assume to be able to resolve
this according to appendix B,

Φ∗λTλ = Tλ + λ£ξ1Tλ + o(λ2).
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Taking the derivative with respect to λ, and evaluating at λ = 0 we will find

δ0

(
Φ∗T

)
= δ0T + d

dλ

∣∣
0

(
λ£ξ1T(λ)

)
= δ0T + £ξ1T0

If we do not assume to have the expansion, but like to use knight diffeomorphisms as

in (36), we calculate accordingly, with Φλ = φ
(2)

λ2/2
◦ φ(1)

λ

d
dλ

∣∣
0
(φ

(2)

λ2/2
◦ φ(1)

λ )∗T(λ) = d
dλ

∣∣
0

(φ
(1)
λ )∗

(
(φ

(2)

λ2/2
)∗T(λ)

)
= d

dλ

∣∣
0

(φ
(1)
λ )∗

(
(φ

(2)
0 )∗T(0)

)
+ (φ

(1)
0 )∗

(
d
dλ

∣∣
0

(φ
(2)

λ2/2
)∗T(λ)

)
= £ξ1T0 + Ṫ(0) = £ξ1T0 + δT

(37)

(and similarly for higher order knight diffeomorphisms). In particular, if we consider the
model in subsection 2.4.2, T(λ) = λT , we find the first variation

δ0

(
Φ∗λTλ

)
= d

dλ

∣∣
0

(
Φ∗λTλ

)
= T .

Therefore, we see that δ0

(
Φ∗λTλ

)
is the same, no matter what gauge-mapping Φ we

choose. This means that in this model – even in presence of matter perturbations –
the gauge transformation does in first order only bring along the term δg0Ein(£ξ1g0),
corresponding to £ξ1T0 = 0.

3.3.7. Towards second order. Let φ(1), φ(2) be flows to the vector fields ξ1, ξ2.
In second order, we have to calculate

d2

dλ2

∣∣∣
0

(φ
(2)

λ2/2
◦ φ(1)

λ )∗g(λ) = (φ̈(1)(0))∗((φ
(2)
0 )∗g(0))

+ 2 (φ̇
(1)
0 )∗ d

dλ

∣∣
0

((φ
(2)

λ2/2
)∗g(λ)) + (φ

(1)
0 )∗ d2

dλ2

∣∣∣
0

((φ
(2)

λ2/2
)∗g(λ))

= (φ̈(1)(0))∗g(0) + 2 £ξ1
d
dλ

∣∣
0

((φ
(2)

λ2/2
)∗g(λ)) + d2

dλ2

∣∣∣
0

((φ
(2)

λ2/2
)∗g(λ))

Now, since

d
dλ

∣∣
0
φ

(2)

λ2/2
= λ|λ=0

d

dµ

∣∣∣∣
0

φ(2)
µ = 0 · ξ2 = 0,

we conclude
d
dλ

∣∣
0

((φ
(2)

λ2/2
)∗g(λ)) = (φ

(2)
0 )∗ġ(0) = h

and

d2

dλ2

∣∣∣
0

((φ
(2)

λ2/2
)∗g(λ)) =

(
λ(φ̇

(2)

λ2/2
)
q)∗

g0 + (φ
(2)
0 )∗g̈(0) = (φ̇

(2)
0 )∗g0 + (φ

(2)
0 )∗l

Therefore, the gauge transformed second order variation of the metric reads

d2

dλ2

∣∣∣
0

(φ
(2)

λ2/2
◦ φ(1)

λ )∗g(λ) = £2
ξ1g0 + 2 £ξ1h+ £ξ2g0 + l

(similar for higher order knight diffeomorphisms) and then

d2

dλ2

∣∣∣∣
0

Ein(Φ∗λgλ) = δ2
g0Ein[h+ £ξ1g0, l + 2£ξ1h+ £ξ2g0 + £2

ξ1g0]
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where l = δ2
g0g, h = δg0g. As a complement, see section 2.5. If we are able to resolve the

gauge mapping Φ according to appendix B, the evaluation is shorter:

d2

dλ2

∣∣∣∣
0

Φ∗λg(λ) =
d2

dλ2

∣∣∣∣
0

(
g(λ) + λ£ξ1g(λ) +

λ2

2

(
£ξ2g(λ) + £2

ξ1g(λ)
))

= g̈(0) +
d

dλ

∣∣∣∣
0

(£ξ1g(λ) + λ£ξ1 ġ(λ)) + £ξ2g0 + £2
ξ1g0

= l + 2£ξ1h+ £ξ2g0 + £2
ξ1g0

Similarly, we have to account for gauge terms of the second order energy-momentum
perturbation δ2T.

3.4. Gauge Invariance

Gauge invariance of a family of tensor fields means that the field is invariant under
diffeomorphisms, more precisely under the action of the pullback with a gauge map-
ping Φ, Φ∗Q = Q:

Definition 3.3. A family of tensor fields Q : I → Γ(T(a,b)L) is (totally) gauge in-
variant iff Φ∗Q = Q for all gauge mappings Φ on N = I× L.

The set of all gauge invariant families of tensor fields,

Inv := {Q : I→ Γ(T(a,b)L) : Φ∗Q = Q, ∀ gauge mappings Φ on N,}

is a (graded) R-vector space since 0 ∈ Inv and because vectors resulting from addition
and scalar multiplication of a gauge invariant tensor field are themselves gauge invariant.
In the literature gauge invariance is immediately weakened to gauge invariance up to a
certain order k [5, 19].

Definition 3.4. A family of tensor fields Q : I→ Γ(T(a,b)L) is gauge invariant up to
the order k iff

δj0(Φ∗Q) = δj0Q, ∀j ≤ k

or, equivalently, iff

dj

dλj

∣∣∣∣
0

Φ∗λQ(λ) =
dj

dλj

∣∣∣∣
0

Q(λ), ∀j ≤ k

Therefore, a family of tensor fields is gauge invariant up to first order iff £ξ1Q0 = 0
for all vector fields ξ1 on L. In second order, one finds the following: the condition for
(second order) gauge invariance is £ξ2Q0 + £2

ξ1
Q0 + 2£ξ1δQ = 0. Assuming first order

gauge invariance, this condition reduces to £ξδQ = 0 for all vector fields ξ on L. Similar
arguments for higher orders imply the following theorem from [5]:

Theorem 3.3. A family of tensor fields Q : I→ Γ(T(a,b)L) is gauge invariant up to
order k iff

£ξδ
j
0Q = 0

for 0 ≤ j < k and for all vector fields ξ on L.
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Corollary 3.5. Let W be vector space and let w : MetrL → W be a linear mapping.
Assume w(g0) = 0. Then w is gauge invariant (in linear order).

Proof. We write w0 := w(g0) = 0. Then

£ξw0 = 0

and, from theorem 3.3, we infer that w must be gauge invariant up to order 1. �

Example: Ricci and Einstein tensor for flat background. We consider R4

with the Minkowski metric g0 = gMinkowski, which means Ric0 = 0 and Ein0 = 0. Then
corollary 3.5 implies gauge invariance of Ric and Ein. This example is treated in detail
in [16, p. 438].

Correspondence of Gauge Invariance and Local Isometries. Note that total
gauge invariance for a family g : I→ MetrL which belongs to a perturbation h (g(0) = 0,
ġ(0) = h), means that

Φ∗λg(λ) = g(λ),

so Φλ has to be an isometry for each value of λ. There is a general result that a
local flow Φ is a local isometry if and only if its corresponding vector field ξ (such that
Φ
q
(λ) = ξΦ(λ)) is a Killing vector field, i.e. £ξg0 = 0, see e.g. [9].

Therefore, gauge invariance for the metric tensor field g has a correspondence to
local isometries: g is gauge invariant, iff £ξg0 = 0 for all ξ, i.e. if all ξ are Killing vector
fields of (L, g0). This is the case, if and only if all local flows are local isometries of L.
Inversely, if we only consider the subset of gauge transformations that simultaneously
are local isometries of L, then g will be invariant under these transformations because
£ξg0 = 0 for their corresponding vector fields.

3.5. Gauge Invariant Quantities

Going a step further, it is possible to extract gauge-invariant quantities out of gauge-
dependent ones. Similarly, the metric perturbation h can be decomposed into a part that
is invariant under gauge transformations, and another part which depends on the gauge.
The applicable notion of gauge invariance is based on the transformation hצ| = hא +£ξg0

for two equivalent metric perturbations hא and hצ| (for a certain ξ). In particular, it
is also possible to construct a “gauge-invariant” Einstein equation in the sense that all
appearing quantities are invariant under gauge transformations [20, 21, 19].

3.5.1. Decomposition into gauge invariant and gauge dependent parts.
We start with some simple but instructive considerations on how to extract gauge-
invariant quantities from a (family of) tensor fields Q(λ). Let Q : I → Γ(T(0,2)L).
Furthermore, let Φ be a gauge mapping on N = I × L. We define three new mappings
Q(1), Q(2), Q(3) : I→ Γ(T(0,2)L) via

Q(1) := Q0, Q(2) := λδ0Q and Q(3) := Qλ −Q0 − λδ0Q

(read this as Q(1)(λ, p) = Q0(p) etc). Then,

d

dλ

∣∣∣∣
0

Q(1) = 0, and
d

dλ

∣∣∣∣
0

Q(2) = δ0Q
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as well as
d

dλ

∣∣∣∣
0

Q(3) :=
d

dλ

∣∣∣∣
0

(Qλ)− 0− δ0Q = 0

Now, Q(1) is gauge dependent, since

d

dλ

∣∣∣∣
0

Φ∗λQ(1)(λ) = £ξ1Q0,

(cf. equation (36)). The component Q(2) is gauge invariant to first order, since Q̈(2) =
δ0Q and, as in (36),

d

dλ

∣∣∣∣
0

Φ∗Q(2) = δ0Q =
d

dλ

∣∣∣∣
0

Q(2).

Finally, Q(3) is also gauge invariant to first order,

Q̈(3) = 0 ⇒ d

dλ

∣∣∣∣
0

Φ∗Q(3) = δ0Q− 0− δ0Q+ £ξ1(Q0 −Q0 − 0) = 0 =
d

dλ

∣∣∣∣
0

Q(3).

Hence, we split Q = Q(1) + Q(2) + Q(3) such that Q(2) + Q(3) is gauge-invariant up to
first order, and Q(1) is dependent on the gauge (and Q(1) does not have a first order

perturbation, Q̇(1)(0) = 0. Therefore, the gauge ambiguity of Q is completely restricted
to Q(1) (in first order), consider also

δg0Φ∗Q(1) = δg0Q0︸ ︷︷ ︸
=0

+£ξ1Q0 = £ξ1Q0.

hence
δg0Φ∗Q = δg0Q+ £ξ1Q0 = δg0Q(2) + £ξ1Q(1)

3.5.2. Idea of Nakamura’s approach. In applications of relativistic perturbation
theory, it is common to “fix a gauge”, i.e. to select a gauge choice in order to simplify
the equations and to get rid of “unphysical” degrees of freedom, i.e. the freedom to
perform gauge transformations. However, the choice of the gauge depends on the details
of the intended analysis. Hence there is the need to compare results in a “gauge-free”
manner. This is why we now turn our focus to decompositions of perturbed quantities,
and we are looking for components that are not affected by gauge transformations, i.e.
by contributions of the gauge term £ξg0. Recently, a new framework for such an analy-
sis was developed which is based on a decomposition studied by James York [34]. This
framework explicitly derives four quantities that do not change under gauge transforma-
tions. The main ingredient to this approach, the decomposition theorem, is discussed by
Nakamura in his 2011 paper [19], but the principles are developed in a series of earlier
papers, for example [20, 21]. Here, we present a simplified version of this approach.

First, we define two operators. The traceless lie derivative L : Γ(TL)→ Γ(T(0,2)L),

LW := £W g0 − 2divg0(W ) g0 ∈ Γ(T(0,2)L)

and the differential operator D : Γ(TL)→ Γ(T∗L),

DW := divg0(LW )

Proposition 3.2. The operator D has the following properties if we consider a mani-
fold without boundary:
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a. It is negative-definite2 with respect to the scalar product ((., .)) =
∫
L g(., .)ωL

b. It is self-adjoined with respect to ((., .)).
c. Its kernel is the space of conformal Killing vectors on (L, g0), ker(D) = CKVL.
d. Solutions W of DW = s are unique up to conformal Killing vectors.
e. The condition DW = 0 is equivalent to LW = 0.

The conformal Killing vectors are defined by the following relation:

C ∈ CKVL ⇔ £Cg0 = cg0.

with c ∈ E(L).

The proof of the proposition can be found in the appendix, in section C.1.
We now consider the relation

DW = divg0

(
h− 1

3
trg0(h)g0

)
(38)

and see that the right hand side is always orthogonal to elements of the kernel of D:

Lemma 3.4. For C ∈ CKVL and h ∈ Γ(Sym2(TL)) with tr(h) = 0:

((C,div(h))) :=

∫
L
g0(C,div(h))ωL = 0

Proof. Since we assume our spacetime manifold to be boundary-less,∫
L
g(C,div(h))ωL =

∫
L
〈£Cg0, h〉ωL

=

∫
L
〈c g0, h〉ωL =

∫
L
c tr(h)ωL = 0

�

If equation (38) has a solution W for a given h then this solution W is unique up to

conformal Killing vectors. We then define the divergence-less part of h, h̃ via

h̃ := h− LW − 1

3
tr(h)g0

Note that h̃ is unique even though W is not, due to (e) in proposition 3.2. Apparently,

h̃ is trace-less. Its divergence-less property follows from

div(h̃) = div(h− 1

3
tr(h)g0)− div(LW ) = 0.

As a result, we can write down the decomposition

h = LW +
1

3
tr(h)g0 + h̃

or, alternatively,

h =
1

3
h(Tr)g0 + h̃+ £W g0

if we define
h(Tr) := tr(h)− 2div(W ).

2This means that the product ((W,DW )) ≤ 0 for W ∈ Γ(TL), and that ((C,DC)) = 0 is true and
only true in the case that C ∈ CKV [34].
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Theorem 3.4 (Nakamura Decomposition Theorem). Let hצ|, hא ∈ Tg0MetrL be equi-
valent metric perturbations with hצ| − hא = £ξg0, and equation (38) may be solvable for

both perturbations. Then it is possible to find Wא,Wצ| ∈ Γ(TL) and h ∈ Γ(T(0,2)L) such
that

hצ| = h + £Wצ|g0 and hא = h + £Wאg0

with Wצ| −Wא = ξ.

Proof. In the decomposition of hא and hצ|, we chooseWא, Wצ| such thatWצ|−Wא = ξ,
and we define

hצ| := hצ| −£Wצ| g0 and hא := hא −£Wא g0

It is then sufficient to prove that hצ| = hא:

hצ| = hצ| −£Wצ|g0 = hא + £ξ−Wצ|g0 = hא −£Wאg0 = hא

�

Because of this property, we refer to h as gauge invariant under the transformation
from the gauge choice א to .|צ If we do a first order gauge transformation between two
given gauge choices |צ and א then we can find a h such that hצ| = hא. To stress this, we
could also denote h = hצא|.

Corollary 3.6. The h̃-components of hצ| and hא are the same in every gauge choice.

Proof. Let ,|צ א be two different gauge choices. Then decompose

hצ| = LWצ| +
1

3
tr(hצ|)g0 + h̃צ|, and hא = LWא +

1

3
tr(hא)g0 + h̃א,

where the representatives for Wצ| and Wא are not further specified. Then, decompose
£ξg0 accordingly,

£ξg0 = Lξ + 2div(ξ)g0

Since the decomposition is unique3, we can conclude that

h̃צ| − h̃א = 0

independent from the actual choice of Wצ| and Wא. �

3.5.2.1. Applications. From the decomposition theorem, it is possible to derive a
gauge invariant Einstein equation in the sense that the quantities used are the same after
a gauge transformation. However, the definition of these variables might be dependent
on a special choice of the representatives for W in the longitudinal (LW ) part of the
decomposition. The derivation of this gauge invariant Einstein equations is treated
in detail in a series of papers by Kouji Nakamura (see bibliography for a selection).
For second order, it is necessary to define auxiliary quantities before being able to use
the decomposition theorem, cf. [19]. In first order, we know from section 3.1 that
Ein(£Ξg0) = £ΞEin(g0) and so we conclude that we can decompose δEinצ| = Ein +
£Ξצ|Ein0 and δEinא = Ein + £ΞאEin0. Furthermore, we define Tצ| := δTצ| − £Ξצ|T0

3The trace and the traceless-divergenceless components are unique by construction. W itself is
unique only up to conformal Killing vectors, but LW is unique again since its kernel is ker(L) = CKV.
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and Tא := δTא − £ΞאT0. We then find, that T is automatically invariant under gauge
transformations in the following sense:

Tצ| = δTצ| −£Ξצ|T0 = δTא + £ξT0 −£Ξצ|T0 = δTא −£ΞאT0 = Tא

(since δTצ| = δTא + £ξT0). Hence we can, in first order, write down the following gauge
invariant equation:

Ein = T

To proceed to second order, we need to define an auxiliary quantity in order to meet
the assumptions of the decomposition theorem. Before presenting the details of the
calculation, we cite the result. It will be possible to find a gauge invariant equation

Ein
(1)f2 (l) + Ein

(2)f2 (h) = T
f2

where the circled f2 denotes that these quantities are originating from second order
perturbations, cf. the notation in section 2.5. The steps to determine the equation are
as follows: We define an auxiliary quantity ` meeting the requirements of Nakamura’s
theorem. We set [5, 19]

א` := lא − 2 £Ξאhא −£2
Ξאg0

|צ` := lצ| − 2 £Ξצ|hצ| −£2
Ξצ|g0

where l = δ2g. |צ and א mark the gauge choices, and Ξא and Ξצ| are to be taken from the
first order considerations. Hence we have

|צ` − א` = £
ξ
f2 g0

which is as required for Nakamura’s decomposition theorem. Thus we decompose `
accordingly, and we find

א` = l + £
Ξ
f2

א

g0 and |צ` = l + £
Ξ
f2

|צ

g0

Going back to the original second order metric perturbations, [5, 19]

lא = l + 2£Ξאhא + £2
Ξאg0 + £

Ξ
f2

א

g0

lצ| = l + 2£Ξצ|hצ| + £2
Ξצ|g0 + £

Ξ
f2

|צ

g0

Similar argumentation can be applied for higher order metric perturbations, cf. [19].





CHAPTER 4

(3+1)-Slicing of Spacetimes

The four-dimensional space-time formalism with Einstein’s field equation or, respec-
tively, its linearized form, contains in a most general manner all information needed to
describe gravitational fields. However, this generality is not needed in practical appli-
cations of the theory [1]. In practical situations one is interested in the time evolution
of a metric tensor field given on an initial spacial leaf of the space-time. Of course,
it is not uniquely specified what “time” and “space” mean. However, we will assume
that the 4-dimensional space-time is given as a product L = J ×M where M is a Rie-
mannian manifold, thus endowed with a metric gM. The normal vector field N of the
slices does not necessarily coincide with the time direction obtained from the global time
coordinate that “labels” each spatial leaf inside the four-dimensional space-time L. In
the framework of (3+1)-slicing, there are four governing equations, out of which two are
constraints and valid for every single leaf, and two relations govern the time evolution
of the hypersurface metric and its extrinsic curvature, [1, 13].

4.1. Slicing of the Space-time

4.1.1. Characterization of time and space. We consider foliations of space-
time into 3-dimensional, space-like hypersurfaces. Let us assume to have the product
situation L = J×M of the 4-dimensional space-time L into spacial (Riemannian) hyper-
surfaces. The slices are labelled by a global time variable t, and for each t we will write
Mt = {t} ×M for the corresponding leaf in L. Let π : L = J×M→ M be the projection
from L onto M. For a given time t, the embedding ιt := (πM)−1

t : M→ {t}×M ⊂ L maps
points in M onto corresponding points in {t} × M ⊂ L. Note that we will sometimes
regard tensors on L as objects on M by virtue of the definition

Q ∈ Γ(T(0,2)L)⇒ define Q(t) ∈ Γ(T(0,2)M), Q(t)p := Q(t,p), or, put differently,

Q(t)p(X,Y ) := Q(t,p)(dιt(X), dιt(Y ))

with horizontal vector fields dιt(X), dιt(Y ), since X,Y ∈ Γ(TM). In what follows, we
will usually suppress most of this notation in order to keep the equations simple. But
we note, that in some cases we will later meet horizontal vector fields X̃ ∈ Γ(TL) which

we will regard as families of vector fields on M, by virtue of X(t) := dπ(X̃). Inversely,
a family of vector fields on M can be regarded as a vector field on L = J ×M via the
definition X(t,p) := dιt(X(t))p“=”X(t)p etc. Starting from the slicing, we specify the

metric tensor field gM on M, as well as the Lapse function α ∈ E(L), and the Shift
β ∈ Γ(L,T∗M). For the metric on the spacetime L we then make the ansatz

g =
(
−α2 + gM(t)(β], β])

)
dt2 − 2dt� π∗ (β(t)) + π∗

(
gM(t)

)
. (39a)

47
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(� denotes the symmetrized tensor product, A � B = 1
2(A ⊗ B + B ⊗ A)). As a

shorthand notation we will often drop the projection π, and for instance we define
gM(t, p) := gMp (t) = π∗gM(t)p, β(t, p) := βp(t) = dπ−1

t (β(t))p. Then we will write

g = (−α2 + gM(β], β]))dt2 − 2dt� β + gM. (39b)

The vector field ∂t ∈ Γ(TL) on L, and its cotangent counterpart dt ∈ Γ(T∗L) are obtained
from the global time coordinate t provided by the space-time foliation. Now, the shift
obeys the following relation

g(∂t, X) = β(X) = g(β], X),

and we write a horizontal vector field X(t,p) = dιt(X)p, i.e. in short X(t, p) = Xp. (we
also write simply X ∈ Γ(TMt)). Now, β(X) = g(∂t, X) is non-vanishing in general. This
means that ∂t is not orthogonal to a hyper-surface slice in general. However, we may
define

N :=
1

α
(∂t − β]),

for which we prove

g(N,X) =
1

α

(
g(∂t, X)− gM(β], X)

)
= 0 (40a)

and

g(N,N) =
1

α2

(
g(∂t, ∂t)− 2g(β], ∂t) + gM(β], β])

)
=

1

α2

(
−α2 + gM(β], β])− 2 gM(β], β]) + gM(β], β])

)
= −1

(40b)

Therefore, N is normal to the hypersurface and a normalized time-like vector field on L.
Together with the correct time orientation, ∂t yields an observer field on L. Similarly,
the normal field N (with the correct time-orientation) is called an Eulerian observer,
and for this observer the definition of the energy density from the energy-momentum
tensor T is E := −T(N,N) ≥ 0.

Definition 4.1. A characterization of the curvature of hypersurfaces in L, is the
extrinsic curvature field K. It is defined by

K(X,Y ) := g(N,∇XY ) = −g(∇XN,Y )

where X,Y ∈ Γ(TMt) are horizontal vector fields, thus tangent to the respective hyper-
surface Mt = {t} × M. g is the metric tensor field and N is the normal vector field
connected with the foliation.

Remarks. (a) The hypersurface-normal part of the covariant derivative is referred
to as the second fundamental form of the surface [24],

II(X,Y ) := K(X,Y )N.

Then, the inner product (hence the metric) on the hypersurface is regarded as being the
first fundamental form, denoted I(X,Y ). It is the restriction gM = g|M of the 4-metric
to the 3-dimensional spatial hypersurfaces.

(b) While “I” describes the inner geometry of the hypersurface, “II” characterizes
the curvature of the surface as part of the surrounding space-time.
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(c) On the hypersurface, we have a inner product and also a covariant derivative,
defined by the projection of the four dimensional covariant derivative onto the hyper-
surface:

∇M
XY := ∇XY + g(∇XY,N)N = ∇XY +K(X,Y )N,

Applying this relation twice, one finds [24]

Rmn(X,Y )Z = RmnM(X,Y )Z −K(Y, Z)∇XN +K(X,Z)∇YN

+
(
−∇M

XK(Y, Z) +∇M
Y K(X,Z)

)
N

(41)

The proof of this relation can be found in appendix A.2.

4.1.2. Gauß-Codazzi-Mainardi Formulae. Obviously, geometric quantities on
the surrounding space-time L are connected with the corresponding quantities on the
hypersurface M. For the Riemann tensor, this connexion is described by the formulae of
Gauß, Codazzi and Mainardi.

Proposition 4.1 (Gauß formula). For a hypersurface (M, gM) ' (Mt, g
M(t)) ⊂ (L, g)

the following formula holds:

gM(RmnM(X,Y )Z, V ) = g(Rmn(X,Y )Z, V )−K(Y, Z)K(X,V ) +K(X,Z)K(Y, V )
(42)

where X,Y, Z, V ∈ Γ(TMt) are arbitrarily chosen horizontal vector fields.

Proof. The assertion follows immediately from equation (41) using g(∇XN,V ) =
−K(X,V ), g(∇YN,V ) = −K(Y, V ), and g(N,V ) = 0, respectively. �

Corollary 4.1. For X,Y ∈ Γ(TM) the following identities holds:

RicM(X,Y ) = Ric(X,Y )+g(Rmn(N,X)Y,N)+ctr(K,K)(X,Y )−tr(K)K(X,Y ) (43a)

and

SM = S + 2Ric(N,N) + 〈K,K〉 − (trK)2 (43b)

Proof. (a) Let (e0, ei) = (N, ei), i = 1, 2, 3, be a Minkowski frame of a neighbour-
hood TU ⊂ TL around p ∈ L. The Ricci tensor is obtained by virtue of contraction of
the Riemann tensor,

RicM(X,Y ) =
∑3

i=1 g
M(RmnM(ei, X)Y, ei)

(42)
= g(Rmn(N,X)Y,N) +

∑3
i=0 γig(Rmn(ei, X)Y, ei)

+
∑3

i=1 (−K(X,Y )K(ei, ei) +K(ei, Y )K(X, ei))

= Ric(X,Y ) + g(Rmn(N,X)Y,N)

+ ctr(K,K)(X,Y )− tr(K)K(X,Y )
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(b) Contracting the Ricci tensor yields the scalar curvature (we use Rmn(N,N) = 0):

SM =
∑3

i=1 Ric(ei, ei) +
∑3

i=1 g(Rmn(N, ei)ei, N)

+
∑3

j=1

∑3
i=0 γiK(ei, ej)K(ej , ei)− tr(K)

∑3
i=1K(ei, ei)

=
∑3

i=0 γiRic(ei, ei) + Ric(N,N) + Ric(N,N)

+
∑3

i,j=1K(ei, ej)K(ej , ei)− tr(K)
∑3

i=1K(ei, ei)

= S + 2 Ric(N,N) + 〈K,K〉 − (trK)2

�

Proposition 4.2 (Codazzi-Mainardi formulae). For horizontal vector fields X,Y, Z,
the following identities hold:

g(Rmn(X,Y )Z,N) = ∇M
XK(Y, Z)−∇M

Y K(X,Z) (44a)

and

Ric(N,X) = d(trK)(X)− divM(K)(X) (44b)

Proof. (a) The assertion follows immediately from equation (41). (b):

Ric(N,X) =
∑3

i=0 γig(Rmn(ei, N)X, ei) =
∑3

i=1 γig(Rmn(X, ei)ei, N)

=
∑3

i=1 γi∇M
XK(ei, ei)− γi∇M

eiK(ei, X) = X(tr(K))− div(K)(X)

since Rmn(N,N) = 0 due to the antisymmetric property of the Riemann curvature. �

4.2. Equations governing the foliation

From Einstein’s field equations we can derive equations (using the results above)
that govern the evolution of the spacial surfaces (i.e. their curvature, metric etc.) in
the sliced space-time L. Altogether we will obtain 4 equations which split up into two
groups: 2 equations are valid for each hypersurface, i.e. for each value of the time
coordinate t. The other 2 equations are dynamical and describe the time evolution of the
3-metric gM as well as the time evolution of the extrinsic curvature. These 4 equations
will be sufficient to treat the evolution of 3-dimensional hypersurfaces in the foliated
space-time.

4.2.1. Constraint equations. For each hyper-surface we can determine two con-
straint conditions independent of the time coordinate. These “refer purely to the given
hypersurface” and can be compared to the constraint Maxwell equations [1, p.73].

Theorem 4.1 (Constraints). For a hypersurface M ' Mt ⊂ L Einstein’s field equa-
tion contains the following information:

SM − 〈K,K〉+ (trK)2 = 2 T(N,N) (45a)

∇Mtr(K)− divM(K) = T(N, ·) (45b)

Proof. (a) Firstly, we obtain from Einstein’s equation (since g(N,N) = −1):

2 Ric(N,N) + S = 2 T(N,N)
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Then, with Gauß’s formula (42),

SM − 〈K,K〉+ (trK)2 = S + 2Ric(N,N) = 2T(N,N)

(b) The Codazzi-Mainardi formula (44b) implies (via g(N,X) = 0)

∇M
X(trK)− divM(K)(X) = Ric(N,X) = Ein(N,X) = T(N,X)

�

4.2.2. Dynamical equations. In addition to the two constraints on each hyper-
surface, there are two dynamical equations. They contain lapse α and shift β, and they
govern the time evolution of the hypersurface metric gM and the extrinsic curvature K,
which characterize the geometry of a hypersurface slice. Such, the dynamical equations
connect different slices of the foliation [1, p.73]. We have to pay attention to the fact
that the vector field ∂t representing the time direction and the outer normal vector field
N do not necessarily coincide, but we are able to express the time vector field using
its projections on M and on the normal direction, respectively. This means we can
decompose

∂t = αN + β]. (46)

Let X̃ ∈ Γ(TM), and X(t, p) = dιt(X̃)p, i.e. in short X(t, p) = X̃p (we also write
X ∈ Γ(TM), in a slight misuse of terminology). Then the lie bracket [∂t, X] = 0 vanishes
in every (t, p) ∈ L, since for an arbitrary function f ∈ E(L):

[∂t, X]f = [∂t, X]f = ∂t
(
X(f)

)
−X(∂tf)

= X(∂tf)−X(∂tf) = 0
(47)

Hence we have the relation

∇tX = ∇X∂t = ∇X(αN + β])

where we dropped the projection π (or rather ιt = π−1
t ) since there is no danger of

confusion.

Theorem 4.2 (Dynamical equation for gM). With the above notation, we find

∂tg
M(t) = −2α(t)K(t) + £β](t)g

M(t). (48)

Proof. We calculate for horizontal vector fields X,Y ∈ Γ(TM), suppressing the
projection π,(

∂tg
M
)

(X,Y ) = ∂t(g
M(X,Y )) = ∂t(g(X,Y ))

= g(∇tX,Y ) + g(X,∇tY )
(47)
= g(∇X∂t, Y ) + g(X,∇Y ∂t)

= g(α∇XN +∇Xβ], Y ) + g(X,α∇YN +∇Y β])

= αg(∇XN,Y ) + αg(∇YN,X) + g(∇M
Xβ

], Y ) + g(∇M
Y β

], X)

= −2αK(X,Y ) + £M
β]g

M(X,Y )

since g(N,X) = g(N,Y ) = 0, and since K is symmetric,

K(Y,X) = g(N,∇XY ) = g(N,∇YX) + g(N, [X,Y ]) = K(X,Y ),

because [X,Y ] ∈ Γ(TMt) and hence orthogonal to N , g(N, [X,Y ]) = 0. �
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Lemma 4.1. The decomposition of ∂t also implies, for a horizontal vector field X ∈
Γ(TM),

g(∇tN,X) = dα(X)−K(X,β]). (49)

Proof. Using the orthogonality g(∇XN,N) = −1
2 X(g(N,N)) = −1

2 X(−1) = 0,
compute

g(∇tN,X) = ∂t
(
g(X,N)

)
− g(N,∇tX) = −g(N,∇X(αN + β]))

= −g
(
N, (∇Xα)N + α(∇XN) +∇Xβ]

)
= ∇Xα−K(X,β]) = X(α)−K(X,β])

�

Theorem 4.3 (Dynamical equation for K). For the time derivative of the extrinsic
curvature, we find (with X,Y ∈ Γ(TM))

∂tK(X,Y ) = −HessM(α)(X,Y ) + £M
β]K(X,Y ) + α

(
RicM(X,Y ) (50a)

− Ric(X,Y )− 2 ctr(K,K)(X,Y ) + tr(K) K(X,Y )
)

or

∂tK =−HessM(α) + £M
β]K + α(RicM − Ric− 2 ctr(K,K) + tr(K) K). (50b)

Proof. Suppressing the projection π,

(∂tK) (X,Y ) = ∂t(K(X,Y )) = ∂t
(
g(N,∇XY )

)
= g(∇tN,∇XY ) + g(N,∇t∇XY )

= g(∇tN,∇M
XY ) + g(N,∇X∇tY ) + g(N,Rmn(∂t, X;Y ))

(49)
= (∇M

XY )(α) + g(∇β]N,∇XY ) + g(N,∇X∇Y ∂t) + g(N,Rmn(∂t, X)Y )

Now, use the E(L)-linearity of Rmn, and

∇X∇Y ∂t = ∇X(∇Y (αN + β])) = X(Y (α))N + α∇X∇YN

+X(α)∇YN + Y (α)∇XN +∇X∇Y β]

to obtain

(∂tK) (X,Y ) = (∇M
XY )(α) + g(∇β]N,∇XY )−X(Y (α)) + αg(N,∇X∇YN)

+ g(N,∇X∇Y β]) + g(N,Rmn(β], X;Y )) + αg(N,Rmn(N,X;Y ))

= −HessM(α)(X,Y ) + α
(
g(N,∇X∇YN) + g(N,Rmn(N,X)Y )

)
+ g(∇β]N,∇XY ) + g(N,∇X∇Y β]) + g(N,Rmn(β], X;Y ))

Using equation (51) (see below) for g(N,∇X∇YN), find expanding the second Riemann
curvature term:

(∂tK) (X,Y ) = −HessM(α)(X,Y )− α ctr(K,K)(X,Y ) + αRm(N,X;Y,N)

+ g(∇β]N,∇XY ) + g(N,∇X∇Y β])
+ g(N,∇β]∇XY )− g(N,∇X∇β]Y )− g(N,∇[β],X]Y )



4.3. Perturbation Theory in (3+1)-Setting 53

= −HessM(α)(X,Y )− α ctr(K,K)(X,Y ) + αRm(N,X;Y,N)

+ β]K(X,Y )−K(X, [β], Y ])−K([β], X], Y )

= −HessM(α)(X,Y ) + £M
β]K(X,Y )

+ α
(
− ctr(K,K)(X,Y ) + Rm(N,X;Y,N)

)
Finally using the Gauß formula (42),

(∂tK) (X,Y ) = −HessM(α)(X,Y ) + £M
β]K(X,Y )

+ α
(
RicM(X,Y )− Ric(X,Y )− 2ctr(K,K)(X,Y ) + tr(K)K(X,Y )

)
In one step we used the identity

g(N,∇X∇YN) = X
(
g(N,∇YN)

)
− g(∇XN,∇YN)

= −
∑3

i=1 γi g(∇XN, ei) g(ei,∇YN)

= −
∑3

i=1 γiK(X, ei)K(Y, ei) = −ctr(K,K)(X,Y )

(51)

�

Intrinsic curvature in case of static metric tensor gM. If ∂tg
M = 0, we obtain

from theorem 4.2, equation (48),

K =
1

2α
£M
β]g

M. (52)

4.3. Perturbation Theory in (3+1)-Setting

(3+1)-slicing can be applied to gravitational wave theory. For previous applications
refer for instance to J. Ruoff [29, 30, 31].1 We compile the four governing equations
of (3+1)-theory, (45a), (45b), (48) and (50), for the 4-dimensional Lorentz space-time L
foliated into 3-dimensional space-like hypersurfaces Mt:

2ρ := 2 T(N,N) = SM − 〈K,K〉+ (trK)2 (53a)

j := T(N, ·) = d(tr(K))− divM(K) (53b)

∂tg
M = −2αK + £M

β]g
M (53c)

∂tK = −HessM(α) + £M
β]K (53d)

+ α(RicM − Ric− 2 ctr(K,K) + tr(K) K)

4.3.1. Useful Tools. In the appendix we prove some lemmas which provide the
following rules for the computation:

• Lemma A.2 states that the variation with respect to g0 of the inner product of
two symmetric (0,2)-tensor fields is given by

δg0〈A,B〉g = 〈δg0A,B0〉+ 〈A0, δg0B〉 − 2〈h, ctr(A0, B0)〉 (54)

1We will come back to this later in chapter 8 in the context of Regge-Wheeler and Zerilli equation.
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• Lemma A.3 provides us with a similar formula for the variation of the contrac-
tion of two (0,2)-tensor fields:

δg0ctr(A,B) = ctr(δg0A,B) + ctr(A, δg0B)− tr2,3tr4,5(A⊗ h⊗B) (55)

• In lemma A.4 we derive an auxiliary formula for the variation of the covari-
ant derivative. One must point out that this relation is only valid for vector
fields whose derivative vanishes in a point p ∈ L, so let X,Y, Z ∈ Γ(TL), with
(∇X)(p) = (∇Y )(p) = (∇Z)(p) = 0 and χ = Xp, η = Yp and ζ = Zp. The
lemma then states

4[£ξg0]p(χ, η) = ∇χ∇Y ξ + Rmnp(ξp, χ; η) (56)

where ξ ∈ Γ(TL) is an arbitrary vector field.

From the first relation we can derive a formula for the variation of the trace of a vector
field:

Corollary 4.2. Let A be a symmetric (0,2)-tensor field. Then

δg0trgA = trg0(δg0A)− 〈h,A0〉g0
Proof. From lemma A.2 we find:

δg0(trgA) = δg0〈g,A〉g = 〈h,A0〉+ 〈g0, δg0A〉 − 2 〈h, ctr(g0, A0)〉

Since ctr(g0, A0) = tr2,3g0 ⊗A0 = A0, we finally have

δg0trgA = 〈g0, δg0A〉 − 〈h,A0〉g0
�

4.3.2. Linearised Equations. Similar to the treatment in chapter 2, we can con-
sider perturbations of the equations in (3+1)-setting. To this aim, we specify the vari-
ations δα ∈ E(L), δβ(t) ∈ Γ(T∗Mt) and hM(t) ∈ Γ(Sym2(TMt)). In a similar way as in
chapter 2, we can then find one-parameter families α : I → E(L), β(t) : I → Γ(T∗Mt)

and gM(t) : I → MetrMt such that α(0) = α0, α̇(0) = δα, β(0) = β0, β̇(0) = δβ and
gM(0) = gM0 ,

(
gM
) q

(0) = hM. Thus, we have defined a parameter-dependent metric on L
via

g(λ) =
(
− α(λ)2 + gM(λ)(β(λ), β(λ))

)
dt⊗ dt− 2 dt� β(λ) + gM(λ), (57)

and also parameter-dependent versions of equations (53) if we similarly specify pertur-
bations δρ, δj, k = δK, and corresponding families ρ : I → E(L), j(t) : I → Γ(T∗Mt),
K(t) : I → Γ(Sym2(TMt)). From these we can derive first order variation formulae for
the perturbations δα, δβ and hM, etc. We find the following results:

4.3.2.1. Hamiltonian Constraint. For the Hamiltonian Constraint we find the varia-
tion formula

2δg0ρ = δ(SM)− 2〈K0, k〉+ 2〈h, ctr(K0,K0)〉
+ 2trgM0

(K0)(trgM0
(k)− 〈h,K0〉)

(58)

Proof. The assertion follows from lemma A.2, in combination with tr(K(λ)) =
〈g(λ),K(λ)〉. �
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4.3.2.2. Momentum Constraint.

δg0j = d
(
tr(k)− 〈h,K0〉

)
− divM

gM0
(k) +K[hM] (59)

where K[h] is defined as in equation (11).

Proof. We have, for given hM ∈ Tg0MetrM = Γ(Sym2(TM)) and k ∈ Γ(Sym2(TM)),

families gM(λ),K(λ) such that gM(0) = gM0 ,
(
gM
) q

(0) = hM and K(0) = K0, K̇(0) = k.

Then use a moving frame (eλi ) (see theorem A.1):

div(K(λ))(X) = trg
λ∇∗K(λ)(∗, X)

=
∑

i

(
γie

λ
i (K(λ)(eλi , X))− γiK(λ)(λ∇ieλi , X)− γiK(λ)(eλi ,

λ∇iX)
)

Take the derivative w.r.t. λ and evaluate at λ = 0 (denote ėi(0) = e0
i , ∇i = 0∇e0i etc.):

δ(div(K)(X)) =
∑

i γi
(
e0
i (k(e0

i , X))− k(∇ie0
i , X)− k(e0

i ,∇iX)

−K0(4M[hM](e0
i , e

0
i ), X)−K0(e0

i ,4M[hM](e0
i , X))

+ ė0
i (K0(e0

i , X)) + e0
i (K0(ė0

i , X))−K0(∇ė0i e
0
i , X)

−K0(∇iė0
i , X)−K0(ė0

i ,∇iX)−K0(e0
i ,∇ė0iX)

)
= div(k)(X)− tr∗K0(4M[hM](∗, ∗), X)− tr∗K0(∗,4M[hM](∗, X))

+
∑

i γi

(
∇ė0iK0(e0

i , X) +∇iK0(ė0
i , X)

)
Now, consider the terms in the second line:∑

i γi

(
∇ė0iK0(e0

i , X) +∇iK0(ė0
i , X)

)
=
∑

i γig(ė0
i , e

0
j )
(
∇jK0(e0

i , X) +∇iK0(e0
j , X)

)
=
∑

i γi
(
g(ė0

i , e
0
j ) + g(ė0

i , e
0
j )
)
∇iK0(e0

j , X)
(145)
=
∑

i γih(e0
i , e

0
j )∇iK0(e0

j , X)

where we used that (eλi ) is a moving frame, cf. theorem A.1.
Combining the results, we conclude

δ(div(K)(X)) = div(k)(X)− tr∗K0(4M[hM](∗, ∗), X)− tr∗K0(∗,4M[hM](∗, X))

+
∑

i γih(e0
i , e

0
j )∇iK0(e0

j , X)

= div(k)(X) +K[hM](X)

with the definition from equation (11). �

4.3.2.3. Dynamical Equation for the Hypersurface Metric. The variation formula of
equation (60) reads:

∂thM = −2 δα K0 − 2α0 k + £M
δβ]g

M
0 + £M

β]hM (60)

where £M denotes the lie derivative on a hypersurface or on M, respectively.
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Proof. It is clear that d
dλ

∣∣
0

(2α(λ)K(λ)) = 2δαK0 + 2α0 k. Furthermore, compute

d
dλ

∣∣
0
(£λ

β]λ
gλ)(X,Y ) = d

dλ

∣∣
0

(gλ(λ∇Xβ](λ), Y ) + gλ(λ∇Y β](λ), X))

= h(∇Xβ]0, Y ) + h(∇Y β]0, X)) + g0(4(X,β]0), Y ) + g0(4(Y, β]0), X)

+ g0(∇Xδβ], Y ) + g0(∇Y δβ], X)

= £δβ]g0(X,Y ) + £
β]0
h(X,Y )−∇

β]0
h(X,Y ) + N(Y ;X,β]0) + N(X;Y, β]0)

(13)
= £δβ]g(X,Y ) + £

β]0
h(X,Y )

where we used lemma 2.1. Note ∇ = 0∇, and we suppressed the index M. �

4.3.2.4. Dynamical Equation for the Extrinsic Curvature.

∂tk = −HessM(δα) +4M[hM](α0) + £M
δβ]K0 + £M

β]0
k

+ δα
(
RicM0 − Ric0 − 2 ctr(K0,K0) + tr(K0)K0

)
+ α0

(
δg0RicM[hM]− δg0Ric[h]− 4 ctr(K0, k) + 2 tr1,3tr1,4(K0 ⊗ h⊗K0)

+ (trgM0
(k)− 〈h,K0〉)K0 + trgM0

(K0) k
) (61)

Proof. First compute the variation of the lie derivative term,

d
dλ

∣∣
0

£M
β](λ)K(λ)(X,Y ) = d

dλ

∣∣
0

(
β]λ(Kλ(X,Y ))−Kλ([β]λ, X], Y )−Kλ(X, [β]λ, Y ])

)
= £M

δβ]K0(X,Y ) + £M
β]0
k(X,Y ),

and of the Hessian,

d

dλ

∣∣∣∣
0

HessMλ (αλ)(X,Y ) =
d

dλ

∣∣∣∣
0

(X(Y (αλ))− (λ∇M
XY )αλ)

= (4M[hM](X,Y ))α0 + HessM(δα)(X,Y ).

(62)

Note that in the first term, we apply the vector field (4M(X,Y )) (seen as a derivative
operator) to the scalar function α0. In short we will write

(4M[hM](α0))(X,Y ) := (4M[hM](X,Y ))α0

The remaining terms of the assertion can be treated using lemmas A.2 and A.3. �

4.3.3. A Special Case. We end this chapter with a study of the special case where
K0 = 0 and β0 = 0. This case is of importance as it represents the case of non-rotating,
spherically symmetric background space-times, as employed for the treatment of neutron
stars and black holes. For this case the variation formulae reduce to

2δρ = δ(SM) = tr(δSM
g0)− 〈h,Ric0〉 (63a)

δj = d(tr(k)) + divg0(k) (63b)

∂thM = −2α0k + £M
δβ]g0 (63c)

∂tk = −HessM(δα) + δα (RicM0 − Ric0) + α0 (δg0RicM − δg0Ric) (63d)



CHAPTER 5

Relativistic Hydrodynamics

In cosmology, and for the description of neutron star interiors, energy-matter contri-
butions can be taken into account using perfect fluid models. As in classical fluid theory,
these models use three basic quantities: a vector field U ∈ Γ(TL) to describe the fluid
flow, a scalar function ε ∈ E(L) for the energy-mass density, and another scalar function
P ∈ E(L) to account for fluid pressure [9, 14].

5.1. Perfect Fluids

In relativity, these three quantities are combined into a symmetric (0,2)-tensor
field T, with the following prerequisites [14]:

• The vector field U is required to be timelike, future-pointing and normalized,
i.e. g(U,U) = −1.
• An observer moving with the fluid will find the rest mass energy density at a

point p ∈ L to be given by ε(p) = Tp(Up, Up).
• The same observer will find the pressure in p to be the same for all directions,

i.e. P (p) = Tp(v, v) holds for all vectors v ∈ TpL that are orthogonal to Up,
i.e. gp(v, Up) = 0.

These conditions are fulfilled by a unique (0,2)-tensor field T [14]. This is given by

Tp(ξ, η) = (ε(p) + P (p)) gp(Up, ξ) gp(Up, η) + P (p) gp(ξ, η)

(p ∈ L) or, using the cotangent vector field Θ dual to U , Θ = U [, U = Θ]:

T = (ε+ P )Θ⊗Θ + Pg.

In addition, one needs to specify the equation of state relating the pressure P to the
energy density ε, P = P (ε). For instance, a polytropic ansatz could be made for neutron
star analysis, P = κεΓ [30]. In this thesis, however, we will not further specify the
equation of state.

5.2. Spherically symmetric stellar models

A non-rotating, spherically symmetric star or black hole can be described on a prod-
uct space-time with L = J × (rmin,∞) × S2 [9].1 The general metric in Schwarzschild
coordinates (t, r, θ, φ) reads

g = −eν(r)dt⊗ dt+ eλ(r)dr ⊗ dr + r2gS2 . (64)

Here, gS2 is the standard metric on the 2-Sphere S2,

gS2 = dθ ⊗ dθ + sin2(θ) dφ⊗ dφ.
1So, we have the (3+1)-slicing situation L = J×M with M = (rmin,∞)× S2.

57
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For the interior of neutron stars, metric (64) can be used together with the energy-
momentum tensor for a perfect fluid. An observer moving with the fluid is given by
integral curves of the velocity field U . In case of the spherically symmetric metric (64),
this means that for an observer moving with the fluid, the time coordinate is connected
with the velocity field through the relation U = e−ν/2 ∂t,Θ = −eν/2 dt,

T = (P + ε) eν dt⊗ dt+ P g

= ε eν dt⊗ dt+ eλP dr ⊗ dr + P r2 (dθ ⊗ dθ + sin2(θ)dφ⊗ dφ)
(65)

Evaluating the components of the Einstein equation for the metric g and the energy-
momentum T, we find three equations that connect the model parameters ν, λ with ε, P .
We calculate the Einstein tensor using Maple 11and obtain the following result:

Ein(g) =
1

r2
eν−λ

(
λ′r + eλ − 1

)
dt⊗ dt+

1

r2

(
ν ′r − eλ + 1

)
dr ⊗ dr

+
1

4
re−λ

(
− 2λ′ + 2ν ′ + 2rν ′′ + r(ν ′)2 − rν ′λ′

)(
dθ ⊗ dθ + sin2(θ)dφ⊗ dφ

)
Hence, from Ein = T with (65), we find the following three equations:

eν
(
λ′r − eλ + 1

)
= εeλ · r2eν

ν ′r − eλ + 1 = Peλ · r2

−2λ′ + 2ν ′ + 2rν ′′ + r(ν ′)2 − rν ′λ′ = 4eλPr

Solving for ν ′, λ′, P ′, we extract three structure equations:

λ′ = 1−eλ
r + ρreλ (66a)

ν ′ = eλ−1
r + Preλ (66b)

P ′ = −1
2ν
′(P + ρ) (66c)

where the prime indicates derivatives with respect to the radial coordinate r. These
three equations are referred to as Tolman-Oppenheimer-Volkoff equations in [31]. In
the case of empty space, T = 0, we have ε = 0, P = 0, and therefore infer the relation

λ′ =
1− eλ

r
= −ν ′.

5.2.1. Schwarzschild metric. The exterior around a non-rotating neutron star or
black hole of massM , but without electrical charges can be described by the Schwarzschild
metric which is a special case of the general spherically-symmetric metric introduced
above. We have eν = 1− 2M

r = e−λ, and the metric reads:

g = −
(

1− 2M

r

)
dt⊗ dt+

(
1− 2M

r

)−1

dr ⊗ dr + r2gS2 (67)

5.2.2. Reissner-Nordström metric. For the exterior of spherically-symmetric,
non-rotating black holes with electrical charge q, the Reissner-Nordström metric is used

instead of (67). In this case, we have eν = 1− 2M
r + q2

r2
, eλ =

(
1− 2M

r + q2

r2

)−1
, and

g = −
(

1− 2M

r
+
q2

r2

)
dt⊗ dt+

(
1− 2M

r
+
q2

r2

)−1

dr ⊗ dr + r2gS2
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5.3. Perturbations

To conclude this chapter, we evaluate perturbations of the energy-matter tensor
field. The background values of the perfect fluid model may be denoted by ε0, P0,
Θ0 = 0. We provide δε ∈ E(L), δP ∈ E(L), δΘ ∈ Γ(T∗L) such that there exist mappings
I → E(I × L), λ 7→ ε(λ) (with ε(0) = ε0, ε̇(0) = δε), and, respectively, λ 7→ P (λ) (with

P (0) = P0, Ṗ (0) = δP ), as well as I→ Γ(T∗L), λ 7→ Θ(λ), Θ(0) = Θ0, Θ̇(0) = δΘ. The
mappings ε(λ), P (λ) and Θ(λ) may additionally satisfy the requirements in section 5.1,
e.g. g(λ)(Θ(λ)],Θ(λ)]) = −1 for all λ ∈ I. Furthermore, let h ∈ Tg0MetrL. In this way,
we obtain a family of energy-momentum tensor fields

T(λ) =
(
P (λ) + ε(λ)

)
Θ(λ)⊗Θ(λ) + P (λ) g(λ).

Taking the derivative with respect to λ and evaluating at λ = 0,

δ(g0,T0)T[δε, δP, δΘ, h] =
d

dλ

∣∣∣∣
0

T (λ) = (δP + δε) Θ0 ⊗Θ0 + δP g0

+ (P0 + ε0)
(
δΘ⊗Θ0 + Θ0 ⊗ δΘ

)
+ P0 h

In section 4.3, we defined the energy density ρ = T(N,N) and the momentum current
j(X) = T(N,X), X ∈ Γ(TM) horizontal. We compute their perturbations: For the
energy density perturbation, we find

δ(g0,T0)ρ[δT, δN ] = d
dλ

∣∣
0

(Tλ(Nλ, Nλ))

= δ(g0,T0)T(N0, N0) + T0(δ(g0,T0)N,N0)

With the help of the relations derived in 3.3, we can calculate the gauge transformation
rule. Let Φ : N → N be a gauge mapping. For the calculation we use the expansion
formula (35) in order to simplify the calculation. The same result can be obtained by
directly performing the derivative as in equation (36). We obtain:

δ(g0,T0)(Φ
∗ρ) = d

dλ

∣∣
0

(id + λ£ξ1 + o(λ2))(Tλ(Nλ, Nλ))

= δ(g0,T0)ρ+ £ξ1(T0(N0, N0)) = δ(g0,T0)ρ+ ξ1(ρ0)

And for the momentum current perturbation (let X ∈ Γ(TM)):

δ(g0,T0)j[δT, δN ] = d
dλ

∣∣
0

(Tλ(Nλ, X))

= δg0T(N0, X) + T0(δg0N,X)

Hence the gauge transformation rule is given by

δ(g0,T0)(Φ
∗j)(X) = d

dλ

∣∣
0

(id + λ£ξ1 + o(λ2))(Tλ(Nλ, •))(X)

= δ(g0,T0)j(X) + £ξ1(T0(N0, •))(X) = δ(g0,T0)j(X) + £ξ1j0(X)





CHAPTER 6

Construction of Gauge Invariant Quantities

6.1. Nakamura approach

The perturbative metric tensor h can be decomposed into components which are
invariant under gauge transformations, and into parts which depend on the actual choice
of gauge.1 Kouji Nakamura recently presented a framework for such a split which is
based on a slicing of the space-time L into 3-dimensional spatial hypersurfaces M. The
other main ingredient is the conformally invariant decomposition of (0,2)-tensors on
Riemannian manifolds, see appendix C or [34] for details. In this section we present the
general framework from Nakamura’s 2011 paper [19]. Some aspects are also discussed
in earlier papers, for example [20, 21]. The major theorem of the framework is proven
in [19] and allows for the decomposition of metric perturbations into their gauge invariant
and gauge dependent part:

Theorem 6.1 (Nakamura’s decomposition theorem). Let w : I→ Γ(T(0,2)L). Under
a gauge transformation with the first order vector field ξ = ξ1 connected with a flow (or,
in general, a gauge mapping) Φ, let w transform according to:

δw0Φ∗λw(λ)− δw = £ξg0 (68a)

which we will denote by

wצ| − wא = £ξg0 (68b)

where wא = δw0w and wצ| = δw0Φ∗λw denotes gauge choices as in paragraph 3.3.2. Then,

there exist a (0,2)-tensor field w ∈ Γ(T(0,2)L) and two vector fields ,Ξ|צ Ξא ∈ Γ(TL) such
that

wצ| = w + £Ξצ|w0 and wא = w + £Ξאw0 (69a)

as well as

Ξצ| − Ξא = ξ. (69b)

Because of these relations, we refer to w as gauge invariant, while we say that Ξ is gauge
dependent and transforms according to Ξ 7→ Ξ + ξ. From time to time we shall drop the
gauge choice indicators ,א |צ for ease of notation. In these cases the same equation is
valid for both gauge choices.

As for the interpretation of this theorem, the idea is the following: in applications
of general relativity it is common to use gauge transformations in order to simplify the
equations and to get rid of the ambiguity inferred by the gauge freedom, i.e. the freedom

1By “invariant under gauge transformations” we understand that these quantities are the same if
computed for two different gauge choices. Quantities that are invariant under gauge transformations
shall also be addressed as gauge-invariant, generalising the terminology in chapter 3.
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to perform gauge transformations. This procedure is referred to as “fixing the gauge”,
and implies the definition of a gauge choice.

6.2. Proof of Nakamura’s Decomposition Theorem

The decomposition theorem 6.1 is a constitutive ingredient to this approach to the
construction of gauge invariant quantities. In [19] the proof of the theorem is performed
locally, using a system of coordinates for a neighbourhood inside the Lorentz space-
time manifold L which is sliced into a product J ×M. The result of the decomposition
procedure is put into the following form by Nakamura: We can find a vector field Ξ such
that

h = h + £Ξg

where h is invariant under gauge transformations, and where Ξ is gauge-dependent, and,
if we compare two gauges, the difference is given by Ξצ| − Ξא = ξ. Starting from this
decomposition, the considerations from paragraph 3.5.2.1 can be made, and it is possible
to derive a gauge invariant Einstein equation. Here, we review the proof of theorem 6.1
which is given in [19].

6.2.1. Decompositions. As always, we denote the hypersurface metric by gM(t),
the lapse by α ∈ E(L), and the shift by β(t) ∈ Γ(T∗M). The metric g on L thus is

g = (−α2 + β(β])) dt⊗ dt+ β � dt+ gM,

as in (39). Similarly, specifying the perturbations for lapse and shift, δα, δβ, as well
as hM, we can find families α, β, gM, such that we can write down g(λ) in the form

g(λ) =
(
− α(λ)2 + gMλ (β](λ), β](λ))

)
dt⊗ dt+ β(λ)� dt+ gM(λ)

with families for lapse, α : I → E(L), (cotangent) shift, β(t) : I → Γ(T∗M), or corre-
spondingly β](t) : I → Γ(TM), and finally there is a curve for the hypersurface metric
hM : I → MetrM, cf. subsection 4.3.2. In a similar way, the metric perturbation tensor
field can be resolved, splitting h into its “scalar part” htt, (cotangent) “vector part” ht,
and (0,2)-“tensor part” hM. Such we find the following decomposition:

h = htt dt⊗ dt+ ht � dt+ hM (70)

How do htt, ht and hM change if we perform a gauge transformation h 7→ h+ £ξg0? To
answer this question, we have to split the gauge term into its “slicing components” that
we express via α, β and gM. But first, split ξ into its normal and tangent components,
i.e. the time components ξ0 ∈ E(L) and the hypersurface component ξM = dιt(ξM(t)),

ξ = ξJ + ξM = ξ0∂t + ξM

where ξJ := ξ0∂t = dπJ(ξ). The gauge term is given by the lie derivative £ξg0 in the
4-dimensional Lorentz spacetime L. Hence: For the “scalar component”, we find:

£ξg(∂t, ∂t) = 2g(∇t(ξJ + ξM), ∂t)

= 2g(∇tξJ, ∂t) + 2g(∇ξM(αN + β]), (αN + β]))

= 2g(∇tξJ, ∂t)− 2αξM(α) + 2αg(∇ξMN, β
]) + 2α g(∇ξMβ

], N) + 2g(∇ξMβ
], β])

= 2g(∇tξJ, ∂t)− 2α ξM(α) + 2g(∇ξMβ
], β])

(71a)
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The (cotangent) “vector component” reads

£ξg(∂t, X) = g(∇tξM, X) + g(∇XξJ, ∂t) + g(∇tξJ, X) + g(∇XξM, ∂t)
= ∂t(g(ξM, X))− g(ξM,∇tX) +X(g(ξJ, ∂t))

− g(ξJ,∇X∂t) + g(∇tξJ, X) + g(∇XξM, ∂t)
(71b)

Finally, the (0,2)-“tensor component” is

£ξg(X,Y ) = £ξMg
M(X,Y ) + £ξJg(X,Y )

= £M
ξM
gM(X,Y ) + g(∇X(ξ0αN + ξ0β]), Y ) + g(X,∇Y (ξ0αN + ξ0β]))

= £M
ξM
gM(X,Y ) + ξ0α

(
g(∇XN,Y ) + g(X,∇YN)

)
+ g(∇X(ξ0β])), Y ) + g(X,∇Y (ξ0β]))

= £M
ξM
gM(X,Y ) + 2 ξ0αK(X,Y ) + £M

ξ0β]g
M(X,Y )

(71c)
Note that we dropped the “background index”, g = g0,∇ = 0∇ etc. for ease of notation,
as we will do throughout the remainder of this chapter since there is no real danger of
confusion.

6.2.2. Gauge Transformation Rules. Having determined the decompositions,
the gauge transformation rules for the components can be inferred. If we have h given
in different gauge choices, hא, hצ|, with hצ| − hא = £ξg, then we infer via (70):

hצ|
tt − hא

tt = 2g(∇tξJ, ∂t)− 2α ξM(α) + 2g(∇ξMβ
], β])

(hצ|
t − hא

t )(X) = ∂t(g(ξM, X)) +X(g(ξJ, ∂t)) + g(∂tξJ, X) + g(∇XξM, ∂t)

hצ|
M − hא

M = £M
ξM
gM + £ξJg

Then, the (cotangent) vector and the (0,2)-tensor part are further decomposed. For the
hypersurface (0,2)-tensor part we use the conformally invariant decomposition to resolve
it into its trace, longitudinal and traceless-divergenceless parts. For the vector part a
similar split into its gradient contribution and a divergenceless vector field is used. These
decompositions are reviewed in appendix C. The components read:

ht = ∇Mh(VL) + h(V), divM(h(V)) = 0 (72)

and

hM =
1

3
h(L)g

M + Lh(TV) + h(TT), divM(h(TT)) = 0. (73)

for א and |צ respectively. Here, LW denotes traceless lie derivatives:

LW = £M
W g

M − 2divM(W ) gM

Note that the kernel of L is given by the space of conformal Killing vectors2 CKV.
Similarly, h(VL) is determined only up to harmonic functions (see appendix C).

2Conformal Killing vectors C are defined by the condition C ∈ CKV ⇔ ∃c ∈ E(Mt) : £Cg0 = cg0.
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6.2.3. Auxiliary Calculation. We will first take a little detour to determine the
gauge transformation rules for some auxiliary quantities that we denote by upper-case H.
With the help of these, we will be able to obtain the gauge transformation rules for the
original components of the metric perturbation. Now, define the auxiliary quantities as
follows: If we knew Ξ = Ξ0∂t + ΞM = ΞJ + ΞM such that for the two gauge choices:

Ξצ|
J − Ξא

J = ξ0∂t

and
Ξצ|
M − Ξא

M = ξM,

then it would be possible to construct

Hצ|
t (X) := hצ|

t (X)− g(∇tΞצ|
J, X)− g(∇XΞצ|

M, ∂t)

+ g(ΞJ, ∂tX) + g(ΞJ,∇X∂t)
Hצ|

M := hM −£Ξצ|
J
g

(74)

and accordingly for the א gauge choice. Then, Ht and HM would transform under gauge
transformations as follows:

Hצ|
t (X)−Hא

t (X) = ∂t(g(ξM, X))− g(ξM,∇tX) +X(g(ξJ, ∂t))

Hצ|
M −Hא

M = £M
ξM
gM

(75)

With this motivation, we decompose quantities Ht and HM with the transformation
behaviour (75), according to the decomposition presented in appendix C:

Hצ|
t = ∇MHצ|

(VL) +Hצ|
(V), with divM(Hצ|

(V)) = 0

Hצ|
M = 1

3H
|צ
(L)g

M
0 + LHצ|

(TV) +Hצ|
(TT), with divM(Hצ|

(TT)) = 0
(76)

which again is to be done for א accordingly. We shall now determine the gauge trans-
formation rules for Ht, HM and their components. Let us first turn to the components
of Ht: Taking the divergence of the difference of Hצ|

t , H
א
t , we obtain with (76):

divM(Hצ|
t −Hא

t ) =44(Hצ|
(VL) −H

א
(VL)

)
(77)

In appendix A.5, we derive some useful relations. The result is the transformation rule

divM(Hצ|
t −Hא

t ) =44 (∂tξM(L) + ξ0) + exprg(ξM(V)) (78)

with the convention (151):

exprg(ζ) := 〈−2αK + £β]g
M, (∇ζ)[〉+ 1

2trgM0
(∇ζ(−2αK + £β]g

M))

Note that exprg is R-linear. From (77) and (78), we conclude that H(VL) obeys the

transformation rule3

Hצ|
(VL) −H

א
(VL) = ∂tξM(L) + g(ξJ, ∂t) + Sol44 (ξM(V)) + harmonic. (79)

In this equation Hצ|
(VL), H

א
(VL) and Sol44 (ξM(V)) are unique only up to harmonic func-

tions, i.e. solutions to the Laplace equation 44f = 0. Hence, after fixing the solution
Sol44 (ξM(V)), we can choose representatives Hצ|

(VL) and Hא
(VL) ∈ E(L) such that

Hצ|
(VL) −H

א
(VL) = ∂tξM(L) + g(ξJ, ∂t) + Sol44 (ξM(V)). (80)

3Here, with Sol44 (ζ) we denote a solution f to the equation 44 f = exprg(ζ).
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This immediately implies the transformation rule for H(V)(t) ∈ Γ(T∗M) via H(V) =

Ht −∇M(H(VL)) = Ht − d(H(VL)) and equations (71b) and (79):

Hצ|
(V)(X)−Hא

(V)(X) = ∂t(g(ξM, X)) +X(g(ξJ, ∂t))

− d(g(ξJ, ∂t))(X)− d(∂tξM(L))(X)− d
(
Sol44 (ξM(V))

)
(X)

= ∂t(g(grad(ξM(VL)) + ξM(V), X)) + d(g(ξJ, ∂t))(X)

− d(g(ξJ, ∂t))(X)− ∂td(ξM(L))− d
(
Sol44 (ξM(V))

)
(X)

= ∂td(ξM(VL))(X) + ∂t(g(ξM(V), X))

− d(∂tξM(VL))(X)− d
(
Sol44 (ξM(V))

)
(X)

= (∂tξM(V ))
[(X)− d

(
Sol44 (ξM(V))

)
(X)

As for the tensor trace part, we can directly read out the gauge transformation rule:

Hצ|
(L) −H

א
(L) = trgM

(
£M
ξM
gM
)

= 2divgM(ξM)

Due to the definition of L, we have the following gauge transformation rule for the
longitudinal and traceless part:

LHצ|
(TV) − LH

א
(TV) = £ξMg −

1

3
tr(£M

ξM
gM) gM = LξM

In this equation, Hצ|
(TV) and Hא

(TV) are determined only up to conformal Killing vectors

C ∈ CKV, so in Γ(TM)/CKV we may write

[Hצ|
(TV)]− [Hא

(TV)] = [ξM]

We may then choose representatives for Hצ|
(TV) and Hא

(TV) such that

Hצ|
(TV) −H

א
(TV) = ξM (81)

Finally, there is the traceless, divergenceless part of HM which is given by

Hצ|
(TT) −H

א
(TT) = (Hצ|

M −Hא
M)− L(Hצ|

(TV) −H
א
(TV))−

1
3(Hצ|

(L) −H
א
(L)) g

M

It transforms under gauge transformations according to

Hצ|
(TT) −H

א
(TT) = £M

ξM
gM − LξM − 2

3divM(ξM)gM = 0 (82)

Finally, Hצ|
(TV)(t) and Hא

(TV)(t) ∈ Γ(TM) can be further decomposed according to the

vector decomposition H(TV) = grad(H(TVL)) + H(TVV), cf. appendix C for details. If
we also decompose ξM according to this splitting, ξM = grad(ξM(VL)) + ξM(V), then the
transformation rules for the components are:

Hצ|
(TVL) −H

א
(TVL) = ξM(VL) + harmonic (83a)

Hצ|
(TVV) −H

א
(TVV) = ξM(V) (83b)

In the first line Hצ|
(TVL), H

א
(TVL) and ξM(VL) are unique only up to harmonic functions, see

appendix C. We can, however, choose the H(TVL) such that Hצ|
(TVL) −H

א
(TVL) = ξM(VL).

Hence the transformation rule above.
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6.2.4. Implications for the original problem. Having determined the gauge
transformation rules for the components of Ht and HM, it is possible to define combi-
nations with desired transformation rules. We define variables Ξצ|,Ξא with the transfor-
mation rule Ξצ| − Ξא = ξ:

Ξ0
|צ := (−α2 + β(β]))−1

(
Hצ|

(VL) − ∂tH
|צ
(TVL) − Sol44 (Hצ|

(TVV))
)

Ξ0
א := (−α2 + β(β]))−1

(
Hא

(VL) − ∂tH
א
(TVL) − Sol44 (Hא

(TVV))
) } (84a)

and
Ξצ|
M := Hצ|

(TV)

Ξא
M := Hא

(TV)

}
(84b)

Then, we see from the transformation rules (80), (83), (81):

Ξ0
|צ − Ξ0

א = ξ0 and Ξצ|
M − Ξא

M = ξM

Finally, we define Ξ ∈ Γ(TL) by

Ξצ| = Ξ0
t∂|צ + Ξצ|

M

(and accordingly for (א such that Ξצ|−Ξא = ξ. With this definition, we obtain, from (75),
conditions for Ht and HM:

hצ|
t = Hצ|

t +
(
∇t(Ξצ|

0∂t)
)[

+ g(∇Ξצ|
M, ∂t)

hצ|
M = hצ|

M + £Ξצ|
J
g0

and similarly for .א If we can find such Ht and HM, then the following definitions yield
quantities which are invariant under gauge transformations.

6.2.5. Construction of Gauge-Invariant Combinations. Finally, in [19] Kouji
Nakamura defines quantities F,S, b and X in the following way (we suppress indices א
and :(|צ

X := H(TT) (85a)

S := −1

6

(
H(L) − 2divM(H(TV))

)
(85b)

F := −1

2
htt + ∂t(g(Ξ, ∂t)) (85c)

b := H(V) − ∂tH(TVV) + d
(
Sol44 (H(TVV))

)
(85d)

The proof of invariance under gauge transformations for these quantities is straightfor-
ward when using the gauge transformation rules derived above:

Proof. For X gauge invariance is obvious. For S, recall Hצ|
(L) − H

א
(L) = 2divM(ξ)

and Hצ|
(TV)−H

א
(TV) = ξ by the choice of a suitable representative. So −6 (Sצ| −Sא) = 0.

Fצ| − Fצ| again is clear since Ξ is defined such that Ξצ| − Ξא = ξ. As for b, recall

Hצ|
(V) −H

א
(V) = (∂tξM(V))

[ − d(Sol44 (ξM(V)).

Recall that Sol44 (ξ(V)) is a solution of 44f = exprg(ξ(V)). This solution is linear in the

ξ(V)-argument, and we recall Hצ|
(TVV) −H

א
(TVV) = ξM(V). Hence bצ| − bא = 0. �
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Note that the definitions of F, b,S,X in this thesis correspond to the terminology
in [19] as follows: b=̂ν, F=̂Φ, S=̂Ψ and X=̂χ. The final step is to prove that [19]

htt = −2F + £Ξg(∂t, ∂t),

ht = b + £Ξg(∂t, ·),
hM = X− 2SgM + £Ξg,

Proof. These relations can be proven recalling relations (71), (75) and (85). It is
sufficient to compute:

Ht = ∇MH(VL) +H(V) = dH(VL) +H(V)

= d∂tH(TVL) + dSol44 (H(TVV)) + b

+ ∂tH(TVV) − dSol44 (H(TVV)) + d((−α2 + β(β]))Ξ0)

= b + (∂tΞM)[ + g(ΞJ, ∂t)

HM = −2S gM + 2divM(H(TV)) + LH(TV) + X

= −2S gM + X + £H(TV)
gM

�

Then the metric perturbation tensor h can be written

h = h + £Ξg0 for ,א |צ

where we define
h := −2F dt⊗ dt+ b� dt+ π∗

(
X− 2SgM

)
.





CHAPTER 7

Gauge Invariant Quantities in Cosmology

In cosmology, the universe as a whole is described using a perfect fluid model. Sub-
structures as from the presence of galaxies or void regions are ignored in these models.
The model flow field U is called galactic flow field, and we denote energy density and
pressure by ρ and P , as in chapter 5.

7.1. Friedmann-Robertson-Walker space-times

The usual ansatz for a cosmological space-time is

L(κ, a) = J×a(t) M

with J ⊂ R an open interval and M a connected 3-manifold. The two parameters are the

sectional curvature κ and a smooth scale function a : J→ R+, a : t 7→ a(t). If gJ and g̃M

are metric tensor fields on J and M respectively, then the warped product J×a M bears
the induced metric

g = gJ + a2(t)g̃M

If we choose the negative-definite metric gJ = −dt ⊗ dt on J, then we have the lapse

function α0 = 1, and for the shift we have β]0 = 0. For the extrinsic curvature, we
calculate (we denote time derivatives by a dot)

K0 = − 1

2α0

(
∂t(a

2(t)g̃M) + £M
β]0

(a2(t)g̃M)
)

= −1

2
· 2a(t) · ȧ(t)g̃M = − ȧ

a

(
a2g̃M

)
With the definition of the Hubble parameter h := ȧ

a , and with gM(t) := a2(t)g̃M, this
means

K0 = −hgM (86)

We thus regard the hypersurface M endowed with a time dependent metric, i.e. (M, gM) =

(M, a2g̃M). We can infer

trgMg
M = 〈a2(t)g̃M, a2(t)g̃M〉a2(t)gM = 〈g̃M, g̃M〉

g̃M
= 3

for the trace of gM with respect to gM.

7.2. Linear Order Gauge Invariant Quantities

The construction of gauge invariant quantities in cosmology, more precisely for
Friedmann-Robertson-Walker background space-times, can be addressed using the frame-
work introduced in sections 3.5.2 and 6.1, cf. also [21, 19].
In this framework, the decomposition of auxiliary quantities Ht and HM with cer-
tain transformation behaviour is studied. With the Friedmann-Robertson-Walker back-
ground space-time, the general proceeding is the same as in section 6.2, but there arise

69



70 Chapter 7. Gauge Invariant Quantities in Cosmology

some simplifications due to the properties of the background metric. Some of these
simplifications shall be discussed in the remainder of this section.

For the decomposition of HM, one needs to solve a partial differential equation of
the type

DW = divM(HM −
1

3
trgM(HM) gM)

The operator D is given by DW = divM(L(W )) where L denotes the traceless lie deriv-
ative operator on M, see appendix C.

Lemma 7.1. The operator D simplifies to

D(W ) = (44W + 2κW )[ +
1

3
d(divM(W ))

for a Friedmann-Robertson-Walker background metric with (constant) sectional curva-
ture κ.

Proof. Let p ∈ M and χ ∈ TpM with parallel extension X, i.e. (∇X)(p) = 0.
Let (ei) be a Minkowski frame around p with (∇ei)(p) = 0. Then:

DW (X) = divM(£M
W g

M − 2
3 divM(W ) gM)(X)

=
∑3

i=1 ∇i(£M
W g

M)(ei, X)− 2
3 d(divM(W ))(ei) g

M(ei, X))

=
∑3

i=1 ei(£
M
W g

M(ei, X))− 2
3 d(divM(W ))(X))

=
∑3

i=1 ei(g
M(∇iW,X) + gM(ei,∇XW ))− 2

3 d(divM(W ))(X))

=
∑3

i=1 (gM(∇i∇iW,X) + gM(ei,∇i∇XW ))− 2
3 d(divM(W ))(X))

(note that γi = 1 since we are on a Riemannian hypersurface). We define 44W =
tr1,2(∇∇W ) and compute

gM(ei,∇i∇XW ) =
∑3

i=1 (gM(ei,∇X∇iW ) + gM(ei,Rmn(ei, X,W )))

=
∑3

i=1 X(gM(ei,∇iW ) + Rm(ei, X,W, ei)) = d(divM(W ))(X) + Ric(X,W ))

This means that we can write

DW (X) = gM(44W,X) + d(divM(W ))(X) + Ric(X,W ))− 2
3 d(divM(W ))(X))

Finally if we write Rc(W )(X) = Ric(W,X), we arrive at

(DW )(X) = (44W )[(X) + Rc(W )(X) +
1

3
d(divM(W ))(X))

The assumption of constant sectional curvature (which is the case for the Friedmann-
Robertson-Walker metrics), implies

Rc(W )(X) = Ric(X,W ) = 2κ gM(W,X)

and from this we conclude

(DW )(X) = (44W )[(X) + 2κW [(X) +
1

3
d(divM(W ))(X))

�
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Since α0 = 1 and β]0 = 0, we obtain from (71) the following decomposition for the
lie derivative where X,Y ∈ Γ(TMt) are horizontal:

£ξg0(∂t, ∂t) = 2 g(∇tξJ, ∂t)

£ξg0(∂t, X) = ∂t(ξ
[
M)(X) +X(g(ξJ, ∂t)) + 2K0(ξM, X)

£ξg0(X,Y ) = £M
ξM
gM0 (X,Y ) + 2ξ0K0(X,Y )

Proof. The second equation follows from the following calculation, where we make
use of the facts that α0 = 1, β0 = 0 ⇒ ∂t = N, [N,X] = 0:

−g(ξM,∇tX)− g(ξJ,∇X∂t) + g(∂tξJ, X) + g(∇XξM, ∂t)
= −g(ξM,∇XN)− g(ξ0N,∇XN) + g(∂t(ξ

0N), X) + g(∇XξM, N)

= K0(ξM, X) + (∂t(ξ
0)) g(N,X) + ξ0 g(∇tN,X) +K0(ξM, X)

(49)
= 2K0(ξM, X) + ξ0(dα(X)−K0(X,β]) = 2K0(ξM, X)

The other two equations are clear from equation (71). �

Nakamura’s theorem then implies that we may assume the existence of auxiliary
(0,2)-tensor fields Ht ∈ Γ(T∗Mt), HM ∈ Γ(T(0,2)Mt) such that

Ht(X) = ht(X)− α0K0(ΞM, X) = ht + α0hg
M(ΞM, X)

HM = hM − 2Ξ0K0 = hM + 2Ξ0 h gM
(87)

where ΞM = H(TV), as given by (84b). Note that we made use of equation (86) to

substitute for K0. For Ξ0, the relation corresponding to (84a) simplifies a bit because
for the term exprg(H(TVV)), with α0 = 1, β0 = 0, K0 = −hgM,

exprg0(H(TVV)) = −〈2hgM0 , (∇MH(TVV))
[〉 − 1

2trgM0
(∇M

H(TVV)
(2hgM0 ))

= −2hdivM(H(TVV))− trgM0
(dh gM0 )− htrgM0

(∇H(TVV)
gM0 ) = 0

since h is only a function of the time coordinate, hence dh = dMh = 0, and because
H(TVV) is divergenceless by construction. As a result, Sol44 (H(TVV)) is harmonic, and

can be absorbed by a redefinition of Hא
(VL) and Hצ|

(VL). Hence, we compute Ξ0:

Ξ0 = −(−α2
0 + β0(β]0))−1

(
H(VL) + ∂tH(TVL) − Sol44 (H(TVV))

)
(88)

= H(VL) + ∂tH(TVL)

If we can find Ht and HM such that the relations (87) are fulfilled, then we can construct
gauge-invariant quantities as in section 6.2, [19].

7.2.1. Decomposition of hM. It is possible to use the decomposition theorem to
resolve h and define gauge invariant variables such that hצ| = h + £Ξצ|g0, and for א
analogously, such that Ξצ| − Ξא = ξ, cf. the general framework in chapter 6 or [19]. For
|צ and א consider respectively:

hM(t) = HM + 2ΞtK =
1

3
H(L) g

M
0 + LH(TV) +H(TT) + 2Ξ0K
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Calculate, using H(TV) = grad(H(TVL)) +H(TVV),

LH(TV) = £M
H(TV)

gM0 − 2div(H(TV)) g
M
0

= £M
grad(H(TVL))

gM0 + £M
H(TVV)

gM0 − 2div(H(TV)) g
M
0

= 2HessM(H(TVL))− 2div(H(TV)) g
M
0 + £M

H(TVV)
gM0

because

(£M
grad(f)g

M
0 )p(χ, η) = (gM0 )p(∇M

χ grad(f), η) + (gM0 )p(χ,∇M
η grad(f))

in p ∈ M, and choosing parallel extensions X,Y for χ, η,

(gM0 )p(∇M
χ grad(f), η) = χ(g0(grad(f), Y )) = (X(Y (f)))p = HessMp (f)(χ, η)

(and Hess is symmetric). Using K = −h gM0 , we conclude

hM(t) =
1

3
(H(L) − 6hΞ0)gM0 + LH(TV) +H(TT)

and finally

Proposition 7.1. The metric perturbation hM on a hypersurface can be decomposed
according to

hM(t) = h̃(L)g
M
0 + (HessM − 1

3
gM0 44 )(h̃(TVL)) + Lh̃(TVV) + h̃(TT) (89)

Obviously, the components with tilde are related to the previous convention via

h̃(L) = 1
3(H(L) − 6hΞ0) h̃(TT) = H(TT)

(87)
= h(TT)

h̃(TVL) = 2H(TVL)
(87)
= 2h(TVL) h̃(TVV) = H(TVV)

(87)
= h(TVV)

This decomposition is a typical tool from cosmological studies of gauge dependencies,
see for instance [25, 6].

7.2.2. Gauge Invariant Quantities. With this decomposition and under the as-
sumption that we have found Ht, HM as in (87), we are able to define four gauge-invariant
quantities, see also [22]:

−2 F = htt − 2 g(∇t(Ξ0∂t + ΞM), ∂t) b = H(V) − ∂th̃(TVV)

−2 S = (h(L) −
1

3
44 h̃(TVL)) + 2hΞ0 X = h̃(TT) = h(TT)

where according to (88), Ξ := Ξt∂t + ΞM,

Ξ0 = H(VL) −
1

2
∂th̃(TVL) and ΞM = h̃(TV) +

1

2
grad(h̃(TVL))



CHAPTER 8

Neutron Stars and Black Holes

We will now proceed to the case of neutron stars and black holes. We will con-
sider spherically symmetric, non-rotating space-time models, and at first we will limit
ourselves to cases without electrical charges present. We model a neutron star as a
homogeneous perfect fluid sphere of radius RNS. In line with the discussion in chap-
ter 5, we have the product situation L = J × (rmin,∞) × S2, and we use the metric for
non-rotating, spherically-symmetric space-times,

g = −eν(r)dt⊗ dt+ eλ(r)dr ⊗ dr + r2gS2 ,

with Schwarzschild coordinates t, r, θ, φ. In the exterior region of neutron stars and black
holes, we have the simplification ν = −λ, see section 5.2.

In this section, we will determine gauge-invariant equations for perturbations on a
spherically-symmetric, non-rotating background space-time. First, we will consider the
application of theorem 6.1 as a means to construct gauge-invariant quantities. Then
we study the implications of a decomposition of the type in theorem 3.4 or 6.1 for
the (3+1)-slicing equations (53). We will obtain a “master equation” which can be
related to common equations from the literature, the Regge-Wheeler and the Zerilli
equation.1 At the end of the chapter, we will also comment on extensions of the methods
used here, to second order, as well as to non-rotating space-times. Before entering the
actual considerations, we shall give a brief review of the Regge-Wheeler and the Zerilli
equation (section 8.2). We will later use the coordinate system that also T. Regge and
J. A. Wheeler used in their 1957 paper [26]. For (0,2)-tensors, we make use of tensor
harmonics in the form given by Zerilli [37]. We present this spherical harmonics basis
for symmetric (0,2)-tensors in the following section.

8.1. Spherical Harmonics

In gravitational wave analysis the decomposition of tensor fields in so-called spherical
harmonics is an important tool. The tensor product space R3 ⊗ R3 decomposes into 9
invariant subspaces which transform under irreducible representations of dimensions 3
and 6 of the symmetric group S2.2 These irreducible components can be obtained from
the product of Young diagrams,

⊗ = ⊕

1Inside the framework used here, it will be possible not only to rederive the original Regge-Wheeler
and the Zerilli equation, see [26] and [36], but also more general versions of these equations.

2Considering irreducible representations of the rotation group SO(3) (special orthogonal group), it
is possible to decompose the 6-dimensional subspace further into components of dimension 1 and 5.

73



74 Chapter 8. Neutron Stars and Black Holes

The dimensions of the respective spaces can be found from the corresponding Young
tableaux:3

1 1 , 1 2 , 1 3 , 2 2 , 2 3 , 3 3 ⇒ Dimension 6
1
2 ,

1
3 ,

2
3 ⇒ Dimension 3

The 3-dimensional subspace transforms under the irreducible representation with J = 1.
According to the corresponding Young diagram, these are antisymmetric tensors and
therefore unimportant for our considerations. For the six-dimensional subspace, we use
a basis derived by F. Zerilli [37] which relies on spherical harmonics. Consider the span
of the following six (0,2)-tensor fields in R3:4

V = span(∇∇Ylm, L∇Ylm, LLYlm, er ⊗∇Ylm, er ⊗ LYlm, er ⊗ erYlm),

where L is defined by the formal cross product L = er × ∇. Evaluation of the ex-
pressions shows that V ⊆ Γ(Sym2(TM)), and it is even possible to show equivalence,
V = Γ(Sym2(TM)) [37]. From [33] and [37] we obtain also the following tensor harmon-
ics basis tensors which we separate in two groups: those orthogonal and those tangent
to the 2-sphere S2 (Note: Entries which follow from symmetry are denoted by a star ∗).

Orthogonal to the 2-sphere:

eE11 = er ⊗ erYlm
eE1 = 2er ⊗∇Ylm

eB1 =
2

ir
er ⊗ LYlm

Tangent to the 2-sphere:

eB2 = −2i(L∇Ylm +
1

r
er ⊗ LYlm)

eE2 = r2(∇∇Ylm +
2

r
er ⊗∇Ylm

+ LLYlm + rer ⊗∇Ylm)

eEΦ = r2(∇∇Ylm +
2

r
er ⊗∇Ylm

− LLYlm − rer ⊗∇Ylm)

Orthogonal to S2

eE11 =

Ylm 0 0
0 0 0
0 0 0


eE1 =

0 ∂Ylm
∂θ

∂Ylm
∂φ

∗ 0 0
∗ 0 0


eB1 =

0 − 1
sin(θ)

∂Ylm
∂φ sin(θ)∂Ylm∂θ

∗ 0 0
∗ 0 0



Tangential to S2

eEΦ =

0 0 0
0 1 0
0 0 sin2(θ)


eE2 =

0 0 0
0 Wlm Xlm

0 Xlm − sin2(θ)Wlm


eB2 =

0 0 0
0 − sin−1(θ)Xlm sin(θ)Wlm

0 sin(θ)Wlm sin(θ)Xlm


3These Young tableaux are obtained from the diagrams by inserting 1,2,3 (since we consider a tensor

product of R3) such that numbers do not descend from left to right and do ascend from top to bottom.
4Note, however, that each component of the vectors that we write down are functions, so more

precisely, we should write R3 ⊗ L2(R3) where L2(R3) denotes the space of square-integrable functions.
Square-integrable functions on the 2-Sphere can be expanded into spherical harmonics Ylm [10].
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In this way, we have constructed a basis of tensor spherical harmonics for symmetric
(0,2)-tensors on a 3-dimensional Riemannian space. Note that on R3 there is the spher-
ical harmonics basis

er =

Ylm0
0

 eE =

 0
dYlm
dθ
dYlm
dφ

 eB =

 0

− 1
sin(θ)

dYlm
dφ

sin(θ)dYlmdθ

 (90)

Using these, it is possible to generalize the tensor harmonics to Lorentzian 4-manifolds
by including a time coordinate t and adding four new basis vectors using the cotangent
vector e0 = dt with the ansatz

T = T00e
0 ⊗ e0 +

3∑
i=1

Ti0e
i ⊗ e0 +

∑
i,j

Tije
i ⊗ ej

We expand the tensor products ei ⊗ ej in terms of the (embedded) spherical harmonics
basis, ei ⊗ ej =

∑
ρ c(ij, ρ)eρ, where ρ = E0, E11, . . . . Similarly, using the vector

harmonics (90), for e0 ⊗ ei. For T00e
0 ⊗ e0, we expand T00 =

∑
lm T00,lmYlm. Thus we

obtain T00e
0 ⊗ e0 =

∑
lm T00,lmYlm. Finally, the four additional basis tensors read

eE00 =


Ylm 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0



eE0 =


0 0 ∂Ylm

∂θ
∂Ylm
∂φ

0 0 0 0
∗ 0 0 0
∗ 0 0 0



eB0 =


0 0 1

sin(θ)
∂Ylm
∂φ − sin(θ)∂Ylm∂θ

0 0 0 0
∗ 0 0 0
∗ 0 0 0



eE10 =


0 Ylm 0 0
∗ 0 0 0
0 0 0 0
0 0 0 0


In our notation, E and B denote the parity, i.e. the behaviour of the basis tensors under
inversions, θ 7→ π − θ, φ 7→ φ + π. Even parity means that eE• 7→ (−1)leE•, while
eB• 7→ (−1)l+1eB• [26].

8.2. Regge-Wheeler and Zerilli equations

The Regge-Wheeler and the Zerilli equation are wave equations for the dynamics of
gauge-invariant quantities, the Regge-Wheeler and Zerilli quantity. The Regge-Wheeler
quantity Q is a combination of odd-parity metric perturbation components, while the
Zerilli quantity Z is its even-parity counterpart.

8.2.1. The Regge-Wheeler equation. The Regge-Wheeler equation has been
derived in its classical form for a Schwarzschild background metric by Regge & Wheeler
in their seminal 1957 paper [26]. It reads

d2Q

dt2
− d2Q

dr2
∗

+ eν
(
l(l + 1)

r2
− 6M

r3

)
Q = 0 (91)
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where M denotes the mass of the neutron star or black hole whose exterior region is
to be examined. The radial coordinate r∗ is the so-called “tortoise” coordinate. It is
defined by

r∗ =

∫ r

0
e(λ(r̃)−ν(r̃))/2dr̃ (92)

which boils down to r∗ = r + 2M ln(r − 2M) in the Schwarzschild case. The original
derivation in [26] was done using a certain gauge choice for which the name Regge-
Wheeler gauge has been coined. In this gauge, the odd-parity tensor part coefficient for
(B2) is set to zero, as well as the even-parity coefficients for (E1), (E2), and (EΦ). A
derivation for arbitrary gauge choices has been presented by Vincent Moncrief in 1974
[17].

In order to address neutron star interiors, the Regge-Wheeler equation must be
modified adding one term:5

d2Q

dt2
− d2Q

dr2
∗

+ eν
(
P − ρ

2
+

6M(r)

r3
− l(l + 1)

r2

)
Q = 0 (93)

Here, the gravitational mass function M(r) at the radius r from the center of the neutron
star is defined by M := r

2

(
1− e−λ), hence e−λ = 1− 2M

r [31].

8.2.2. The Zerilli equation. The even-parity counterpart to the Regge-Wheeler
equation has been derived by Zerilli in 1970 [36]:

d2Z

dt2
− d

2Z

dr2
∗

+e−λ

(
72M3 + 6Mr2(Λ− 2)2 − 36M2r(Λ− 2) + r3Λ(Λ− 2)

r5(Λ− 2 + 6M
r )2

)
Z = 0 (94)

Here, Z is a gauge-invariant combination of coefficients to even-parity basis tensors of
the metric perturbation h. The tortoise variable r∗ is defined as in (92).

We note that there is no corresponding even-parity equation for the interior of neu-
tron stars. Instead, in this case, one would have to consider two wave equations [2], but
these are no longer gauge-invariant.

There exist similar equations to (93) and (94) for other situations, for instance for
non-rotating, but electrically charged black holes. Although we shall not go into further
details here, we will come back to it later in sections 8.7 and 8.8.

8.3. Spherically symmetric background space-times

We now aim to derive a gauge-invariant Einstein equation for the treatment of neu-
tron stars and black holes, based on the approach elaborated by Kouji Nakamura. We
first examine the steps from chapter 6 and [19], and we apply them to the case of spheri-
cally symmetric background space-times. We use Schwarzschild coordinates (t, r, θ, φ),
r ∈ (rmin,∞), such that the background metric takes the form

g = −eν(r)dt⊗ dt+ eλ(r)dr ⊗ dr + r2gS2 .

5This formula has been derived under the assumption that the the background fluid is at rest. This
means: U = e−ν/2∂t.
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Hence, α0 = eν/2 and β0 = 0 for background lapse and shift. Therefore the extrinsic
curvature vanishes:

K0 = − 1

2α0

(
∂tg

M −£M
β]0
gM
)

= 0

because ∂tg
M
0 = 0. Following [19], the next step is to split the perturbation tensor fields

into three components according to the (3+1)-slicing L = J×M: the scalar tt-component,
the shift cotangent vector t-component ht(t) on M, and the (0,2)-tensor field component
hM(t) on M. For the metric perturbation field on L, this is

h = httdt⊗ dt+ dt� ht + hM.

We additionally decompose ξ = ξJ + ξM, as before, with horizontal ξM, and ξJ = ξ0∂t.
Then, lie derivatives can be decomposed in the following way, cf. (71),

£ξg0(∂t, ∂t) = 2 g0(∇tξJ, ∂tξt)− 2α0 ξM(α0) (95a)

£ξg0(∂t, X) = ∂t(ξM)[(X) + d(g0(ξJ, ∂t))(X)− 2ξ0 α0X(α0) (95b)

£ξg0(X,Y ) = £M
ξM
gM0 (X,Y ) (95c)

with X,Y ∈ Γ(TM) which we identify with the horizontal vector fields dι(X), dι(Y ).
The second equation follows from the following calculation (we write ∇ = 0∇):

−g0(ξM,∇tX)− g0(ξJ,∇X∂t) + g0(∇tξJ, X) + g0(∇XξM, ∂t)
= −g0(ξM,∇X(α0N))− g0(ξJ,∇X∂t) + g0(∇tξJ, X) + α0K0(X, ξM)

= −X(α0)g(ξM, N)− α0 g0(ξM,∇XN) + ξ0α0X(α0)

− ξ0α2
0 g0(N,∇XN) + ∂t(ξ

0α0) g0(N,X) + ξ0α0 g(∇tN,X)

(49)
= ξ0α0X(α0) + ξ0α (X(α0)−K0(X,β])) = 2α0 ξ

0 X(α0)

where we have made use of the fact K0 = 0, β0 = 0, ∂t = α0N . According to [19], we next

have to study auxiliary variables (families) Ht(t) ∈ Γ(T(0,1)M) and HM(t) ∈ Γ(T(0,2)M)
(which we imbed onto L via ιt = π−1

t ) with the transformation rules

Hצ|
t −Hא

t = ∂t(ξM)[ + d(g(ξJ, ∂t)) = (∂tξM)[ − d(α2
0ξ

0) (96a)

Hצ|
M −Hא

M = £M
ξM
gM (96b)

Note that HM = hM already has the desired transformation behaviour. Thus, we later
only have to find Ht with the desired transformation rule (96a). We decompose hM
according to the decomposition reviewed in appendix C, [34], and we obtain

hM =
1

3
h(L) g

M
0 + Lh(TV) + h(TT)

(where we applied the terminology in [19]). Here, transverse-traceless components have

the property divM(h(TT)) = 0, and we have the definition

Lh(TV) = £M
h(TV)

gM0 − 2divM(h(TV)) g
M
0 ,
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and the trace component is h(L) := trgM0
(hM), see appendix C, The longitudinal h(TV) is

obtained from a solution of

Dh(TV) = divM

(
hM −

1

3
h(L)g

M
0

)
.

Finally, the transverse traceless part is defined by h(TT) := hM− 1
3h(L)g

M
0 −Lh(TV). Note

that h(TV) is unique only up to conformal Killing vectors. Comparing two gauge choices,

we will choose hצ|
(TV) and hא

(TV) such that hצ|
(TV) − h

א
(TV) = ξM where we decompose

ξ = ξ0∂t + ξM

with a (general) horizontal vector field ξM(t) ∈ Γ(TMt). The vector fields hא
(TV), h

|צ
(TV)

then can be further split according to

h(TV) = grad(h(TVL)) + h(TVV), with divM(h(TVV)) = 0

where h(TVL) is obtained from a Poisson equation,

44h(TVL) = divM(h(TV)),

and where we define h(TVV) := h(TV) − grad(h(TVL)). Doing similar decompositions for
the gauge term,

£M
ξM
gM0 = LξM + 2divM(ξM) gM0 ,

and splitting ξM = grad(ξM(L)) + ξM(V) similar to how we split h(TV), we are able to
determine the gauge transformation rules for the components h(L), h(TV), h(TT) etc. We

follow the steps in section 6.2, or [19], and find (with appropriate choices for hא
(TVL),

hצ|
(TVL) and hא

(TV), h
|צ
(TV)),

6 the transformation rules

hצ|
(TT) − h

א
(TT) = 0

hצ|
(TV) − h

א
(TV) = ξM

hצ|
(L) − h

א
(L) = 2div(ξM)

hצ|
(TVL) − h

א
(TVL) = ξM(L)

hצ|
(TVV) − h

א
(TVV) = ξM(V)

The cotangent vector part Ht can be split according to the decomposition reviewed in
appendix C. In the spherically-symmetric case the result is

Ht = ∇M(H(VL)) +H(V) where

{
44H(VL)

!
= divM(Ht)

H(V) := Ht −∇M(H(VL))

and hence divM(H(V)) = 0.

6Recall that h(TV), h(TVL) are only unique up to conformal Killing vectors or, respectively, harmonic

functions.
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Recall that Ht, H(VL), H(V) are auxiliary variables which have to be obtained from

the given metric perturbation h. The defining equation is7

Ht = ht − 2Ξ0 α0X(α0) = ht − 2α0X(α0) (H(VL) − ∂th(TVL)).

We take the divergence of this equation and obtain

44H(VL) = divM(Ht) = divM
(
ht − 2α0X(α0) (H(VL) − ∂th(TVL))

)
⇔ 44H(VL) + divM

(
2α0X(α0)H(VL)

) !
= div(ht) + divM

(
2α0X(α0) (∂th(TVL))

)
and H(V) := Ht − ∇MH(VL). The gauge transformation rules for H(VL) and H(V) read
as follows, cf. (79) and (80):

Hצ|
(VL) −H

א
(VL) = ∂tξM(L) + g0(ξJ, ∂t) = ∂tξM(L) + g0(ξ0∂t, ∂t) = ∂tξM(L) − α2

0 ξ
0

Hצ|
(V) −H

א
(V) = ∂t(ξM(V))

[,

Note that the term Sol44 (ξM(V)) can be absorbed by a redefinition of Hא
(VL), H

|צ
(VL), see

footnote 7. For H(V), it does not play a role since the gradient of a harmonic function
vanishes, see appendix C.

Gauge invariant quantities can now be constructed as in [19], and we obtain:

h = −2F dt⊗ dt+ b� dt− 2SgM + X =

(
−2F b

b −2gMS + X

)
(97)

with the definitions

−2F := h(∂t, ∂t)− 2g(∇tΞ, ∂t) =: −2α0a

b := H(V) − (∂th(TVV))
[

−6S := h(L) − 244h(TVL)

X := h(TT)

and Ξ = Ξ0 ∂t + ξM with

−α2
0 Ξ0 := H(VL) − ∂th(TVL)

ΞM := h(TV) = grad(h(TVL)) + h(TVV)

Hence, the metric perturbation tensor field h on L can be decomposed into a part h that
is invariant under gauge transformations, and a gauge-dependant part which takes the
form of a lie derivative:

h = h + £Ξg0 =

(
−2F b

b −2gMS + X

)
+ £Ξg0

In the spherically symmetric case discussed here, we have a corresponding decomposition
for the hypersurface-restricted metric perturbation field:

hM = hM + £M
ξM
gM =

(
X− 2SgM0

)
+ £M

ξM
gM

7 We use equation (74) with definition (84a). Note that Sol44 (ξM(V)) can be absorbed by a redefi-

nition of Hא
(VL) and Hצ|

(VL) since ∂tg
M = 0 (K0 = 0, β0 = 0) and hence ∂t(divM(ξM)) = divM(∂tξM). This

means:
exprg0(ξM(V)) = 0 ⇒ Sol44 (ξM(V)) ∈ Harm,

see the explanations to equation (79).
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With these definitions, it is possible to write down a first order gauge invariant equation

δg0Ein[h] = δg0T
inv,

compare paragraph 3.5.2.1, where we define δg0Tinv := δg0T − £ΞT0, cf. chapter 6
and [19]. The perturbation of the Einstein tensor field is given by the expression derived
in chapter 2, see equation 26a,

δg0Ein[h](X,Y ) = Tr∗
(
∇X4[h](∗, Y )−∇∗4[h](X,Y )

)
− 1

2
g0(X,Y )〈Ric0, h〉

− 1

2
g0(X,Y )

(
tr?Tr∗

(
∇?4[h](∗, ?)−∇∗4[h](?, ?)

))
− 1

2
h(X,Y )S0

In the exterior region, where T0 = 0 and δg0T = 0, we have the equation δg0Ein[h] = 0
or, equivalently, δg0Ric[h] = 0. With the explicit form (17)

Hessg0(trg0(h)) +�g0h− 2divSg0(g0∇h) = 0

This result is the governing gauge-invariant equation, in an elegant and compact form,
for vacuum perturbations.

8.4. Some useful relations

We now prove some lemmas which will allow us to formulate gauge-invariant versions
of the constraint and dynamical variation formulae for (3+1)-slicing as derived with
equations (58) to (61).

Lemma 8.1. Let δα, a ∈ E(L) with δα = a + Ξ(α0) where Ξ(t) ∈ Γ(TMt), and let
hM = hM + £M

Ξ g
M
0 . Then the variation of the Hessian of a function can be decomposed

according to:

δg0HessM(α)[h] = HessM(a) + £M
Ξ HessM(α0) +4M[hM](α0) (98)

Proof. Recalling equation (62), we have to prove

HessM(δα)−4M[hM](α0) = HessM(a) + £M
Ξ HessM(α0)−4M[hM](α0),

and, since HessM(δα) = HessM(a) + HessM(Ξ(α0)), it suffices to show for χ, η ∈ TpM, in
an arbitrary point p ∈ M:

HessMp (Ξp(α0(p)))−4M[£M
Ξ g0]p(α0(p)) = £M

ΞpHessM(α0)(p)

Hence let X,Y be parallel extensions of χ, η such that (0∇X)(p) = 0, (0∇Y )(p) = 0.
For ease of notation we suppress the indices 0 and M:

4[£Ξg](α)p(χ, η)
(147)
= (∇χ∇Y Ξ)(αp) + (∇Ξp∇XY )(αp)− (∇χ∇ΞY )(αp)

= (∇χ(∇Y Ξ−∇ΞY ))(αp) + (∇Ξp∇XY )(αp)

= −(∇χ[Ξ, Y ])(αp) + (∇Ξp∇XY )(αp)

Now use the general relation Hess(α)(X,Y ) = X(Y (α))− (∇XY )α to compute

4[£Ξg](α)p(χ, η) = Hess(α)p(χ, [Ξ, Y ]p)− χ([Ξ, Y ](α)) + (∇Ξp∇XY )(αp)

= Hess(α)p(χ, [Ξ, Y ]p)− χ(Ξ(Y (α))) + χ(Y (Ξ(α))) + (∇Ξp∇XY )(αp)
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Then, we have the relations

χ(Ξ(Y (α))) = Ξp(X(Y (α)))− [Ξ, X]p(Y (α))

and

χ(Y (Ξ(α))) = Hess(Ξ(α))p(χ, η) + (∇χY )αp = Hess(Ξ(α))p(χ, η).

Therefore, we find

4[£Ξg](α)p(χ, η) = Hess(α)p(χ, [Ξ, Y ]p)

− Ξp(X(Y (α))) + [Ξ, X]p(Y (α)) + Hess(Ξ(α))p(χ, η) + (∇Ξp∇XY )(αp)

= Hess(α)p(χ, [Ξ, Y ]p)− Ξp(Hess(α)(X,Y ) + (∇XY )α)

+ Hess(α)([Ξ, X]p, η) +∇[Ξ,X]pY )(αp)︸ ︷︷ ︸
=0

+Hess(Ξ(α))p(χ, η) + (∇Ξp∇XY )(αp)

Finally, since −Ξp((∇XY )α) + (∇Ξp∇XY )(αp) = −Hess(Ξp,∇χY )(αp) = 0 (because
(∇Y )(p) = 0),

4[£Ξg](α)p(χ, η) = Hess(α)p(χ, [Ξ, Y ]p)− Ξp(Hess(α)(X,Y ))

+ Hess(α)([Ξ, X]p, η) + Hess(Ξ(α))p(χ, η)

= (£ΞHess(α))p (χ, η) + Hess(Ξ(α))p(χ, η)

�

Lemma 8.2. Lie derivative and differential can be interchanged:

£Ξdf = d(£Ξf) (99)

Proof. From differential geometry we have, for a 1-form ω, the Cartan relation
£Ξω(X) = dω(X,Ξ) + d(ω(Ξ))(X). Hence:

(£Ξdf)(X) = (ddf)(X,Ξ) + d(df(Ξ))(X)

= d(Ξ(f))(X) = (d£Ξf)(X)

�

In the appendix, we prove the following lemma:

Lemma 8.3. The partial derivative with respect to a vector field ξ ∈ Γ(TL) of the
inner product of two symmetric tensor fields A,B ∈ Γ(Sym2(TL) (and accordingly for a
Riemannian instead of a Lorentz space-time) can be written using lie derivatives accord-
ing to the following relation:

ξ〈A,B〉 = 〈£ξA,B〉+ 〈A,£ξB〉 − 2〈£ξg, ctr(A,B)〉 (100)

From this lemma, we can immediately infer a formula to write derivatives of the
trace of tensor fields using lie derivatives:

Corollary 8.1. Let A ∈ Γ(Sym2(TL)) be a symmetric (0,2)-tensor field, and ξ ∈
Γ(TL) a vector field (accordingly with M instead of L. Then:

ξ(trg0A) = trg0(£ξA)− 〈£ξg0, A〉 (101)
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Lemma 8.4. If β0 = 0,K0 = 0 and ∂tRicM0 = 0, then, with ξ = ξ0∂t + ξM, the lie
derivative gives

£ξRicM0 = £M
ξM

RicM0 (102)

Proof. We calculate with ξ = ξ0∂t + ξM where ξM(t) is horizontal for all times t:

£ξRicM0 (X,Y ) = ξ(RicM0 (X,Y ))− RicM0 (∇Xξ, Y )− RicM0 (X,∇Y ξ)

= ξ(RicM0 (X,Y ))− RicM0 (∇XξM, Y )− RicM0 (X,∇Y ξM)

+
∑

i ξ
0α0K0(X, ei)RicM(ei, Y ) + ξ0α0K0(Y, ei)RicM(X, ei)

= ξM(RicM0 (X,Y ))− RicM0 (∇M
XξM, Y )− RicM0 (X,∇M

Y ξM)

= £M
ξM

RicM0 (X,Y )

where X,Y ∈ Γ(TM). �

8.5. Spherically Symmetric Backgrounds with (3+1)-Slicing

In section 8.3, we constructed, following Nakamura’s approach, the gauge invariant
quantities F, b,S and X for an arbitrary spherically symmetric and static spacetime.
Hence we are able to construct a gauge invariant Einstein equation, using these gauge
invariant quantities, cf. also chapter 3 or [19]. To be closer to practical applications,
however, corresponding gauge invariant equations for the (3+1)-framework seem to be
better suited. Such a gauge invariant equation should be a generalisation of the Regge-
Wheeler and the Zerilli equation. In chapter 4, we already derived the two constraint
and two dynamical equations as well as their first order variation formulae, for a foli-
ated space-time L = J × M. We cite the variation formulae for K0 = 0, β0 = 0, see
equations (63),

2δρ = δ(SM)

δj = d(tr(k))− divM(k)

∂thM = −2α0k + £δβ]g
M
0

∂tk = −HessM(δα) +4(α0) + δα(RicM − Ric) + α0(δRicM − δRic)

and we recall the hypersurface component of the lie derivative from (95c) for K0 = 0
and β0 = 0 (with |M we denote the restriction to Γ(Sym2(TM))),

£Ξg0

∣∣
M

= £M
ξM
gM0 , (103)

The extrinsic curvature perturbation k is by itself invariant under gauge transformation.
The reason is that K0 = 0. The calculation can be found in lemma A.6. The gauge
invariant extrinsic curvature perturbation is defined by k = k − £ΞK0 = k, and we see
the invariance of k explicitly. The shift vector β] is not gauge invariant. We obtain its
gauge transformation rule by going back to the definition

gM(λ)(β](λ), X) = β(λ)(X) = g(λ)(∂t, X), (104)

X ∈ Γ(TM), where, given the directions of variation δβ for β, and h for g, we have

families β : I× J→ Γ(T∗M), gM : I× J→ Γ(Sym2(TM), such that β(0) = β0, β̇(0) = δβ,
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gM(0) = gM0 , ġM(0) = hM, see chapter 2. Calculating the first variation of (104), we find

hM(β]0, X) + gM0 (δβ], X) = h(∂t, X)

Since β0 = 0, ∂t = α0N0, we find, if we insert h = £ξg0,

£ξg0(∂t, X) = ξ(β0(X))− g0([ξ, ∂t], X)− β0(£ξX) = −g0([ξ0∂t + ξM, ∂t], X)

= (∂tξ
0) g0(α0N0, X)− g0(ξM(α0)N0 + α0∇ξMN0 −∇tξM, X)

= gM0 (∂tξM, X)
!

= gM0 ((δβ])צ| − (δβ])א, X)

(note ∂tg
M
0 = 0). Hence:

(δβ])צ| − (δβ])א = ∂tξM (105)

We conclude that the proper gauge invariant variable for δβ] thus is B = δβ] − ∂tξM.
We now turn to the question how to decompose the (3+1)-equations (63) into gauge-
invariant and gauge-dependent parts.

8.5.1. The Hamilton Constraint. We make use of the decomposition h = h +
£Ξg0 to split up the first order variation formulae in (3+1)-setting. The aim is to end up
with equations that are expressed solely using quantities which are invariant under gauge
transformations. We start with the splitting of the Hamiltonian constraint and define the
gauge invariant energy density perturbation by ρinv = δρ−Ξ(ρ0), cf. [22]. Furthermore,
we observe that we can adopt the results from section 2.1, namely corollary 2.1, and we
apply lemmas 8.3 and 8.4, as well as corollary 8.1. We find:

δgM0
SM = trgM0

δgM0
RicM[hM]− 〈RicM0 , hM〉

= trgM0

(
δgM0

RicM[hM] + £M
ΞM

RicM0
)
− 〈RicM0 , hM〉 − 〈RicM0 ,£

M
ΞM
gM0 〉

= trgM0
δgM0

RicM[hM]− 〈RicM0 , hM〉+ ΞM〈gM0 ,Ric0〉

= trgM0
δgM0

RicM[hM]− 〈RicM0 , hM〉+ ΞM(SM
0 ).

The background energy density ρ0 is time independent, so Ξ(ρ0) = ΞM(ρ0) and

2ρinv + 2ΞM(ρ0) = δρ = δgM0
SM = trgM0

(
δgM0

RicM[hM]
)
− 〈RicM0 , hM〉+ ΞM(SM

0 ) (106)

Finally, we use the background equation 2ρ0 = SM
0 , see (53), to get rid of the gauge

dependent part containing ΞM. We end up with the gauge invariant equation

2ρinv = trg0

(
δgM0

RicM[hM]
)
− 〈RicM0 , hM〉 (107)

Going even further, we can express δgM0
RicM[hM] by help of the gauge invariant quantities

from section 8.3. Apply corollary 2.1 to find for the first term in (107):

trg0
(
δgM0

RicM[hM]
)

=44 trg0(hM)− div(div(hM))

= −644S− div
(
div(−2SgM + X)

)
= −644S− tr∗tr?div∗(div?(−2S)gM(∗, ?))

= −644S + 2trgM0
HessM(S) = −644S + 244 (S)

= −444S.
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where it has been made use of the facts div(X) = 0 and div(gM0 ) = 0 (note that we
dropped the index M for div). For the second term in (107), find

〈RicM0 , hM〉 = 〈RicM0 ,−2SgM0 + X〉 = −2SSM
0 + 〈RicM0 ,X〉.

Putting these ingredients together, we can write the gauge invariant Hamiltonian con-
straint in the form

ρinv = −444S + 2SSM
0 − 〈RicM0 ,X〉 (108)

8.5.2. The Momentum Constraint. Considering the variation formula (63b) for
the momentum constraint,

δgM0
j = d(trgM0

(k)) + divM(k),

we find the right hand side to be already in gauge invariant form since it solely depends
on k = k + £ΞK0 = k. For the left hand side we explicitly find the invariance under
gauge transformations as follows: Define the gauge invariant momentum current by
j = δgM0

j − £M
ΞM
j0, cf. [22]. Then, recalling the background momentum constraint

equation (59),

j0 = d(trgM0
(K0))− divM

gM0
(K0) = 0,

see that δgM0
j = j is automatically gauge invariant. Thus, we have seen that the momen-

tum constraint variation formula is automatically in gauge invariant form. If we want
to stress this, we can, instead of

δgM0
j = d(trgM0

(k))− divM(k), (109a)

write the equation in an equivalent manner as

j = d(tr(k))− divM(k). (109b)

8.5.3. The Dynamical Equation for the Metric. We now turn to the dynamical
equations. For the time evolution of the hypersurface metric we recall the variation
formula (63c)

∂thM = −2α0k + £M
δβg

M
0

On the right hand side, we already know that k itself is gauge invariant. The shift vector
perturbation δβ] transforms according to (105), so we define the corresponding gauge
invariant variable by

B := δβ] − ∂tΞM.

On the left hand side, we know from the decomposition theorem 6.1 that hM = hM +
£M

ΞM
gM0 due to equation (103). Hence we write

∂t
(
hM + £M

ΞM
gM0
)

= −2α0k + £M
Bg

M
0 + £M

∂tΞM
gM0 .

For the time derivative of the lie derivative, we compute8

∂t
(
£M

ΞM
gM0
)

= £M
∂tΞM

gM0 + £M
ξM
∂tg

M
0 = £M

∂tΞM
gM0 .

We see that this terms cancels with the corresponding term from the shift vector per-
turbation δβ] = B + ∂tΞM. Thus we conclude:

∂thM = −2α0k + £M
Bg

M
0 (110)

8The hypersurface metric gM0 is time-independent in case of spherical symmetry, see section 8.5.
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We now evaluate k in order to use solely the gauge invariant quantities from section 8.3.
With the help of the Codazzi-Mainardi formula (44a), prove

g(N,4(X,Y )) = g(N,∇M
X∇M

Y ΞM + Rmn(ΞM, X)Y ) = 0,

where X,Y ∈ Γ(TM) are static horizontal vector fields (via ιt = π−1
t ) living on a hyper-

surface. With this relation k can be computed (we suppress the index 0):

k(X,Y ) = h(N,∇M
XY ) + g(N,4L(X,Y )) =

1

α0
h(∂t,∇M

XY ) + 0

=
1

α0

(
h(α0N0,∇M

XY ) + £M
ξM
gM0 (∂t,∇M

XY )
)

=
1

α0
b(∇M

XY ),

since £M
ΞM
gM0 (∂t,∇M

XY ) = £M
ΞM
β0(∇M

XY )−gM0 ([ΞM, ∂t],∇M
XY ) = £M

ΞM
β0(∇M

XY ). Inserting

this result in (110), the gauge invariant equation for the dynamical hypersurface metric
reads

∂th = −2α2
0b(∇M

XY ) + £M
Bg

M
0 (111)

8.5.4. The Dynamical Equation for the Curvature. The last of the four gov-
erning equations for (3+1)-slicings describes the dynamical evolution of the extrinsic
curvature. For spherical symmetry we have derived equation (61):

∂tk = −HessM(δα) +4M[hM](α0) + δα (RicM0 − Ric0) + α0(δRicM[hM]− δRic[h])

The gauge invariant component of δα is defined by a = δα − ξM(α0) (since α0 is time
independent). From lemma 8.1 we know

−HessM(δα) +4M[hM](α0) = −HessM(a)−£M
ξM

HessM(α0) +4M[hM](α0),

so we can write, using the time independence of the background Ricci curvature:

∂tk = −HessM(a)−£M
ξM

HessM(α0) +4M[hM](α0) + a(RicM0 − Ric0)

+ α0(δgM0
RicM[hM]− δg0Ric[h]) + £ξM

(
α0(RicM0 − Ric0)

)
Using the unperturbed relation 0 = ∂tK0 = −HessM(α0) + α0(RicM0 − Ric0), we refor-
mulate this into a gauge-invariant equation:

∂tk = −HessM(a) +4M[hM](α0) + a(RicM0 −Ric0) +α0(δgM0
RicM[hM]− δg0Ric[h]) (112)

8.5.5. Conclusion. In the previous subsections we analysed the variation formulae
for first order perturbations on a spherically symmetric background spacetime without
rotation. The result of this analysis are four gauge invariant equations for the perturbed
first order Hamilton and momentum constraint, as well as for the variation formulae
of the two dynamical equations. To conclude this section, we compile these four gauge
invariant equations:

2ρinv = trgM0
δgM0

RicM[hM]− 〈RicM0 , hM〉 (113a)

δj = d(trgM0
(k))− divM(k) (113b)

∂th = −2α0k + £Bg
M
0 = −2α2

0b ◦ 0∇M + £Bg
M
0 (113c)

∂tk = −HessM(a) +4M[hM] + a(RicM0 − Ric0) + α0(δgM0
RicM[hM]− δg0Ric[h]) (113d)
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8.6. The Generalised Regge-Wheeler-Zerilli Equation

In section 8.2 we presented the Regge-Wheeler and the Zerilli equation. These are the
common gauge invariant equations for the treatment of neutron stars and black holes. It
is now apparent that these equations should be derivable from the set of general gauge
invariant equations (113). As a first step of this rederivation we will in this section
derive a generalised “Regge-Wheeler-Zerilli” equation that will have the property to
be independent from the specification of a certain coordinate system (after fixing the
observer field (∂t). We first consider only equations (110) and (112). Recall:

∂th = −2α0k + £Bg
M
0

∂tk = −HessM(a) +4M[hM] + a (RicM0 − Ric0) + α0 (δgM0
RicM[hM]− δg0Ric[h])

The Regge-Wheeler as well as the Zerilli equation are “Schrödinger-like” wave equations
and thus contain second order time derivatives. It is therefore reasonable to take the
time derivative of the first of these two equations:

∂2
t h = −2α0 ∂tk + £M

∂tB g
M
0 + £M

B∂tg
M
0 = −2α0 ∂tk + £M

∂tB g
M
0 . (114)

Then insert the second equation and obtain a “generalised Regge-Wheeler” equation

∂2
t h = −2α0

(
−HessM(a) +4M[hM] + a(RicM0 − Ric0) + α0(δgM0

RicM[hM]− δg0Ric[h])
)

+ £M
∂tBg

M
0 . (115)

We will later see that this equation contains the information of the Regge-Wheeler
equation.

In addition, from the first order variation formula for the Hamiltonian constraint, we
found the gauge invariant equation (107). This gauge invariant Hamiltonian constraint
equation reads

2ρinv = trgM0

(
δgM0

RicM[hM]
)

+ 〈RicM0 , hM〉

Now consider the vacuum case where δT = 0, cf. chapter 2, and thus δρ = 0 (no
energy-momentum contributions from the background and no first order perturbation
contributions). Then also ρinv = δρ− Ξ(ρ0) = 0 and the Hamiltonian constraint reads

trgM0

(
δgM0

RicM[hM]
)

+ 〈RicM0 , hM〉 = 0

Eventually let C ∈ E(L) be an arbitrary function on the background spacetime L. If we
add the Hamiltonian constraint to equation (115), we can obtain another gauge invariant
equation, which could be called “generalised (Regge-Wheeler-)Zerilli” equation:

∂2
t h = −2α0

(
−HessM(a)−4M[hM] + a(RicM0 − Ric0) + α0(δgM0

RicM[hM]− δg0Ric[h])
)

+ £M
∂tBg

M + C ·
(

trgM0

(
δgM0

RicM[hM]
)

+ 〈RicM0 , hM〉 − 2 ρinv

)
(116)

The parameter C has to be adjusted to fit to the actual problem. In case C = 0, we
regain the generalised Regge-Wheeler equation (115). We will come back to this later.
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8.6.1. Strategy for Re-deriving Regge-Wheeler and Zerilli Equation. The
common formulation of the Regge-Wheeler and the Zerilli equation is done in the “spher-
ically harmonics” basis provided in section 8.1. So in order to rederive the common form
of these equations from the generalized “master equations” (115) and (116), we will have
to use these special coordinates. Furthermore, we have to take into account parity. In
this context the term parity refers to the behaviour of the basis components under inver-
sions θ 7→ π− θ, φ 7→ φ+π. Even parity means that we gain a factor of (−1)l under this
transformation (where l is the “orbital quantum number” of the spherical harmonic Ylm),
while odd parity means that we gain a factor of (−1)l+1 under these transformations.
Note that in this thesis we will only study contributions with an “orbital quantum num-
ber” l ≥ 2. Contributions with l = 0 and l = 1 belong to non-radiative modes, and are
treated differently, see [17, 26]. For fixed l, m can take integer values from −l to l.

As a first step, we express the hypersurface lie derivative £M
Ξ g

M
0 in this basis. An

arbitrary family of horizontal vector fields Ξ(t) ∈ Γ(TM) can be split according to parity
and in the spherical harmonic basis by

Ξ =
∑
l,m

Ξlmr elmr + ΞlmE elmE + ΞlmB elmB (117)

where the basis vectors are given by [33]

elmr =

Ylm0
0

 elmE =

 0
dYlm
dθ
dYlm
dφ

 elmB =

 0

− 1
sin(θ)

dYlm
dφ

sin(θ)dYlmdθ


(we will sometimes suppress the indices l,m to simplify the notation). The decomposition
of the lie derivative £M

Ξ g
M
0 has been performed with the computer algebra software

Maple 11.9 The result is the following:

£M
Ξ g

M
0 =

∑
l,m

(L11e11 + LE1eE1 + LB1eB1 + LEΦeEΦ + LE2eE2 + LB2eB2) (118)

(we suppressed indices l,m), with the basis coefficients

Llm11 = −λ′ Ξlmr + 2
dΞlmr
dr

LlmEΦ = 2re−λ Ξlmr

LlmE1 = (ΞlmE )′ −
2ΞlmE
r

+ Ξlmr LlmE2 = −2ΞlmE

LlmB1 = (ΞlmB )′ −
2ΞlmB
r

LlmB2 = −2ΞlmB

Note that odd and even parity separate in the sense that the coefficients for odd parity
of the lie derivative do only contain the odd ΞB component of the vector field Ξ, and
respectively for even parity only the even parity Ξr and ΞE appear. We see that there
are vanishing combinations of the basis coefficients, e.g. for each l,m:

LB1 −
1

2

(
dLB2

dr
− 2LB2

r

)
= 0 (119)

9In many of the calculations, m can be set to zero for simplification, since the relations for
L11, LE1, . . . are independent of m, cf. [17, 26].
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Formally we can define a mapping F that assigns to £M
Ξ g

M
0 the scalar function F (£M

Ξ g
M
0 )

(for fixed l,m) via

F (£M
Ξ g

M
0 ) = LlmB1 −

1

2

(
dLlmB2

dr
−

2LlmB2

r

)
For an arbitrary, symmetric tensor field A this motivates the definition F : T(0,2)M →
E(L) with

F (A) = AlmB1 −
1

2

(
dAlmB2

dr
−

2AlmB2

r

)
(120)

where the A... denote the basis coefficients of A with respect to the spherical harmonics
basis from section 8.1, i.e. (we again suppress indices l,m)

A =
∑
l,m

(A11e11 +AE1eE1 +AB1eB1 +AEΦeEΦ +AE2eE2 +AB2eB2) (121)

8.7. Connection with Regge-Wheeler equation

In the previous sections we have constructed gauge invariant quantities, and we
confirmed the decomposition of the metric perturbation tensor field according to

h = h + £Ξg0,

hM = X− 2SgM0 + £M
ξM
gM0 .

We also derived a gauge-invariant equations for this metric perturbation, and derived
what we called generalised Regge-Wheeler and Zerilli equations. Our next aim thus is
to show that these equations really constitute a generalisation of the Regge-Wheeler and
the Zerilli equation. This means, we have to derive the Regge-Wheeler as well as the
Zerilli equation from the “master equations” (115) and (116).

Since both equations are scalar equations, we have to define mappings of the kind
as in (120). Equivalently, we could say that we are looking for combinations of the basis
coefficients with respect to our spherical harmonics’ basis such that the corresponding
combination for the lie derivative vanishes. The latter is necessary since we are looking
for gauge invariant equations. It will allow us to go back to the original (gauge depen-
dant) equations and “cut out” the gauge dependent parts which can be cast into a lie
derivative shape, as we know from chapter 3 and our previous considerations.

We will proceed as follows: First we consider the splitting (118) of the hypersurface
lie derivatives into spherical harmonics targeting to find combinations as in (120). Then
we apply these combinations to the “master equations” (115) and (116). In the end we
will come out with the proper Regge-Wheeler and Zerilli equations for l ≥ 2.

We already mentioned that the decomposition (118) separates odd and even parity
in the case of a spherically symmetric spacetime. Therefore we will consider each parity
branch separately. For odd parity, we found a vanishing combination of the lie derivative
basis coefficients. This combination is given (for certain l,m which we suppress in the
following) by equation (120):

F (A) = AB1 −
1

2

(
dAB2

dr
− 2AB2

r

)
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We proved in subsection 8.6.1:

F (£M
Ξ g

M
0 ) = 0

Hence we can conclude that

F (hM) = F (hM + £M
Ξ g

M
0 ) = F (hM)

is invariant under gauge transformations. This observation motivates the definition of
the Regge-Wheeler quantity:

Definition 8.1. The gauge invariant scalar function

Q := F (hM) = hlmB1 −
1

2

(
dhlmB2

dr
−

2hlmB2

r

)
for certain “quantum numbers” l ≥ 2 and m ∈ {−l,−l+1, . . . , l}, is called Regge-Wheeler
quantity. To be totally exact, we should have tagged Q with indices Qlm but, in accor-
dance with the literature, we drop these indices for ease of notation [26, 36]. We resolve
hM according to

£M
Ξ g

M
0 =

∑
lm

(
hlm11 e

lm
11 + hlmE1e

lm
E1 + hlmEΦe

lm
EΦ + hlmE2e

lm
E2 + hlmB1e

lm
B1 + hlmB2e

lm
B2

)
Note that by construction Q depends only on X from section 8.3 because

Q := F (hM) = F (hM) = F (X− 2SgM0 ) = F (X) (122)

(since SgM0 has even parity). We also note that Q is the Regge-Wheeler quantity as
defined by Vincent Moncrief [17].

8.7.1. Generalised equation for odd-parity. From section 4.3, we know the
first order variational formulae (63c) and (63d) for the case of spherical symmetry:

∂thM = −2α0k + £δβg
M
0

∂tk = −HessM(δα) + δα(RicM0 − Ric0) + α0(δgM0
RicM[hM]− δg0Ric[h])

Combining these equations and substituting for Ric0 = T0− 1
2(trg0T0) g0 and δg0Ric[h] =

δg0T− 1
2δg0(trg0T) g0− 1

2(trg0T)h, we find the gauge-dependent counterpart to the “gen-
eralised Regge-Wheeler” equation (115):

∂2
t hM = −HessM(δα) +4M[hM](α0) + δα

(
RicM0 − (T0 −

1

2
(trg0T0) gM0 )

)
+ α0

(
δg0RicM[hM]− (δg0T− 1

2
δ(trT) gM0 −

1

2
(trg0T0)hM)

)
(123)

It is now clear that

F (∂2
t hM) = F (∂2

t hM + £M
∂2t ΞM

gM0 ) = F (∂2
t hM)
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is independent of the choice of gauge, see subsection 8.6.1 and definition 8.1, and in a
similar way we conclude that also

F

(
−2α0

(
−HessM(δα) +4M[hM](α0) + δα

(
RicM0 − (T0 −

1

2
(trg0T0) gM0 )

)
+ α0

(
δg0RicM[hM]− (δg0T− 1

2
δ(trg0T) gM0 −

1

2
(trg0T0)hM)

)))
(124a)

is gauge-invariant, and it is equivalent to

F
(
−2α0

(
−HessM(a) +4M[hM] + a(RicM0 − Ric0) + α0(δgM0

RicM[hM]− δg0Ric[h])
)

(124b)
(which we take from (115)), since F (£M

∂tB
gM0 +£M

B ∂tg
M
0 ) = 0. In order to study the effect

of F on (123) in detail, we have to resolve (124a), or (124b), into spherical harmonics,10

−HessM(δα) +4M[h](α0) + δg0α(RicM0 − (T− 1
2(tr0T)gM0 ))

+ α0(δg0RicM[hM]− (δg0T− 1
2δg0(trT)gM0 − 1

2(trg0T0)hM))

=
∑
l,m

AlmB1e
lm
B1 +AlmB2e

lm
B2 +AlmE11e

lm
E11 +AlmE0e

lm
E0 +AlmE1e

lm
E1 +AlmE2e

lm
E2

8.7.2. The Regge-Wheeler Equation. We now have all the ingredients that we
need for the derivation of the Regge-Wheeler quantity. Our model is a spherically sym-
metric background metric with a perfect fluid matter contribution as in chapter 5. Spec-
ifying background values and the directions of their first order perturbations, cf. section
5.3, it exists a family of energy-momentum tensors T(λ) such that

T(λ) = (P (λ) + ρ(λ)) Θ(λ)⊗Θ(λ) + P (λ) g(λ)

We will first assume the background fluid being at rest, i.e. with (65)

U0 = e−ν/2∂t and Θ0 = −eν/2dt

It is then straightforward to show trg0(T0) = 3P0 − ρ0 for the background trace. Fur-
thermore, we compute the background energy-matter contributions,

T0 − 1
2(trg0T0) g0 = (ρ0 + P0) Θ0 ⊗Θ0 + Pg0 − 1

2(3P0 − ρ0)g0

= (ρ0 + P0)eν dt⊗ dt− 1
2(ρ0 − P0)g0,

10As far as odd parity is concerned, we can understand this as follows: we write down each compo-
nent of equation (123) separately, obtaining two equations for odd parity for every l and m,

∂2
t h

lm
B1 = AlmB1 and ∂2

t h
lm
B2 = AlmB2

We then combine these two equations to obtain

∂2
t

(
hlmB1 −

1

2

(
dhlmB2

dr
− 2hlmB2

r

))
= AlmB1 −

1

2

(
dAlmB2

dr
− 2AlmB2

r

)
which corresponds to F (∂2

t h) = F (right hand side, i.e. (124)).
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hence11 (
T0 −

1

2
(trg0T0)g0

)∣∣∣∣
M

=
1

2
(P0 − ρ0)gM0 , (125)

and the corresponding expressions for the perturbations,

δg0T = (P0 + ρ0)
(
δg0Θ⊗Θ0 + Θ0 ⊗ δg0Θ

)
+ P0h− (δP + δρ)Θ0 ⊗Θ0 + δP g0.

Therefore

(δg0T)
∣∣
M

= P0 hM + δP gM0 (126)

and δg0tr(T) = 3δP − δρ, as well as(
δg0T− 1

2
(δg0tr(T))g0 −

1

2
(trg0T0)h

) ∣∣∣∣
Mt

= P0hM + δPgM0 −
1

2
(3δP − δρ)gM0 −

1

2
(3P0 − ρ0)hM

=
1

2
(ρ0 − P0)hM +

1

2
(δρ− δP )gM0 (127)

With these specifications, the “master equation” (123) simplifies to

∂2
t hM = −HessM(δα) +4M[hM](α0) + δg0α

(
RicM0 −

1

2
(P0 − ρ0)gM0

)
+ α0

(
δg0RicM[hM]− 1

2
(ρ0 − P0)hM −

1

2
(δρ− δP )gM0

)
(128)

(this result is compatible with [31]). This equation has to be resolved into spherical
harmonics in order to determine AlmB1 and AlmB2.12 We have done this explicitly, computing
the coefficients for the right hand side of (128) using the Maple 11software, as we will do
intensively in the remainder of this chapter. We have obtained13 the following coefficients
for odd parity:

AB1 = 1
2r3

((
− 2eνΛr + 2eν(ρ0 − P0)r3 + eν−λ(4r + 2ν ′r2 − 2λ′r2)

)
hB1

+
(
− 4eν + 2eνΛ

)
hB2 +

(
− eνΛr + 2eνr

)
dhB2
dr

)
AB2 =

(
(−λ′ + ν ′)eν−λ

)
hB1 +

(
4eν−λ

r2
+ (−2eν

r2
+ eν(ρ0 − P0)

)
hB2

+ 2eν−λ dhB1
dr + 1

2e
ν−λ(−λ′ − 4

r + ν ′)dhB2
dr + eν−λ d

2hB1
dr2

11By |M, we denote the restriction to Γ(Sym2(TM)) via T|M (X,Y ) = T(dι(X), dι(Y )).
12Note that for odd parity, life becomes simpler since HessM(δα), RicM0 and gM0 are solely even-parity,

and thus are unimportant for the calculation. This means that for the right hand side of (128), we can
restrict to 4M[hM](α0) + α0

(
δg0RicM[hM]− 1

2
(ρ0 − P0)hM

)
.

13Note that we have made use of the Tolman-Oppenheimer-Volkoff relations (66) to substitute for ν′

and λ′.
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where we used the abbreviation Λ = l(l + 1). With the coefficients determined, it is
straightforward to obtain

F (A) = AB1 −
1

2

(
dAB2

dr
− 2AB2

r

)
= eν−λ

d2Q

dr2
− eν−λλ

′ − ν ′

2

dQ

dr
+

(
− 3eν−λ

λ′ − ν ′

2r
+

(
eν(ρ0 − P0)− eν Λ

r2

))
Q (129)

which immediately yields the gauge-invariant Regge-Wheeler equation in the form

∂2
tQ = eν−λ

d2Q

dr2
− eν−λλ

′ − ν ′

2

dQ

dr

+

(
− 3eν−λ

λ′ − ν ′

2r
+

(
eν(ρ0 − P0)− eν Λ

r2

))
Q

The original Regge-Wheeler equation uses the so-called “tortoise” radial coordinate r∗
instead of r. This coordinate is defined by equation (92), i.e. r∗ =

∫ r∗
0 e(ν−λ)/2dr. As a

result of the transformation, the Regge-Wheeler equation is cast into a Schrödinger-like
wave equation [26, 36],

∂2
tQ =

d2Q

dr2
∗

+ V odd
eff Q (130a)

with the effective potential term

V odd
eff = eν

(
− Λ

r2
+ 3e−λ

ν ′ − λ′

2r
+ (P0 − ρ0)

)
(130b)

Using the Tolman-Oppenheimer-Volkoff relations (66), the effective potential can be
rewritten slightly, and we find

∂2
tQ =

∂2Q

∂r2
∗

+ eν
(

1

2
(P0 − ρ0) +

3(1− e−λ)

r2
− l(l + 1)

r2

)
Q. (131)

This is the common form for the Regge-Wheeler equation with matter contributions
taken into account, in the case of a perfect fluid at rest, Θ0 = −eν/2dt.

8.7.2.1. Classical Regge-Wheeler equation for vacuum Schwarzschild background. The
first derivation of the classical Regge-Wheeler equation has been done by T. Regge and
J. A. Wheeler in 1957 [26]. They assumed a Schwarzschild vacuum background, i.e.
T0 = 0 and δT = 0. Therefore we are in the case of section (2.3), and only metric
variations h ∈ ker(δg0Ric) are taken into account.

To adjust the general “Regge-Wheeler” equation (131), we recall that T0 = 0 implies
P0 = 0 and ρ0 = 0 (chapter 5). Furthermore, because of the Schwarzschild metric for
the exterior of non-rotating, uncharged objects, eν = e−λ = 1 − 2M

r with the mass M
of the neutron star or black hole considered. With these specifications, equation (131)
simplifies to

∂2
tQ =

d2Q

dr2
∗

+ eν
(

6M

r3
− l(l + 1)

r2

)
Q (132)

since
3(1− e−λ)

r2
=

3(1− (1− 2M
r ))

r2
=

6M

r2
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8.7.2.2. Neutron star interiors. In principle, equation (130a), or (131) is already the
correct Regge-Wheeler equation for stellar interiors. However, it is common to introduce
the gravitational mass function M(r) that gives the mass inside a sphere of radius r from
the center of the (neutron) star [31, 18],

e−λ =: 1− 2M(r)

r
or M(r) :=

1

2
r
(

1− e−λ
)
.

Replacing λ by this new parameter, the resulting Regge-Wheeler equation for neutron
star interiors (with U0 = e−ν/2∂t) is

∂2
tQ =

∂2Q

∂r2
∗

+ eν
(

1

2
(P0 − ρ0) +

6M(r)

r3
− l(l + 1)

r2

)
Q (133)

Note that for P0 = 0, ρ0 = 0, we reobtain the Regge-Wheeler equation for the exterior.
Then, ν = −λ = 1− 2M

r and M = M(RNS) is the total mass of the neutron star.
8.7.2.3. Charged black holes. In the context of black holes, equation (132) describes

perturbations in the matter-free exterior around a non-rotating, uncharged black hole.
But, (131) is general enough to allow also for the description of (odd-parity) perturba-
tions in the exterior of a charged, but still non-rotating black hole. In this case, we have
to use the Reissner-Nordström metric, which implies

eν = e−λ = 1− 2M

r
+
q2

r2
,

and we assume P0 = 0, ρ0 = 0. Again, M gives the mass of the black hole, and q is its
electrical charge. Inserting these relations into (131), we find

∂2
tQ =

∂2Q

∂r2
∗

+ eν
(

6M

r3
− 3q2

r4
− l(l + 1)

r2

)
Q (134)

8.7.3. Arbitrary background fluids. So far, we have made the convenient as-
sumption U = e−ν/2∂t, or Θ = −eν/2dt, i.e. we assumed the background fluid to be at
rest. Without going into further detail, we note that this assumption is not necessary,
and we refer the reader to the paper by A. Nagar and L. Rezzolla, [18]. Recall (124a):

∂2
t hM = −HessM(δα) +4M[hM](α0) + δg0α

(
RicM0 − (T− 1

2
(tr0T)gM0 )

)
+ α0

(
δg0RicM[hM]− (δg0T− 1

2
δ(trT)gM0 −

1

2
(trg0T0)hM)

)
For odd parity we can neglect solely even-parity terms, thus gM0 , HessM(δg0α) and RicM0 ,
and so we have to evaluate the following:

F (rhs) = F

(
4M[hM](α0)− T0δα+ α0

(
δg0RicM[hM]− (δg0T− 1

2
(trg0T0)hM)

))
From our previous computations we can infer the following:

F
(
4M[hM](α0) + α0δg0RicM[hM]

)
=
∂2Q

∂r2
∗

+ eν
(

6M

r3
− l(l + 1)

r2

)
Q + S̃rc(o)
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where the additional term S̃rc(o) denotes terms which contain energy and pressure con-
tributions. Therefore:

F (rhs) =
∂2Q

∂r2
∗

+ eν
(

6M

r3
− l(l + 1)

r2

)
Q + S̃rc(o)

−F

(
Tδα+ α0

(
δg0T +

1

2
(trg0T0)hM

))
The complete equation is such cast into the form

∂2
tQ−

∂2Q

∂r2
∗

+ eν
(
l(l + 1)

r2
− 6M

r3

)
Q = Src(o) (135)

with an odd-parity “matter-source” [18]

Src(o) = S̃rc(o) −F

(
Tδα+ α0

(
δg0T +

1

2
(trg0T0)h

))
.

8.8. Connection with the Zerilli equation

The Zerilli equation is a common gauge invariant equation for even parity in the
vacuum case. Thus, consider T0 = 0, δg0T = 0 or, in terms of a perfect fluid, P0 = 0, ρ0 =
0 as well as δP = 0, δρ = 0. The Tolman-Oppenheimer-Volkoff relations then imply ν =
−λ. As in the odd parity case, we first have to find a vanishing combination of the even
parity lie derivative coefficients, comparable to F in subsection 8.6.1. For even parity,
however, the choice of this combination is neither simple nor unambiguous. Here, we
will use the conventions from [17]. For an (0,2)-tensor field A with decomposition (121),
we define

Z1 :=
AEΦ

r2
+ e−λ

(
r
d

dr

(
AE2

r2

)
− 2

r
AE1

)
(136a)

Z2 :=
1

4

(
2A11 − λ′eλ

AEΦ

r
− 2

eλ

r

dAEΦ

dr
+ 2eλ

AEΦ

r2

)
(136b)

which are invariant under gauge transformations (note that we still drop the “quantum
number” indices l,m). We define the Zerilli function Z as follows

Z := 2
rΛ Z1 + 4r e−2λ Z2

Λ(Λ− 2) + 6M
r

(136c)

Inserting Z1 and Z2, we find an explicit expression for Z in terms of the basis coeffi-
cients:

Z (A) :=
1

rΛ(Λ− 2) + 6M

(
2(ΛAEΦ + Λe−λ

dAE2

dr
r − 2Λe−λAE2

− 2Λe−λhE1r + 2r2e−2λA11 − e−λλ′AEΦr − 2e−λ
dAEΦ

dr
r + 2e−λAEΦ

)
. (137)

With the decomposition of the lie derivative that we derived in subsection 8.6.1, it is
straightforward to prove (e.g. using Maple 11)

Z (£M
Ξ g

M
0 ) = 0.
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This confirms that Z (hM) will be invariant under gauge transformations. Hence, similar
to the odd parity situation, we define a gauge invariant “Zerilli quantity” Z:

Definition 8.2. For fixed l ≥ 2, m, we define a Zerilli quantity

Z := Z (hM).

where hM is to be resolved according to

£M
Ξ g

M
0 =

∑
lm

(
hlm11 e

lm
11 + hlmE1e

lm
E1 + hlmB1e

lm
B1 + hlmEΦe

lm
EΦ + hlmE2e

lm
E2 + hlmB2e

lm
B2

)
.

Z = Zlm is gauge invariant because

Z = Z (hM) = Z (hM + £M
Ξ g

M
0 ) = Z (hM)

with a horizontal (but probably time dependent) vector field Ξ ∈ Γ(TM) (originally a
vector field in Γ(TL), but recall (103)). By construction, Zlm depends only on X and S
from section 8.3 since

Z = F (hM) = F (hM) = F (X− 2SgM0 ) (138)

Note that Z is the Zerilli quantity as defined by Moncrief [17].
We can now directly adopt equation (123) from the treatment of the odd parity

branch, but we remember from (116) that we will add a “Hamiltonian term” later.
With T0 = 0, equation (123) reduces to

∂2
t hM = −HessM(δα) +4M[hM](α0) + δα RicM0 + α0 δgM0

RicM[hM] (139)

For the left hand side, we can easily conclude

Z (∂2
t hM) = ∂2

tZ (hM) = ∂2
t Z

since in equation (137), ∂t and d
dr can be interchanged, and λ, M , etc. are independent

of the time variable t. The right hand side has again been evaluated with the help of
Maple 11: First, we assure ourselves that

Z
(
−HessM(δα) + RicM0 (δα)

)
= 0.

to ensure that the resulting equation will be independent of δα, as expected. Then, the
coefficients A11, AE1, AE2 and AEΦ of the right hand side have been computed. They
are rather lengthy which is why we refrain from printing them down explicitly.

However, combining A11, AE1, AE2 and AEΦ according to the mapping Z , i.e. the
Zerilli function, we obtain

Z (−HessM(δg0α) +4M[hM](α0) + (δα) RicM0 + α0 δg0RicM[hM])

=
d2Z

dr2
∗
− 2eν

12M + r(Λ− 2)

r(r(Λ− 2) + 6M)

dZ

dr∗
+ eν

12M2 − 12Mr + 6ΛMr − Λ2r2 + 4r2

r3(r(Λ− 2) + 6M)
Z

− 4e3ν 12M + r(Λ− 2)

rΛ(r(Λ− 2) + 6M)
h11 + 4eν

(M − r)(12M + r(Λ− 2))

Λ(r(Λ− 2) + 6M)r4
hEΦ

+ 4e2ν 12M + r(Λ− 2)

r2Λ(r(Λ− 2) + 6M)

dhEΦ

dr
(140)

Note that we already substituted for Z, and that we replaced the radial coordinate r by
the “tortoise coordinate” r∗, i.e. we performed the transformation dZ

dr = dZ
dr∗
e1/2(ν−λ).
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At this point equation (140) already suggests the “Schrödinger-like” character of
the resulting gauge-invariant equation. Simultaneously, we now see why we added the
Hamiltonian constraint in equation (116): We have to add this final ingredient to get
rid of the terms that do not yet contain Z explicitly. Using Z as a variable, the first
variation of the Hamiltonian constraint equation reads

1

2
eλ

6M Λr3 + Λ2r4 − 2Λr4

r6

dZ

dr∗

+
1

2
eλ
−3Λ2Mr2 − 6M2Λr − 2Λr3 + Λ2r3 + 6MΛr2

r6
Z

+ eν
r(Λ− 2) + 6M

r3
h11 +

(−r +M)(r(Λ− 2) + 6M)

r5(−r + 2M)
hEΦ

− r(Λ− 2) + 6M

r4

dhEΦ

dr
= 0 (141)

(recall that the zero on the right comes from the fact that we are in the vacuum case, so
δρ = 0, ρinv = 0). The Hamiltonian constraint can now either be used to substitute dZ

dr∗
in (140), or we follow the considerations in section 8.6 and compute “(140) +C ·(141)”
with

C = 4r2e2ν r(Λ− 2) + 12M

(r(Λ− 2) + 6M)2

In either case, we will find the Zerilli equation,

d2Z

dt2
=
d2Z

dr2
∗
− eν 72M3 + 36(Λ− 2)M2r + 6(Λ− 2)2Mr2 + Λ(Λ− 2)2r3

r3(r(Λ− 2) + 6M)2
Z. (142)

The result agrees with the formula given in [17] and [31]. For the first time this equation
has been derived by F. Zerilli in 1970, [36].

8.8.1. Even-parity equation for charged black holes. The gauge invariant
“generalised Zerilli equation” (116) contains not only the Zerilli equation, but also a
corresponding wave equation for the Reissner-Nordström metric. This equation can be
applied in the case of a non-rotating, charged black hole. It is the even-parity counterpart
to equation (134) in the odd-parity case. For even parity, we can use the same steps as
for the Zerilli equation. In correspondence to Zerilli function, we define a mapping M ,

M (A) :=
1

Ω

(
2(ΛAEΦ + Λe−λ

dAE2

dr
r − 2Λe−λAE2

− 2Λe−λAE1r + 2r2e−2λA11 − e−λλ′AEΦr − 2e−λ
dAEΦ

dr
r + 2e−λAEΦ

)
where we set

Ω := cΩ exp

(∫
−3(eλ − 1)

r(eλ + eλΛ− 3)
dr

)
The intermediate steps of the calculation are completely analogous to the Zerilli case.
In particular, M (£Ξg0) = 0 and M

(
− HessM(δα) + RicM0 (δα)

)
= 0, ensuring that the
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resulting equation will be independent from δα. The gauge invariant quantity similar to
the Zerilli quantity is obtained from

M := M (hM).

Performing the complete computation, the factor function C is obtained to be given by

C = 4e−2λr
Ω− Ω′r

Ω2
.

Including the use of the Hamiltonian constraint, one finally obtains the following “Schrödinger-
like” equation:

∂2
tM =

d2M

dr2
∗

+
(r2 − 2Mr + q2) · Pot

r6(2r2 − r2Λ− 6Mr + 3q2)2
M, (143)

with the abbreviation

Pot = −12r4q2Λ− 72r3Mq2 + 24r5MΛ + 36Mr3q2Λ + 4r6Λ2 + 9q6

− 72M3r3 − 6Mr5Λ2 − 36M2r4Λ + 3q2r4Λ2 − 9q4r2Λ + 108M2r2q2

− 54Mrq4 − Λ3r6 − 4r6Λ− 24r5M + 12r4q2 + 72r4M2 + 18r2q4

8.9. Toward Second Order

The decomposition theorem (6.1) does have implications for higher order gauge in-
variant perturbation theory. The construction of a gauge invariant second order Einstein

equation has already been described in [19], Ein
(2)
2 (l) +Ein

(1)
2 (h) = T2, and we reviewed

this construction in paragraph 3.5.2.1 of chapter 3. Similarly, one could think of gauge
invariant (3+1)-equations of higher order, generalizing equations (113). Since K0 = 0
and β0 = 0, the second order perturbations of (113a) and (113c) will read

δ2
g0ρ = δ2

g0(SM) + 2〈k, k〉+ 2(tr(k))2

∂tl = −4δαk − 2α0k
f2

+ £M
δ2β]g

M
0 + 2£M

δβ]hM

The proof of the first line is straightforward using lemmas A.2 and 2.4 together with
K0 = 0. For the second line, use similar arguments as in paragraphs 4.3.2.3 and 4.3.2.4.

Now, as considered before, k is automatically gauge invariant. Under gauge trans-
formations

δ2
g0ρ = 2£ξδρ+ £ηρ0 + £2

ξρ0

δ2
g0SM = 2£ξδS

M + £ηS
M
0 + £2

ξS
M
0

Because of the background relation ρ0 = SM
0 and the first-order relation δρ = δSM

0 , the
subtraction of these will vanish and so we can find a gauge-invariant equation

δ2
g0ρinv = δ2

g0(SM)inv + 2〈k, k〉+ 2(tr(k))2

where we define

δ2
g0ρinv = δ2

g0ρ− 2£Ξδρ−£
Ξ
f2 ρ0 −£2

Ξρ0,

δ2
g0SM

inv = δ2
g0SM − 2£ΞδS

M −£
Ξ
f2 SM

0 −£2
ΞSM

0
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with Ξ and Ξ
f2 defined as in paragraph 3.5.2.1. In the second equation, ∂tl = . . . , we

define the gauge invariant curvature perturbation of second order by

k
f2
inv = k

f2 − 2£Ξk −£2
ΞK0 −£

Ξ
f2 K0 = k

f2 − 2£Ξk,

hence k
f2 = k

f2
inv + 2£Ξk. Since k is gauge invariant, we then only have to consider the

gauge transformation behaviour of ∂tl and £M
δ2β]

gM0 +2£M
δβ]
hM. This, and the derivation

of gauge invariant equations for the momentum constraint and the dynamical equation
for the extrinsic curvature, are left for further analysis. One would, however, expect, that
many simplifications arise from the assumption of a spherically symmetric, non-rotating
background situation.

8.10. Beyond spherical symmetry

The framework [19] has a wide range of applications, it is not limited to the cases
discussed in chapter 7 and this chapter. Performing the construction in section 6.2, it is
in principle possible to construct gauge invariant quantities F, b, S, and X also for other
space-time models, for instance for spherically symmetric space-times with rotation. The
result is again the decomposition from section 6.1:

h = h + £Ξg0, with h =

(
−2F b
b X− 2S gM0

)
where h does not depend on the gauge choice in which h is represented. In a similar
manner, it should be possible to consider rotating space-times with a (3+1)-slicing as
in chapter 4. From the discussion in section 8.5, we are acquainted with the variational
equations of the two constraints as well as the two dynamical equations. Such a setting
still shows rotational symmetry around one axis, which simplifies the problem a bit since
φ-dependencies can be dropped in the spherical coordinates t, r, θ, φ. The metric for a
spherically-symmetric neutron star or black hole with rotation in isotropic coordinates
is given by [3, 32]

g = −eνdt2 + eψr2 sin2 θ(dφ− ωdt)2 + eµ(dr2 + r2dθ2) (144)

with the potentials ν, ψ, µ, ω. We conclude β0 6= 0 and hence

K0 = − 1

2α0

(
∂tg

M
0 −£

β]0
gM0

)
=

1

2α0
£
β]0
gM0

since, in the rotating star model, we still consider a static background metric, ∂tg0 = 0.
Therefore, this case will be more complicated than it was for non-rotating, spherically
symmetric models that we discussed previously in this chapter. Even though β0 has a
simple form in this model, β0 = −eψ ωr2 sin2 θ dφ, many of the simplifications that we
made before will no longer be possible. Due to these complications we leave this issue
for further work. However, we recall the variational equations from section 4.3.2:

2δg0ρ = δg0(SM)− 2〈K0, k〉+ 2〈h, ctr(K0, k)〉+ 2trgM0
(K0) · (trgM0 (k)− 〈h,K0〉)

δg0j = d(tr(k)− 〈h,K0〉)− divgM0
(k)−K[hM]

∂thM = −2αk − 2δαK0 + £δβ]g
M
0 + £

β]0
hM
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∂tk = −HessM(δα)−4M[h](α0) + £δβ]K0 + £
β]0
k

+ δα(RicM0 − Ric0 − 2ctr(K0,K0) + trgM0
(K0)K0)

+ α0

(
δg0RicM[hM]− δg0Ric[h]− 4 ctr(K0, k) + 2 tr1,3 tr1,4K0 ⊗ h⊗K0

+ trgM0
(k)K0 − 〈h,K0〉K0 + trgM0

(K0)k
)

Since it might be difficult, or at least tedious to determine the gauge-dependent quan-
tity Ξ in Nakamura’s framework, one will try to find vanishing combinations of the lie
derivative, as was pointed out in subsection 8.6.1. A first step in the treatment of ro-
tating space-times thus should be to look for such combinations. This issue is left for
subsequent work.





CHAPTER 9

Conclusions

This thesis has had two main focuses. Gravitational perturbation theory, and gauge
theory have been studied from a mathematical, global and coordinate-free viewpoint.
Coordinate-free and global version of typical variational equations have been provided
and applied to gravitational perturbation theory. With the help of the Palatini equa-
tion (15), we determined the variations of the Ricci tensor and the Einstein tensor,
which are the basis for the linearisation of the Einstein equation. Thus, the linearisation
of Einstein’s equation has been assembled, first for vacuum perturbations of an empty
space-time, but then also for the general case of arbitrary background space-times, ac-
counting for an arbitrary background metric g0 and energy-momentum T0, as well as
arbitrary perturbations of the metric, h, and the energy-momentum, δT. The resulting
equations (26) give, in a general manner, a global and coordinate-free description of first
order perturbations on a space-time. From a physicists point of view, the perturbations h
and δT show an ambiguity which can be traced back to the general covariance principle
of general relativity. We studied this ambiguity, the gauge freedom, in chapter 3. In
section 3.1 we provided the first order gauge transformations in a global and coordinate-
free writing, from an explicit calculation, and in 3.3 we presented the general framework
for these gauge transformations. Mathematically, the gauge transformations are given
by variations (derivatives) of pullbacks of tensor quantities with diffeomorphisms on the
space-time. In first order, the constitutive transformations are flows, and thus connected
with a vector field ξ. Therefore, gauge invariance is (in first order) related to the cor-
respondence of Killing vector fields and local isometries (although here in the broader
view of knight diffeomorphisms). The understanding of gravitational variations as time-
dependent perturbations on a 3-dimensional Riemannian space has been addressed in
chapter 4.

For practical analysis, it is crucial to have a formalism for the comparison of pertur-
bative quantities provided in different gauge choices. This aspect of gravitational gauge
theory has been the second focus of this thesis. One way to perform such a comparison
is given by the framework provided by Kouji Nakamura [19]. This framework allows for
the decomposition of perturbative tensors into a part which are invariant under gauge
transformations, and a part which depends on the gauge convention chosen. The con-
struction of these quantities has been sketched via a simplified approach in section 3.5.2,
in order to outline the main ideas of the framework. This range of applications of this
framework is manifold, and we presented the application to first order cosmological per-
turbations in chapter 7 which appears to be the original motivation in the development
of the framework. However, it is in no way restricted to this realm, and we provided the
application of the framework to spherically symmetric space-times without rotations in
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chapter 8. Thus, Nakamura’s formalism can be made use of for the study of neutron
stars and black holes. The usual gauge independent approach to this realm is given by
the Schrödinger-like Regge-Wheeler and Zerilli equations (91), (93), and (94). There-
fore we also stressed the equivalence of the general framework by Nakamura with the
treatment introduced by Regge & Wheeler and Zerilli, and we proved that the equations
from [26, 36] are special cases of the general framework. Finally we also commented on
generalisations for second order in a (3+1)-slicing situation, and we eventually provided
a gauge-invariant form of the second order Hamiltonian constraint and the dynamical
equation for the hypersurface metric. The question on how to broaden the view to in-
clude the case of rotating neutron stars and black holes, has been commented on briefly,
and we outlined some of the challenges connected with this problem. We leave the
detailed treatment of these cases for further analysis.



APPENDIX A

Useful Mathematical Tools

A.1. Parallel Extensions of Tangent Vectors

Let χ ∈ TpL be a given tangent vector at a given point p ∈ L. We will now proof the
assertion that we can always find a local (and by the help of a truncation “hat” function
also a global) extension X ∈ Γ(TL) of χ such that (∇X)p = 0.

Proof. Let x : L ⊃ U 7→ R4 be a chart around p. For each vector η ∈ TpL one can
now find a curve γ : (−ε(η), ε(η)) 7→ U, with γ̇(0) = η, via the definition

γη(τ) := x−1(x(p) + τ · ηx) = x−1((xi(p) + τηi)∂i)

(ηx is to be denoting the vector in R4 representing η in the chart x). By help of parallel
transport along this curve, we define the (local) extension X ∈ Γ(TU) of χ,

X(q) = parp,qγη (χ)

where q ∈ U must lie in the curve γη, i.e. q = γη(τ) for some value of τ (or, in coordinates,
define ηx = x(q) − x(p) for given q ∈ U). In this manner, X can be defined on U. If
we multiply by a “hat function” this definition can be extended to the whole of L, with
X = 0 on L \ U.

We now show that this extension is parallel, i.e. we prove (∇X)(p) = 0. We can
express the covariant derivative along γη in terms of the parallel transport [9],

∇ηX = lim
τ→0

1

τ

(
parγ(τ),p

γη (X(γη(τ))−X(0)
)

Insert X from the definition, and obtain

∇ηX = lim
τ→0

1

τ

(
parγ(τ),p

γη (parp,γ(τ)
γη (χ))− χ

)
= 0

and, since this is valid for all η ∈ TpL, we conclude

(∇X)p = 0.

�

In addition, the inner product (given by the metric g) of parallel extensions X,Z of
two vectors χ, ζ ∈ TpL is constant along γη. First observe that

∇γ̇η(τ)X = lim
t→0

1

t

(
parγ(τ+t),γ(τ)

γη (parγ(τ),γ(τ+t)
γη (Xγ(τ)))−Xγ(τ) = 0

as well. Hence,

γ̇η(τ)(g(X,Z)) = gγ(τ)(∇γ̇(τ)X,Yγ(τ)) + gγ(τ)(Xγ(τ),∇γ̇(τ)Y ) = 0
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The meaning of this relation is that lengths and angles are preserved along γ. Given a
Minkowski frame (epi ) for TpL in the point p, it is therefore possible to construct a local
extension Minkowski frame (ei) for TU such that

(∇ei)(p) = 0 and gq(e
q
i , e

q
j) = gp(e

p
i , e

p
j ) =

{
±1 for i = j

0 for i 6= j

for i, j ∈ {0, 1, 2, 3}. Such, the Minkowski frame in p is extended to a Minkowski frame
on a neighbourhood of p.

A.2. Hypersurfaces inside a 4-dimensional Space-time

Lemma A.1. The Riemann curvatures of a hypersurface and its surrounding four-
dimensional space-time are connected as follows:

Rmn(X,Y )Z = RmnM(X,Y )Z −K(Y,Z)∇XN +K(X,Z)∇YN

+
(
−∇M

XK(Y,Z) +∇M
Y K(X,Z)

)
N

Proof.

Rmn(X,Y ;Z) = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z

= ∇X(∇M
Y Z −K(Y, Z)N)−∇Y (∇M

XZ −K(X,Z)N)

−∇M
[X,Y ]Z +K([X,Y ], Z)N

= ∇M
X∇M

Y Z −K(X,∇M
Y Z)−X(K(Y,Z))N −K(Y, Z)∇XN

−∇M
Y ∇M

XZ −K(Y,∇M
XZ)− Y (K(X,Z))N −K(X,Z)∇YN

−∇M
[X,Y ]Z +K([X,Y ], Z)N

= RmnM(X,Y ;Z)−K(Y, Z)∇XN +K(X,Z)∇YN

+ (−X(K(Y, Z)) +K(Y,∇M
XZ) +K(∇M

XY,Z))N

+ (Y (K(X,Z))−K(X,∇M
Y Z)−K(∇M

Y X,Z))N

= RmnM(X,Y ;Z)−K(Y, Z)∇XN +K(X,Z)∇YN

−∇M
XK(Y,Z) N +∇M

Y K(X,Z) N

�

A.3. Useful Relations for the Calculus of Variations

Theorem A.1 (Karin Uhlenbeck’s trick). Let (I × L, g(λ)) be a family of Lorentz
manifolds, p ∈ L, and U 3 p a neighborhood of p. Consider (L, g(0)), and let (e0

i ) be a
Minkowski basis for U. Then it is possible to define a moving frame such that (ei(λ)) is
a Minkowski basis for each value of λ. This means that

g(λ)(ei(λ), ej(λ)) =


−1 if i = j = 0

1 if i = j = 1, 2, 3

0 if i 6= j
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Proof. Define the endomorphism g(λ)] : TU → TU, g(λ)(X)(ω) 7→ g(λ)(X,ω])
where X ∈ TU is an arbitrary (1,0)-tangent vector field, and ω ∈ T∗U an arbitrary
(0,1)-cotangent field. Here, we denote η = ω] for the (1,0)-vector field assigned to
ω by virtue of the metric g(λ), i.e. ω = g(λ)(η, •). In local coordinates, this reads:
g(λ)(ei(λ), ej(λ)) = gij , or g(λ)](ei(λ)) = gij(ej(λ))]∂i.

Now, consider the ordinary differential equation (the initial value problem)

d

dλ
ei(λ) = −1

2

dg]λ
dλ

(ei(λ))

ei(0) = e0
i

Such an initial value problem always has a unique solution under the preconditions of
the existence and uniqueness theorem for ordinary differential equations [10]. �

With the help of Karin Uhlenbeck’s trick, the following equation for the perturbations
can be derived. Take the derivative of g(λ)(ei(λ), ej(λ)) with respect to λ and evaluate
at λ = 0,

0 =
d

dλ

∣∣∣∣
λ=0

g(λ)(ei(λ), ej(λ)) = h(e0
i , e

0
j ) + g0(ėi(0), e0

j ) + g0(e0
i , ėj(0)) (145)

where h = dg
dλ(0), and ėi = dei

dλ .

Lemma A.2. The variation with respect to g0 of the inner product of two symmetric
(0,2)-tensor fields is given by

δg0〈A,B〉g = 〈δg0A,B0〉+ 〈A0, δg0B〉 − 2〈h, ctr(A0, B0)〉

Proof. Let (eλi ) be a moving frame according to Uhlenbeck’s trick. We calculate:

δg0〈A,B〉g = d
dλ

∣∣
0

(∑
i,j γiγjAλ(eλi , e

λ
j ) Bλ(eλi , e

λ
j )
)

=
∑

i,j γiγj

(
δg0A(e0

i , e
0
j )B0(e0

i , e
0
j ) +A0(e0

i , e
0
j )δg0B(e0

i , e
0
j )

A0(ėi(0), e0
j )B0(e0

i , e
0
j ) +A0(e0

i , ėj(0))B0(e0
i , e

0
j )

A0(e0
i , e

0
j )B0(ėi(0), e0

j ) +A0(e0
i , e

0
j )B0(e0

i , ėj(0))
)

= 〈δg0A,B0〉+ 〈A0, δg0B〉+
∑

i,j,k γiγjγk

(
g(ėi(0), e0

k)A0(e0
k, e

0
j )B0(e0

i , e
0
j )

+ g(ėj(0), e0
k)A0(e0

i , e
0
k)B0(e0

i , e
0
j )

+g(ėi(0), e0
k)A0(e0

i , e
0
j )B0(e0

k, e
0
j ) + g(ėj(0), e0

k) A0(e0
i , e

0
j )B0(e0

i , e
0
k)
)

= 〈δg0A,B0〉+ 〈A0, δg0B〉
+ 2

∑
i,j,k γiγjγk

(
g(ėi(0), e0

k) + g(e0
i , ėk(0))

)
A0(e0

k, e
0
j )B0(e0

i , e
0
j )

= 〈δg0A,B0〉+ 〈A0, δg0B〉 − 2
∑

i,j,k γiγjγkh(e0
k, e

0
i )A0(e0

k, e
0
j )B0(e0

j , e
0
i )

= 〈δg0A,B0〉+ 〈A0, δg0B〉 − 2 〈h, ctr(A0, B0)〉g0

�
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Lemma A.3. The variation with respect to gM of the contraction of the extrinsic
curvature with itself is given by

δg0ctr(A,B)(X,Y ) = ctr(δg0A,B) + ctr(A, δg0B)− tr2,3tr4,5(A⊗ h⊗B) (146)

Let A,B symmetric. Then we calculate:

δg0ctr(A,B)(X,Y ) =
∑

i γi
(
δg0(A(X, ei)B(ei, Y ))

−A(δg0X, ei)B(ei, Y )−A(X, ei)B(ei, δg0Y )
)

=
∑

i γi
(
δg0A(X, ei)B(ei, Y ) +A(X, ei)δg0B(ei, Y )

+A(X, ėi(0))B(ei, Y ) +A(X, ei)B(ėi(0), Y )
)

= ctr(δg0A,B) + ctr(A, δg0B)

+
∑

i,k γiγk
(
g(ėi(0), ek)(A(X, ek)B(ei, Y ) +A(X, ei)B(ek, Y ))

)
= ctr(δg0A,B) + ctr(A, δg0B)

+
∑

i,k γiγk
(
g(ėi(0), ek) + g(ėk(0), ei)

)
A(X, ei)B(ek, Y )

= ctr(δg0A,B) + ctr(A, δg0B)

−
∑

i,k γiγkh(ei, ek)A(X, ei)B(ek, Y )

= ctr(δg0A,B) + ctr(A, δg0B)− tr23tr45(A⊗ h⊗B)
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Lemma A.4. Let p ∈ L. For parallel vector fields X,Y, Z ∈ Γ(TL), with (∇X)(p) =
(∇Y )(p) = (∇Z)(p) = 0 and χ = Xp, η = Yp and ζ = Zp, we prove

N[£ξg0]p(ζ;χ, η) = (g0)p(∇χ∇Y (ξ) + Rmnp(ξp, χ; η); ζ)

4[£ξg0]p(χ, η) = ∇χ∇Y ξ + Rmnp(ξp, χ; η)
(147)

where ξ ∈ Γ(TL) is an arbitrary vector field.

Proof. Recall proposition 2.1,

2N(Z;X,Y ) = 0∇Xh(Y, Z) + 0∇Y h(X,Z)− 0∇Zh(X,Y ),

and define

h := £ξg0 = g0(∇Xξ, Y ) + g0(∇Y ξ,X).

In the point p, we compute

2N[£xig0]p(ζ;χ, η) = 0∇χh(η, ζ) + 0∇ηh(χ, ζ)− 0∇ζh(χ, η)

= χ(h(Y,Z))p + η(h(X,Z))p − ζ(h(X,Y ))p

= χ
(
g0(0∇Y ξ, Z) + g0(0∇Zξ, Y )

)
p

+ η
(
g0(0∇Xξ, Z) + g0(0∇Zξ,X)

)
p

− ζ
(
g0(0∇Xξ, Y ) + g0(0∇Y ξ,X)

)
p

= (g0)p(
0∇χ0∇Y ξ, ζ) + (g0)p(

0∇χ0∇Zξ, η)

+ (g0)p(
0∇η0∇Xξ, ζ) + (g0)p(

0∇η0∇Zξ, χ)

− (g0)p(
0∇ζ0∇Xξ, η) + (g0)p(

0∇ζ0∇Y ξ, χ)

and thus

2N[£xig0]p(ζ;χ, η) = 2(g0)p(
0∇χ0∇Y ξ, Z)− (g0)p(Rmnp(χ, η)ξp, ζ)

+ (g0)p(Rmn(ξp, η)χ, ζ) + (g0)p(Rmn(η, ζ)ξp, χ)

Finally, due to the First Bianchi identity, we find

N[£ξg0]p(ζ;χ, η) = (g0)p(
0∇χ0∇Y ξ + Rmn(ξp, χ)η, ζ)

Since N[h](Z;X,Y ) = g0(4[h](X,Y );Z), and because of the non-degeneracy of g0, we
can equivalently write

4[£ξg0]p(χ, η) = 0∇χ0∇Y ξ + Rmn(ξp, χ)η

in p, and thus the claim is proven.
Note that the left hand side of (56) is symmetric in X,Y . The same symmetry for

the expression on the right hand side follows from the Bianchi Identity,

0∇X0∇Y ξ + Rmn(ξ,X)Y = 0∇Y 0∇Xξ + Rmn(X,Y )ξ + Rmn(ξ,X)Y

= 0∇Y 0∇Xξ + Rmn(ξ, Y )X

�
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Lemma A.5. The partial derivative with respect to a vector field X on L of the inner
product of two symmetric tensor fields A,B ∈ Γ(T(0,2)L) (or, similarly, Γ(T(0,2)M)) can
be written using lie derivatives according to the following relation:

X〈A,B〉 = 〈£XA,B〉+ 〈A,£XB〉 − 2〈£Xg, ctr(A,B)〉 (148)

Proof. Let p ∈ L, and let (ei) be a Minkowski frame around p, such that (∇ei)(p) =
0. We denote epi := ei(p). Then we have

(〈£XA,B〉+ 〈A,£XB〉 − 2〈£Xg, ctr(A,B)〉)(p)

=
∑

i,j γiγj

(
(£XA)p(e

p
i , e

p
j )Bp(e

p
i , e

p
j ) +Ap(e

p
i , e

p
j ) (£XB)p(e

p
i , e

p
j )
)

− 2
∑

i,j,k γiγjγk(£Xg)p(e
p
i , e

p
j )Ap(e

p
i , e

p
k)Bp(e

p
k, e

p
j )

=
∑

i,j γiγj

(
Xp(A(ei, ej))Bp(e

p
i , e

p
j ) +Ap(∇epiX, e

p
j )Bp(e

p
i , e

p
j )

+Ap(e
p
i ,∇epjX)Bp(e

p
i , e

p
j ) +Ap(e

p
i , e

p
j )Xp(B(ei, ej))

+Ap(e
p
i , e

p
j )Bp(∇epiX, e

p
j ) +Ap(e

p
i , e

p
j )Bp(e

p
i ,∇epjX)

)
− 2

∑
i,j,k γiγjγk

(
g(∇epiX, e

p
j )Ap(e

p
i , e

p
k)Bp(e

p
k, e

p
j )

+gp(e
p
i ,∇epjX)Ap(e

p
i , e

p
k)Bp(e

p
k, e

p
j )
)

= Xp

(∑
i,j γiγjA(ei, ej)Bp(e

p
i , e

p
j )
)

+ 2
∑

i,j γiγj

(
Ap(∇epiX, e

p
j )B(epi , e

p
j ) +Ap(e

p
i , e

p
j )Bp(∇epiX, e

p
j )

−Ap(∇epiX, e
p
j )Bp(e

p
i , e

p
j )−Ap(e

p
i , e

p
j )Bp(∇epiX, e

p
j )
)

= Xp(〈A,B〉)
�

From this lemma, we immediately find a formula to write derivatives of the trace of
tensor fields using lie derivatives:

Corollary A.1. Let A ∈ Γ(T(0,2)L) be symmetric and X a vector field on L. Then:

X(trg0A) = trg0(£XA)− 〈£Xg0, A〉 (149)

Proof. From the previous lemma, we have

d(trg0A)(X) = X(〈g0, B〉) = 〈£Xg0, A〉+ 〈g0,£XA〉 − 2〈£Xg0, ctr(g0, A)〉
Now, let p ∈ L, η, ζ ∈ TpM with parallel extensions Y, Z such that (∇Y )(p) = 0,
(∇Z)(p) = 0. Let (ei) be a Minkowski frame as in the proof of the lemma. Then, since
trg0A = 〈g0, A〉,

ctr(g0, A)p(η, ζ) =
∑

i γi (g0)p(η, e
p
i )Ap(e

p
i , ζ) = A(η, ζ),

and we find

X(trA) = X(〈g0, A〉) = 〈£Xg0, A〉+ tr(£XA)− 2〈£Xg0, A〉
= tr(£XA)− 〈£Xg0, A〉
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�

The following lemma assures that the gauge transformation rule for the extrinsic
curvature is k 7→ k + £ξK0:

Lemma A.6. The extrinsic curvature perturbation for a metric perturbation h =
£ξg0 is given by

k[£ξg0] = £ξK0

Proof. For horizontal vector fields X,Y ∈ Γ(TM) that we identify with their em-
bedded counterparts dιt(X), dιt(Y ) (see chapter 4), recall that the extrinsic curvature
is defined from the metric g, K(g)(X,Y ) = g(Ng, g∇XY ). Hence Φ∗K(g) = k(Φ∗g) for
the pullback with a diffeomorphism Φ, and

k[£ξg0] = k[ d
dλ

∣∣
0

Φ∗g0] = d
dλ

∣∣
0

Φ∗K(g0) = £ξK0.

�

A.5. Relations for Nakamura’s Theorem

Lemma A.7. Let ξ(t) ∈ Γ(TM) be time-dependent. Then:

∂t(divM(ξ)) = divM(∂tξ)+ 〈−2αK+£β]g
M, (∇ξ)[〉+ 1

2trgM0
(∇ξ(−2αK+£β]g

M)) (150)

Proof. Let (ei) be a Minkowski frame around a point p ∈ M. Using Koszul’s
formula (3),

∂t(div(ξ)) =
∑

i ∂t(g(∇eiξ, ei)) =
∑

i
1
2∂t
(
ξ(g(ei, ei))− 2 g([ei, ξ], ei))

)
=
∑

i
1
2

(
(∂tξ)(g(ei, ei))− 2 g([ei, ∂tξ], ei))

+ ξ((∂tg)(ei, ei))− 2 (∂tg)([ei, ξ], ei))
)

= div(∂tξ) + 1
2d(trg0∂tg)(ξ)−

∑
i ∂tg(∇iξ, ei)

− 1
2ξ(trg0∂tg) + 1

2trg0(∇ξ(∂tg))

= div(∂tξ)− 〈∂tg, (∇ξ)[〉+ 1
2trg0(∇ξ(∂tg))

(we suppressed the index M). Here, we defined the (0,2)-tensor field (∇ξ)[ by (∇ξ)[(X,Y ) =

(∇Xξ)(Y [). Then use equation (48) in theorem 51, ∂tg
M = −2αK + £β]g, and compute

(we drop summation symbols)

∂t(divM(ξ)) = divM(∂tξ) + 〈−2αK + £β]g
M, (∇ξ)[〉+ 1

2trgM0
(∇ξ(−2αK + £β]g

M))

�

We use the shorthand notation

exprg(ξ) := −〈−2αK + £M
β]g

M, (∇Mξ)[〉 − 1
2trgM0

(∇M
ξ (−2αK + £M

β]
gM)) (151)

and note that exprg is R-linear.
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Finally we calculate the following relation for the gauge transformation behaviour of
Ht: Take the divergence of Hצ|

t −Hא
t , and then calculate

divM(Hצ|
t −Hא

t ) = divM(∂tξM)[ + divM(d(g(ξJ, ∂t)))

= divM(∂t( d(ξM(L)) + ξ[M(V))) +44 (g(ξJ, ∂t))

=44 (∂tξM(L)) +44 (g(ξJ, ∂t))

+ ∂tdivM(ξM(V)) + exprg(ξM(V))

=44 (∂tξM(L) + g(ξJ, ∂t)) + exprg(ξM(V))

because d denotes the differential on M, and thus ∂tdf = d(∂tf).



APPENDIX B

Expansions for tensor fields

In chapter 3 we defined gauge mappings via knight diffeomorphisms Φλ : L→ L. This
assumption is motivated by the following considerations that we briefly review from a
study by Marco Bruni, Sabino Matarrese et al. [5]. Since this chapter is merely thought
of as a motivating complement to chapter 3, we will restrict to the main arguments.

To start with, consider a space-time manifold L and a vector field ξ ∈ Γ(TL). In
a point p ∈ L, let the flow associated with ξ be φ : I × L → L, φ(λ, p) = φλ(p), thus

φ0(p) = p. Finally, let G be a tensor field on L, e.g. G ∈ T(0,2)L. Note that for
diffeomorphisms Φ, the “pullback” of vector fields and the “pushforward” of forms can
be defined using the inverse diffeomorphism Φ−1, see section 3.3.

We impose rather strong preconditions to the space-time, assuming analyticity for
the tensor fields regarded, as well as for the appearing diffeomorphisms.

In particular, we assume to be able to resolve, for a tensor field G ∈ Γ(T(a,b)L), the
pullback φ∗λG (for a flow φ associated with ξ) into a series around λ = 0

φ∗λG =

∞∑
k=0

λk

k!

dk

dλk

∣∣∣∣
0

φ∗λG (152)

Lemma B.1. Equation (152) can be written in the form

φ∗λG =

∞∑
k=0

λk

k!
£k
ξG

where ξ is the vector field associated with φ.

Proof. By induction, prove £k
ξG = d

dλ

∣∣
0
φ∗λG: For k = 0, φ∗0G = G = £0

ξG, and for
k = 1:

£ξG = d
dλ

∣∣
0
φ∗λG

by definition of the lie derivative.

Now suppose dk

dλk

∣∣∣
0
φ∗λG = £k

ξG to be true up to a certain value of k. Then:

dk+1

dλk+1

∣∣∣
0

= limσ→0
1
σ

(
dk

dλk

∣∣∣
σ
φ∗λG−

dk

dλk

∣∣∣
0
φ∗λG

)
= limσ→0

1
σ

(
dk

dλk

∣∣∣
0
φ∗λ+σG−

dk

dλk

∣∣∣
0
φ∗λG

)
= d

dσ

∣∣
0
φ∗σ£k

ξG = £k+1
ξ G

�
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In the effort to find an appropriate expansion for general diffeomorphisms Φ, which
are not necessarily the flow of a vector field, the next step is to consider so-called
knight diffeomorphisms [5]:

Definition B.1 (Knight Diffeomorphisms). Let ξ1, ..., ξn be vector fields on L and

denote their respective flows by φ(1), ..., φ(n). Then

Ψλ := φ
(n)
λn/n!

◦ · · · ◦ φ(1)
λ

is called the knight diffeomorphism of n-th order with generators ξ1, ..., ξn.

An expansion similar to (152) is possible for knight diffeomorphisms by virtue of
repeated use of (152):

Proposition B.1. Let Ψ be a knight diffeomorphism of arbitrary order. Then Ψ∗G
can be expanded around λ = 0 according to

Ψ∗λG =
∞∑

m1,...,mn=0

∏n
k=1 λ

kmk∏n
k=1(k!)mkmk!

£m1
ξ1
· · ·£mn

ξn
G

for a tensor field G.

Proof. For n = 1 the assertion is clear, since

Ψ∗λG =

∞∑
m=0

λm

m!
£m
ξ1G =

∞∑
m1=0

λm1

(1!)m1m1!
£m1
ξ1
G

Then, if the assertion is true for all values up to a certain n, recall

Ψ∗λG = φ
(1)∗
λ · · ·φ(k)∗

λk/k!
◦ φ(k+1)∗

λk+1/(k+1)!
G

and by the assumption

Ψ∗λG =
∞∑

m1,...,mn=0

∏n
k=1 λ

kmk∏n
k=1(k!)mkmk!

£m1
ξ1
· · ·£mn

ξn

(
φ

(k+1)∗
λk+1/(k+1)!

G
)

=
∞∑

m1,...,mn=0

∞∑
mn+1=0

∏n
k=1 λ

kmk∏n
k=1(k!)mkmk!

λmn+1

((n+ 1)!)mn+1mn+1!
£m1
ξ1
· · ·£mn

ξn
£
mn+1

ξn+1
G

�

Corollary B.1. Rearranging the terms allows for the alternative writing

Ψ∗λG =
∞∑
k=0

λk

k!
δkG

Here, for the first order term: δG := δ1G = £ξ1G since we have λ in order one only for
m1 = 1 and mk = 0, ∀k > 1. In second order, the combinations (m1,m2) = (2, 0), (0, 1)
with mk = 0, ∀k > 2 are possible. Hence

δ2G =
λ2

2!
£2
ξ1G+

λ2

2 · 1
£X2£0

ξ1G =
λ2

2

(
£2
ξ1G+ £ξ2G

)
and so on for higher orders.
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For general diffeomorphisms a representation as a knight diffeomorphism is then
possible with the following construction:

Theorem B.1. Let Ψλ : I× L→ L be an (analytic) diffeomorphism. Then, there are

vector fields ξ1, ξ2, . . . with flows φ(1), φ(2), . . . such that

Ψλ = ... ◦ φ(k)

λk/k!
◦ ... ◦ φ(1)

λ

Proof. Let f ∈ E(L) be an (analytic) function, i.e. f : L→ R. Consider the action
of Ψλ on f and expand the result in terms of a Taylor expansion

Ψ∗f =
∞∑
k=0

dk

dλk

∣∣∣∣
0

Ψ∗λf

Then, consider each order in λ, for instance in linear order we have the coefficient

d
dλ

∣∣
0

Ψ∗f = d
dλ

∣∣∣∣
0

(f ◦Ψλ)

This expression is derivative with respect to f , since
d
dλ

∣∣
0

Ψ∗(f1f2 + f3) = d
dλ

∣∣
0

Ψ∗(f1)f2 + f1
d
dλ

∣∣
0

Ψ∗(f2) + d
dλ

∣∣
0

Ψ∗f3).

Therefore, we identify d
dλ

∣∣
0

Ψ∗ with a tangent vector ξ1 ∈ Γ(TL), such that

d
dλ

∣∣
0

Ψ∗f = X1(f)

In a similar manner, consider the second order coefficient minus the second derivative
with respect to X1

d2

dλ2

∣∣∣
0

Ψ∗f −X1(X1(f))

This is a derivative, since linearity is clear and

d2

dλ2

∣∣∣
0

Ψ∗(f1f2)−X1(X1(f1f2)) =
(

d2

dλ2

∣∣∣
0

Ψ∗f1

)
f2 + f1

(
d2

dλ2

∣∣∣
0

Ψ∗f2

)
+ 2
(

d
dλ

∣∣
0

Ψ∗f1

)(
d
dλ

∣∣
0

Ψ∗f2

)
−X1(X1(f1))f2 − f1X1(X1(f2))− 2X1(f1)X1(f2)

= d2

dλ2

∣∣∣
0

Ψ∗(f1)f2 −X1(X1(f1))f2 + f1
d2

dλ2

∣∣∣
0

Ψ∗(f2)− f1X1(X1(f2)),

so we identify d2

dλ2

∣∣∣
0

Ψ∗f − X1(X1(f)) with a tangent vector X2, and so on for higher

orders with similar arguments.
By this procedure, we see that the expansion corresponds to the expansion for knight

diffeomorphisms. To complete the proof we have to show that suffices to prove the
equivalence on E(L), i.e. for scalar functions. More precisely, we have to prove that
Φ∗f = Ψ∗f if and only if Φ = Ψ.

”⇐” !
”⇒” assume Φ 6= Ψ but Φ∗f = Ψ∗f . Then, there is a point p ∈ L such that

Φ(p) 6= Ψ(p). Now choose a hat function f(p) : L → R such that f(Φ(p)) = 1
but f(Ψ(p)) = 0 (possible because L is hausdorff). Hence, Φ∗f(p) 6= Ψ∗f(p), in
contradiction to Φ∗f = Ψ∗f . Thus, Φ = Ψ.

Therefore, conclude that Ψλ = · · · ◦ φ(k)

λk/k!
◦ · · · ◦ φ(1)

λ . �





APPENDIX C

Covariant Decomposition of Symmetric Tensors

In order to construct gauge invariant quantities, we decompose vector fields into their
transverse and longitudinal parts, and (0,2)-tensor fields into their trace, longitudinal
and transverse-traceless parts. The details of this decomposition are studied in [34].
Here, we review the decomposition of symmetric tensors of second rank based on the
work of York [34] and on a review given by Nakamura [19].

We let X be a vector field on a 3-dimensional Riemannian Manifold (M, g) with
metric g. We further endow M with a scalar product for vector fields:

((X,Y )) =

∫
M
g(X,Y )ωM

where ωM denotes the volume element on M. If we choose an orthonormal basis (ei)
for T∗M, this is ωM = e1 ∧ e2 ∧ e3. Correspondingly, we define a scalar product for
(0,2)-tensor fields

〈〈A,B〉〉 =

∫
M
〈A,B〉ωM

The scalar product properties for ((., .)) and 〈〈., .〉〉 are clear, i.e. symmetry, R-linearity
and positivity, because g and the inner product 〈., .〉 have the scalar product properties.

Now, we first consider the following differential equation:

44(fX(L)

)
= div(grad(fX(L))) = div(X)

If we can solve this equation1 we obtain a function fX(L) ∈ E(M). We then further define

a vector field on M via

X(V ) := X − grad(fX(L))

As a result, we are able to decompose the original vector field X, writing

X = grad(fX(L)) +X(V )

Note that fX(L) is unique up to harmonic functions2. It is immediately clear that if

grad(fX(L)) = 0, then44fX(L) = 0. The opposite implication can be proven by the following

argument: Assume that 44f = 0 but grad(f) 6= 0. Then calculate∫
M
44 (f)fωM =

∫
M

div(grad(f)f)ωM −
∫
M
g(grad(f), grad(f))ωM

1On a compact Riemannian space the equation 44 f = s is solvable if and only if the source term s

is orthogonal to all harmonic forms of 44 [27, 28].
2Where harmonicity refers to the operator 44 , i.e. f is harmonic iff 44 (f) = 0
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and use Stokes’ Theorem to transform
∫
M div(grad(f)f)ωM =

∫
∂M g(grad(f)f, n)ω∂M =

0 since we assume M to be without boundary, ∂M = ∅. Hence, we can infer∫
M
44 (f)fωM = −

∫
M
g(grad(f), grad(f))ωM < 0

This result, however, disagrees with our assumption44 (f) = 0. Hence we conclude that
grad(f) = 0. Therefore, the harmonic functions to 44 are equivalent to the requirement
grad(f) = 0 as long as

∫
M div(grad(f)f)ωM = 0 .

In a similar way, we consider an arbitrary tensor field on M, i.e. A ∈ Γ(T(0,2)M).
The trace of A is given by

a := trg(A).

Then, we define the traceless part of A by

Å := A− 1

3
ag

because trgg = 3.
Now, we consider the differential equation

DA(TV) = div(LA(TV)) = div(Å)

for a vector field A(TV), and L is the derivative operator with LW = £W g− 2
3div(W )g.

If we can find a solution3 to this equation, we can further define the transverse-traceless
part:

A(TT) := A− 1

3
ag − LA(TV)

The result is that we found a decomposition for A,

A =
1

3
ag + LA(TV) +A(TT)

Note that the operator D is R-linear since L and div are. Writing it down in local
coordinates,

(DW )i = gjk∇k∇jWi + gjk∇k∇iWj −
2

3
∇i∇kW k

we see that it is a differential operator of second order.
Now, the harmonic functions for D, i.e. solutions of the homogeneous equation

DW = 0 are so-called conformal Killing vectors. These fulfill £W g = c g with c ∈ E(M).
This is because:

”⇐” Let W be CKV. Then, because trg£W g = 2divW
!

= 3fW , we obtain fW =
2
3div(W ) and so we infer LW = 0. Thus DW = 0 and W has the asserted
harmonic property.

”⇒” Assume DW = 0, but W 6∈ CKV. Then L 6= 0 and hence (DW,W ) ≥ 0.
Therefore we can also conclude DW 6= 0, but this stands in opposition to our
primary assumption. Hence we can infer that W ∈ CKV must have been correct
in the first place.

3We refer again to [27, 28]: On a compact Riemannian space the equation DW = s has a solution

if and only if the source term s = div(Å) is orthogonal to all harmonic forms of D, i.e. to arbitrary

conformal Killing vectors. Now, it is possible to prove 〈〈C, div(Å)〉〉 = 0 for C ∈ CKV, and therefore

DW = div(Å) possesses a solution if we assume a compact Riemannian space M [34].
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So, we have proven that A(TV) is unique up to conformal Killing vectors, and that the
resulting decomposition of A is unique, since addition of CKVs does not change the
longitudinal component L.

Further, if we can find a particular solution to the equation

DA(TV) = div(LA(TV)) = div(Å)

then we can infer all the other solutions by just adding arbitrary solutions of the homo-
geneous equation, i.e. by adding CKVs.

Finally, we prove some properties of D:

C.1. Proof of Proposition 3.2

We provide the proof of proposition 3.2, page 42. Let M be a Riemannian or Lorentz
manifold.

Proposition C.1. The operator D has the following properties if we consider a
manifold without boundary:

a. It is negative-definite in TM/CKV with respect to the scalar product ((., .)) =
∫
M g(., )ωM

b. It is self-adjoined with respect to ((., .)).
c. Its kernel is the space of conformal Killing vectors on (M, g0), ker(D) = CKV.
d. Solutions W of DW = s are unique up to conformal Killing vectors.
e. The condition DW = 0 is equivalent to LW = 0.

The conformal Killing vectors are defined by the following relation:

C ∈ CKV⇔ £Cg0 = cg0.

with c ∈ E(M).

Proof. First calculate

g(V,DW ]) =
∑

i γi(∇i(LW )(ei, V ) =
∑

i γiei(LW )(ei, V )− (LW )(ei,∇iV )

=
∑

i γi(ei(LW )(ei, V )− (LW )(ei,∇iV ))

=
∑

i γiei(LW )(ei, V )− 1
2

∑
i,j γiγj(LW )(ei, ej)(g(∇iW, ej) + g(ei,∇jW )

− 2
3div(W )g0)

=
∑

i γiei(LW )(ei, V )− 1
2〈LV,LW 〉

“(a)”: From this calculation, we infer

g(W,DW ]) =
∑
i

γiei(LW )(ei,W )− 1

2
〈LW,LW 〉

and then, because the manifold has no boundary,

((W,DW ])) =

∫
M
g(W,DW ])ωM = −

∫
M
〈LW,LW 〉ωM ≤ 0

and 〈〈W,DW ]〉〉 = 0 only if W ∈ CKV.
“(b)”: Due to the symmetry of the expression we just evaluated, we find that

g(DV ],W ) =
∑
i

γiei(LV )(ei,W )− 1

2
〈LW,LV 〉
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and thus

g(V,DW ]) =
∑
i

γiei ((LW )(ei, V )− (LV )(ei,W )) + g(DV ],W ).

Using Gauss’ theorem and the boundarylessness of the manifold M, this yields the self-
adjointness:

((V,DW ])) =

∫
M
g(V,DW ])ωM =

∫
M
g(DV ],W ) = ((DV ],W )).

“(c)”: Let C ∈ CKVM. Then, by definition, £Cg0 = cg0 and for the trace of this
equation: 2div(C) = 4c. So, c = 1

2div(C) = 1
4tr(£Cg0)g0, and LC = 0. Therefore:

CKVM ⊂ ker(D). For the other implication assume DW = 0 but W 6∈ CKV. Then
LW 6= 0 and because of (a) g(DW ],W ) ≤ 0, so DW 6= 0, in contradiction with the
assumption. So, W ∈ CKVM in the first place, ker(D) = CKV.

(c) ⇒ (d) is immediately clear. And: [W ] ∈ TM/CKV is unique, i.e. if V,W solve
the same partial differential equation DV = DW = s, then [V ] = [W ].

The CKV-condition is equivalent to LC = 0, because

LW = 0⇒ £W g0 = 2
ndiv(W ) g0 ⇒W ∈ CKV with c = 2

ndiv(W )

(here n = 4), and

c ∈ CKV⇒ £Cg0 = cg0 ⇒ 2div(C) = nc⇒ LC = 0

�



Bibliography

[1] Alcubierre, M.: Introduction to 3+1 numerical relativity. International series of monographs on
physics. Oxford University Press, 2008.

[2] Allen, G., N. Andersson, K. D. Kokkotas, and B. F. Schutz: Gravitational waves from
pulsating stars: Evolving the perturbation equations for a relativistic star. Ph.Rev.D, 58(12):124012,
December 1998.

[3] Bardeen, J. M. and R. V. Wagoner: Relativistic Disks. I. Uniform Rotation. ApJ, 167:359,
August 1971.

[4] Berti, E. and K.D. Kokkotas: Quasinormal modes of Reissner-Nordstrom-anti-de Sitter black
holes: Scalar, electromagnetic and gravitational perturbations. Phys.Rev., D67:064020, 2003.

[5] Bruni, M., S. Matarrese, S. Mollerach, and S. Sonego: Perturbations of spacetime: gauge
transformations and gauge invariance at second order and beyond. Classical and Quantum Gravity,
14:2585–2606, September 1997.

[6] Christopherson, A. J., K. A. Malik, D. R. Matravers, and K. Nakamura: Comparing
different formulations of non-linear cosmological perturbation theory. ArXiv e-prints, January 2011.

[7] Cruciani, G.: Deriving the Regge-Wheeler and Zerilli equations in the general static spherically
symmetric case with Mathematica and MathTensor. Nuovo Cimento B Serie, 115:693, July 2000.
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