U Tiibingen Winter Term 2018/19
Exercises for the Course
Modular forms
Prof. Dr. A. v. Pippich
Exercise class: 25.01.19

Exercise sheet 9

Let I' := SLy(Z) and let k € N5g be even. For n € Ny, let T'(n) denote the n-th Hecke
operator acting on M (I").

Exercise 1

Deduce the following assertions from the proof of Proposition 4 given in class:
(a) If fe Sk(l“), then f | T(TL) S Sk(F)

(b) Let f € M (I") and let a(m) denote the m-th Fourier coefficient of f (m € N). Let
p be a prime number. Then, the m-th Fourier coefficient a'(m) of f|T(p) (m € N)
satisfies

o (m) = a(mp) + 9 a(");

here, a(m/p) =0, if m/p ¢ Z.

Exercise 2

(a) Let p be a prime number and let r, s € N with s > r. Prove that
T -T(p*) =Y p* VT,
t=0

(b) Let m,n € N5g. Prove that

T(m)-T(n)= Y d’“’lT(%).

(c) Using (b), prove that

H = { Z cnT(n)

nEN>0

¢, € C, ¢, =0 for almost all n}

has the structure of a commutative algebra over C. This algebra is called Hecke
algebra.



Exercise 3
Let f € S(T'), f # 0, with Fourier expansion

n=1

be a normalized Hecke eigenform. Then, for s € C with Re(s) > 0, the associated Dirichlet

L-series .
L(f,s):=Y aln)

nS

n=1

converges absolutely. Prove that, for Re(s) > 0, we have

o= TT (- alw+5#2)"

p prime

Exercise 4
Consider the Delta function A(7) := (E4(7)* — E¢(7)?)/1728 with Fourier expansion

Prove the following assertions:
(a) A(7) is a Hecke eigenform. Is A(7) a normalized Hecke eigenform?
(b) For coprime m,n € N, we have
T(m-n)=71(m)-7(n).
For r € Ny and p a prime number, we have
(") - T(p) = T(") +p ().

(c) For Re(s) > 0, we have

L(A,s) = H (1—7(p)p° +p11728)_1 .

p prime

Exercise 5

Consider the Eisenstein series Ey(7) € My(I") for & > 2. Prove the following assertions:

(a) Ei(7) is a Hecke eigenform. Is Fjy(7) a normalized Hecke eigenform?
(b) For coprime m,n € Ny, we have
ok—1(m-n) =op_1(m) - ox_1(n).
For r € Ny and p a prime number, we have
k1 (P") + Or-1(p) = ora (P77 + P o (077

(c) The associated Dirichlet L-series of the corresponding normalized Hecke eigenform

equals ((s — k + 1)((s).



