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Exercise 1

(a) Prove a relation between E4(τ)2 and E8(τ).

(b) Use (a) to prove the far from obvious identity

σ7(n) = σ3(n) + 120
n−1∑
m=1

σ3(m)σ3(n−m).

Exercise 2

(a) Let N ∈ N≥1. Prove that all the cusps of Γ0(N) are regular.

(b) Let N ∈ N≥5. Prove that all the cusps of Γ1(N) are regular.

(c) Prove that the cusp [1 : 2] is an irregular cusp of Γ1(4).

Exercise 3
Let k ∈ Z and γ =

(
a b
c d

)
∈ GL+

2 (R). We let

j(γ, τ) := cτ + d

and we define the weight-k operator |k on functions f : H→ C by

(f |kγ) (τ) = det(γ)k/2j(γ, τ)−kf (γτ) (τ ∈ H).

For γ, γ′ ∈ GL+
2 (R) and τ ∈ H, prove the following identities

(i) j(γγ′, τ) = j(γ, γ′τ)j(γ′, τ).

(ii) j(γ−1, τ) = j(γ, γ−1τ)−1.

(iii) d(γτ)
dτ

= det(γ)j(γ, τ)−2.

(iv) f |k(γγ′) = (f |kγ)|kγ′.



Exercise 4

(a) Prove that the group Γ(2) is generated by the following matrices

T 2 =

(
1 2
0 1

)
, −E =

(
−1 0
0 −1

)
, R :=

(
1 0
2 1

)
,

and verify this result with SAGE. For the proof, proceed as follows:

(1) Prove that γ =
(
a b
c d

)
∈ Γ(2) if and only if a, d are odd, b, c are even, and

ad− bc = 1. In particular, (a, b) = 1 and (a, c) = 1.

(2) Prove that every γ =
(
a b
c d

)
∈ Γ(2) can be transformed to(

? 0
? ?

)
,

after a suitable multiplication from the right by T 2 and R.

(3) Prove that every matrix of the form
(
a 0
c d

)
∈ Γ(2) is a word in R and −E.

(b) Consider the group Γθ, which is defined to be the subgroup of SL2(Z) generated by
T 2 and S, with S as in Sheet 1. Prove that Γθ is a congruence group by showing
that Γ(2) ⊆ Γθ.


