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Motivation

• Transfer of fundamental theorems of classical 
information theory to quantum information theory

• In a wider context: how a quantum ergodic theory
and quantum dynamical system theory looks like



The classical Shannon-McMillan-(Breiman) 
theorem

• Given (Σ,µ,σ), Σ sequence space over finite alphabet, 
µ ergodic measure,σ shift-transformation,                  
Σ � x, x(n) = (x1,, x2, x3,…, xn)

• a.s. for ergodic µ: the individual information rate 
equals the average information rate

• This is a law of large numbers under very mild 
assumptions
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Typical subspaces and data compression

Reformulation in terms of typical subspaces:
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The quantum setting
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The quantum Shannon-McMillan theorem
(Ref.: Inventiones Mathematica, 2003)
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Comments

• The theorem holds for - lattices as well
• Covering exponent is for all ε > 0: β(ε) = s(φ)
• The typical projectors (subspaces) can be 

explicitly constructed from the eigenspaces of Dn
corresponding to eigenvalues of order 

• The relation between the typical subspaces for 
different n is still unclear 

• Extensions to other group actions are possible
• The typical subspaces can be chosen to be 

universal (not depending on φ but only on s(φ)) 
due to a result by Kalchenkov
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History

• Josza&Schumacher:typical subspace theorem for 
product states (Bernoulli case, 1996)

• Petz&Mosonyi: weak version of the Shannon-
McMillan under the assumption of complete 
ergodicity (2001) and strong form for Gibbs states 
(with Hiai, 1993)

• Neshveyev&Størmer: Shannon-McMillan for 
finitely generated C*-algebras but only tracial
states (2002)

• Datta&Shuchov: Shannon-McMillan for spin 
lattices with restrictions on the interaction (2002)



Extensions
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• The relation between the typical projectors for 
different ε is unclear

• For abelian algebras (classical case) the above 
theorem is equivalent to the Shannon-McMillan-
Breiman theorem 



A theorem for the relative entropy
(I.Bjelakovich, R.Siegmund-Schultze)
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Relative entropy typical and untypical 
subspaces

ψ
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• Complete analogy to the classical case

• The proof is similar to the one for the Shannon-
McMillan theorem but more technical involved

• New simple  proof of the monotonicity of the relative 
entropy can be derived from this result

• Starting point for developing a large deviation theory 
(Sanov’s theorem)



Proof strategy
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A coding application
(I.Bjelakovich, A.Szkoła)
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Open problems

• Stronger pointwise theorem
• Estimation of entropy
• Universal coding schemes (unknown source)
• Lempel-Ziv type coding
• Rate distortion
• Coding theorems for different channels
• Large deviations, Sanov‘s theorem
• Isomorphism classes etc. ( are q-Bernoulli systems 

completely classified by the entropy?)


