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1.Ubung

AUFGABE 1:

v sei ein Mafl auf X. Zeigen Sie, dafl zu keiner nicht p—meBbaren Menge S C
X mit u(S) < oo eine p—meBbare Menge A C S mit u(S) = u(A) existiert.
(Hinweis: Zeigen Sie u(S — A) =0 fiir solches A .)

AUFGABE 2:

p sei ein Mafl auf X und A € A, . Zeigen Sie xap > p| A und fiir reguléres p ,
dass

Xap = p|A.

Abgabetermin ist Donnerstag, 31.10.24.
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2.Ubung

AUFGABE 3:
i sei ein borelreguldres Mafl auf X |, f: X — [0,00] sei py—meBbar und [f > 0]
eine o—endliche Menge beziiglich p oder f sei borelmefibar.

Zeigen Sie

BD2S Borelmenge

()= it [rde vscx,
B

also ist fu borelreguldr. Insbesondere ist fir A € X meflbar und o—endlich
beziiglich p oder A C X eine Borelmenge das Mass p|A = xau borelregulir.
(Hinweis: Beachten Sie Aufgabe 2.)

AUFGABE 4:

Es sei p ein reguldres Mafl auf X , und Ay C Ax1 C X . Zeigen Sie

p(UpZy Ak) = lim pu(Ag).
k—o0

AUFGABE 5:

Es sei p ein Borel-Mafl oder ein regulidres Maf auf einem metrischen Raum. Zeigen
Sie, daB fiir ¢ > 0 die Funktion ¢, : X — [0,00] mit

po() := p(By(x))

unterhalbstetig ist, also insbesondere borelmefibar ist.

Bearbeiten Sie zwei der drei Aufgaben.
Abgabetermin ist Donnerstag, 07.11.24.






Universitdt Tiibingen
Fachbereich Mathematik

Professor Dr. R. Schitzle 07.11.24
Dr. N. Jork

Masstheoretische Methoden

WS 2024/25
3.Ubung
AUFGABE 6:
Let X:=) ,c;R={(z,i) |z €R,i €} bethe topological sum of real axes with

respect to an index set [ , in particular X is a metric space. For A C X,i € [,
we write A; := AN (R x {i}) and define

p(A) =" £MA4).
el

Verfiy that p is a borelregular measure on X . Show for uncountable I that there
is a closed set A C X with

w(A) < inf  w(U).
UDA offen

AUFGABE 7: (Vitali’s covering theorem, finite version)
Let F be a finite family of closed, non-degenerate balls in a metric space X . Show
that there exists a pairwise disjoint subfamily G C F with

UperB C UB’EQB/,
where B’ denotes a closed ball with three times the radius and same center as B’ .

Abgabetermin ist Donnerstag, 14.11.24.
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4.Ubung

AUFGABE 8:

Let F be a family of closed, non-degenerate balls in R™ with bounded radii, let
A be the center set of F and u be a radon measure on R” . Show there exists a
pairwise disjoint subfamily G von F with

pANJ9) = con(4),

where ¢y = ¢g(n) > 0 only depends on n .

(Hinweis: Use Besicovitch’s covering theorem.)

AUFGABE 9:

Let p be a Radon measure on R™ and f be a pu—measurable function on R"™ .
The maximal function of f with respect to p is defined by

(M, f) () = sup p(By(x)) " / ] dp,

0>0

and we further put

(Tuof)(@) = u(Bo(x)™ [ |f = f(x)] dp,

By(2)
(T f)(z) == limsup (T}, of) ()
0—0
for x € spt p . Show
p(Myf >1) <Cut™' || f 1) -
Further show for h = f —g,g € CJ(R") , that
Tof < Myh+ |h|

and conclude for f € L'(u) that p—almost all € X are Lebesgue pojnts of f .
(Hinweis: Use Besicovitch’s covering theorem and that CJ(R™) in L'(u) is dense.)

Abgabetermin ist Donnerstag, 21.11.24.






Universitdt Tiibingen
Fachbereich Mathematik

Professor Dr. R. Schitzle 21.11.24
Dr. N. Jork

Masstheoretische Methoden
WS 2024/25
5.Ubung

AUFGABE 10:
Let f:R™ — R be Borel measurable and for =z € R", o > 0 let

fro(y) == [z + oy).

Show for any Borel set A C {z € B1(0) | 0 <o <1:| fupollz1(Bi0)<d } that

| f i< Cud.

(Hinweis: Use Besicovitch’s covering theorem.)
AUFGABE 11:
Let feL! (R) and

loc

F(z) := /f(t) dt fiir z € R,
0

where fox = — fmo fir < 0 . Show F' is differentiable in all Lebesgue points
x of f with

Abgabetermin ist Donnerstag, 28.11.24.






Universitdt Tiibingen
Fachbereich Mathematik

Professor Dr. R. Schitzle 28.11.24
Dr. N. Jork

Masstheoretische Methoden
WS 2024/25
6.Ubung

AUFGABE 12:
Let p,v be Borel measures on a topological space X with u(X) < oo . Show that
v < p , if and only if

Ve>0:30 >0:VB C X Borel set : u(B) < = v(B) < e.

AUFGABE 13:
Let p be the Radon measure on R? defined by

p(A):=LY{teR | (t,0)€ A }) fiir A C R
Calculate Du£2 .

Abgabetermin ist Donnerstag, 05.12.24.
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7.Ubung

AUFGABE 14: (Theorem of Lebesgue)
Show that any monotonically non-decreasing function f:R — R is differenatiable
almost everywhere with f’ € L! (R) and

loc

Fu-) = fle—) + / POt + vl y])

for z <y, where f(x—) :=limy, f(t) is the left hand limit and v, is a Radon
measure such that v, and £! are mutually singlur to each other.

Further show that f is the integral of its derivative, that is v, =0 ,if f is
continuous and differentiable outside a counable set.
(Hinweis: Use the differentiation theorem for Radon measures for
L' and v with v(Jz,y[) = f(y—) — f(z+) .)
AUFGABE 15:
Let f:R™— R be lebesgue measurable and for zg € R", o > 0 put

Jro,0(y) == f(xo+0y) fiiry € B1(0) CR™.
Show that f is approximatively continuous in xy with respect to L™ , that is

L L(f — (o) > €] 0 By(wo))
0—0 £"(Bg(x0))

=0 Ve>0,

if and only if
Jzo,0 = f(z0) in measure with respect to L™ on B;(0),

and show further for f e L} (R"),1 <p < oo that z¢ is a Lebesgue point of f,
if and only if
fro,0 = f(w0) in LP(B1(0)).

Abgabetermin ist Donnerstag, 12.12.24.
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8.Ubung

AUFGABE 16:
A function f:R — R is called absolutely continuous on compact intervals, if

VR,e>0:30>0:V-R<z1 <y1 <22 <y2< ... < Ty <Ym < R:
m m
Zl(yi — ;) <= 21 |f(yi) = flzi)] <e.
1= 1=
Show, a monotonically non-decreasing function f:R — R is absolutely continuous
on compact intervals, if and only if the Radon measure v with v(]z,y[) = f(y—) —
f(xz+) in exercise 14 is absolutely continuous with respect to L' .
(Hint: Use the differentiation theorem for Radon measures.)
AUFGABE 17: (Spherical measure)
Let X be a mteric space, 0 < s<o00,0<d <00 .

1. For A C X put

J

S5(A) :=inf Za(s)gf

J=1

J
AC UBQj(CCj),0< 0j <6,xjeX,JeNyU{oo} »p,
j=1

where a(s) = 7%/2/T'(§ + 1), with I'(s) = JoT e *a*~! dz and a(0) = 1.
2. The s-dimensional spherical measure on X is defined for A C X by

S*(A) :=1lim S5 (A) = supS§(A).
640 5>0

Show the following assertions for the spherical measure.

1. &° is a borelregular measure.
2. SY ist the counting measure.
3. For the Hausdorff measure H? , it holds
H < S <2°HE
4. On R", it holds for all § > 0 that
St=85=L".

Abgabetermin ist Donnerstag, 19.12.24.
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9.Ubung

AUFGABE 18:
Let X be a metric space. Show for compact K C X,0 < s < 00,0 < < oo that

Conversely give an example of a metric space X,a compact K C X and 0 < s < o0,
such that K is not H® — o—finite.

AUFGABE 19:

Show for

A:=1[-2,2] x {0}, B := [-1,1] x {1} C R?

that
HI(A) =4,Hi(B)=2 und HI(AUB)=4,

and conclude that H} is not a Borel measure on R? .
(Hint: Use from the lecture that Hj = £ on R x {t} 2R .)

Abgabetermin ist Donnerstag, 09.01.25.
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10.Ubung

AUFGABE 20:
Let () #£Q CCR™ be open. The graph of a function ¢ : Q — R™ is given by

graph ¢ = {(y,¢(y)) |y € Q } CR™™.
Show the following assertions.
(i)
H"(graph @) > H"(2) >0

in particular dimy (graph ¢) >n .
(Hinweis: For proving H™(2) > 0 use Theorem 6.1 as at the beginning of §7
or exercise 17.)

(ii) If ¢ is lipschitz with Lipschitz constant < L , then
H"(graph ¢) < (14 L)"H"(Q) < oo
in particular dimyy (graph ¢) <n .

AUFGABE 21:
Let fe Ll (R"), 0<s<n and

loc

Ag:={z €R" | limsupp* / |f| 4™ >0 }.
0l0
Bo()

Show
HP(As) = 0.

Abgabetermin ist Donnerstag, 16.01.25.
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11.Ubung

AUFGABE 22:
Let p be a Radon measure on R™ which satisfies for some 0 < s < oo that

0 < 0*(n) < oo fast tiberall beziiglich p.

Show u = fH*® for a borelmeasurable function f : R™ — [0,00[ with [f > 0] =
[0 <6 (p) < oo .

AUFGABE 23:

Let M C MoUUZ;N; C R™ be measurable with respect to H" and H"(My) =
0,Nj,5,n € N, embedded C! — n—submanifolds in R™ | and p =
OH™| M for a locallly H™ — integrable § with @ > 0 on M and § = 0 in R™ — M .
Show

0"(u) =6 H"™ — almost everywhere in R™.

Abgabetermin ist Donnerstag, 23.01.25.
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12.Ubung

AUFGABE 24: (Cantor set)
For an interval [a,b] CR,a <b, and 0 <~y <1/2, we put

®y—([a,0]) = la,a +y(b=a)l, Py, ([a,0]) = [b—~(b—a),b].

We define recursively

Ini :=1[0,1]
and for ne N, k=1,...,27"1
Inok—1:=Py (In-14), Inok =Py i(L_1k)-
We put C,, := Uziﬂn,k and the Cantor set
C:=ny2,Cp.

Show the following assertions.

1. El(Imk) =~"forn € Ng,k=1,...,2".

2. LYC,)=2"y"forn €Ny und LY(C)=0.

3. For p, = (2y)""L'C, , it holds

pn(In ) =2"" form>nk=1,...,2"

4. For an appropriate subsequence, it holds p,, — p weakly™ in Cy([0,1])* and
spt p € C,
p(lyy) =2"" forneNk=1,...,2"

5. u(Byn(z)) <3-27"for n € No,z € [0,1] .
6. For 0 <s=—log2/log~y <1, it holds
0% (,z) <6/a(s) < oo forall z € [0,1].
7. H(C)> a(s)/12 > 0, hence dimyC > s and more precisely
dimyC = s.

(Hinweis: Use Theorem 6.1 of the lecture.)



8. Putting C, = C depending on v and C, := U2 Cy/p_yy; , it holds
dimyCy =1, LYC,)=0.

AUFGABE 25: (Spherical measure II)
We consider the metric space [° := {(z;)jen, | sup; [z;| < oo } with the norm ||
(zj)jeNy [lie:= sup; |z;| and the Shift Operator T' : [* — [*° with T'(zj)jen, =
(0,z9,21,...) and choose 0 <~y <1/2,0<s=—log2/logy <1.For ¢:Ny—
{£1} , we put zy, = (¢(j)7’)jen, and

A:={z, | ¢:Ng—= {1} } C I~

and for ¢ : {0,...,n} — {1}, we put zy = (Y(0),...,¥(n)y",0,...) .
Show the following assertions.

1. For ¢ # ¢, it holds
| o — @ |l10o= 279"

where n=min{j € Ny | ¢(j) # ¢'(j) } -

2. It holds

A g U B,\/n-o-l(xw),
¥:{0,...,n}—{£1}

hence for § > "*!
S3(4) < 2 a(s)y" ) — a(s)
and S*(4) < af(s) .

3. We consider the map f: A — R with

o
1 ,
— N " 2 (i (1 —
flag) =3 5(p() + 17 (1 =),
J=0
hence in the notion of the preceeding exercise f(x,) € lpy = [0,1] and if

f(zy) € L1 g,n € NJE=1,...,2""1 | then

f(xga) € In,Zk—l = (I)’y,*(]n—l,k) for QD(TL) = —1,
f(xcp) € In,2k = (I)ﬂ/,—l—(lnfl,k) for “P(n) L.

Then it holds f(A) =C and

1—2v
2

1
Iz =2y li=< [f(zo) = fl2p)] < 5 | 26 = g [liee,

hence
S*(A) > H(A) > 2°H*(C) > 0.

(Hint: Use the exercises 17 und 22 and Proposition 4.3 of the lecture.)



4. For ¢ : Ny — {£1} and 0 < o < 2 with 29" < o < 29" ! withn € N | it
holds
Bg(xcp) N A= Boyn (xcp) NA= Tp|{0,...,n—1} T YT (A),

hence

S%(Bo(wp) NA) =77"8%(A) < (0/2)°5°(4),
and the exstimate holds for all o >0 .
5. For a € A, 01 >0, K € NgU {OO} with
AC Uﬁ(:lBQk (ak)a

it holds
K
Sz
k=1

6. For the spherical measure &% on the metric space A , it holds
Sh00(A) = as)27,

hence S%(A) > Sj(A) , and the spherical measure depends on the ambient
metric space.

7. For
B:=AU{zy |¢¥:{0,...,n} = {£1},n € Ny },

it holds S%(B) < a(s) < 8%(A) , hence the map
M s 83,(M) fiir M € P(I™)

is not monotone and in particular, it is not a measure on [*° .
(Hint: Observe 2.) and that {xy |9 :{0,...,n} = {£1},n € Ny } is countable
and s>0.)

AUFGABE 26:
Let €© CcC R™ be open and convex. Show a function u € L°°(Q) is lipschitz
continuous with

Lip u < M,
if and only if
| [uDe| <Ml ey
Q

for all ¢ € C3(Q) .

(Hint: Define uc(z) := [ Ac(z — y)u(y)dy .)
Q

Bearbeiten Sie zwei der drei Aufgaben.

Abgabetermin ist Donnerstag, 30.01.25.
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13.Ubung

AUFGABE 27:

Let f:R™ — R™ be locally lipschitz. Show that Df(x) =0 for L£"—almost all
ze[f=0].

AUFGABE 28:

For feCL.(R"),z #y€R™ let

fly) = f(z) = Df(z)(y — z)
|z —

R(y,z) =
and for K C R"™ compact,d >0 let

0k.;,pf(0) = sup{|R(y,»)| | z,y € K,0 < |z —y| <4 }.

Show ok £ pf(6) — 0 for 6 — 0, that is the assumptions of Whitney’s extension
theorem are also necessary.

Keine Abgabe.






