21.05.2024
to appear in Manuscripta Mathematica

Rotational symmetric Willmore surfaces
with umbilic lines

Anna Dall’Acqua
Institut fiir Angewandte Analysis, Universitdt Ulm,
Helmholtzstrafie 18, D-89081 Ulm, Germany,
email: anna.dallacqua@uni-ulm.de

Reiner M. Schétzle
Fachbereich Mathematik der Eberhard-Karls-Universitat Tiibingen,
Auf der Morgenstelle 10, D-72076 Tiibingen, Germany,
email: schaetzQeverest.mathematik.uni-tuebingen.de

Abstract: In this article, we give examples of rotational symmetric not to-
tally umbilic Willmore immersions of a connected surface with countably many
umbilic circles. Further we prove that any rotational symmetric Willmore im-
mersion of a connected surface in codimension one with an umbilic line is after
applying an appropriate Mobius transformation, which keeps the rotational
symmetry, minimal in hyperbolic space outside its umbilic lines. As a conse-
quence such immersions are isothermic.
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1 Introduction

For an immersed surface f:Y — R® the Willmore functional is defined by
1
W) =5 [ 1P duy,
5

where H denotes the scalar mean curvature of f, g = f*geye the pull-back metric and
g the induced area measure of f on X .

Critical points of the Willmore functional, called Willmore surfaces or immersions,
satisfy the Euler-Lagrange equation

AgH + |A°2H =0, (1.1)



see i.e. [KuSch02] §2, where the laplacian along f is used and A’ = A — %ﬁg is the
tracefree second fundamental form of f . In particular, smooth Willmore immersions are
real-analytic, see [Mo58].

A point is called umbilic, when the tracefree part of the second fundamental form
A% vanishes. In [Sch17], the second author proved that the set of umbilic points of not
totally umbilic Willmore immersions of a connected surface in codimension one consists of
a closed set of isolated points and of a closed set which is a one dimensional real-analytic
submanifold of ¥ without boundary.

These one dimensional submanifolds indeed occur, as examples of Willmore tori with
umbilic lines in [BaB093] and constructions with the theorem of Cauchy-Kowalewskaja
show. The Willmore tori in [BaB093] are minimal surfaces in the hyperbolic 3-space and
are therefore isothermic, see [Pa91] Theorem 2.2, that is local conformal principal curvature
coordinates can be introduced around any non-umbilic point. The constructions with the
theorem of Cauchy-Kowalewskaja show that there are also non-isothermic examples of
open Willmore surfaces with umbilic lines.

In case of rotational symmetry of f , the umbilic lines are circles, which do not
accumulate by real-analyticity unless f is totally umbilic on some component.

That there are indeed rotational symmetric not totally umbilic Willmore immersions of
a connected surface with countably many umbilic circles can be seen with the classification
by Langer and Singer in [LaSi84b] of all rotational symmetric Willmore immersions via
their regular profile curves in the upper half plane H := {(x,y) € R? | y >0 } equipped
with the hyperbolic metric ¥~ 2geye . The profile curve is the intersection of the immersion
with H .

In this article, we prove that any rotational symmetric Willmore immersion of a con-
nected surface in codimension one with an umbilic line is after applying an appropriate
Mobius transformation, which keeps the rotational symmetry, minimal in hyperbolic space
outside its umbilic lines, in particular it is isothermic, as the examples in [BaBo93]. Here
we consider two copies of the hyperbolic 3-space H3 = {(z,y,2) € R3 | £2 >0}
equipped with the hyperbolic metric 2 2gey. . In particular adding the infinite hyper-
bolic plane H3 := {0} x R? | we have R® = H3 + H3 +H3 .

Theorem 1.1 Any smooth rotational symmetric not totally umbilic Willmore immersion
of a connected surface in R with an umbilic line is minimal in hyperbolic space out-
side its umbilic lines by applying an appropriate Mdbius transformation which keeps the
rotational symmetry. In particular, such immersions are isothermic. Moreover the union
of the umbilic lines is exactly the intersection with the infinite hyperbolic plane, and this
intersection is orthogonal everywhere. a

For the proof, we use the Willmore equation in (1.1) transformed to the hyperbolic space
in Appendix A and the unique continuation of solutions of elliptic equations in [Ar57] or

[Co56].

2 Rotational symmetric immersions

Rotational symmetric immersions of a connected surface in R® not touching the rotational
axis, which we assume being the x—axis, admit a regular profile curve in the upper half
plane 7 :Ja,b[— H = {(z,y) € R? | y > 0 } with |y/| # 0,—00 < a < b < 00, up to



reparametrization, and we get an equivalent rotationally symmetric immersion by putting
fy la,b[x St =: Bjap — R? with

Fo(t,e™) i= (71 (1), 7*(t) cos a, ¥%(t) sina)  for ¢ €]a, b, € R. (2.1)

The principal curvatures of f in R3 — (z — axis) equipped with the product metric
w + d6? = |(y,2)| %geuc are given by the curvature s of v in the hyperbolic

plane H equipped with the hyperbolic metric ¥ ?geye , called the hyperbolic curvature
of v ,and 0, as the circles (z,ycosa,ysina),a € R, are geodesics in the metric
|(y, 2)| "2 geuc » as shown in [LaSi84a] page 532 proof of the Theorem. Therefore a point
(t,e'®) is an umbilic point of f with respect to the metric |(y,2)| 2geuc , if and only
if k(t) = 0. By conformal invariance of umbilic points, see [Ch74] or Proposition A.1,
we see that the umbilic points of f in R® correspond exactly to the points of vanishing
hyperbolic curvature of -~ .

Moreover, Langer and Singer determined in [LaSi84b| Table 2.7 (¢) and [LaSi84a] the
curvature functions in terms of hyperbolic arc length of all profile curves which induce
rotational symmetric Willmore immersions. These profile curves are called free elastica
when parametrized by hyperbolic arc length. All of these families apart from the last,
have either identically vanishing hyperbolic curvature, that is are geodesics, or have never
vanishing hyperbolic curvature. The last family in Table 2.7 (c), called the wavelike free
elastica, have a periodic, not identically vanishing curvature function in terms of hyper-
bolic arc length with countably many, not accumulating zeros. These wavelike free elastica
yield rotational symmetric not totally umbilic Willmore immersions with countably many
umbilic circles.

We turn to the
Proof of Theorem 1.1:
To this end, we consider any smooth rotational symmetric Willmore immersion of a con-
nected surface in R? with an umbilic line. After reparametrization, the immersion is of
the form f, in (2.1) for its profile curve v inH . As f := f, has an umbilic line by
assumption, the hyperbolic curvature & of 7y vanishes at some point by [LaSi84al, say
K(to) = 0 for some a < t9 < b . After applying an appropriate Mobius transformation
of H , which is an isometry for the hyperbolic metric, hence leaving the curvature of ~
unchanged, we may assume that ~ intersects at ¢y the y—axis, which is a geodesic in the
hyperbolic metric, orthogonally in (0,1) . Then f is a rotational symmetric Willmore
immersion which intersects the vertical plane {z; = 0} orthogonally in the unit circle
I':=90B1(0) n{x; = 0} . Selecting a smooth unit normal V}QS of fin R3 at least locally,
this means

fi =0 and yﬁi =0 onlI. (2.2)

In particular e; is tangent at f along I' , and we get a smooth vector field n along I
with
Onf=e€1,n LTT. (2.3)

Clearly, n is a unit vector with respect to the pull-back metric gR3 of f as immersion
into the euclidian space R3 , and choosing a smooth unit tangent vector t along I'
at least locally, we see that t,n form a smooth orthonormal basis with respect to
RS

g~ of T'Y locally on I' .



The scalar mean curvature of f in the hyperbolic space Hi := {£x; > 0} equipped
with the hyperbolic metric xf26ij and with respect to the smooth hyperbolic unit normal
H3 . . . oy
vy * with y}@ . I/}{S > 0 is given by Proposition A.1 as
3 3 3
Hi" = AHF +20F,

and therefore, as the right hand side is real-analytic by [Mo58], it extends to a real-analytic
function throughout X := ¥, . Moreover, as f is Willmore it satisfies by Proposition
A.1 and (1.1) the elliptic equation

3 R3,0 3 3 R3,0 3
AgsHP +|A; \iRSH}* = [i(A s HY + Ay y§R3H$):o on X. (2.4)

By (2.2) obviously
H}"S:O onI' C {f; =0}.

Further using (2.3) and the scalar second fundamental form hﬂ}?’ = Aﬂ}?’, V}R3> of fin R,
we get ) \ \ . )
OnHT = 0n(FHF +208)) = Ouf1)HF +2(0aF 1) =
= H} + 200}, 0nf) = Hf =205 (n,n) =B (6,6) = hf (m,n) =0 onT, (25)

as I' consists only of umbilic points of f. As n is not tangent, but even orthogonal at I",
we see that H}"S satisfies the second order elliptic equation (2.4) with both Dirichlet and
Neumann boundary conditions. That is, it satisfies an overdetermined elliptic boundary
value problem which has locally only one unique solution, see [Ar57] Remark 2 and 3 or
[Cob56] Satz 5. Therefore H}"a vanishes on a non-empty open set, and then vanishes on
the whole X by real-analyticity and connectedness, hence

HHF +20F =0on ¥ (2.6)
Therefore f is minimal on ¥4 := [£f; > 0] in the hyperbolic space H3 and further
=0 omnEo=[fi =0=Z— (S, UX), (2.7)

that is the intersection of f with the vertical plane, which is the infinite plane for the
hyperbolic space H3. | is orthogonal everywhere.
As on minimal surfaces in the constant curvature space H3 the function

3 H30 _ - AHE30 A3
go}{ = <Af,11 —zAf,12 ,V}-l > on Yy

is holomorphic in local conformal charts, see for example [Sch17] Proposition 2.1 or [La70)]
Lemma 1.2 for minimal immersions in the sphere S2 , we see that @}{3 has only isolated
zeros on Y4 , unless it vanishes identically. By assumption f is not totally umbilic and

[} =0 = (470 = 0] = [4%0 =0,

by Proposition A.1, hence cp}"s does not vanish identically. On the other hand by

rotational symmetry, any zero of gp}{a on X+ would result in an umbilic line, and we
conclude that f is even umbilic free on X4 or likewise

{umbilic points of f} = U{umbilic lines of f} C %. (2.8)



To prove equality, that is that Xg consists only of umbilic lines, we first observe from
(2.7) that Xy is a smooth one-dimensional submanifold of ¥ without boundary and

e1 € T, f for any p € Xo.

Clearly as Yo = [f1 = 0], we have T% L e , and there is as above a smooth orthonormal
basis t,n of T'f locally on g with t € TY,0nf = e1 . First we get by tangency of
t at X that , , ,

0= (Oger, v} ) = (Oenf, v ) = Iy (t,m) on .

Secondly differentiating (2.6), we get as in (2.5) that
0= On(AiH} +20/f1) = Guf)H} + 200007 1) =

= H} +2(0uv} ,0nf) = HF — 215 (n,n) = B (6,£) — B} (n,m) on %,

hence hﬂfg (t,t) = hﬂfg (n,n) on Xy . Together we get that hy = (1/2)Hyg is a scalar
multiple of the metric ¢ on Xy , hence A°=0o0n ¥;, and ¥y contains only umbilic
points and consists therefore only of umbilic lines. As we already know that the umbilic
lines are contained in ¥ , we get that the union of the umbilic lines is exactly X
which is the intersection of f with the vertical plane, and this intersection is orthogonal
everywhere by (2.7).

As f is minimalin H3 on (X, UX_) =X~ , that is outside of X , it is minimal
outside its umbilic lines, hence isothermic, see [Pa91] Theorem 2.2, which concludes the
proof of the theorem.
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3 Wavelike free elastica

In this section, we reprove some statements of [LaSi84b] about wavelike free elastica in the
hyperbolic plane, see also [Eil6] Lemma 6.1 and [EiGrl7] Lemma 6.13. The monotonicity
n (3.4) below seems to be new and was used in [EiSch24]. The wavelike free elastica
were already metioned in section 2 before the proof of Theorem 1.1 as the profile curves
parametrized by hyperbolic arc length which induce rotational symmetric Willmore im-
mersions with umbilic lines without being totally umbilic. They appear as the last family
in [LaSi84b] Table 2.7 (c).

Proposition 3.1 Any wavelike free elastica v in H has no self-intersections and af-
ter applying an appropriate Mobius transformation of H , it crosses perpendicularly the
vertical geodesic {x =0} CH at its inflection points, and these are

{(0,\¥) | k € Z} for some A = A, > 1. (3.1)

Proof:
By [LaSi84b] Table 2.7 (c), the hyperbolic curvature & of v is periodic, say with period
2p > 0, more precisely

k(s +p) = —k(s) for s € R, (3.2)



and the points of vanishing hyperbolic curvature, which are the inflection points of = ,
are exactly (p/2)+kp with k € Z . To simplify the notation, we replace x by x(.—p/2) ,
hence the zeros of x are exactly kp with kK € Z . As ~ is a free elastica, we see from
[LaSi84a] that the corresponding rotational symmetric immersion f, with regular profile
curve v asin (2.1) is a rotational symmetric Willmore immersion. Then by Theorem 1.1
after applying an appropriate Mobius transformation of H , which is an isometry for the
hyperbolic metric, hence leaves x unchanged, f, is minimal in hyperbolic space outside
its umbilic lines, and the union of the umbilic lines of f, 1is exactly the intersection
with the vertical plane {z = 0} , and this intersection is orthogonal everywhere. As the
umbilic lines of f, correspond exactly to the points of vanishing hyperbolic curvature
of v by [LaSi84a] proof of the Theorem, we see that ~ intersects the vertical geodesic
{z = 0} C H exactly at its inflection points, which are {v(kp) | k € Z} , and each
intersection is orthogonal.

After stretching, we may assume that ~(0) = (0,1) and v(p) = (0,A) =
Ay(0) for some A > 0 . Putting 7(s) :== A~ (=v1(s + p),72(s + p)) for s € R , we see by
(3.2) and as (z,y) — (—x,y) is an orientation reversing isometry of # that % and v
have the same hyperbolic curvature x . By construction

3(0) = A7 (=1(p), 12(p)) = A1 (=0,A) = (0,1) = ~(0).

Next as v intersects the y—axis orthogonally in kp for k € Z , we get that ~+/(kp) are
horizontal, in particular

¥5(0) = A" 1y5(p) = 0 = 75(0). (3.3)

Since both % and y are parametrized by hyperbolic arc length and the crossing of the
y—axis by « changes direction from kp to (k+1)p , we get 7;(0) = ~1(0) , hence by the
fundamental theorem of the local theory of curves that 4 =~ , see [Sp] Theorem 7.B.3
on page 35 or [dC-a] §1-5 page 19 and Exercise 9 on page 24. Therefore

A ya(kp) = 32((k — Dp) = 72((k — 1)p)

and by induction

Y2(kp) = Neya(0) = A for k € Z,

which yields (3.1) apart from A\ # 1, after possibly replacing A by A~ .
It remains to prove that - has no self-intersections and that A % 1 . To this end we
show that
s+ |v(s)| is strictly monotone on R. (3.4)

Indeed, this implies that ~ has no self-intersections and that A = |y(p)| # |7(0)] =1 .
We first prove that

|v| has neither a local maximum, nor a local minimum on |0, p|. (3.5)

If |y|] has a local maximum or a local minimum in sy €]0,p] , then
OBy (s0)| (0) NH touches v at sy or likewise passing to the rotational symmetric surfaces,
OB|y(50)(0) touches f, in the point v(so) € {71,722 > 0} , as so & {kp | k € Z} . Now we
already know that f, is minimal in the hyperbolic space {z; > 0} , and, as the sphere
OB|y(50)(0) intersects the vertical plane {r1 = 0} orthogonally, it is also minimal in the
hyperbolic space {z1 > 0} . Then by standard maximum principle, f, and 9B|, ) (0)



locally coincide, hence ~ is locally contained in the geodesic 8B|7(SO)|(O) NH . But this
is impossible, as k Z 0 an any non-empty open subset, hence establishes (3.5).

Now if |y(a)| = |y(b)| for some 0 < a < b < p, then |y| has a local maximum
or a local minimum on Ja,b[C|0,p[ , which is excluded by (3.5). This implies that
|v| is injective on |0, p[ , hence by continuity, it is strictly monotone on [0,p] . Since
|7(- +p)| = Alv| , we see that |y| is strictly monotone on any [(k — 1)p, kp] for k € Z
with the same type of monotonicity. This yields strict monotonicity of |y| on the whole
of R, which is (3.4), and the proposition is proved.

/11
Appendix

A The Willmore equation in the hyperbolic space H?

In this appendix, we transform the Willmore equation in (1.1) in the hyperbolic space.
We use an auxiliary proposition from [KuSch12].

Proposition A.1 For an immersion f : ¥ — H?> C R3 of a surface ¥ into
the hyperbolic space H> = {w3 > 0} equipped with the hyperbolic metric g"‘3 =
x§2gR3 , we see for the tracefree second fundamental forms and mean curvatures
A0 FEe wely AT HI he scal oY wely HIY’
¢ Hy respectively g oHE for the scalar mean curvatures h respectively f
with respect to smooth unit normals 1/;153 respectively 1/}"3 along f with V]JI}S . 1/}"3 >0 and

for the pull-back metrics gRS respectively gH3 as immersions into R3 respectively H>
H3,0 _ 4R30
A F= A 7o
—7/3 3
HY = 2HE + 2f5et,
3 3 3
H}l = fgﬂ]}ﬁ +2y}§3,
_ 3 H3,0 3 3 R3,0 3
3 R3,0 3
:fg(AgRBH}ﬁ + |4 y?}RgH}% ).

(A1)

Proof:

As the hyperbolic metric x5 2 geue 1s conformal to the euclidian metric, the first equation
is immediate from conformal inyariance in [Ch74] or [KuSch12] Proposition 1.2.1 (1.2.2)
and the pull-back metrics are related by ¢ = fs 2gR%  Next by [KuSch12] Proposition
1.2.1 (1.2.1) for the second fundamental forms Ay that

3 3 3 3 3 3
A?-fij - Aﬂf,ij = 9@?}'[ grad;‘HS log f3 = 9@?}'[ f:?(VR +log r3)o f = f39i7;‘[ B:J{

and
= 7/3 3 5 3 3.4 AR3 1 = R3 1
H}{ =g" ’ZJA}-fz‘j =g" WA+ 2fseg = Z?Hf + 2f3e3,
which is the second equation. We see for any euclidian unit normal 1/;153 along f , that

1/}"3 = f31/$3 is an hyperbolic unit normal along f with V]JI}S . I/;c1£3 > 0, hence for the
scalar mean curvatures

3 _ — 1/3 3 3 3 3 3
H}{ = fy 2(HY ,V}{ )RS = f3H$ + 2<€§,V;l§ )RS = f3H$ + 2’/]}},&



which is the third equation. Then from the conformal invariance of the laplacian and from
the first equation

-2 3 H3,0 3 3 R3,0 3
52D pa HE + AL P HIY) = A HEE + |A; P H

which is the first identity in the fourth equation. Omitting the upper index R? for
simplicity of the notation, we calculate
3
AQR?’ H}{ = Ag(ngf + 21/f,3) =
= (Agfg)Hf + 2gij8if38ij + ngng + 2Agyf73. (A2)

Firstly
Agfg = ﬁf €3 — Hfl/f,g,. (A3)

Next as |v¢| =1, we have that Vv, L vy, that is Vv is tangential, and more precisely
for the scalar second fundamental form hy; := (Af,vy) that

Ojvs = g™ Ojvp, Ok )Of = —g" vy, O f)OLf = =g hjwOi f.
Further by use of the Mainardi-Codazzi equation
Agvp = g9V V vy = —g" g"(Vihj) 0 f — " g* hjr Ay =
= —g"OuH O f — g7 g" hjrhavy = —g" O H O f — |Afl2vy,

hence -
Agvrs = (Dgvy,es) = —g" 0 f30;Hy — |Aflovys.

Combining with (A.2) and (A.3), we obtain
3
AgR:’,H}{ = ngng + H?Vﬁg — 2|Af|3yf73.
S — = y the Gaull equations, we get
As 2|Ay|7 — H} = 2|A}]7 by the GauB i
3
AgRaH}{ = f3AgHy — 2|A}2vy 3.
Then using the third equation
H3 R3,02 H3
AQRSHJC + ‘Af ’gR;ng =
3 R3,0 3 R3,0 3 3
= f3A9R3H}§ - 2‘Af ‘;RP’V.]]IS?) + ‘Af ’3}1@3 (fSHjl§ + 2’/313,3) =
3 R3 3
- fg(AgRaﬂfﬁ + 145 ,0,§R3H}§ ),
which is the second identity in the fourth equation.
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