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Let Γ ⊆ SL2(Z) be a subgroup. A fundamental domain for Γ is a connected subset FΓ ⊆ H?

such that there is a bijection FΓ
∼= Γ\H?. Note that this definition slightly differs from the

definition given in class.

Exercise 1

(a) Prove that

FSL2(Z) :={τ ∈ H | |τ | > 1,−1/2 ≤ Re(τ) < 1/2}∪
{τ ∈ H | |τ | = 1,−1/2 ≤ Re(τ) ≤ 0} ∪ {∞}

is a fundamental domain for SL2(Z).

(b) Prove that, for any γ ∈ SL2(Z), γFSL2(Z) is a fundamental domain for SL2(Z). Draw
γFSL2(Z) for

γ ∈
{
E, T, TS, ST−1S, S, ST, STS, T−1S, T−1

}
,

where
E =

(
1 0
0 1

)
, S =

(
0 −1
1 0

)
, T =

(
1 1
0 1

)
.

Exercise 2
For N ∈ N, N > 1, we define the subgroup

Γ0(N) :=
{(a b

c d

)
∈ SL2(Z)

∣∣∣ c ≡ 0 mod N
}

of SL2(Z). Let E, S, and T be as in Exercise 1 and let p be a prime number. For j ∈ N,
0 ≤ j ≤ p, we set

αj :=

{
ST j, if 0 ≤ j ≤ p− 1;

E, if j = p.

(a) Prove that

SL2(Z) =
⋃̇p

j=0
α−1
j Γ0(p) =

⋃̇p

j=0
Γ0(p)αj.



(b) Using (a), conclude that there is a fundamental domain FΓ0(p) for Γ0(p) satisfying

FΓ0(p) ⊆
p⋃

j=0

αjFSL2(Z). (1)

Can one replace “⊆” by “=” in (1)?

(c) Draw the fundamental domain FΓ0(2) and determine all the cusps of Γ0(2), i.e., the
orbits Γ0(2)[r : s] with [r : s] ∈ P1(Q).

(d) Find a fundamental domain drawer in the internet and plot the fundamental domain
FΓ0(N) for different N .


